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ON THE CONVERGENCE OF g-SCHEMES

NAN JIANG

Abstract. Yang’s wavewise entropy inequality [19] is verified for -schemes which, when m = 2
and under a mild technique condition, guarantees the convergence of the schemes to the entropy
solutions of convex conservation laws in one-dimensional scalar case. These schemes, constructed
by S. Osher and S. Chakravarthy [13], are based on unwinding principle and use E-schemes as
building blocks with simple flux limiters, without which all of them are even linearly unstable.
The total variation diminishing property of these methods was established in the original work of
S. Osher and S. Chakravarthy.
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1. Introduction

We consider numerical approximations to the scalar conservation laws

1) { ur + f(u)y =0,

u(z,0) = uo(x),

where f € C*(R) is convex, and ug € BV (R). Here BV stands for the subspace
of Llloc consisting of functions with bounded total variation. For the numerical
methods concerned, let A\ = +, where h and 7 are spatial and temporal steps
respectively, and u} = u(xy,t,) be the nodal values of the piecewise constant mesh
function wup(x,t) approximating the solution of (1). The numerical schemes admit

conservative form
(2) ’U’ZJFI = H(U’Z—p7 e auz+p; )‘) = ’U’Z - )‘(QZ_,_% - QZ_%)a

where the numerical flux g is given by

(3) QZJF% = i+l [u],
and
@) 91 310] = 900 Vi V= V),

for any data {v;}. The function g is Lipschitz continuous with respect to its 2p
arguments and is consistent with the conservation law in the sense that

(5) g(u,u,---,u)zf(u).

The schemes that we are interested in are special cases of the general S-schemes
when m = 2, which were introduced by S. Osher and S. Chakravarthy [1, 13] in
the 80s. The entire families of -schemes are defined for 0 < 8 < (771(27’7?))_17
where m is an integer between 2 and 8. These schemes are 2m — 1 order accurate
(except at isolated critical points), variation diminishing, 2m + 1 point band width,
conservative approximations to scalar conservation laws. Although the numerical
results have been shown [1, 13] to be extremely good, the entropy convergence of

these schemes have been open. Our goal of this paper is to show that, when m = 2,
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[B-schemes indeed persist entropy consistency for homogeneous scalar convex con-
servation laws. The proof of the convergence is an application of Yang’s wavewise
entropy inequality (WEI) framework [19], of which he has used to establish the
entropy convergence of generalized MUSCL schemes and a class of schemes using
flux limiters discussed by Sweby [15]. Recently, by using Yang’s convergence crite-
ria that derived from his WEI framework, the author [9, 6] has shown the entropy
convergence of van Leer’s flux limiter schemes, as well as Osher-Chakravarthy’s a
schemes for m = 2 [1, 13]. The corresponding convergence results of Yang and the
author, for semi-discrete schemes, can be found in [7, 8, 10, 18, 17].

The paper is organized as follows. In section 2, we review the notions of the
extremum paths, and then we establish the extremum traceableness of general
TVD schemes, which is necessary for analyzing the entropy convergence of the
schemes that will be given in the next section. In section 3, we present one of
Yang’s convergence criteria with weaker condition, an important entropy estimate,
and finally the main result.

Now we introduce the 8-schemes for the case of m = 2. Throughout the paper, to
improve the readability, we use the shorthand notations of fi' := f(u}), Au?

ktl
+(upy, —up), and fgi% = Af:i% = £(fi; — f}). Also, whenever there is no
ambiguity in the context, we employ the simplified notations: u* := UZH, ug = uy,

fr == fi', and f;fi; = (f]?il )*, where k and n are the spatial and temporal indexes
2 2

respectively.
Let gEJr% := g (u},ul,,) be the flux of an E-scheme [14] that is characterized

by

(6) sen (uf — uf oy — F(w)] <0,

for all u in between uy and uy, ;. Then the flux differences are defined by

(7) f];:_% :fk+1_g]§E+%7
and
- E _

At the time level ¢t = t™, for all k, we define a series of local CFL numbers
Af k+3 '

U+ 1

+ A ;Jrl
9 1% =_—"'2 v =
) k+3 Upt 1 ’ b+

Clearly, we have vt . >0and v , <0. For convenience, we also set the ratios

k+3 k+3
JF —
k—1 _ fk:Jrl
(10) r,j: —, T, = .
fk+§ fkfé

The “minmod” operator is given by

x, if |z| < |y| and zy > 0,
(11) minmod(z,y) = ¢ v, if |z| > |y| and zy > 0,
0, if zy <0,
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which can be converted to, divided by z, a monotone increasing function

1, ifr>1,
(12) ¢(r) = max(0,min(1,r)) = ¢ r, if0<r <1,
0, if r <0,

with r = £. Clearly, ¢(r) has a symmetry property

(13) o) _ iy,

105

This property is very helpful to rewrite a 8 scheme into an increment form. The

operator of “minmod” of three quantities is defined by

minmod| z, y, 2| = minmod|[ minmod[ z, y], z],

which is independent of the order of z,y, and z. Very often we write “mm” for
“minmod”, when there is no confusion. For 0 < 8 < % and m = 2, a 3 scheme

[13], is given by

(14) uP = up = A(Gpay — 1)
where
(15)
Gy = 9y~ (55 + AU )P — (5~ 20)(fy )
s = AU )0 = (55— B
H =200 )0+ (5 + AU D,

The superscripts shown over the f* denote flux limited values of f*, and are

computed as follows:

(16) (;;r%)(l) = mm [f,;r%;bf,;r%]

1fk_+%
bfk_-i-%

= mm |

71]bfk;—+%

’r —
Ly

(17) (F )@ = mm £, bf ]

f];i‘é
min [1,[)E]fk+%

= ¢(bryiq) ;;r%
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(18) ()Y = mm (£, b 0 f ]
1f_ k_+

= o1 =]b 1

o [bfk‘Jrl fk+1] H

= o [ )b Sy
k

1

= mm [QS(F)’T;H] bfkl%
k

(19) (fE W = mm [0

Jr
k+5 bfkfé]

k+1’
+
lfk+2 fkf—

bkarl, 7fk+1
1
= mm [¢( )7 k]bfk+1

+
briiq

OIS

k+1

k20

= m [ b fk‘+1

= mm[——

br

+ YO _ + +
(20) (£ D0 = mm[k+%,bfk,%]
+

I
©-
—

S
3
=3
N~—
o
T+

+ (-1 _ + +
(21) ( k*%) mm[ k,%ﬂb k+%]

In the above, b is a “compression” parameter chosen in the range
1<b<3+4+128.

