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Abstract. In this work, we study the Cauchy problem of the spatially homogeneous
Landau equation with hard potentials in a close-to-equilibrium framework. We prove
that the solution to the Cauchy problem enjoys the analytic regularizing effect of the
time variable with an L? initial datum for positive time. So that the smoothing ef-
fect of the Cauchy problem for the spatially homogeneous Landau equation with hard
potentials is exactly same as heat equation.
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1 Introduction

In this work, we are concerned with the following Cauchy problem of spatially homoge-
nous Landau equation

{athQ(F,F)/ @)

F‘t:():PO,

where F = F(t,v) >0 is the density distribution function at time t > 0, with the velocity
variable v € R3. The Landau bilinear collision operator is defined by

3
Q(GF)(v)=Y ai(/Rsaij(v—v*)[G(v*)E)jP(v)—ajG(v*)P(v)]dv*>,

ij=1
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where
aij(v) = (dij|v|*—vjo))|0|?, ¥=>-3,

is a symmetric non-negative matrix such that a;;(v)v;v;=0. Here, 7 is a parameter which
leads to the classification of the hard potential if y >0, Maxwellian molecules if y =0, soft
potential if v €] —3,0[ and Coulombian potential if y = —3.

The Landau equation was introduced as a limit of the Boltzmann equation when the
collisions become grazing in [1,2]. The global existence, and uniqueness of classical solu-
tions for the spatially homogeneous Landau equation with hard potentials, regularizing
effects, and large-time behavior have been addressed by Desvillettes and Villani [3, 4].
Moreover, they proved the smoothness of the solution in C*(]0,00[;S(IR®)). Carrap-
atoso [5] proved an exponential in-time convergence to the equilibrium. In [6], the au-
thors proved the solution is analytic of v variables for any ¢ >0 and the Gevrey regularity
in [7,8].

Let y be the Maxwellian distribution

[o[?

n(o)=(2m) e T,

we shall linearize the Landau equation (1.1) around y with the fluctuation of the density
distribution function

F(t,0) = p(v)+ /(o) f(£0),
since Q(u, i) =0, the Cauchy problem (1.1) for f = f(t,v) takes the form

{atf+£(f)=F(f,f)f (1.2)

fli=o=fo,
with Fy(v) =p+/#ifo(v), where

T(gh)=p7 Q(uig,uh),
L(f)=Lif+Laof, Lif=-T(u2,f), Laf=-T(f,u2).

In the case of the Maxwellian molecules, Villani [4] has proved a linear functional in-
equality between entropy and entropy dissipation by constructive methods, from which
one deduces an exponential convergence of the solution to the Maxwellian equilibrium in
relative entropy, which in turn implies an exponential convergence in L!-distance. In [9],
Desvillettes and Villani have proved a functional inequality for entropy dissipation is
not linear, from which one obtains a polynomial in time convergence of solutions to-
wards the equilibrium in relative entropy, which implies the same type of convergence
in L!-distance. In [10], the authors studied the spatially homogeneous Landau equation
and non-cutoff Boltzmann equation in a close-to-equilibrium framework and proved the
Gelfand-Shilov smoothing effect (see also [11,12]). Guo [13] constructed global classical
solutions for the spatially inhomogeneous Landau equation near a global Maxwellian in
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a periodic box, and the smoothness of the solutions have been studied in [14-16]. The
analytic smoothing effect of the velocity variable for the nonlinear Landau equation has
been studied in [17,18]. The variant regularity results in a close to equilibrium setting
were considered by [19-21].

Let us give the definition of analytic function spaces A(Q)) where () C R” is a open
domain. We say that u € A(Q) if u € C®(Q) and there exists a constant C such that for all
multi-indices & € IN",

1%+ () < C1*H 1w,

Remark that, by using the Sobolev embedding, we can replace the L* norm by the L?
norm, or norm in any Sobolev space in the above definition.

In this work, we consider the Cauchy problem (1.2) with >0, show that the solution
of the Cauchy problem (1.2) with initial datum in L?(IR%) enjoys the analytic regularizing
effect of time variable. Our main result reads as follows.

