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1 Introduction

Let α and β be two non-negative parameters satisfying the condition 0≤ α≤ β. For any
nonnegative integer n,

f ∈C[0,∞)→S
(α,β)
n f ,

the Stancu type Szász-Mirakian-Durrmeyer operators are defined by

S
(α,β)
n,r ( f ,x)=n

∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r(t) f

(nt+α

n+β

)

dt, (1.1)

where

sn,k(x)= e−nx (nx)k

k!
.
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For α=β=0 these operators become the well known Szász-Mirakian-Durrmeyer op-
erators

S
(0,0)
n ( f ,x)=Sn( f ,x)

introduced by Mazhar and Totik [3]. In [1] the author established some direct results in
simultaneous approximation for this special case. Gupta et al. [2] estimated the rate of
convergence for functions having derivatives of bounded variation for this special case
α=β=r=0. Also for this special case [4] estimated the rate of convergence for the Bézier
variant of Szász-Mirakian-Durrmeyer operators.

The purpose of this paper is to study approximation properties of the Stancu type
Szász-Mirakian-Durrmeyer operators. We give the rate of convergence and Voronovskaya
type asymptotic result for the same operators.

2 Basic results

In this section we establish a recurrence formula for the moments.

For simultaneous approximation, we need the following form of the operators (1.1)

S
(α,β)
n,r ( f ,x)=n

∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r(t) f

(nt+α

n+β

)

dt.

Lemma 2.1. For n,m∈N∪{0}, 0≤α≤β, let us consider

µ
(α,β)
n,m,r(x)=S

(α,β)
n,r

(

(t−x)m,x
)

=n
∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r(t)

(nt+α

n+β
−x

)m
dt,

we get

µ
(α,β)
n,0,r (x)=1, µ

(α,β)
n,1,r (x)=

α+r+1−βx

n+β
,

µ
(α,β)
n,2,r (x)=

β2x2+2(n−αβ−β−βr)x+(α+r+1)(α+r+2)−α

(n+β)2
,

and

(n+β)µ
(α,β)
n,m+1,r(x)=x[µ

(α,β)
n,m,r(x)]′+(m+α+r+1−βx)µ

(α,β)
n,m,r(x)

+m
(2(n+β)x−α

n+β

)

µ
(α,β)
n,m−1,r(x). (2.1)

Proof. By simple calculation we can easily obtain

xs′n,k(x)=(k−nx)sn,k(x).
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We have from the definition of µ
(α,β)
n,m (x)

x[µ
(α,β)
n,m,r(x)]′=n

∞

∑
k=0

xs′n,k(x)
∫ ∞

0
sn,k+r(t)

(nt+α

n+β
−x

)m
dt

−nmx
∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r(t)

(nt+α

n+β
−x

)m−1
dt

=n
∞

∑
k=0

sn,k(x)
∫ ∞

0
(k−nx)sn,k+r(t)

(nt+α

n+β
−x

)m
dt−mxµ

(α,β)
n,m−1,r(x).

Now

x
[

[µ
(α,β)
n,m,r(x)]′+mµ

(α,β)
n,m−1,r(x)

]

=n
∞

∑
k=0

sn,k(x)
∫ ∞

0
ts′n,k+r(t)

(nt+α

n+β
−x

)m
dt+n2

∞

∑
k=0

sn,k(x)
∫ ∞

0
tsn,k+r(t)

(nt+α

n+β
−x

)m
dt

−n(nx+r)
∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r(t)

(nt+α

n+β
−x

)m
dt.

Putting

t=
(n+β

n

)(nt+α

n+β
−x

)

− α

n
+
(n+β

n

)

x,

we have

x
[

[µ
(α,β)
n,m,r(x)]′+mµ

(α,β)
n,m−1(x)

]

=n
∞

∑
k=0

sn,k(x)
∫ ∞

0
s′n,k+r(t)

(n+β

n

)(nt+α

n+β
−x

)m+1
dt

−n
(α−(n+β)x

n

) ∞

∑
k=0

sn,k(x)
∫ ∞

0
s′n,k+r(t)

(nt+α

n+β
−x

)m
dt

+n2
∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r(t)

(n+β

n

){nt+α

n+β
− α−(n+β)x

n
−x

}(nt+α

n+β
−x

)m
dt

−(nx+r)µ(α,β)
n,m,r(x)

=−
(n+β

n

)

(m+1)µ
(α,β)
n,m,r(x)

( n

n+β

)