We shall assume for the remainder of the paper that the local CFL numbers
satisfy |1/ | <1forall k € Z.

Using ( ) (13), we can rewrite the expressions

(= — 8)b mm [¢(——),rt] + (—f2ﬂ)¢>( P+ (i+ﬁ)b¢(i)]l/+ u

12 i, " 12 bR
as

1 1 1 1 1 1 b
[~(55 — B)b mm [Eqs(ﬁ), 1+(5 —2B)b¢(ﬁ) +(33 +5)¢(§)]V§_%“kf%'
and

(5 + B o(E) + (5 = 28)607) = (g5 = A)b mm [0
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as

1 b 1 1 1 1 1 _
(5 + D6+ (5 = 2009(2) = (35 = b mm [ 0= I,y

With these alternative representations, it is easy to see that the schemes (14)-(15)
can be written in an increment form

(22) uk:ukfck_%uk_%+Dk+%uk+%,
with
(23)
1 1 1 1 1
Ciy = ¥, l~(55—Ab mm [E‘b(r,jﬂ)’l] +(5 - 26)b¢(@)
1 b 1 1
(g HAE) + 1+ (55 — O mm [ 60 )]
LY 1 b Tt
— (53— 20)00riL) — (55 + Abo(EL),
and
(24)
_ 1 Tht1 1 _
Dk+% = _Vk+%[1_(ﬁ +6)b¢(T)_(§_26)¢(brk+1)
1 1 _ 1 b
+ (E — )b mm [Eﬂb(r}wd)] + (E + ﬁ)‘?(g)
1 1 1 1 1
+ G- 2ﬁ)b¢(ﬁ) — (35 = A)b mm [E(b(bm;—l), 1]].

This form of the schemes provides a convenient way of checking extremum trace-
ability and TVD property of the schemes [9, 5].

2. A key property of general TVD schemes

In this section, we introduce the notions of Yang’s extremum paths [19]. These
concepts ware introduced by Yang (see Definition 2.13 [19]) in order to track the
extrema in the computational domain. We then give sufficient conditions that guar-
antee a TVD scheme to be extremum traceable. The following two definitions are
relevant, we restate them so that the paper is reasonably self-contained. Through-
out the paper, we refer to [19] for the definitions, lemmas and theorems that we
have quoted in the context.

Consider a numerical solution v defined on the set of grid points X = {(z;, ) :
Jj € Z,n € Z'}. A finite set of successive grid points {z4,--- ,z,} with r > ¢ is
said to be the stencil of a spatial mazimum, or simply an E-stencil of u at the time
tn, provided ug = -+ = ug,ug_; < ug and uy’; < uy. Notions of E-stencils for
minima and E-stencils for general extrema are defined similarly.

Definition 2.1 (see Definition 2.13 [19]). A nonempty subset of X denoted by
Etn,tm,n < m, is called a ridge of the numerical solution u from t, to t,, if
(i) for all v, n < v < m, the set

Pg(v) == {=; : (xj,t0) € B0, } = {gr, - 20}

is not empty and is an E-stencil of u at ¢,;
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(ii) forall v, n < v <m—1,
PE(V) U PE(V +1) = {z;: min(q”7q”+1) <j< max(r”,r”ﬂ)},

The set Pg(v) is called the x-projection of Etmtm at t,. The value of u along
the ridge is denoted by Vg(v) : Vg(v) = uY for ¢V < j <r".

If, for all v, n < v < m, the E-stencil in the item (i) of the definition is replaced
by an E-stencil, then the set is called a trough of u from t, to t,, and is denoted
by E,; . - The related notions Pg(v) and Vg(v) are defined similarly. Ridges and
troughs are also called extremum paths. When we do not distinguish between ridges
and troughs, we use E;, ¢, , Pr(v), and Vg(v) for either type. We write

nylm?

Etln,tm < (S)Efmtm, if max Pg1(v) < (<) max Pg2(v) for n <v <m.

Definition 2.2 (see Definition 2.14 [19]). A scheme is said to be extremum traceable
if there exists a constant ¢ > 1 such that for each numerical solution u of the scheme
and each integer N > 0, there exists a finite or infinite collection of extremum paths
{Eéth}éill with the following properties:

(i) {Pg:(N) ;Z’:ll is precisely the set of E-stencils of u} at the time ¢y arranged
in ascending spatial coordinates.
(i) If B}, , . is aridge (trough), then Vg, (n) is a non increasing (non decreasing)
function of n.

(iil) Let Pgi(n) = {xg(n), - s Zpigny} for 1 <m < N If Pri(n) N Pgi(n+1) =0,
then

| gt (1) = Uiy | S €[V (n+1) = Vi (n) | when  ¢'(n+1) > r'(n),

|ttty = Ugigny | < €[ VEi(n+1) = Vi (n)|  when ¢'(n) > rt(n+1).

(iv) If lo > Iy, then B! , < Ejt} forly <1<y —1.

0,IN

Because of the true solution of (1) has TVD property, it is very important to
maintain such property in the developing of a numerical scheme that approximate
(1). Recall that an extremum traceable scheme is TVD [19] and a scheme equipped
with extremum traceability prevents new extrema values that generate spurious
oscillations of the solutions other than those which propagate from the previous
time-level. Also, the numerical solutions computed by a TVD scheme will converge
to a weak solution [11, 12] of (1). For general TVD schemes, we are able to show
the following result, which is a condition to use Yang’s WEI convergence criterion
(Theorem 3.5). With this condition, we will carry out the entropy convergence
analysis of the schemes of (14)-(15) in the next section.

