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STRONG BACKWARD ERROR ANALYSIS FOR
EULER-MARUYAMA METHOD

JIAN DENG

Abstract. Backward error analysis is an important tool to study long time behavior of numerical
methods. The main idea of it is to use perturbed equations, namely modified equations, to repre-
sent the numerical solutions. Since stochastic backward error analysis has not been well developed
so far. This paper investigates the stochastic modified equation and backward error analysis for
Euler-Maruyama method with respect to strong convergence are built up. Like deterministic case,
stochastic modified equations, expressed as formal series, do not converge in general. But there
exists the optimal truncation of the series such that the one step error of the modified equations
is sub-exponentially small with respect to time step. Moreover, the result of stochastic backward
error analysis is used to study the error growth of the Euler-Maruyama method on Kubo oscillator.

Key words. backward error analysis, modified equations, strong convergence, stochastic numer-
ical integrator.

1. Introduction

Backward error analysis is a powerful numerical analysis technique, when the
qualitative behavior of numerical methods is of interest, and when statements over
long time intervals are needed [4],[8],[15]. However stochastic backward error anal-
ysis is still developing, and lots of challenging problems need to be solved. One
of the fundamental problems is the construction of stochastic modified equations
(ME) with respect to strong convergence, which is used in backward error analysis
to approximate numerical solutions. But, to the best of author’s knowledge, there
is no literature available for any result on strong backward error analysis. We are
concerned in this paper with the construction of strong ME for the Euler-Maruyama
method (EM).

For an ordinary differential equation,

(1) X; = f(Xy),

suppose the first order numerical method ¥, (X) with a small time step h provides
an approximation to the exact solution. and it is represented in a power series of
time step:

Up(X) =X +dy(X)h+da(X)h? +--- .

Let ME be in form of power series of h,
Xi = J(X0) = f(X) + [ilX)h + fo(Xe)h* + -+,

such that the the flow of ME CT)h matches with the numerical integrator ¥; up to
arbitrary high order of h.

It is unfortunate that the power series f()?t) does not converge. But, under
some appropriate assumption, there exists the optimal truncation such that the
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difference of the numerical method and the flow of ME is exponentially small with
respect to time step, that is

[ W), — @p]] < CeTo/h,

for some constant C and hg. The important result allows numerical methods to be
interpreted by ME. Lots of application on structure preserving method are reported,
see [8][9].

To extend the idea to stochastic setting, let us consider stochastic differential
equations (SDE) in the form of Stratonovich integral,

m m
(2) dX; = fo(X))dt + Y fo(Xy) 0 dW] =Y fr(Xe) 0 dW,

r=1 r=0
where X; € R”, f, : R® = R", W/,r =1,...,m are independent standard Wiener
processes, and t is denoted as W for notational convenience. Then we say the
numerical scheme ¥y, (Xy) has strong order k if

VEUXan — TR(X0)|2] < CR¥, 0 <nh<T.

Sometimes a weaker error is sufficient to use. If the numerical scheme ¥p(Xo)
satisfies that

1 E[6(Xnn)] = E[o(¥5(Xo))]|| < Ch*, 0 <nh<T,

where ¢(x) belongs to some smooth function spaces. Then we say the numerical
method has a weak order k. _
Shardlow [16] made an attempt by considering the perturbed functions f, in
stochastic ME have the form N
fr = Z fr,ihi-
i=0

When the weak error is considered, the construction can only be performed for EM
at N = 2 with additive noise. For multiplicative noise or higher order, there are
too many conditions to determinate the coefficients of ME. In [17] [1] [2], ME with
respect to a week convergence are constructed. Moreover, Debussche et al. [5] built
up the weak backward error analysis via modified partial differential equations on
torus for EM. Kopac [11] extended the approach to Langvin process on R™.

In this paper, an alternative approach to construct a perturbed function f, is
proposed for EM,

ﬁ“ = Z ﬁ",aJa,ta

where J, + are multiple Stratonovich integrals. Moreover, we prove that there exists
the optimal truncation such that

d 1
\/Equ)h,N - ‘I/hHQ] < Ce—}lo/(hs).

By using this result, the error growth of EM on the Kubo oscillator is investigated.

We emphasize that the proposed modified equations works for SDE with mul-
tiplicative noise. The proof given in the paper is different with those provided for
ordinary differential equations [9]. We consider the implementation of EM on Kubo
oscillator and discuss the error growth of it by using the stochastic backward error
analysis result.

The paper is organized as follows. In the next section, we studied the product
and second moments of multiple Stratonovich integrals. Then, we introduce the
assumption that we need. Section 3 presents the construction of ME. Estimation of
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the coefficients of ME and the main theorem on optimal truncation are presented
in Section 4 and 5, respectively. In the last section, the result is applied to study
the long time error of EM.

2. Preliminaries

2.1. Properties of Multiple Stratonovich Integrals. Before constructing strong
ME, we study the multiple Stratonovich integrals as preparation. For a multi-index
a=(J1,---,51), ji €{0,1,...,m} for i = 1,...,1, the multiple Stratonovich itegral
is defined as follows,

t Sy S2 ) ) )
— Ji o, .. Ji—1 J
(3) Jat = /0 /0 .. ./o odwl! ---odwl~! odwl.

The length of the multi-index « is denoted as I(«). n(«) is the number of zeros
in the multi-index. The function p(a) = I(«) 4+ n(«a) is introduced. For example,
1((2,0,1,0)) =4, n((2,0,1,0)) = 2 and p((2,0,1,0)) = 6.