Theorem 1.1. Assume fo€ L?(R3) and T >0, let f be the solution of the Cauchy problem (1.2)
with || f || = (jo,77;12(r3)) small enough. Then there exists a constant C >0 such that for any k€N,

we have
Ck+1

[EHAGIEES ik, vteloT). (1.3)

Remark 1.1. In the paper [17], for fo € L*(R%) with || f|| 1 (jo,7;12(r3)) < € small enough,
the solution of the Cauchy problem (1.2) satisfies f(t) € A(R?) for all 0<t < T, i. e. there
exists a constant C > 0 such that

1£208 (1) | 2gre) SC¥Hat, Ve eN?, Wielo,T],

which implies that f € C*(]0,T[;.A(R%)), so that we prove only the estimate (1.3) for the
smooth solution of (1.2). Combine with the results of [17], we have proved that, if f is
the solution of the nonlinear Cauchy problem (1.2) with || f|| .~ (o 79,r2(r3)) small enough,
then we have

fe A(]0, T[xR?),

which implies that the smoothing effect properties of Cauchy problem for the spatially
homogeneous Landau equation with hard potentials is exactly same as the semilinear
heat equation.

2 Analysis of Landau collision operator

The operators £1,£, and I are defined in [13] as follow:

3

Lif=-), {ai[(ﬂij*ﬂ)ajf] +(ﬂz‘j*#)%%f—ai [(“z‘f*ﬂ)z;j] f}' (21)

i,j=1
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3 .
Lof ==, V%ai{ﬂ [aq* <H%ajf+ﬂézjf)] }
ij=1
3

r(fe)= Y. {aiuaif*(u%f))ajg] —[ay (Guif) o

ij=1
3l (3, )gl + [oi (i)

Since the use of a different normalization for the Maxwellian, these representations are
different in a few places by a factor of 1/2 from that in [13]. The linear operator L is
nonnegative.

For later use, we derive some results for the linear operator £. For simplicity, with
s€R, we define

£l =N+l 1Sp<os
3 . ) 1
11, = 1 (30235 2o

where a;;=a;j*p. From Corollary 1 in [13], there exists C; >0 such that

1% = CrlPo fI1Z 5 2 I T=Po) 7 15110 2+ I F 12114 2),

where for any vector-valued function ¢ = (g1,$2,93), define the projection to the vector
vER? as

3 .
(Pog)i= Zgjvj;ﬁ, 1<i<s.
j=1
Noticing that f =P,/ f+ (I—P,) </ f, we have

£z 2 Gl fllz 2+ 1 f 2144 /2)- (22)

From representation (2.1), we can get the coercivity of the operator L.

Lemma 2.1. Let f € S(IR3), then there exists a constant Cy >0 such that

(Laf. iz 2172 = Callf 113, 2

Proof. By the representation (2.1) and integrating by parts, we have

3 3
(Laf flz= ,}:1 ((aij*p)o;if ,0if )2+ i ((aijxp)oivif, fiz| — % 'Zl(ai[(”ij*ﬂ)vj]frf)y
i,j= L=
3
= 1fll 5 Y- @lap)oilf e

i,j=1
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Using
3 3
Y aij(v)vi=)_aij(v)v;=0,
i1 i=1

it follows that

wf_ll/ il (aijxp) v]fzdv—l]Zl/ (/ aij(0—0' )l (v )dv’)fzdv
_1121/ ilaijx (vjn)] fdo.

Expanding 0;a;;(v—71') to get

3
diij(v—0")=0im;j(v)+ ) </ 9,9a;j(v—sv )ds) o),
I=
then by
/ / !
/IRSv]-y(v )dv' =0,

we can deduce that

3 1
Biai]»*(vj‘u):Z/]RB/O 910;a;;(v—sv')dsvyviu(v')do’,
=1

and using
10Pa;;(v)| <c(1+]0))"*2 1P, vBeN?,

we can conclude that

1) 1
5 '):1(3 il(aijem)oilf fliz| =3 21/]1{3/ diaij(v—0")vip(v')dv' 2 (v)do
ij= i,f
1 3 3 )
ZZgAqs/wle]y /Baaljv sv')dsdo’ f*(v)do
<G [ (1+ol)"(0)do
We thus complete the proof of the Lemma 2.1. O

We recall the trilinear estimate, which has been addressed in [17].