Theorem 2.3 (see Theorem 2.3 [9]). The sufficient conditions for the schemes
(14)-(15) to be extremum traceable are the following inequalities:

(1) 0<Chpys, 0<Dyys, 0<Cppi+Dyya <1, forall k;

there is a positive constant p such that, if ug is a space extremum, then
I 1

(2) max {Cr1, Cregs Dixys Diggb < 7 <

where Cy 1 and Dy 1 are given by (23)-(24).

The inequalities of (1) are well known sufficient conditions, introduced by Harten
[5], for the schemes (14)-(15) to be TVD. In terms of the local CFL numbers, we
can state this theorem as follows.
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Corollary 2.4. The sufficient conditions for the schemes (14)-(15) to be extremum
traceable are the following inequalities:

(3) sz+% Vs S

Wl

for all k, and when ug is an extremum,

1
+
(4) max{z/kil, s TV +% ki%}gl_O'
Proof. Indeed, for all k, in reference of (23)-(24), we have Ck+% >0, Dyyr 20,
and
D < - 2 <
Ck+1+ k-‘rl (k+171/k+%)ﬁ_1.
When uy, is an extremum, Cki%, and Dki% are reduced to
1 1 i1 +
Gy = vy [1= (5= 20)0(ri0) — (55 + Aba( L) < v,

Diy = vy 1= (o + 80050 — (0~ 28)00r 1)) < v,y

2

1 1 1 1 1
Cryr = k+2[1f(ﬁfﬁ)bmm[ :+1¢(@)71]+(§*25)b¢(brk+l)
b
e +B)<Z>(T )]
k1
N 27
< i [ ( +ﬁ) (—*25)b]_ﬁ’/k+;v
and
1 b 1 1
D 1 = 1+ + I + __2 b
k 1+ (A9 + (G~ 2ot
1 1 1 36 _
g Al O TS Ty

Following the four inequalities of the above , we have arrived the desired estima-
tions

C’ki%Jeri%gl, 2C,_ 1+Dk 1 <1 Cy, %+2Dk+1 <1,
as well as,
Ck+%+Dk+%+Dk+%+C’k,%§1,Ck,%+Dk,%+Dk+%+C’k,%§1,
and so on. O

Consider a subfamily of F-fluxes given by

. x ifs<z <y,
(5) g (W){ ?Ey)) 1fx§y§g,

where s is a sonic point of f(-): f’(s) = 0. It is clear that both Godunov [4] and
Engquist-Osher [3] fluxes:

ming <w<u,., J (W) when  u; < wjqq
6 God(y 0y _ uj Sw<ujq1 J Jj+1
(6) 97w, ujv1) { MaXy; >w>u;, J (W) when  u; > ujy1,
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and
BO(y: auyq) = v max( ' (w w o min( f'(w w
M) 8% = [ max( 0o+ [ min(f ), 0)dw -+ £0),

are members of the fluxes given by (5). For S-schemes with m = 2, we conclude
their extremum traceability in the following lemma.

Lemma 2.5. The schemes (14)-(15), with the building blocks given by the members
of (5), are extremum traceable, provided that
(8) V];:_% -V, 1<

for all k, and when uy, is an extremum, Amax., ,<w<u,., | ['(W)] < 15.

3. the convergence of $-schemes
The following separation property characterizes that, at spatial extrema, the
values of maximum (minimum) values of the numerical solutions are not increasing

(decreasing). The similar conditions have been used to check TVD property of a
scheme by E. Tadmor [16]. Lemma 3.2 verifies that S-schemes satisfy this separation

property.
Assumption 3.1. The numerical fluzes gZJr%, —o0 < k < o0, satisfy
QZJF% > flug) > QZ,% if  up > upyg
and
QZJF% < fluy) < QZ,% if  uy <upgg
Lemma 3.2. The scheme (14)-(15) satisfies the Assumption 3.1.
Proof. If up > ug+1, then

1 _ 1 _
gk-{-% = ng-i-% - (E +ﬂ)( kJr%)(l) - (5 - 25)( k+%)(0)
1
E — p—
Z ngr% 7(E+ﬂ)b k;Jr% 7(572ﬂ) k;Jr%
1 1 _
= gt [=(5 + 8= (5 = 201fi s
E‘ —
Z vy~ igs
= fk‘7
and
1 1 _
Gy = 9+ G2 O+ (5 B
1 1
< gl H (G2 H (G AR,

= GE, G - 28)+ (5 BB,
< 957%4‘.]0;,%
-k

Similarly, we can show that if uj} < wu},,, then gg+% < flup) < gg_%.

(I
Let f[w; L, R] be the linear function interpolating f(w) at w = L and w = R.
In this section, we assume that f”(w) > 0. In reference of (2), we denote 9; =

H(vj—p, + ,Vjsp; A) and v; = =2 4;“ for any collection of data {v;}.
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Definition 3.3 (see Definition 2.20 [19]). We call an ordered pair of numbers
{L, R} a rarefying pair if L < R and f[w; L, R] > f(w) when L < w < R. We call
a collection of data I' = {v;}/*7  an e-rarefying collection of the scheme to the
rarefying pair {L, R} if, for £ > 0,

(i) L=vr <vip1 <--- <wy =R;

(i) o7y < Opp1 < -+ <0y, [L =07 <&, |[R—=74]| <e;

(iii) either vy_1 > vy or vy = vr41; and either vy <wvy or vy_1 = vy.

Clearly, the conditions of (i) and (ii) imply that

vy vy < --- <0y, |L—T)[| < %, and |R—’I7J| < %

We define the piecewise constant function gr associated with the e-rarefying
collection I' as follows:
9) gr(w) = g 1fv]  forw € (v;,0541), I<j<J-1
Definition 3.4. For the given rarefying pair {L, R}, a O-rarefying collection I' =
{vj}7/47_, of the scheme that satisfies
(10) L=vio=vi1=vi=vr1 < <vj1=v75=0541 =Vj42 =R
is called a normal collection.
Theorem 3.5 (see Theorem 2.21[19]). An extremum traceable scheme that satisfies
Assumption 3.1 converges for convexr conservation laws if, for every rarefying pair
{L, R} and e-rarefying collection to the pair,

R v
(11) /Lf[w;L,R]dw—[ gr(w)dw > 6

for some constant 6 > 0 depending only on the exact flux f, the numerical flux
function g, and the two numbers L and R, provided that € is sufficiently small.