A multi-index of length zero v is included for completeness with .J, ; := 1 and
n(v) = 0.
For any multi-index a = (41, jo, - - -, ji) with no duplicated elements (i.e., j,, # Jn

if m#n, myn=1,...,1), we define the set R(«) to be the empty set R(a) = ® if
I1=0,1and R(a) = {(Jm, jn)|m <n,m,n=1,...,1}ifl > 2. R(a) defines a partial
order on the set formed with the numbers included in the multi-index «, defined by
i < j if and only if (¢,7) € R(«). For example, R((2,0,1)) = {(2,0),(2,1),(0,1)}.
We suppose that there are no duplicated elements in or between the multi-indices
Q= (jlvaa oy 51) and of = (.71).757 s ajll/)'

Lemma 2.1. [6] [3] If there are no duplicated elements in or between any of the

multi-index oy = (G550, GE0), o an = GELASY, ), then
(4) Jord o Jagr = > Jpu

BEAaq,...,an
where

- Aaron ={B € MII(B) =D lax) and Up_; R(ax) C R(B)
k=1

and there are no duplicated elements in B},

~ ~ ~ ~ (1 (1 (1 . . . .
andM = {(.71).72;).7f)|.71 € {.7§ )7]5 )a'"7,7[(1)5'"]%n)ajén)7"'a.jl(:b)}7l = 17"'5Z7
=L+ - +1,}

To extend the lemma to multi-index with duplicated elements, we just need
to assign different subscripts to each duplicated element, for example, A2 ), (0,1)
= A(2701),(02,1) = {(27 02; ]-7 01)) (027 2; ]-7 01)) (017 ]-a 27 02)) (027 2; 017 1); (2a 017 027 1);
(2,02,01,1)}. So we will not distinguish the cases with or without duplicated
elements in the following of the paper.

For multi-indices &; and &2, we define & x & 1= A¢, ¢,. So a € & X & means
that J,, can be generated by the production of J¢, ; and J¢, ;. Then, we have the
following properties,

Property 2.2. o 1. If& x & 3 a, then (&) + (&) = () and p(&) +
p(&2) = p(a).

_ (U&)+1(&2) (&1)+p(&2)
o 2. #Ahe e, = ( ) )< ( p(&f;) ).
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o 3 #{6,0l6 x & 3 a) = (L) < ().

Proof: 1) follows from Lemma 2.1.

2) The problem is equivalent to calculate the number of multi-indices whose
length is 1(&1) + 1(&2), and keeping the orders of & and &. That is equivalent to
choose [(§1) components from the whole components of &; and &. So #A¢, ¢, =
(l(&l)(;l)(&)). The inequality follows from that p(§) > I(£).

3) The proof is similar with that in 2). 0O

Lemma 2.1 induces a way to calculate the moments of multiple Stratonovich
integrals. But first of all, we introduce multiple Ito integrals. For a multi-index

a:(j17"'7jl)aji6{0517"'7m}7i:15"'ala

t St 52 . . .
To4lf ()] = /0 /0 /o f(s1,-)dwl codwlTtdwll Ty = I 4[1],

where f is any appropriate process. By the martingale property of Ito integration,
it is shown that

(©) Bl = {0, if I(a) # n(a)

W)
f@T)!’ if I(a) = n(a).

The idea to calculate the moments of multiple stratonovich integral is to express
the power of multiple Stratonovich integrals by a summation of other multiple
Stratonovich integrals first; then transforming these Stratonovich integrals into the
form of Ito by the recurrence relationship (see Chapter 5 in [10])

Ja,t = Ia,t; l(a) =1
(7) 1
Jap = L) e o] + 5X =i 2011 0).0 [Jay—u]» 1) >2,
where x4 denotes the indicator function of the set A , and a— defines the multi-
index by deleting the last component of «. In the last step, the expectations of
multiple Tto integrals is obtained by (6).

We take E[J(21,0,1),t] as example to demonstrate the process. First, by Lemma
2.1, we have

J(2170,1)7t =8J(1,1,0,0,1,1),t T 4J(1,1,0,1,0,1),¢ + 4J(1,0,1,1,0,1),¢ + 4J(1,0,1,0,1,1),¢-
Transforming the multiple Stratonovich integral to Ito integrals,
1 1
J(1,1,0,0,1,1),t = L(1,1,0,0,1,1),¢ T 5(1(1,1,0,0,0),:5 4+ 110,0,0,1,1),¢) + §I(o,o,o,o)¢7

1
Jaror0ne = Iaa0100.0 + 51001000

1
Jaoaon.e = L0100 T 51000008

Jaor0000 = La01010.6 + 510,0,1,00.0

By (6),
4
E[J8 0.1y = 4B 0,0,00),1 = 3

The previous example shows that most of the expectations of the multiple Ito in-
tegrals vanishes. When calculating the moments of multiple Stratonovich integrals,
we only consider the multiple Stratonovich integrals that will be transforming to the
Ito integrals, I(g,... o). Then we have the following lemma on the second moments
of multiple Stratonovich integrals.
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Lemma 2.3.