Lemma 2.2. ([17]) Let F,G,H € S(IR®), then there exists a constant C3 >0 such that

[(T(F,G),H) 2| <G [Fl[2l|Gll 2 | H ]| 2, -
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Let F=.,/p,G=fH=gand F=f,G=,/p,H=g in Lemma 2.2, then we have the
following estiamtes for the operators £, and £».

Corollary 2.1. Let f,g € S(IR®), then there exists a constant C4 > 0 such that
(L1f,8)r2| < Callfll 2 18]l 2 »

|(L2f &)1z < Callfllr2llg 2 -

3 Energy estimates
We need the following interpolation inequality for ¢ € S(R3).
Lemma 3.1. Let g € S(IR®), then for all 0 < 6 <1 we have
I813.,,/2 <llgl72 +Csllgl2- (3.1)
Proof. From Hoélder’s inequality and inequality (2.2), it follows that

2y 4
I913,/2= [, (1+ )87 (0)g7% (0)do

2y

"y+2 i2 1 T2 %
<lglzrroallsllz" < { Ml ) gz

then by using the Young inequality
abgla”%—lbq, (a,b>0, 14_1:1)
p q P4

and the fact y >0, we get

2
1 T < T 5=1/2|[ o2
(g lstia) " Il 7 < -2 50lsls + - 35667 2lgl

<dliglE: +C1 "6 2l -

Let C;=C; "6~7/2, then it follows that (3.1) holds. O

We study now the energy estimates of the solution of the Cauchy problem (1.2), we
have

Lemma 3.2. Assume fo€ L?(R3) and T >0, let f be the solution of the Cauchy problem (1.2)
with || f[| Lo ([o,1;2(r3y) Small enough. Then there exists a constant By >0 such that

HfHLoo ([0,T];L2(IR?)) "’Hf”Lz ([0,T];L2 (R3)) §B%HfOH%2(]R3) <€’Bj. (3.2)
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We will take € small such that 0 <eBy <1.

Proof. By (1.2), we have that

St (Laf Fua= (D) iz~ (Laf.

Using Lemma 2.1 and taking 6 = 8%2 in (3.1), for all 0 <t < T, we can conclude

(Lrf. 2215 —Callf 113, 2> HfH ~GlIflIz

and C, depends on C;. Since ||f]| L((0,T;2(R3)) < €, using Lemma 2.2 and taking € such
that Cze < 1 ,forall 0<t<T, we have

(e <Gl el flE <3 HfH

Corollary 2.1 and Holder’s inequality implies

1
(Lof )2 <Call fllizll fll g < I FI1E2 +2CEI £

Combining the above estimates, one has

d
g 1+ 1E < (2C+4CE) |1 f122,

integrating from 0 to ¢ to get

N t
IF O+ [ 1F @I dr < @C+ac)) [If@Idr+IAlE 63

then by Gronwall inequality, we get for 0 <t <T
()13 < (1 (22 +4C3) TeCEHDT)| fo] (34)

Substituting (3.4) into (3.3) and taking By > 1+ (2C,+4C3) T 2 (Crtac )T, one can obtain

FO1+ [ 1501 drs (202463 e 2, < B2 .

Lemma 3.3. Assume fo € L2(R3) and T >0, let f be the solution of the Cauchy problem (1.2)
with || f|| L ([o,17;2(r3y) Small enough. Then there exists a constant By >0 such that

79 f i 0,122y + HTanH%Z([O,T],-Li (re)) < €*B. (3.5)



Smoothing Effect of the Time Variable for the Landau Equation 95

We also take € small such that 0 <eB; <1.
Proof. Since the solution of (1.2) belongs to C*(]0,T[;S(IR?®)), we have that
(0t f)+ L1(t9;f) =0t f — Lo(t0f) +t3:L (£, f),
and for0<t<T
1 2 t
SIef It [ (La(7acf), 70 f)

:/OtTHanHisz—/Ot(Ez(T@Tf),Tarf)deT—k/ot(Tarr(f,f),raff)deT
:Rl +R2+R3.