For the class of B-schemes concerned, the condition on e-rarefying collections in
theorem 3.5 can be weakened by normal collections.

Lemma 3.6. An extremum traceable scheme of the form (14)-(15) converges for
convex conservation laws, provided that for each rarefying pair {L, R} there is a
constant 0 > 0 such that the inequality (11) holds for all normal collections of the
scheme to the pair {L, R}.

Proof. Let A = {kp_2, -+ ,kQ+2} be an arbitrary e-rarefying collection of the
scheme to the pair {L, R}. Let

Ro Q-1
(12) S = [ aawrdw = 3 (i1 - 55) g5 6]

P j=P
by (i) and (iii) of Definition 3.3, either kp or Kp41 is a minimum. In either case,
Assumption 3.1 and the condition (ii) of Definition 3.3 imply that

(13) &> |L—Fpl=|fr — kpl = Ngps (6] = gp_3 [6]] = Ngpss s — F(L)].
Similarly, we have
(14) e > |R— kgl = Mggs+ sl — f(R)].

Next, we construct a normal collection I' = {v;}77 , as follows. First, let [ = P—1
and J =@+ 1 and we also set vi_o =vj_1 =vy = L, vy =vj41 = vj2 = R, and

v; = kj for I +1 < j < J —1. Then, we have
(15) greilvl = f(L) and  g;u1[v] = f(R),



112 N. JIANG

which imply that,
(16) vy =907 =v; =1L, vy =105 =v; = R.
Thus, the normality of I' = {v;}77 , is justified by the non-decreasing relation of
Uy SUr41 <+ <0y
Indeed, we notice that the following relationship
V43 <0144 < -o- <054 < V-3,
is directly inherited from the condition (ii) of the given e-rarefying collection of A
kpy2 < Kpy3 < - < RQ-3 < Kg—2.
Also, using the definition of the numerical flux, we can verify that (f P )(*1) =0,

(f;+%)<1> =0, (f;+%)<0> =0, and (f;%)(*l) = 0, which imply that

—1
2

1 1
gpyr = 91E:+% - (ﬁ +5)(f;+%)(1) - (5 - 25)(f;+%)(0)
1 1
= g}EJrg = (5 +AX I_Jrg)(l) = (5 = 28X I_Jr%)(o)

= Y143

Likewise, (f5+%)<1> =0, (fcg_%)(‘” =0, (fcg_%)(—” =0, and (f5+%)(1> =0, imply
that

Gouy = 95+ (520005 )@ + (55 +AIF_y) "
= Gy + GO (5 A
= 95-3-

Thus, we have U712 = Ap41, and 05_2 = Kg—1 as well. Therefore, we only need to
verify that
Uy < Ory1 < U142 and U592 <051 <0y
We will show that 0; < 9741 and 0741 < U742. The proof of 059 < 0j_1 <0y is
similar and we omit the details. Notice that the following is the consequence of the
definition of the scheme and the Assumption
U1 = Ui — Mgz = 9r41)
E

= V141 — >\(91+g - 91+%)

> V41 2> v =0y,
and U741 < U742 follows from the fact that gp-1 > fp = fr+1, and 9Pyl =91y
Indeed,

Ur42 — 0141 = FKpy1— 0141 = Rpy1 — kp +Rp — U141

Y

Ep — Ur41
= wp—=MNgpi1 —9gp-1) —vre1 + g1z — 9r41)
= )‘(gP—% _91+%) = )‘(QP_% — fr+1) 2 0.
Secondly, let G be the Lipschitz constant of the numerical flux g, and K =
max{|f(L)|,|f(R)|} + G(R — L). Denote
J-1

R
(17) S = /L gr(w)dw = (V511 = v5)g;4 3 [v],

J=I
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then a-priori estimate |S — 5’| < 3Ke holds. Let ¢’ be a constant such that for all
normal collections of the scheme to the pair {L, R} the inequality (11) holds for
§ = ¢'. Thus, for § = ¢, the inequality (11) also holds for the normal collection
I' = {v;}/7_,. Therefore, for 6 = %', the inequality (11) holds for all e-collection
of the scheme to the pair {L, R} provided that ¢ < 3%.

It remains to show the a-priori estimate. First, we notice that k; = v; for
P+1<j<@Q — 2, Therefore the terms of the difference
J—1 Q-1
S—8" = (@1 —0))g1[0] = D (Fjp1 — &j) g4 1 [K]
j=I j=P

from j = P+ 1 to j = @ — 2 are all diminished. For the remaining terms, we use
the relationship of A and T" and (13)-(16) to yield the following estimates.

5 €
(18) U111 — Rrga] < 3 U1 —Rj-1| < 37
(19) (0141 — 1| = [r41 — L| < [0r41 — Bra| + |[Rr — L] <,
and
(20) |’UJ — ’Uj_ll = |'DJ_1 — R| < |’UJ_1 — RJ_1| + |7€Q — R| < E.
Finally, using the fact that U712 = RKpiy1, Us—2 = Ro-1, grpzlv] = gpiils];

9y-2[v] = gg_1[k]; and (18)-(20), we have derived the desired estimate as follows.
(21) IS — 5’|

(U1 — 01)gry 1 [0] + (00 — Us-1)g; 1 [v]

+ (V42 = 0r41)91 43 [v] — (Rpr — Rp)gp 1 [k]
+ (V-1 = Vs-2)95 s[v] = (FQ — Rg-1)9q 1 [x]]
< ores = illgryy ol + 5 — 5-1llgs_ s ]

+ [or — Rellgrs o]l + [Bsms — Fallag—y [s]

1 1
< (5—}—5—}—55—1—55)}(:3[(5,

and the proof is completed. Il
For a normal collection I' = {v;}7*7_,, we denote the vertex (v;, f(v;)) by V; and
the area of convex polygon V;, V, - - - V; by S}, ;.. Let or = maxs_o<j<jyo |ujiil [,
2
and let
o 0.5 if A’Uj_Q = Avj+1 = O7
Y71 otherwise.