20()\ () —i(a) PP
pla = Pl < <1<a> >2 pla)l

Proof: Let
T2n=> Jsu
B

Jg,¢+ can be transformed to the Ito integrals I(o .. o), if and only if 3 € £, where

£= {6: (.j17"'a.jl) € aX a'ﬁ"r =vor BJ’_ = (.ji17"'7ji2q)7qem7
i2k; - iQk—l + 1)j2k = ij—l for k = 1) .. '7q}a
and B8 denotes the multi-index obtained by dropping all zero components of /3.

So
0 EL2 4] = syt
oh p(a)!”
where s(a) = #£.
Then the calculation of the second moment of Stratonovich integrals is simplified
to estimate s(a).
First, s(«) is not greater than #A4 . So,

BlJ2,) < (QZ(Q))Q"(“"“C” e

l(a) p(a)!
One the other hand, let « = (j1, ..., ), and provide a superscript for another «,
such that o’ = (j1,...,7;). It is noticed that there is no difference with v and ¢/,

but the superscript. So the multi-index 1 = (j1, j1, j2, J3, - - -+ Ji» j;) belongs to £.
The multi-index B2 = (j1,j1,J2, 7% - - - Ji,J;), obtained by interchanging the first
two components of 3y , is also in £. Considering all the switching between j; and
Ji, j2 and js, ..., j; and jj, we know that s(a) > 2le) and

(o) hP()
p()!
Remark 2.4. When l(a) and n(a) are known, there exists multiple Stratonovich

integrals such that the equalities in Lemma 2.3 hold. So the estimation of the second
moment of multiple Stratonovich integrals is sharp.

E[Jo%,h] >2"

Corollary 2.5.
(2h)P(=)

E[Jo%,h] < p(a)|

Proof: It follows from the fact (2;((5))) < 4ie@) [

2.2. Assumption. Throughout the paper, we use C to denote a generic positive
constant, not necessarily the same at different occurrences.

Let us assume that f, for r = 1,...,m in (2) belong to C*°. In addition, we
suppose that

e [H1] f, for r = 1,..., m satisfies one of the following conditions.

olkl £,
sup |

k= OxN . 9k
0<r<m

<K; forr=0,...,m,and j=0,1,...,
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or
okl f, 1—j .

sup | —/———| < K;(1+||X]|)"? forr=0,...,m, and j =0,1,....
k1 k J

k|=j Oxi'...0xn"

0<r<m

e [H2] There exist a positive constant K, such that
K; <CK? forj=0,1,....

The Hypothesis [H1] is usually needed for the numerical analysis for long time
behavior [13],[5] and the convergence of high order numerical schemes [14], [6], [7].
The last hypothesis [H2] is similar with the result of Cauchy estimate, which is used
in the backward error analysis for deterministic problems.

For multi-indices o = (a1, ..., 1), 8 = (B1,...,5;) and functions f, in SDE (2),
where a; € NU {0} and §; € IN, we define the function classes

f{Zaaa N (g gn e (S}, aap €R, U(a) =1(B),

l
Zﬁnl_an —k Zanﬁnﬁl and Zﬁnﬁj},
n=1
and
Biyj = Bz’,j,la

where (g%al))'ﬁ1 means the B1-th power of the a;-th derivatives of g;. For example,
1
Jisooo fm € Boaa  and fo + §f7-f7'- € B2,

If z € B, j r, the representation of z is not unique, like z = f(()l) f(l) fél).
But we only consider the representation without duplication, such that 5 |aa,s]

achieves its minimum, and is denoted as £(z). It can be shown that the functions
in B; ;1 have the following properties:

Property 2.6. o Ifz € Bk, then ||z|]| < CR(2)K?, or||z|| < CR(z)K'(1+
1)

o If 21,290 € By j i, then z1 + 22 € B, j 1, and R(z1 + z2) < R(z1) + R(22).

o Ifz1 € B, j, kys 22 € Biy jy ko» then 2120 € Biyyiy jy 1o ks +ky and R(2122) <
ﬁ(Zl)ﬁ(ZQ)

oIszB”k,then GBHijlandf{( )< jR(z) fork=1,....n

alk

Proof: The proof of the properties is straightforward, and not shown here. 0O

2.3. Stratonvich Taylor expansion. The Stratonvich Taylor expansion for the
SDE (2) can be expressed in form of

m
(9) Xe=Xo+ Y D L frlimoTanr).t:

1(0)>0 =0

where x is the concatenation operation, like (1,0) x (2) = (1,0, 2).
For o = (j1,j2,.-.,71), LY is defined as

(10) Lo = gl 6o,
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with
(11) LY = fi.x7, forj=0,...,m,

where - is the dot product and v/ is the gradient operator. We define LV as the
identity operator.

3. Construction of ME

Let the differential equation (1) or SDE (2) define the flow ®; : X¢ — X;, which
is approximated by numerical method Wy, .

Backward error analysis is to search for ME, such that the flow of the modified
equation CT)h is closed to ¥j. Then ME, instead of ¥y, are used to the study the
error growth and other numerical analysis topics.

3.1. Deterministic ME. Let ME for the deterministic differential equations (1)
have the form of a power series

Xo = J(Xih) = Jo(X0) + F(Xh + fo( X)W + -
Then we have,

Xo = [(Xo,h) = [(Xo)o + f1(Xo)h + Fa(Xo)h? + -+ ,

X - af(é));h))?o = (Jo(Xo) + J1(Xo)h + - )(Jo(Xo) + J1(Xo)h +---).
t
So,
~ - s B2
Xn =Ko+ Xn+ Koo+
(12) = 20 + (f(Xo) + fu(Xo)h + fo(Xo)h® +--)h

2 ~ ~ ~ ~
+ (X)X + (T (Xo) + Fe(Xo)h =)+

Assume the numerical method Wy, is given as a power series
(13) Uy(Xo) = 2o + hf(Xo) +h2d2(X0)+~~- .