−
{α−(n+β)x

n

}

(−m)µ
(α,β)
n,m−1,r(x)

( n

n+β

)

+n
(n+β

n

)

µ
(α,β)
n,m+1,r(x)−n

{α−(n+β)x

n

}

µ
(α,β)
n,m,r(x)−nxµ

(α,β)
n,m,r(x)

=−(m+1)µ
(α,β)
n,m,r(x)+m

{α−(n+β)x

n+β

}

µ
(α,β)
n,m−1,r(x)+(n+β)µ

(α,β)
n,m+1,r(x)

−{α−(n+β)x}µ
(α,β)
n,m,r(x)−(nx+r)µ

(α,β)
n,m,r(x).
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Hence

(n+β)µ
(α,β)
n,m+1,r(x)=x[µ

(α,β)
n,m,r(x)]′+(m+α+r+1−βx)µ

(α,β)
n,m,r(x)

+m

{

2(n+β)x−α

n+β

}

µ
(α,β)
n,m−1,r(x).

This completes the proof.

Remark 2.1. From Lemma 2.1, for n≥β2+(α+r)2+3r+2α+2 and any x∈(0,∞), we have

µ
(α,β)
n,2,r (x)≤ (x+1)2

n+β
.

Remark 2.2. Applying Cauchy-Schwarz inequality and Remark 2.1, for n≥β2+(α+r)2+
3r+2α+2, we have

S
(α,β)
n,r (|t−x|,x)≤

[

µ
(α,β)
n,2,r (x)

]
1
2 ≤ x+1

√

n+β
.

Lemma 2.2. Suppose that x∈ (0,∞), then for n≥ r2+3r+2, we have

λn,r(x,y)=n
∞

∑
k=0

sn,k(x)
∫ y

0
sn,k+r(t)dt≤ (x+1)2

n(x−y)2
, 0≤y< x,

1−λn,r(x,z)=n
∞

∑
k=0

sn,k(x)
∫ ∞

z
sn,k+r(t)dt≤ (x+1)2

n(z−x)2
, x< z<∞.

Proof. The result follows directly from Remark 2.1 in the case α = β = 0, as for the first
inequality, we have

λn,r(x,y)=n
∞

∑
k=0

sn,k(x)
∫ y

0
sn,k+r(t)dt=

S
(0,0)
n,r

(

(t−x)2,x
)

(y−x)2
≤ (x+1)2

n(x−y)2
.

Similarly, we can prove the second inequality.

Lemma 2.3. Let f be s times differentiable on [0,∞) such that f (s−1)(t)=O(tq), as t→∞ where
q is a positive integer. Then for any r,s∈N0 and n>max{q,r+s+1}, we have

DsS
(α,β)
n,r ( f ,x)=

( n

n+β

)s
S
(α,β)
n,r+s(Ds f ,x), D≡ d

dx
.

Proof. First, by simple computation, we have

D[sn,k(x)]=n[sn,k−1(x)−sn,k(x)]. (2.2)
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The identity (2.2) is true even for the case k= 0, as we observe that for r< 0, sn,r(x)= 0.
We shall prove the result by using the principle of mathematical induction. Using (2.2),
we have

D
[

S
(α,β)
n,r ( f ,x)

]

=n
∞

∑
k=0

Dsn,k(x)
∫ ∞

0
sn,k+r(t) f

(nt+α

n+β

)

dt

=n
∞

∑
k=0

n
[

sn,k−1(x)−sn,k(x)
]

∫ ∞

0
sn,k+r(t) f

(nt+α

n+β

)

dt

=n2
∞

∑
k=0

sn,k(x)
∫ ∞

0

[

sn,k+r+1(t)−sn,k+r(t)
]

f
(nt+α

n+β

)

dt.

Using (2.2), and integrating by parts we have

DS
(α,β)
n,r ( f ,x)=n2

∞

∑
k=0

sn,k(x)
∫ ∞

0
−D[sn,k+r+1(t)]

n
f
(nt+α

n+β

)

dt

=
n2

n+β

∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r+1(t) f (1)

(nt+α

n+β

)

dt

=
n

n+β
S
(α,β)
n,r+1(D f ,x),

which means that the identity is satisfied for s= 1. Let us suppose that the result holds
for s= l i.e.,

DlS
(α,β)
n,r ( f ,x)=

( n

n+β

)l
S
(α,β)
n,r+l(Dl f ,x)

=n
( n

n+β

)l ∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r+l(t)Dl f

(nt+α

n+β

)

dt.