When the building block of the schemes (14)-(15) is the subclass of E-schemes
with the fluxes defined by (5), we have the following very important inequality (22),
which will enable us to prove the mail result of Theorem 3.9. The proof of lemma
3.7 will be given shortly.

Lemma 3.7. Let I' = {v; }/*7 , be a normal collection to a rarefying pair {L, R}.
Then the numerical solutions of the schemes (14)-(15) for convex conservation laws
(1) satisfy, for a sufficiently small oy, the following inequality

R J-1
(22) / (flw; L, R] — gr)dw = Sr141,...5 — Z 0 Sj-1,5,j+1-
L ,
j=I+1
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Lemma 3.8 ( see Lemma 3.7 [19] ). We have
J—1
Srr41,..,0 — Z Sj—1j.+1 = Sraiv1,0 — (Sriit1 + Siiv1,7)
J=I+1
forI <i<J-—1.

Let 0 = Amax,, |f'(w)|. For the class of fully-discrete S-schemes when m = 2,
equipped with above lemmas, we have obtained the following entropy convergence
result. The proof is similar to the one given by Jiang [9] for van Leer’s flux limiter
schemes and we omit the proof.

Theorem 3.9. The numerical solutions of the schemes (14)-(15), for the convex
problems (1), converge to the entropy solution provided that g¥(-,-) is a numerical
fluz given by (5), and o is sufficiently small.

Remark. The proof the lemma 3.7 is under the condition that the values of

( [y )Y and ( fjf:_ 5)1) are simultaneously taken as either first, second, or the
2 2

last argument of their min mod operators. We believe that the lemma is also true
for the general case at least for large values of b, since the values of ( f].: L)Y
2
and ( f].trg )1 are mostly return to their unlimited ones respectively [13] for larger
2

values of b.

Proof of Lemma 3.7. In the following, we keep the same notations fﬁ_l and r;-—L for
2

{v;} instead of {u;}. We also use

(23) f]’,_i_% =

to denote the divided difference.
To justify the inequality (22), it suffices to show the following inequality:

R J—-1 Vi1 J—1
(24) / 9y (w)dw — Z/ flwsvg,vmldw < Y a1 541
L j=1"7vi j=I+1
Let fs := f(vs), Avgys = Upq1 — vs, and f;+% = (frt1 — fs)/Avgy 1, where
vs 18 a sonic point (f'(vs) = 0). Without loss of generality, let vy < vy < Vg4
for some integer k with I < k < J — 1. We also let 1—12f;+l < /Bf]::+§, otherwise,
2 2
for the given {v;} and 3, we add vy, such that vy < v < vy < vgyr and the
inequality %f;r L < Bf]'H; holds for v, v, and vgy 1. Then I = TU{v;, } is also
2

fjp1) = f(v;)

Vj+1 — Uj

a normal collection and if (24) holds for I, it will holds for " as well (we subtract

the triangle area S, from both sides of (24) that holds for I'V). Now for
any gP(-,-) given by (5), we have
+ . .
fj+%_07 fOTISJSk-l,

’
kyUky15Vk+1

f;;% :fJer%Aijr%, for J—1>j>k+1;
qu_%zo, for J—1>j>k+1,;
and
J;% :f]{+%AUj+%, for I <j<k-1
Denote f; := f(v;), Avjr1 = £(vjr1 — v)), Av,_1 = vs — vy, f;_% = (fs —
fi)/Av,_1. Then, by (9), we have
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(25)
J—1 T=1
LHS of (24) = Zgﬁ%Aﬁﬂ_% - Z/ flw;vj, viqa]dw

=1 =17
J—1 ~ J—1

_ Avjiy + AT fi+ fiv 5

- Z Ji+% 2 N Z 2 Vit g
j=I =1

1

i(P(jgk—Q) + Pi1+ Py + Py + Pispy2)),

and the definitions of P(j<y_2y, Px—1, Pk, P41 and P(j>p42) will be given in order.
Recall the numerical flux is defined by

1 1
gji+i = QJEJF% - (E Jrﬂ)(f;r%)(l) - (5 - 25)(]:];%)(0)
L gy e (L M
Has = AU ) — (5 = B )

1 1
B + (0) — + (=1
Ha = 28)(F ) + (5 + AL,
and using the increment form (22)-(24), we have

> 0.

ATjyy = Avjs = (Cyy + Dy 3)Av g + Dy s Avjy s + 051 A,

1
2

For j < k — 2, we consider the value of (f]:l)(’l) = mm[fj:l,bf;rl,bf];g]
2 2 2 2

in three cases separately. In other words, case 1. (f;_l)(’l) = f;_l, case 2.
2 2
(f;_l)(_l) =bf,, ., and case 3. (f;_l)(_l) =bf;, s Using the relations
2 2 2 2
k=2
(6 - Qﬂ)fj'iéAvj 1Avj
j=I
=2 1
= 4 1(6 — Qﬂ)fj/.Jr%Aijr%A’UjJr% — (6 — 2ﬂ)f,;7%Avk7%Avk7%,

j=
and

k—2 k—

2
! 2 _ / 2 ! 2
E 2ﬂfj+%Avj+% = 2ﬂf]+%A'Uj+% — Q/Bfk‘féAkaé’
Jj=I Jj=I

for case 1., we have

k—2

1
>[5 = 28)f 3 By 3 Ay —4Bf] s Bvj g Buyy 487, A,
j=1
1 - (=1
+(5 ~ 26)(f; )V A1)
k—2
1
< Z[(g = 20)(Fj1 = fia) A0 Avy s + 28] 5 (Avy s — Avgya)?]
=1
1
—28f, 4 Ak y — (5 = 20)f{_yAv,_3Au_
1
< —25f;/€_%AU;§_% —(z - 26)f12_%AUk—%AUk—%§