To obtain th = \I/’fL(XO) for all k£, we must have )Z'h = U, (Xp). Comparing the
coefficients of powers of h in (12) and (13) yields the recurrence relation of f;

fo=1.
fo=ds— o f'F.
Fomds— g 20"+ 1'7') ~ (T Taf)

Therefore, ME are constructed and uniquely determined by the numerical method
Uy,.
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3.2. Stochastic ME. In this section, the construction of stochastic ME with re-

spect to strong convergence is studied. The recurrence relation of the coefficients

in ME is provided. It shows that the existence and uniqueness of strong ME.
First, we define the stochastic processes Y, ; for a given time step h: if [(a) > 0

You = Jat = Jamn, whennh <t<(n+1)h, neN"| {0},

and
Yy =1
It is clear that Y, s = Jo,¢ for 0 <t < h.
We suppose that ]?T in ME has the form

(14) ]:;“ = Z ﬁ,aYa,ta

where f, :R™ - R™ and ﬁa :R™ = R™
The whole stochastic ME are expressed as

m t . .
(15) X; = Xo + Z/ > Fra(Xo)Yas 0 dW!.
r=070 o

Remark 3.1. It should be noticed that Y, s, instead of Yo n, is used to guarantee
ME are non-anticipative.

To implement the Stratonvich Taylor expansion on ME (15), we consider Y, s
are also variable in ME. To demonstrate the idea, we consider an example with
m=1and d=1. When 0 < ¢t < h, (15) is written as

t t
Xy :X0+/ ZfO,a(Xs)Ya,sod3+/ Zfl,a(Xs)Ya,sodW37
0 & 0 &

t
YV(O),t = / OdS,
0

t
Yoy = / odWV,,
0
(16)

t

Ya*(O),t :/ Yy s ods,
0
t

Ya*(l),t :/ Yo,s 0 dWs,
0

Notice that f, =>. ﬁ,a()?s)ya,s are functions depend on the variables ()}t, Yi0).¢> Y1),t5
...). So,

/_‘/(O)fr =1. ]?7“,(0) +0- fr,(l) +4Y,- fna*(o) Lt foﬁ,
LOf =0 froy+ 1 frqy+ o+ Ya frasqy++ fifl
So, for ME (15) with d > 1 and m > 1,
E(j)ﬁ“ = Z ﬁ‘,a*(j)Ya,t + Z fj : v}l;,aYa,t

(17) . _
= Z f'r‘,a*(j)Ja,t + Z fj : Vfr,aJa,t-
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As ]”; is the series of multiple Stratonovich integrals, E(j)ﬁ is expressed as a
series of multiple Stratonovich integrals. By induction, for multi-index v, £7 f, is
also a series of multiple Stratonovich integrals, and L£” f,. can be denoted as follows,

(18) LFr =3 470y, 0<t<h,
«
where wg*(” are functions depend on )~(t. When v = v, w((f) = f,«,a by the definition
of f.
Similar with (17), for multi-index v which satisfies I(y) > 1, and j = 0,...,m,
we obtain

U i = 3 LN = Dt + D2y T St

(19) .
=Y oy Tat + D) VUL T e
a £1,82

By comparing coefficients of J, ; and Lemma 2.1, we have

(20) Von(i) = PP — Z wg) VYL, fori(y) > 1, and I(a) > 0.

§1X&22a

Applying the Stratonovich Taylor expansion (9) on ME (15), we get

@y (Xo) = Xo + Z Zﬁaﬁh:OJa*(T),t

I()20 =0

(21) = Xo+ Z Z(Z 1/)2”(”(X’t)Jﬁ,t)lt:oJa*(r),h

l(a)>0r=0 3

:X0+ Z ng*(r)(XO)Ja*(r),}r

I()20 7=0

Assume the numerical method Wy is expressed by the summation of multiple
Stratonovich integrals,

Uy Xo=Xo+ Y da(Xo)Jon.
I(a)>0

For EM, we have

1
d(O) = f0+ E;fr'VfM

(22)
dipy=fr for r=1,...,m,

dy=0 for I(y)>2.

To obtain ¥ = &)m the coefficients of J, ¢ in (21) should equal to those in the
numerical method (22), i.e., dyy() = Z*(T). Therefore fna = ((f) and ME are
uniquely defined by the recurrence relation (20).

To demonstrate the idea of construction ME, we take the linear SDE dX; =
AX,dt + BX; o dW; as example. EM is applied on the linear SDE. So it is clear
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that
1
doy(Xo) = PO = A4 §B2X0,

d(r)(XO) = wl(}l) — BXO r = 17 ...,m,
dy(Xo) =9y =0 for I(y) = 2.

From the recurrence relation (20), we have
1
Ul (Xo) = —~(A+ 5B X0, ¥(})(Xo) = ~BXo,

1 1
Wio)(Xo) = ~(A+ 5B*)BXo, u(})(Xo) = ~B(A+ 7 B%)Xo.

Since 1/),81’1) =0 and wgl’l’” =0, (20) yields that

v (Xo) =0, ¥} (Xo) = 2B°X,.