Firstly, using Lemma 2.1 and (3.1) with d = 8%2, for all 0 <t <T, we can conclude

t t
| @) 0z = 70 f o0, —Ca || TSI T
N t
> 2170 IBa ) — CaT [ 7l2cf i
For the term Rj, since f is solution of (1.2), i.e.

af=T(f,f)=L(f),

using Lemma 2.2 and Corollary 2.1, for all 0 <t <T, we have

[ eloef o= [ 75, £)0ef e [ T(L()0 e
<Cs [ Wfllal i o fllz et Ca [ (If1az+11£113 ) a1z .

Using Cauchy-Schwarz inequality, for 0 <6 <1,

CZ
[ 0B <6020 a3, + 52 e |, 111

+74 <THfH2w([0,t];L2)+/O HfH%idT>

Then, (3.2) implies, there exists Cs >0 such that

t
Ry :/O 7l|o f1132d < CoBRe+ 31|t f |25 12 - (3.6)
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For the term R, using Corollary 2.1, for all 0 <t <T, we have
t t
| T(20c) e )| <Co [ P f 120 7

1 2 2 ! 2
<5l 22 02, +2C3T | Tllocfad,

then, using (3.6) to get

|R2| =

IRy| <= HranHU Gz T2CT (CoBR 81170 f 2 102 )

so taking 2C3Té = §, one has

|R2‘ <7HTanHL2 [0,¢] L2)+C4BS€2

Finally, for the term Rz, Lemma 2.2 implies
Ral=| [ ©0u(0(f,0) 20 e
< [ @@L f)ae)ldT+ [ I 2e),2)ldT
<Cs [ P 10uf 2113 19l d+Cs [ 11l 12, de
<5 1700 f s o) +2G3 [ 171, e fIde+Cs [ f11x70e I d
< e a2, + 230 oy [ 171 e

t
+C3HfH%°°([O,t];L2)/O HTaer%idT-

Using (3.2) and taking € >0 small such that

2C3B3e* < -, C3Bie

OOM—‘

1/
We get then, forall 0<t<T,

[ o0 2| <5

Combining the above estimates, taking 6 = 1n (3.6), one has

1
HTanHLZ [0,£] LZ EHTanH%“([O,t];Lz)'

LT
2170 B+ 1T oy, < Cse+CoT [ elacf
using (3.6) with C;T6 < § and taking By >2+/Cs, then it follows that
HTanHzm [0,T];L2) +HTan||L2 (0,T}L3) <4C5€2§B%€2

with B depends only on Cy,C5,C3,Cy4 and T, which end the proof of Lemma 3.3. ]
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4 Proof of main theorem

In this section, we shall show the analytic regularity of time variable for t > 0. We con-
struct the following estimate, from which we can deduce the inequality (1.3) directly.

Proposition 4.1. Assume fo € L2(R%) and T >0, let f be the solution of the Cauchy problem
(1.2) with || f || 1= (jo,17;12(r3)) Small enough. Then there exists a constant B >0 such that, for any
keINy

1T 1 o, mnacrey) H I T O 1T 0,12 ey < BTV (R=2)1)2. (4.1)

We have that (4.1) implies immediately (1.3), so it is enough to prove this Proposition
4.1 for Theorem 1.1. We prove this proposition by induction for the index k. For k=1, it
is enough to take, in (3.5),
0<eB;1 <1,

and by convention (—1)!=1, 0! =1. Now for k > 2, since y is a function with respect to
the variable v, we have

ROk L f =L (59K F).
Then by (1.2), one can obtain,
At (#*9f )+ L1 (£0f )

—kF 1 f — Lo(HFFf)+T(f, 159 ) +T(#kF, 1)+ Y CLT(Half Tl p),
1<j<k—1

where C{; = ],(k"ﬁ Then taking the L?(IR%) inner product of both sides with respect to
tok £, we have

5 dt\lt"a"f 72+ (L1 (95 f), 05 f) 12
=kt H[OFf |12 — (L2 (595 ) 105 f) 12
+((f 5 f) 1 f) 12+ (T(HDFf, ), 40 f) 12
+ Y CLT(Half, Il ), iRk f) .