6
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for case 2., we have

k—2
[— (6+26)f+3AU]+3AUJ+1+4Bf+1AUJ+1+( —20)(f;_, )< YAw
j=I
=2 1
<D 15 + 2007,y Avyy g Avgyy +4BF] A2y (5 = 2B)ff, Ao,y ]
=1
:Z(6+2ﬂ)[ff;+am+lm+3+f+1m ]
j=I
k—2 1
< (E +B8)f (AU_]-’,-l — Av;i3) ( +5)fk_;AUk 1
j=I
1
S*(l_JFﬂ)f;/c,%AUz,%;

for case 3., we have

k—2
> 1= ( +26) ], 3 vy g Av s +4Bf7 AvY
j=I
1 _ e
+(6 - 25)(fj_%)( DAv, ]
k—2 1
< Z[—(EHﬂ)fj'.%AvH%mﬂ%+4ﬂf;+%m§+%
j=I
1
+(6 - 25)f’»+gAUj+§AUj+%]
= 245 ]+3Av]+1Avj+a +f]+1A’u 1]
k—2
< D 28f) s (v g —Aujg)? =26 1 Avp
j=I

< *25f;/€,%Avi,%

Let
1 ! ]‘ !
T:=[fr—1— (E +B0) 1 Avpy — (5 = 26)fi_sAvy_g Dy 1 Avy_y,
then
k—2 1
[f]-i—lA'U - ( + B)fj+3 +% - (5 - 2ﬁ)f]+1AUj+1AU ] Jit+3
gj=I
k—2 1 1
=D By — (5 + B Avyy — (5 =280y Avy 1 Avyy s 1Dy + T

[
Il
~



CONVERGENCE OF p-SCHEMES

We also denote
1

case 1. T(j<p_2) = fQﬂfl'ﬁ%Avifé — (6 - 2B)f,;7%Avk,%Avk,

1
case 2. T(j<p_2) 1= f(ﬁ + ﬁ)f,;féAvifé + T,

case 3. T(j<p—2) = —QBfé_%Avi_% +T;
and
7 1 /
dj = (1 +36)fj+_AU]+l+(12+B)fj+%Avj+%Avj+%

1
= (5 -20)fj 1 Av; 1 Avsy

1+ T,
2

With these definitions and the convexity of the flux in mind, we have derived

the following estimates.

(26)
k—2
Piysi-2) =Y {9503 [Dvjpy + A5 3] = (f + fivn)Avyp g}
j=1
k—2 ’ 1 1
=D Algfis - (5 + 5)(]213)(1) -5~ 25)(@1%)(0)
j=I
+ (_ - )5, ) TVN280; 4 = Dy Ay
+Dj3Av;, ]*(fj+fj+1)A’Uj+%}
k—2 1
<Sllofy — Gy Ay~ G205
=
+ (_ -5, ) TVN280; 4 = Dy Ay
+DjysAvy, ]*(fj+fj+1)A’Uj+%}
k-2

1
<Y Al2f51 = (f5 + fi) Do 1 — (5 + 26)fi4 5 Avjy s Avj g
i=3

I
—(L—4B)f  Av? s + ( —28)(f;7 )M Av; 1}
k

1 1
Z[fy+1AU — (5 A5 AvgAujy = (5 - 26)f}, 1805,

1 1
* [fi+1Avj8 = (5 + B)fja V3, s — (53— 28) 41 Av;y 1 A,

110544

+3 1D+

2
= [—(= —Qﬂ)f;Jr%Aijr%Aijr% 74ﬂf]'.+%Avj+%Avj+% +4ﬁf]'.+%Avj+%

(G20

i=3

)Y A, +T+Z +3ﬂ )y A7

1
+ (E Jrﬂ)f;Jr%Aijr%Aijr% - (5 fQﬂ)fj{i%AvjiéAijr%]DjJr;

2

1

3

2
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case 1. Tij<p_o) k—2
< case 2. Tijcp—2) + Zd D
case 3. T(j<p—2) j=I
Similarly, for j > k42, we consider the value of (fj'tré) [fj+3 ,b fg+ b f]-t; ]
2 2

in three cases. For case 1., we have (fjtrg)(l) = fj'tré and
2 2

YAl ——6)(f]+3)“’+( 2601, +< 5+ O 1280,
j=k+2

=(f5 + fi+1)Avj 1}

J—1

> [—4Bf} 3 Avyy s +4BF7 1 Av Avy g ]
j=k+2

1
Jr(g + 2ﬂ)f,;+%Avk+%Avk+%

IN

1
< 72ﬂf}2+%Avi+% + (6 +2ﬂ)f];+%A’Uk+%Avk+%;

for case 2., we have ( ;;3)(1) = bf;;_l and
2 2

J—1
> {15 (15~ OO + (5~ 20)f,, + (55 + A7, 128w,
j=k+
—(f5 + fi+1)Av; 1}
J—1 1 1
< > [- (5 + 200011807, + (5 +20)f_ 3 Avy 3 Avyy ]
j=k+2

1
< (GO My

for case 3., we have (fjig)(l) = bf;'_l and
2 2

J—1
S~ (5 = B )D + (5 = 28)F 5, + (5 + B, 1280y,

. 2
j=k+2
=(fi + fi+1)Avj 1}
J-1
< Y [ABS AV 4B Avy Avy ]
j=k+2
= 2ﬁf,;+%Avi+%.
let
1 N 1 N
J = [fri2 + (5 - 25)fk+% + (ﬁ + ﬁ)kar% [Cht3 A0, 3,
then we have
J-1 1
Z[fﬁ( 20) [y + (55 + A 10y Ay
k+2
J-1

= YU+ (5~ 2000y + (o5 + BN, 10y Dvpy +

k+2
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With the following notations,
7 , 7

¢ = (EJrSB)fjJF%AU?JF% +(E fSB)f]’.Jr%Aijr%Aijr%

1
_ (E+ﬁ)f]{7%AvjféAvj+%5

and
1
case 1. J(j>py2) = —2ﬁf;€+%A’U]2§+% + (6 + 26)f{€+%Avk+%Avk+% +J,
1 2
case 2. J(j2k+2) = (E + ﬁ)f];_i_%A’Uk_,’_% + J,
case 3. J(j>pya) = Qﬂfé_‘_%Avi_F% +J;
we obtain
J-1
Pli>kt2) = Z {9542 [Dvj 1 + AT L] = (f5 + fir1)Avjpa}
j=k+2
J—1 ] 1
_ E + \a + (0
= Sl - (A )Y + G =28 )
j=k+2
1 _
+(E + 5)(]7_%)( Y J[2Av;,1 = Cj 1 Av; 1 + 0 1 Av; o]
—(f5 + fi+1)Av; 1}
- 1 1 1
L (— + 1) - + i +
< DAL= (G- AULYY + G =280, + (55 + 8]
j=k+2
X[2A1}j+% *CjJr%A’UjJr% +C’j,%Avj7%]