Similarly,
1,1,1 1,1 1
v (Xe) =0, v (Xo) =0, ¥ (Xo) = —6B4X.

As a special case consider A = —aJ and B = —¢J where J = {01 (1)}, a and
o is constant. The SDE
(23) dX; = —aJ Xdt — o J X, dW}

is a linear stochastic Hamiltonian system, called Kubo oscillator.
Let f, in ME (15) be truncated as

ﬁ,N = Z ﬁ,aYa,s = Z l/}((]r)Ya,sa

plax(r))<N plax(r))<N

where N is a positive integer.
The ME with N =2 is

_ t o2 ~ ot N
X, = X, +/ —(aJ + 71))(8 — [(Z — a®)I + ac® J] X Y(g) s
0
o3 _ t - - o~
(24) — [7J*GU[]X5K1)7st+/ *O’JXS +0'2Xs}/(1),s +20‘3JX5}/(171),S
0

~ 3 ~
— 60* X Y111y — [%J — a0 1) X Y{g)., 0 AW

The comparison of ME (24), original equation (23) and EM is presented in Figure
1. Tt can been seen that an excellent agreement of the numerical solution with the
exact solution of ME (24).

4. Estimation of the Coefficients of ME
Recalling that the EM is expressed as

(25) UpXo=Xo+ Y da(X0)Jan,
I(a)>0
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T 3 T
O Euler Method ° Original Equation
4 ME with N =2 o ME with N = 2
Original Equation 257
3 f -
5 (b)
=
2 o
[
e ! g
— S 15
X o 7
% I
c
1 G 1t
2
-2
0.5
-3 y
o
i 0
0 5 10 15 0 5 10 15
time time

FiGURE 1. Comparison of various equations and Euler method
with @ = 2 and o = 0.5: (a) Sample trajectories; (b) Mean-square
error.

where

1 m
0) _ —
Wi = dio) = fo(Xk) + §;ﬂ v

26)
( ng):d(T):fT for r=1,...,m,

Yy =dy, =0 for I(y)>2.
So, we have the following Lemma:

Lemma 4.1. For EM (25), if the Hypothesis [H1] and [H2] are satisfied, then 2
in (18) belongs to Bp(a)+p(y)—1,p(a)+p(y)s and

27 REWL;) <K@ +n Y () + pEIRGE)REY,),

&1 x623a

Proof: First wq(,o) = d(o) € By 2, wq(,r) = d(r) € By,1. Then the lemma follows by
applying an induction on the recurrence relation (20) with Properties 2.2 and 2.6.
d
Theorem 4.2. For EM (25) and r = 0,...,m, if the Hypothesis [HI1] and [H2] are
satisfied, then

m
R < (5 + D! [n(m + 2)1()]".

Proof: Fixing an integer N > 1, and considering the 1) satisfying I(v) +1(a) <
N. For 5 =0,...,m, Lemma 4.1 implies

(28) KW, ;) <KD +20N > AWI)RWY),
§1X&a=a
Applying induction on 7, it can be shown that
(20) AWl < CaN) uiaeis U0 +1a) < N and U(9) > 1,
where u(+),1(a) depends on I(7) and I(c), and is given by
Wi(y),l(a)+1 = Ui(y)+1,0a) T Z UL,1(e0) Wi (), 1(€2)-

§1x&=a
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Let {(&1) = i. Property 2.2 implies

()
(30) Uiy 2(@)+1 = Uiy 10(e) F D Clla) 1,1t 1(a) i
1=0

Applying the exponential generating function

1 "
b(z,y) = Z i) Yotk ty
k1,k2>0

to (30), we have the first order partial differential equation:

ob  Ob
(31) a_y = % + b(oa y)b(l’, y)v on [Oa +OO) X [07 +OO),

b(z,0) = nN(2+m).

The boundary condition is given by ﬁ(wq(,o)) =1+7%, ﬁ(wq(f)) =1lforr=1,...,m
and R(¢)) =0 for I(y) > 1,
In the following of the proof, we are going to solve the partial differential equa-

tions (31).
First consider the partial differential equations below:
ob  Ob _
a. T a_ b 0) 07 )
) 5= G T 9W.y) on [0.400) x 0. +00)

b(z,0) = nN(2+m).

where g(y) is a function on [0, +00).
Then, we have the solution of (32),

(33) b(z,y) = nN(2 + m)els 9()ds
Let
(34) b(0,y) = nN(2 + m)eld 9014 = g(y).
It implies the ordinary differential equation
dg

which has the solution

nN(2+m
(33) gly) = —C L)

S 1-nNQ2+m)y’

Due to (32) and (34), we solve the equations (31) by substituting (35) into (33).
So

oNb oNg Nl
“LN:—ayN = 9 = N![nN(2+m)]N i
0,0 0
For I(a) = N — 1 and I(y) = 1, (29) yields that
R ;) < 2nN) " g gy < (20N) T N[N (2 4+ m)]VH

< (% +1)N!(nN(m + 2))N.
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5. Errors of ME

In general, ME do not converge, but we can find an optimized truncation for a

sufficient small time step. Let ME match with EM up to mean square order NV,
ie., () - dyi(ry for p(y* (r)) < N and r = 0,...,m. Then the coefficients fna
of ME are uniquely defined by the recurrence relation (20) for p(a * (r)) < N. So,
we consider ME truncated by the form of

(36)
t m t
Xt,N — X0+/ Zfr,N(XS,N)OdWsT :X0+/ Z wg‘)(Xs,N)Ya,sodW;‘a
(p—r; O plax(r)<N
which means that wé}”) =0, when p(a * (r)) > N.