1<j<k—1

For all 0 <t <T, integrating from 0 to f, using Lemma 2.1 and (3.1) with / = 8%2, we can
conclude

t
[ G [P0 1 00 Co [ I, e

7 ~
> 2100 o) ~Co [ T 12
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Using Corollary 2.1, for all 0<t <T, we have

[ a0

<C; [ okl 295 1 e
< g2 002, +2F [ 10 f e

Finally, using Lemma 2.2, we have

Lk ez o3 [ ko
SIFatfI+ g [ P9 Al
t ~
<k [ Tk f[Radr+ G / |70 [ Fade

5 ¥ 0 [ IR a3 g [ g 42
0<j<k

with C3 = Cz+2CZ depends only on Cy,C2,C3,C4 and T.
We prove now (4.1) by induction on k. Assume that for k > 2, (4.1) holds true for
1<m<k-1,

HTmamezw ([0,T];L2(R3) +H”CmameLZ ([0,T};L3 (R3)) < BN ((m—2)!) (4.3)

And we shall prove that (4.1) holds true for m =k. We estimate the terms of the RHS of
(4.2) by the following lemmas.

Lemma 4.1. Assume that (4.3) holds true for any 1 <m <k—1, and f satisfies (3.2), then

t 1
[ PO f R < T B g s + MBI (2002, @)

with Ay depends only on C1,Co,C3,Cqand T.
We have also

Lemma 4.2. Assume that (4.3) holds true for any 1 <m <k—1, then
s X ][Ikl e g ok de
1<]<k 1

gH T 122 0,2 + A2 P (k=2)1)%, (4.5)

with Ay depends only on C1,C,C3,Cqand T.
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Lemma 4.3. Assume that f satisfies (3.2), then, for 0<t<T,

t
Ca [ 170 fllall g 740l e
1
ggﬂrkakaLz (0412) +2C3B3é? HTka';fH%w([O,t];p), (4.6)

and t
U 174012, e < Boe |49 1 .0 (4.7)

We will give the proofs of these three lemmas in the next section.

End of proof of Proposition 4.1
Choose 0 < € <1 small such that

1
CsBoe <, 2C3B2e* <

|

Since (4.3) holds true for any 1 <m <k—1, and f satisfies (3.2), then combine (4.2), (4.4)-
(4.7), we get, for 0<t <T,

_ t
91+ [ 12401, e <4(A1-+ An) (B2 (k-2)02+4Gs [ 1ekakfla,

with C; depends only on C1,C;,C3,Cy4 and T. By using Gronwall inequality, we get for
0<t<T, ~
[£405 £117> < 4e*ST (A1 + A2) B2 ((k—2)1)?,

which deduce

HrkakaLw ([0,T],L2) +Hrk8kf|\L2 ([0,T],L3)

<4(e*OT 4C3T+1) (A1 + Az) B2 (k—2)1)2,
We prove then
19 1By oy + 179 £ i) < B2ED (k=202
if we choose the constant B such that
4(e*ST 4C5T+1) (A1 +Ay) < B?,

so that the constant B depends only on C;,Cy,C3,Cy, T and small €. We finish the proof of
Proposition 4.1. ]
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5 Proofs of technical lemmas

Before give the proof of Lemmas 4.1-4.3, we need the following lemma.
Lemma 5.1. Forall k€ IN,k>5, we have

k(k—1)
Ty Ty b (5.1)

2<j<k—3

Proof. Without loss of generality, we may assume k—1 is even, then the summation can
be rewritten as

k(k—1) k(k—1)
2<§k23j(]‘—1)(k—1—j)(k—2—j) +k%gjgmj(j—l)(k—l—j)(k—z_j)'

For the first term in above, since j < k_T?’, we have k—j> k+73 Then it follows that

K(k—1) 4
I v o ) R B ey

. _k—3 k-3
<<k 2<j<5

<4.