=(fi + fi+1)Avj 1}
case 1. J(j>p42) J—1

< case 2. Jij>pq2) + Z chjJr%.
case 3. Jj<it2) J=k+2

Now, we compute the (k — 1)th, kth and (k 4 1)th terms of the LHS of (24)
defined by Py_1, P, and Py respectively as follows.
Pey =g 1[Avp_1 + AT _1 | = (fe—1 + fi) Avp_s
1 1
- E - _(_ - @) _(Z _ — (0
= [0F (5 ALY — (- 280 y)
1 ~ \(=
‘f’(ﬁ - 5)(fk_%)( 1)][2Avk7% — Dy 1Av, g
+Dpy1Avpy 1| = (fo—1 + fr)Avg_2

1 1 1
< = (G +Of — (G200, + (5 - B )]
[2AUI€7% — DkféAka% + DkJr%A’UkJr%] — (fk—l + fk)A'kaé
case 1. Pr_4 1 1
< case 2. P, — [fk — (E + ﬁ)f];_% — (5 - 2ﬁ)f,;_% ]DkféAkaé
case 3. Pr_1
1 _ 1
FL e = (o5 4 By —

57 QB)fk__% ]Dk+%Avk+%7
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where
1
case 1. P,_q1 = 4ﬂflg7%Avif% - (6 + 2ﬂ)fg7%Avs_%Avk_%
1
+(g - Qﬂ)f;c,%AkagAkaéa
1 1
case 2. Py_q = (6 + Qﬁ)f,;féﬁvi,% - (6 + 2ﬂ)fg,%Avs—%Avk7%a
o 2
case 3. Py := 4ﬂfé7%Avk7% — 4ﬂf;7%Av57%Avk7%.
Py = g}gE_}_%[QAUk}Jr% — Dy 3 Avgys = Cpp iAoy g
—(fk + frt1)Avgy s
= [s[28v 1 = Dy Avg s — Gyt Ay |
—(fk + frt1)Avgy s
= f;_%AU>—%AUk+% - f;+%AUs+%AUk+%
—fsAv 1 Dy s = fBvgy 1 Gyt
and
1 1
Pry1 = [ggir% - (ﬁ - 5)(f,:+%)(1) + (5 - 25)(f;j+%)(0)
1 _
Hg + 5)(f;j+%)( V][280445 — Cryp 3 Avgyg + Cry 3 vy ]
—(fe+1 + frt2)Avgy s
1 1 1
b N A + 2 +
< [fk+1 (12 5)(fk+%) + (2 26)fk+% + (12 +B)fk+%]
[QAU,H% —Cry3Auy s + C,H%AU;H%] = (fe+1 + fk+2)AUk+%
case 1. Priq
< case 2. Pi4q
case 3. Pi41
1
~[Frr1Bvey + (5 = 20017 3 Aves g
1
(35 +B)f;j+%AUk+% 1Chys
1
H fer1Ddvpy s + (5 - 25)f;+%Avk+%
1
+ +ﬂ)f;+%Avk+% [t 1
where,
1
case 1. Piy1 = f4ﬂfl’€+%Avi+% - (6 - Qﬂ)fl’c+%Avk+%Avk+g
1
+(6 + 2ﬁ)fg+%Avs+%Avk+%a
1 1
case 2. Py = *(6 + 25)f;;+gA’Ui+g + (6 + 25)f§+%A’Us+§A’Uk+%’

case 3. Pry1 = f4ﬂfl’€+%Avi+%+4ﬂf;+%Avs+%Avk+%.



CONVERGENCE OF p-SCHEMES 121

Next, we combine the estimations of T{;<x—2y, T(j>k+2), Pk—1, Pk, and Py into
one estimation. We consider three cases separately. Let

7 1
dp—1 = _(E +35)f;2_%AU;3_% - (5 = 2B) fi_s Avg_g Avy_y
1
+(E+/B)f;7%Avs—%Avk—%)
13 , 1 /
dp = *(E Jrﬂ)fs,%Avs—%A”kJr% - (5 - 25)fk,%A’Uk—%Avk+%,
13 1
cp = (EJrﬂ)ngr%AvH%Av,H%+(572ﬂ)f;€+%Avk+%Avk+%,
7 1
Chi1 = (EJrSﬁ)f,;Jr%AviJr%+(§f2ﬁ)f,;+%Avk+%Avk+%

1
*(E + 5)f;+%A’Us+%A’Uk+%-

First, for the case 1.

(27)
case 1.T'(k) := case 1. T(j<p—2) + P
+case 1. Pr—1 +case 1. Pyy1 + case 1. T(j>k12)
1
= —Qﬂf{%%Avii% - (6 —20) fr_ s Avp_3Avy_y
+f;—%AUS—%AUk+% — f;.l,_%A’Us—i-%A’Uk-i-%
1 1
2
+4ﬂf;€7%Avk7% — (6 + 2ﬂ)f;7%A’l)57% Avk,% + (6 — 2B)f,;7%Avk7%Avk7%
1 1
_4/3fllc+%A’U12’u'+% — (6 — 2B)f];+%A’Uk-+%A’Uk+% + (6 + 2B)f;+%A’Us+%A’Uk‘+%
1
2
+dp1Dy_ 1 +di Dy 1+ Chy1 + 1 Crys
< case 1.7y (k) + T (k)
< TQ(k)a
where

case 1. T4 (k) := 2ﬁf,;_%Avi_% + f;_%AvsféAv,HE — f;+%AUS+%Avk+%

1 1
’(6 + 25)f;7%m,_%mk_% — 4ﬁf,;+%Avi+% — (6 — Qﬂ)fl’H%AvH%AvH%

1 1
Jr(g + 2ﬂ)fg+%A’Us+%Avk+% — Qﬂfl/ch%A’UiJr% + (6 + Qﬂ)fl/H%Akar%A’ukJr%,
and

Tg(k') = dk_le_% +dek+% +cka+% +Ck+10k+%-

Also, in the estimation of case 1. T} (k), we use the following inequalities.