5.1. Uniqueness and Existence of Stochastic ME. By property 2.6 and the-
orem 4.2, we show that f, is linearly growth,

E[lfnXIP =Bl D> D (X) Yol

p(ax(r)) <N

N
(37) <oNY Y Bl (X)IPEY2]
k=1p(ax(r))=k
< Li(h, N)(1 + E||X|*) for any X € R™,

where
N
Li(h,N) = CN Y El[n(m + 1)(m + 2)kK]**[2h]".
k=1
Since 8;&_5) € Bp(ax(r),plax(r)),0 for i =1,...,n, similarly, we get
dfrn oyl
E|l—5=IP=E ) ~Yasl|* < La(h, N),
8%1 amz
p(ax(r)) <N
where
N
Ly(h, N) = CK>N Y " klk*[n(m + 2)(m + 1)kK]**(2h)*.
k=1
So
(38) E|| fr.n(X1) = fr.n (X2)||* < La(h, N)E|| X1 — Xa|[*.

Then we have an existence and uniqueness results on the stochastic ME.

Theorem 5.1. If the Hypothesis [HI] and [HZ2 are satisfied, then the truncated
modified equation (36) for EM with fized h and N has a unique continuous solution

X; with the property that
E||Xnn]1” < C(1+ 3| Xo||?)e b1 WP,
where C' and Cy are positive constants independent on h and N.

Proof: The proof of theorem 5.1 is similar to that of Theorem 2.3.1 and Lemma
2.3.2 in [12], and the detail is omitted here. O

Corollary 5.2. Under the Hypothesis [HI] and [HZ), if hiN3h < 1/9 and hy =
2[n(m + 2)(m + 1)K]?, then

Li(h,N) < o0, La(h,N)< oo
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and

Bl Xnn|? < .

Proof: When h; N3h < 1/9, motivated by the fact that Zszl(%)k < 00, we
know

Li(h,N) = CN Y _K![n(m + 2)(m + 1)kK]**(2h)"

Moreover
N
Ly(h, N) = CK*N Y kR [n(m + 2)(m + 1)kK]**(2h)*
k=1
N
k! k
< 2 20 % 2k
<CK ;NN_HC (3%)
N
Kk
2 2k
k=1

Then the corollary follows. 0O

5.2. Optimized Truncation of ME. If ME are truncated in the form of (36),
we have the following estimation on 97

Lemma 5.3. If the Hypothesis [H1] and [H2] are satisfied, 12 in the truncated ME
(36) for EM have the following properties:
1)When p(a) +p(y) < N, and I(y) > 1,

v =0.
2) When l(v) = 2,
/(43) < Cln(m + 2)PVp(a)l(q — )T NN,

where p(a) + p(y) = N +q with 1 < g < N.
3) When v = (j2,j2,j1) and j2 # 0

/(43) < Cln(m + 2)P¥p(a)l(q — )T NNT2,

where p(a) + p(y) = N +q with 1 < ¢ < 2N.
4)When p(r) +p(v) > N - 1(y),

¥ =0.

Proof: See Appendix. 0O N _ N N
Then the second moment of £U2)f; n(Xs ) and £U292) f; n(X n) can be
estimated by Lemma 5.3.
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Lemma 5.4. Under the Hypothesis [H1] and [HZ], if hiN3h < 1/9 where hy =
2[n(m + 2)(m + 1)K)?, and v = (j1,j2) then
1)
E||Ej2E17N(X57N)||2 < ON3N+2=20) (g p)N=P()
2)
E||£(j2’j2)E1,N(X57N)||2 < ON3N+3=20) (g p)N=P(7)
for s <h

Progf: See Appendix. 0O
Let ®; n denote the stochastic flow associated to the truncated ME (36). We

can find an optimal truncation for the one step difference between CTD;L ~n and EM
Uy,.

Theorem 5.5. Under the Hypothesis [HI] and [HZ], for a sufficiently small h,
there exists N* = |e~ (hih)™'/3] and hy = 2[n(m + 2)(m + 1)K]? such that the
difference between the ME and EM is bounded by

~ 1
VEN v — 2] < Ceo/ D),
where hgy is a positive constant.

Proof: Applying the stochastic Taylor expansion into the modified equations
(see Lemma 5.6.4 in [10]), we have

m
Q) v (Xo) — Xo = Z fr(Xo0)Jr)n + R,
r=0

where R is the remainder term of the stochastic Taylor expansion, which is expressed
as

m m h S1 ) . - ) )
(39) R=33 [ [T 200 (R o du o dut.
§1=0j,=07/0 /0
By (26) and the definition of ¢ (18), the difference of ME and EM is remainder
R, ie.
@), N(Xo) — ¥r(Xo) = R.