For the second term, by j > "’Tl, we have

K(k—1) 8
iy sy D Y oy oy R

El<j<k-3 El<j<k-3

Thus (5.1) holds true. O
Proof of Lemma 4.1. For k>2, by (1.2), one has

O f =0 (0 1 f)=—L (3] )+ 'T(f,f)
=L@ )+ Y ClrElfe ).

0<j<k—1

Then we have

t 3 . t _ . ke1—i
k[ ok fdr=k ¥l [ @050 )

0<j<k—1

t
—k [ L@ ) 8
=:51+5>.
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Using Lemma 2.2, we can conclude

. t . .
j k—1—jak—1— k~k
|S1]<Csk ) Cifl/o 10 fll 21T o fllpz [|*05 f |2 d
0<j<k—1

2
o I
§4C§k2< Y Gl T fll oo 1T 0T ]fHLZ([o,t];Lg))
0<j<k-1

1 kak
+EHTafHL2 Ot]LZ

From (4.3), one can obtain

k—1—
2 C 1HT]‘3 fHL°° ([0,);L2) HTk ot ]f||L2 ([0,£];L2)

0<j<k—1
< Y B (j-2)B" i (k—3—j)!
0<j<k-1
_ k(k—1)
<B*3(k—3! 6 5.2
B ><2§§k3]<] D=1 (k=2 n*) 52)

Substituting (5.1) into (5.2) we get

k—1—
Y Gl T flle o 1T 05 Flliz oz < 18B*2(k—3)!,
0<j<k—1

from which we can conclude
1 3 2
1$11< g 11T 1172 0,2 +Co (B>(k-2)1),

with Cg depends only on C;,C,,C3,C4 and T, where we use kaz <3.
For the term S,, using Corollary 2.1 and (4.3), we have

t
Sal <Cak [ (1174710 iz + 177195 il ) 705 5.
1
<4C2k2 (THTk 1ak 1f“zm [0,¢];L2) +||Tk 1ak 1f”L2 ([0,8; LZ))+E"7kakf"L2 ([0,8; L2
g4c42k2(T+1)(Bk—2<k—3)!) —I-—HrkakaLz (0412

<C; (Bk 2(k—2>!> + 16170 f 2 o3

with C; depends only on C;,C,,C3,C4 and T.
Taking A1 =Cs+Cy, so that A; depends only on C;,C2,C3,C4 and T, then combining
S1 and Sy, we get

Eo 1 2
k[ TR et < g 70k g 0z, + A1 (B2 k=21 -
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Proof of Lemma 4.2. Using Holder’s inequality and (4.3), we have

G C]/ 170270 _]fHLZHTkalifHLng
1<j<k—1

2
o o 1
§2C§< Yo CUIT (o2 T 707 ]fHU([o,t];Lg\)) +§HTkakaLz (0A:12)

1<j<k—1
2
- 2 k(k—1) 1
<2C2 (B 2(k—2)! — . — PP
(5 u2y) (2§§_3]<]—1><k—]><k—]—1> 1m0 oz
2
) 2 k(k—1) 1
<2C2(BF2(k—2)! _ . — 46| 4|k
3< ( )> <2<];(_3](]—1)(k—]—l)(k—]—Z) ) 517 iz

Then from (5.1), we can get

k—
s X O Ik T s 7

1<]<k 1
<§Hrk8kf|\ oz A2 (B2 (k=2)! )
with A, depends only on C;,C,,C5,C4 and T. ]

Proof of Lemma 4.3. For the inequality (4.6), using Holder’s inequality and (3.2), one has

t
Ca [ I fllallfll 705 £ 3.
1
<5 171 2 )+ 2T o0 [ 112 00
1
SgHTkakaLZ ([0,4]; LZ +2C§B%€

For the inequality (4.7), the inequality (3.2) implies

t
/0 HfHLZHTkaI;fH dT< HfHL"" ([0,T];L2) HT a fHLZ ([0,£;L%) <BO€HTkanHL2 ([0,4;L)" O

Acknowledgement

This work was supported by the NSFC (No0.12031006) and the Fundamental Research
Funds for the Central Universities of China.