1 1 1
(6 + 2ﬂ)f;+%Avs+%Avk+% < (E + /B)f;+%Av§+% + (E + ﬂ)f;+%Avi+%)

and

1 / 1 / 2 1 I 2
—(5 +28)f_y Av, g Aug_y < — (55 + By Al — (55 + Af iy Ay,

.1 1
$—3 $—3
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where we have used inequality of 2ab < a? + b? for any real numbers a and b. Using
the fact that Avy 1 = Avgy 1 + Av,_1, we have

s—30

/ Y 2 ’
fs—%A’US—%AUk‘-‘r% = fs—%A/Us—% +fs_%A’Us—%AUs+%7

/ _ / 2 /
_fs_;’_%AUs-i-%A’Uk-‘r% = _fs-i-%AUs-‘r% _fs-l,-%A’Us—%AUs-i-%?
and

case 1.7y (k)

1
(6 - 25)(f;€+% - f;i+%)AUk+%AUk+g + QBf,i_%Avi_%
+f;7%Avs,%Avk+% 7f;+%Avs+%Avk+%

1
_(6 +28)fi_1Av,_ 1 Avy g

1
+HE + 20)fl, 1 A0 1 Avgy s — 45f,;+%Au,§+%
+4ﬁf];+%AUk+%A'Uk+% — Q/Bf]/c+%A'Ui+g

= QBf’i—%Avi—% A Avy = [l Avg  Av g
*(% +26)f;7%A’u5_%Avk_%
+(11—2 +B)fop AvZy + (1—12 + B AR s = 2B s AV
< 25f;;,%AUi,% Jrfg,%Avi% +f;7%Avs_%Avs+%
_(% - B)f;+%AU§+% - f;+%A”>—%AUs+% - (11—2 + ﬁ)f;_%ﬁvi_%
_(11_2 + ﬁ)f;—%Avi—% - 5f1’c+%A”z+% + %f;+%AUI2c+%
S @Bf s~ (g + AL DA+ (g~ ATy A
< o

Second, for the case 2., using the following relationships

/ _ / 2 /
fsféAvsféAvl%F% - fsféAvsfé +f57%AUS*%AUS+%
1
< (= L AY?
A (12 +5)fs_% s—1
and
! _ ! 2 _ !
7fs+%A'Us+%A'Uk+% = fs«l»%Aver% fs+%A'U57%A'U5+%

1 2
< (DA,



we have,

Thus,
(28)

IN

IN
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case 2.T1(k)
case 2. T(j<p—2) + case 2. P,_1 + Py + case 2. P41 + case 2.T(j>p49)

1 2 1 2
(5 + B) i1 Ay + (5 + 28)f_ 1 Avi_y

1
*(6 + Qﬂ)f;_%Avs_%Avk_%

/ /
—l—fs_%A’U 1Avk+% —fs_i_%AUSJr%AUkJF%

s—3
1 1
,(6 +2ﬂ)f;€+%Avi+% + (6 JrQﬂ)f;Jr%Avs_i_%Avk_i_%

+(% + ﬂ)fl’H%AviJr%

(1—12 +B) fio Ay — (% +26)f]_ Av_ 3 Avy_y
LAy Avgyy — fL A vy

_(% +B) frps v s + 2(11—2 + B 1 Ay Avgy g
E VRN SR S LN

1 / 2 1 , )
+(ﬁ + ﬁ)fs_%Avs_% - (E + ﬁ)fer%AUer%

1 1 )
+2(ﬁ + B)f;.;_%AUs-i-%AUk—i-% - (ﬁ + ﬁ)f;iJrgAUH%
0.

case 2. T(k) := case 2.T1 (k) + T (k) < T(k).

Third, for the case 3., we have,

and

(29)

IA A

case 3.T1(k)

case 3. T(j<p—2) +case 3. Py—1 + Py + case 3. Pry1 + case 3. T(;j>k+2)
,Qﬁf]’%%Afuif% + 4ﬁf,;7%m,§7% — 4ﬁfg7%Av5,%Avk,%
+f;,%A’UsféAvk+§ - f;Jr%Aver%Akar%

—ABfl s AV s +ABFL  Aug 1 Avg s + 268, s AT
Qﬂfl'ﬁ%Avii% - 4ﬁf;7% Av,_1Avy_s

+2Bf A s+ (1 =28)f1 A2y + fl o Av, 1 Avg s
f2ﬁf;+%Avf+% -(1- Qﬂ)f;Jr%Avir% - f;Jr%AvSf%Aver%
~2Bf s AV, s +4Bf 1 Avg 1 Avg g

26f._1(Avj_1 — Avg,_1)? = 28f1 1 (Avyys — Augy1)?

1 1
2 2 2
0,

case 3.T(k) := case 3.T1 (k) + T (k) < To(k).



124 N. JIANG

Finally, using (25), (26), (27), (27), (27), (27), (27), (28), and (29), we have

J-1 N
LHS of (24) = gir1 AV 1 — Z/ flw;vj, viqa]dw
i=1 j=1 s
1
= 5 (Pysk-2) + Poor + P+ Prosr + Fjzke2)
= J-1
< 5{ djDji 1+ > ¢jCipy + Tao(k)}
=T j=k+2

k J—1
1
= {2 Dy + 2 Gyl
j=I j=k
Clearly, for sufficiently small o, it is feasible that

J—1 J—1
1
LHS of (24) < 3 E Si—1,55+1 < E Q;jSi—1,4,j+1-
J=I+1 j=I+1

Thus, we have completed the proof of Lemma 3.7. O

Acknowledgment. The author thanks the referees for their constructive com-
ments and suggestions that help to improve the presentation of the paper.
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