Then we estimate the second moment of the remainder term R
By the relation of multiple Stratonovich integrals and multiple Ito integrals (see
Chapter 5 in [10]), the remainder term is expressed in the form of Ito as

m m h  ps1 h  ps1
o~ o~ . . m Lo~ o~
R=> > /0 /O L2 iy (X )dwlzdul + = /0 /0 £ [, (X, )dsads:

Jj1=0j2=0
1 2 s )
+3 Z Z /O /O £02:32) f, (X, )dsodwl! .
J1=0j2=1
Thanks to Ito isometry, the Cauchy-Schwarz inequality and Lemma 5.4, we have
E[R* < C(hiN3R)N,
Motivated by the fact that (ex®)® reaches it minimum on z = (e3¢)~1/3, we take
N* as the integer part of e~ !(h1h)~'/3 such that hi(N*)3h < e™3 < 1/9, then

(40) E[R* < Ce™ 3N,
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Since e~ (h1h)~/3 —1 < N*, for h is sufficiently small,

/BIRY] < CeV/2mm3] < ce=holh3

for hy = %(hl)_% O
Moreover, the global error of ME is resulted as follows

Theorem 5.6. Let 5t7N* be the flow associated by the optimal truncated MFE stated
in. Theorem 5.5, and U, be EM, then over the time interval of length T = O(h~3),

VEN @y — W2 < Ce /D) forph < T,
where hg is a positive constant, and C' does not depends on T .

Proof: The proof of theorem 5.6 is similar to that of Theorem 1.1 by taking
advantage of Corollary 5.2, and the detail is omitted here. 0O

6. Error growth of EM on Kubo oscillator

As a first application of Theorem 5.6, we study the error growth of Kubo
oscillator(23). First, the ME of EM is constructed as

" t o2  ~ ot .
X, = X, +/O —(aJ + 71))(8 — [(Z — a®)I + ac® J] X Y(g) s
o3 > ¢ = > P
— 5 —aol] XYy o + - ds + /0 —0J X+ 0 X Y),s + 205 TX Y1 1) 6

~ 3 ~
— 60 X, Y1 11).0 — [%J — aoD) X, Yoy, + -0 dW2.

The exact solution of ME can be expressed in the following form using the equal-
distance time discretization 0 = tg < t; < --- < ty = T, where the time step h is a
small positive number:

)?thrl :e/\kF(gk))ztk; jzto =Xy, k=0,1,....N—-1

where

4 2

o h
h= (= —a*)5 = 60" Y1100 + s

+ao¥ 1 2

Ak = _7h +o }/(171),tk+1 el

s cosf sinf ~ 5 o3
F(ek) = l_ Siné« cos §‘| ’ O, = ah+aY(1),tk+1720 }/(17111)77%+1+?}/(1),tk+1h'+' .

Moreover, the exact solution of Kubo oscillation is

X = F0r) Xy, Xi=Xo, k=0,1,...,N—1,

where
0 = ah + UYZI)

NP

We get

E[eM] ~h%, and  E[(6r —0,)2 ~h3, k=0,1,...,N—1.
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Hence if T'h is sufficiently small, then

N—-1 N—-1
. B
B\ X0y — Xon | < BlleXe=0 M F(>" ) — F(>_ 03)|2
k=0 k=0
N1 N—1~ N—1
< Ef(eXi=0 M —1)2] + B|IF(Y 6) — (Y 61)]?
k=0 k=0

= 0(n*h*) = O(T?h)

Due to Theorem 5.6, the mean square error of the Euler-Maruyama method is
O(Tvh) when Th3 is sufficiently small.
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Appendix A. Proofs of Lemmas 5.3 and 5.4

Proof of Lemma 5.3: 1) Let v be a multi-index satisfying p(y) < N and
I(y) > 1. Since ) =d, =0 for I(y) > 1, (20) implies that
Uy = = 7] =0.

It shows that ¢) = 0, when p(a) + p(y) < N, l(a) =1 and I(y) > 1

For a fixed integer 4, assume %) = 0, when p(a) + p(y) < N, l(a) < 4 and
I(v) > 1. Let & be the multi-index with I(&) = ¢ — 1. by applying the recurrence
relation (20) to wg*(j), we have

a*(]) - w(])*’y Z wé‘z) ' vwg; - 0;

§1x&a=a
where [(&) < ¢ and (&) < 4. So ¢ = 0, when p(a) + p(y) < N, (o) = ¢ and
I(v) > 1. Hence 1) is proved by induction.
2) For N +1 < p(a) + p(y) < 2N, let v = (j1,72) , then (20) implies
w J1,72) wg:()jl) + Z l/fgl) ) VT/)gQ)-
§1x&a=a
Here p(a * (j2)) + p((j1)) = p(a) + p(y) > N implies ¢}, =0.

Since p(&2) + p((J2)) < p(a) + p(v) < 2N and w(ﬁ(] y = 0, from Property 2.6 it
follows that

(A1) AWEH) <N 3T AWE)RWEY).

§1x§e=a

Let i = p(&1), then p(&) = p(a) — p(§1) = N + ¢ — p(y) — i. Because P =0
for p(a) + p((j)) > N, w(]l and wéf) are zero if i = p(&) > N — p((j1)) and
N+g—p(y) =i = p(&) > N- P((j2)), L-e. i < g—p((j1)), respectively. So applying
Property 2.2 and Theorem 4.2 into (A.1), we obtain
g(wéﬁdﬂ)

N=p((j1)) N
< ON[n(m+ 2N PN = p(y) +q)! Y (N =p(r) +q— )N PO,
i=q—p((j1))
Since the function (b—z)9~%(a+x)*® is concave up on [0,b—al, when a+d = b+c
and a > ¢, it achieves its maximum on x = 0 or b — a. Then,