Now,

Dl+1S
(α,β)
n,r ( f ,x)=n

( n

n+β

)l ∞

∑
k=0

Dsn,k(x)
∫ ∞

0
sn,k+r+l(t)Dl f

(nt+α

n+β

)

dt

=n
( n

n+β

)l ∞

∑
k=0

n
[

sn,k+r+l−1(x)−sn,k+r+l(x)
]

∫ ∞

0
sn,k+r+l(t)Dl f

(nt+α

n+β

)

dt

=n2
( n

n+β

)l ∞

∑
k=0

sn,k(x)
∫ ∞

0

[

sn,k+r+l+1(t)−sn,k+r+l(t)
]

Dl f
(nt+α

n+β

)

dt

=n2
( n

n+β

)l ∞

∑
k=0

sn,k(x)
∫ ∞

0
−D[sn,k+r+l+1(t)]

n
Dl f

(nt+α

n+β

)

dt.

Integrating by parts for the last integral, we get

Dl+1S
(α,β)
n,r ( f ,x)=n

( n

n+β

)l+1 ∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r+l+1(t)Dl+1 f

(nt+α

n+β

)

dt.
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Therefore,

Dl+1S
(α,β)
n,r ( f ,x)=

( n

n+β

)l+1
S
(α,β)
n,r+l+1

(

Dl+1 f (x)
)

.

Thus the result is true for
s= l+1,

hence by mathematical induction, the lemma is valid.

3 Rate of converence

The class of absolutely continuous functions f defined on (0,∞) is defined by Bq(0,∞),
q>0 and satisfying:

(i) | f (t)|≤C1tq, C1>0,

(ii) having a derivative f ′ on the interval (0,∞) which coincides a.e. with a function of
bounded variation on every finite sub-interval of (0,∞). It can be observed that for
all functions f ∈Bq(0,∞) possess for each c>0 the representation

f (x)= f (c)+
∫ x

c
ψ(t)dt, x≥ c.

Theorem 3.1. Let f ∈Bq(0,∞), q>0 and x∈ (0,∞). Then for n sufficiently large, we have
∣

∣

∣
S
(α,β)
n,r ( f ,x)− f (x)

∣

∣

∣

≤ (x+1)2

nx

[
√

n]

∑
k=1

x+x/k
∨

x−x/k

(( f ′)x)+
x√
n

x+x/
√

n
∨

x−x/
√

n

(( f ′)x)+
(1+1/x)2

n
(| f (2x)− f (x)−x f

′
(x+)|

+| f (x)|)+O(n−q)+| f ′(x+)| (x+1)2

n
+

1

2

x+1
√

n+β
| f ′(x+)− f ′(x−)|

+
α+r+1−βx

2(n+β)
| f ′(x+)+ f ′(x−)|,

where
∨b

a f (x) denotes the total variation of fx on [a,b], and the auxiliary function fx is defined
by

fx(t)=







f (t)− f (x−), 0≤ t< x,
0, t= x,
f (t)− f (x+), x< t<∞.

Proof. Using the identity

f ′(u)=( f ′)x(u)+
f ′(x+)+ f ′(x−)

2
+

f ′(x+)− f ′(x−)
2

sgn(u−x)

+
[

f ′(x)− f ′(x+)+ f ′(x−)
2

]

χx(u), (3.1)
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where

χx(u)=

{

1, u= x,
0, u 6= x.

Applying the mean value theorem, we get

S
(α,β)
n,r ( f ,x)− f (x)=S

(α,β)
n,r

(

∫ t

x
f ′(u)du,x

)

. (3.2)

Now, by using the above identity (3.1) in (3.2) and the fact that

S
α,β
n,r

(

∫ t

x
χx(u)du,x

)

=0,

after simple computation, we have

∣

∣

∣
S

α,β
n,r ( f ,x)− f (x)

∣

∣

∣
≤
∣

∣

∣

∫ ∞

x

(

∫ t

x
( f ′)x(u)du

)

n
∞

∑
k=0

sn,k(x)sn,k+r(t)dt

+
∫ x

0

(

∫ t

x
( f ′)x(u)du

)

n
∞

∑
k=0

sn,k(x)sn,k+r(t)dt
∣

∣

∣

+

∣

∣

∣
f ′(x+)+ f

′
(x−)

∣

∣

∣

2
µ
(α,β)
n,1,r (x)+

∣

∣

∣
f ′(x+)− f

′
(x−)