Smoothing Effect of the Time Variable for the Landau Equation 103

References

[1] Desvillettes L., On asymptotics of the Boltzmann equation when the collisions become graz-
ing. Transport Theory Statist. Phys., 21 (1992), 259-276.

[2] Villani C., On a New Class of Weak Solutions to the Spatially Homogeneous Boltzmann and
Landau Equations. Arch. Rational Mech. Anal., 143 (1998), 273-307.

[3] Desvillettes L., Villani C., On the spatially homogeneous landau equation for hard potentials
part i: existence, uniqueness and smoothness. Comm. Partial Differential Equations, 25 (2000),
179-259.

[4] Villani C., On the spatially homogeneous Landau equation for Maxwellian molecules. Math.
Models Methods Appl. Sci., 8 (1998), 957-983.

[5] Carrapatoso K., Exponential convergence to equilibrium for the homogeneous Landau
equation with hard potentials. Bull. Sci. Math., 139 (2015), 777-805.

[6] Chen H., Li W. X. and Xu C. J., Analytic smoothness effect of solutions for spatially homo-
geneous Landau equation. ]. Differential Equations, 248 (2010), 77-94.

[7] Chen H., Li W. X. and Xu C. J., Propagation of Gevrey regularity for solutions of Landau
equations. Kinet. Relat. Models, 1 (2008), 355-368.

[8] Chen H., Li W. X. and Xu C. J., Gevrey regularity for solution of the spatially homogeneous
Landau equation. Acta Math. Sci. Ser. B (Engl. Ed.), 29 (2009), 673-686.

[9] Desvillettes L., Villani C., On the spatially homogeneous landau equation for hard potentials
part ii: h-theorem and applications. Comm. Partial Differential Equations, 25 (2000), 261-298.

[10] Lerner N., Morimoto Y., Pravda-Starov K. and Xu C. J., Phase space analysis and functional
calculus for the linearized Landau and Boltzmann operators. Kinet. Relat. Models, 6 (2013),
625-648.

[11] Li H. G., Xu C. J., Cauchy problem for the spatially homogeneous Landau equation with
Shubin class initial datum and Gelfand-Shilov smoothing effect. SIAM . Math. Anal., 51
(2019), 532-564.

[12] Morimoto Y., Pravda-Starov K. and Xu C.J., A remark on the ultra-analysis smoothing prop-
erties of the spatially homogeneous Landau equation. Kinet. Relat. Models, 6 (2013), 715-727.

[13] Guo Y., The Landau Equation in a Periodic Box. Comm. Math. Phys., 231 (2002), 391-434.

[14] Chen Y. M., Desvillettes L. and He L. B., Smoothing Effects for Classical Solutions of the Full
Landau Equation. Arch. Ration. Mech. Anal., 193 (2009), 21-55.

[15] Henderson C., Snelson S., C*° Smoothing for Weak Solutions of the Inhomogeneous Landau
Equation. Arch. Ration. Mech. Anal., 236 (2020), 113-143.

[16] Liu S., Ma X., Regularizing effects for the classical solutions to the Landau equation in the
whole space. . Math. Anal. Appl., 417 (2014), 123-143.

[17] Li H. G., Xu C. J., The analytic smoothing effect of solutions for the nonlinear spa-
tially homogeneous Landau equation with hard potentials. Sci China Math., 2021, 64.
https://doi.org/10.1007 /s11425-021-1888-6

[18] Morimoto Y., Xu C. J., Analytic smoothing effect for the nonlinear Landau equation of
Maxwellian molecules. Kinet. Relat. Models, 13 (2020), 951-978.

[19] Carrapatoso K., Tristani I. and Wu K. C., Cauchy problem and exponential stability for the
inhomogeneous Landau equation. Arch. Ration. Mech. Anal., 221 (2016), 363-418.

[20] Carrapatoso K., Mischler S., Landau equation for very soft and Coulomb potentials near
Maxwellians. Ann. PDE, 3 (2017), Paper No. 1, 65 pp.

[21] Strain R. M., Guo Y., Exponential Decay for Soft Potentials near Maxwellian. Arch. Ration.
Mech. Anal., 187 (2008), 287-339.