KWE)
< ON2n(m + 270NN = p() + !N =g +1)(g = DTN = 1)
< Cl2n(m + 2@ p(a)!(q - DTNV

3) Denote
w(h,]l
pG2i2i) = Z Zwk :
1
&1x&e=a k

Since p(&2) + p((J2, J1)) < p(a) + p(y) < 3N, it follows that

(42) (d2,41)
(A.Z) ﬁ((b(h 2J2, ]1)) < 3nN Z ﬁ ’lﬂ 2 ) (wéz )

§1X&a=a
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Because 17" = 0 with p((jz, 1)) + p(€2) < N, ¢8> = 03 p((jz, 1)) +
p(&2) < pla )+p((j27j2,j1)) <N+1
Suppose p(a) + p(y) = N + ¢ with 2 < ¢ < 2N. Let p(&) = i, then p(&) =
N+q—p(y)—i. So wgﬂ = 0 when i +1 > N; on the other hand d)gwl) = 0 when
p(&2) +p((j2,51)) < N +1 or p(&2) + p((j2, 1)) > 2N. It means that ¢ # 0 when
0<i1<N-landg—1—N<1<qg—2. So When ¢ < N + 1, by Theorem 4.2
and the results in 3), we have

K(ed* )

[N~}

< ONV2[n(m + 2]V PN + g —p(y)1) (g —2— 07>

Q

=0
< Cln(m + 2)P@p(a)l(g - 1)77INV+2,
When 1+ N < g < 2N,
Rglrm)
N—1
< ONNP2n(m + 2N TPOUN + g —p(y)! > (g-2- i)
i=q—1—N

< CNN22n(m + 2))P@p(a)!(g — 1 — N)I" =N NN-1
< CNN*2[2n(m + 2)PP“p(a)l(g — 17"

Then 3) is follows from

1)
in 31 i i wg]zh
G201 = 1/,82)1 ) 4 PG I2:01) = 1/,8271 ) 4 Z Zwl(fizz .

E1xe=a k

4) Since ¥) = 0 for I(y) = 1 and p(y) + p(a) > N, the recurrence relation (20)
yields to the result 3). 0O

Proof of Lemma 5.4: Let v = (j1,72), by (18) and (5.3), we can show that
L2 f]1 ~ is expressed in the form of summation g (r32) g follow,

2N

(A~3) ‘C]2f]lg ( sN) Z 1/)7( )as

p(a)+p(v)=N+1

Since #{a, v|p(a) +p(7y) = k} < (m+1)F and (Zf;l a;)? < sz L (a?), we obtain

2N
BI(L2f n(Xn)T SN D0 E( Y $(Xan)Yas)?

k=N+1 p(a)+p(v)=k

2N
SN Y (maDt Y Bl (X m)IPEYS ]
k=N+1 p(a)+p(v)=k

We also know that ¥ € Bpa)+p(y)=1,p(a)+p(y), then by Property 2.6 and Corol-
lary 5.2,

E||¢Z(X5N)||2 < OK2P@+PM=D(g(42))?  for s < h.
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Therefore
(A4)
o _ 2N _
B(L2 [ n(Xn)TSN DY (m+1DF Y E|Wl(Xon)IPENE ]
k=N+1 p(a)+p(v)=k
2N
<CN Y [(m+DKF > [REDIPEYZ,].
k=N+1 p(a)+p(v)=k

Let p(a) + p(y) = N+ g for 1 < g < N, and s < h. Applying Corollary 2.5 and
Proposition 5.3 into (A.4), we thus obtain

E[(L” fi v (Xon))] <

N
CNNFEN"[(m+ DEANT N (202 (m + 2)°h)P @ p(a)l(q — 1),
q=1 p(a)+p(v)
=N+q
Then p(vy) < 4 implies
B B N
E[(£7 £, 5 (X5 n))?) < ONNTEY Tln(m2) (m+1) KPP 2h)P ) p(a) ! (g—1)% .
q=1

Let hy = 2n2%(m + 2)%*(m + 1)2K?,
- _ N
E(7 fj, x (Ko n))?) < NN S ()P p(a))(g — 1)2@ D)
(A.5) =t

N
*CN2N+3 hy h N—p(~) Zp hl Q71) h) 2’
qg=1

For hyN3h < 1/9 < 1, the summation term in (A.5) is bounded by

N
g=1
N _
(A.6) 2> ((N +q—p(y) + 1)/2)N+a—r0) (L2
- Natl N
q=1
N
NN+a—p(v) ¢ )
< 2:1 TNa (N) g
q:
< CONN-p()-1

It can be verified that the summation Zflvz1 ()27 in (A.6) is bounded by a constant.
Then the proof 1) is completed.
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2) Similarly, let v = (jo, j2,71) and ja # 0, we can show that
E[(L99) [, v (Xon))?]

3N
=2N Y (m+D" D> By (X n)IPEYE]
q=N+1 p(a)+p(v)=¢
AT 3N
( ) < CN2N+4 Z p(a)!(hlh)p(a)(q _ 1)q—1
q=N+1
3N
< CNNH ()N PN N p(a)!(ha (g — 1)°h) g2,
qg=N+1
When 9h1N3h < 1, the summation term in (A.7) is bounded by
3N 3N
B NN+a—p(v) 4 N
Z p(a)!(hl(q _ 1)2h)qq 2 < Z W(g_N)Qq < CNN p(7) 1
qg=N+1 qg=N+1
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