∣

∣

∣

2
[µ

(α,β)
n,2,r (x)]1/2

=|An,r( f ,x)+Bn,r( f ,x)|+

∣

∣

∣
f ′(x+)+ f

′
(x−)

∣

∣

∣

2
µ
(α,β)
n,1,r (x)

+

∣

∣

∣
f ′(x+)− f

′
(x−)

∣

∣

∣

2
[µ

(α,β)
n,2,r (x)]1/2. (3.3)

Applying Remark 2.1 and Remark 2.2 to (3.3), we have

∣

∣

∣
S

α,β
n,r ( f ,x)− f (x)

∣

∣

∣
≤|An,r( f ,x)|+|Bn,r( f ,x)|+

∣

∣ f ′(x+)− f
′
(x−)

∣

∣

2

x+1
√

n+β

+

∣

∣ f ′(x+)+ f
′
(x−)

∣

∣

2

α+r+1−βx

(n+β)
. (3.4)

The estimation of the terms An,r( f ,x) and Bn,r( f ,x) will lead to proof of the theorem.
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First,

|An,r( f ,x)|=
∣

∣

∣

∫ ∞

x

(

∫ t

x
( f ′)x(u)du

)

n
∞

∑
k=0

sn,k(x)sn,k+r(t)dt
∣

∣

∣

=
∣

∣

∣

∫ ∞

2x

(

∫ t

x
( f ′)x(u)du

)

n
∞

∑
k=0

sn,k(x)sn,k+r(t)dt

+
∫ 2x

x

(

∫ t

x
( f ′)x(u)du

)

dt(1−λn,r(x,t))
∣

∣

∣

≤
∣

∣

∣
n

∞

∑
k=0

sn,k(x)
∫ ∞

2x
( f (t)− f (x))sn,k+r(t)dt

∣

∣

∣

+
∣

∣ f ′(x+)
∣

∣

∣

∣

∣
n

∞

∑
k=0

sn,k(x)
∫ ∞

2x
sn,k+r(t)(t−x)dt

∣

∣

∣

+
∣

∣

∣

∫ 2x

x
( f ′)x(u)du

∣

∣

∣
|1−λn,r(x,2x)|+

∫ 2x

x
|( f ′)x(t)||1−λn,r(x,t)|dt.

Applying Remark 2.1 with α=β=0, we have

|An,r( f ,x)|

≤n
∞

∑
k=0

sn,k(x)
∫ ∞

2x
sn,k+r(t)C1t2qdt+

| f (x)|
x2

n
∞

∑
k=0

sn,k(x)
∫ ∞

2x
sn,k+r(t)(t−x)2dt

+| f ′(x+)|
∫ ∞

2x
n

∞

∑
k=0

sn,k(x)sn,k+r(t)|t−x|dt+
(1+1/x)2

n
| f (2x)− f (x)−x f ′(x+)|

+
(x+1)2

nx

[
√

n]

∑
k=1

x+ x
k

∨

x

(( f ′)x)+
x√
n

x+ x√
n

∨

x

(( f ′)x). (3.5)

To estimate the integral n∑
∞
k=0 sn,k(x)

∫ ∞

2x
sn,k+r(t)C1t2qdt in (3.5) above, we proceed as fol-

lows:
Obviously t≥2x implies that t≤2(t−x) and it follows from Lemma 2.1, that

n
∞

∑
k=0

sn,k(x)
∫ ∞

2x
sn,k+r(t)t

2qdt≤22q
∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r(t)(t−x)2qdt

=22qµ
(α,β)
n,2q,r(x)=O(n−q), n→∞.

Applying Schwarz inequality and Remark 2.1 (α=β=0), the third term in right hand side
of (3.5) is estimated as follows:

| f ′(x+)|n
∞

∑
k=0

sn,k(x)
∫ ∞

2x
sn,k+r(t)|t−x|dt

≤| f ′(x+)|
x

n
∞

∑
k=0

sn,k(x)
∫ ∞

0
sn,k+r(t)(t−x)2dt= | f ′(x+)| (x+1)2

nx
.
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Thus by Lemma 2.1 and Remark 2.1 (α=β=0), we have

|An,r( f ,x)|≤O(n−q)+| f ′(x+)|· (x+1)2

nx

+
(1+1/x)2

n
(| f (2x)− f (x)−x f ′(x+)|+| f (x)|)

+
(x+1)2

nx

[
√

n]

∑
k=1

x+ x
k

∨

x

(( f ′)x)+
x√
n

x+ x√
n

∨

x

(( f ′)x). (3.6)

Applying, Lemma 2.2 with y= x−x/
√

n, and integrating by parts, we have

|Bn,r( f ,x)|=
∣

∣

∣

∫ x

0

∫ t

x
( f ′)x(u)dudt(λn,r(x,t))

∣

∣

∣

=
∫ x

0
λn,r(x,t)( f ′)x(t)dt≤

(

∫ y

0
+
∫ x

y

)

|( f ′)x(t)||λn,r(x,t)|dt

≤ (x+1)2

n

∫ y

0

x
∨

t

(( f ′)x)
1

(x−t)2
dt+

∫ x

y

x
∨

t

(( f ′)x)dt

≤ (x+1)2

n

∫ y

0

x
∨

t

(( f ′)x)
1

(x−t)2
dt+

x√
n

x
∨

x− x√
n

(( f ′)x).

Let u= x/(x−t), then we have

(x+1)2

n

∫ y

0

x
∨

t

(( f ′)x)
1

(x−t)2
dt=

(x+1)2

n

∫

√
n

1

x
∨

x− x
u

(( f ′)x)du

≤ (x+1)2

nx

[
√

n]

∑
k=1

x
∨

x− x
k

(( f ′)x).

Thus

|Bn,r( f ,x)|≤ (x+1)2

nx

[
√

n]

∑
k=1

x
∨

x− x
k

(( f ′)x)+
x√
n

x
∨

x− x√
n

(( f ′)x). (3.7)

The required result is obtained by combining (3.4), (3.6) with (3.7).

As a consequence of Lemma 2.3, we have the following corollary:

Corollary 3.1. Let f (s)∈DBq(0,∞), q>0 and x∈ (0,∞). Then for n sufficiently large, we
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have
∣

∣

∣
DsS

(α,β)
n,r ( f ,x)− f (s)(x)

∣

∣

∣

≤ (x+1)2

nx

[
√

n]

∑
k=1

x+x/k
∨

x−x/k

((Ds+1 f )x)+
x√
n

x+x/
√

n
∨

x−x/
√

n

((Ds+1 f )x)

+
(1+1/x)2

n
(|Ds f (2x)−Ds f (x)−xDs+1 f (x+)|+|Ds f (x)|)+O(n−q)

+
(x+1)2

nx
|Ds+1 f (x+)|+ 1

2

x+1
√

n+β
|Ds+1 f (x+)−Ds+1 f (x−)|

+
1

2
|Ds+1 f (x+)+Ds+1 f (x−)|α+r+1−βx

n+β
,

where
∨b

a f (x) denotes the total variation of fx on [a,b], and fx is defined by

Ds+1 fx(t)=







Ds+1 f (t)−Ds+1 f (x−), 0≤ t< x,
0, t= x,
Ds+1 f (t)−Ds+1 f (x+), x< t<∞.

4 Asymptotic formula

We consider the class L[0,∞) of all measurable functions defined on [0,∞) such that

L[0,∞) :=
{

f :
∫ ∞

0
e−nt f (t)dt<∞ for some positive integer n

}

.

It can be observed that this class is bigger than that of all integrable functions on [0,∞).
Further we consider

Lα[0,∞) :=
{

f ∈L[0,∞) : f (t)=O(eαt), t→∞, α>0
}

.

We have the following asymptotic formula by using Lemma 2.1.

Theorem 4.1. Let f ∈ Lα[0,∞) and suppose it is bounded on every finite subinterval of [0,∞)
having a derivative of order r+2 at a point x∈ (0,∞), then we have

lim
n→∞

n[(S
(α,β)
n,r )(r)( f ,x)− f (r)(x)]=(α+r+1−βx) f (r+1)(x)+x f (r+2)(x).

The proof follows along the line of [1].

Acknowledgements

The authors are extremely thankful to the referee for valuable comments, leading to the
overall improvements in the article.



96 V. Gupta, N. Deo and X. M. Zeng / Anal. Theory Appl., 29 (2013), pp. 86-96

References

[1] V. Gupta, V., Simultaneous approximation by Szász-Durrmeyer operators, The Math. Stu-
dent, 64(1-4) (1995), 27–36.

[2] M. K. Gupta, M. S. Beniwal and P. Goel, Rate of convergence for Szász-Mirakyan-Durrmeyer
operators with derivatives of bounded variation, Appl. Math. Comput., 199(2) (2008), 828–
832.

[3] S. M. Mazhar and V. Totik, Approximation by modified Szász operators, Acta Sci. Math., 49
(1985), 257–269.

[4] H. M. Srivastava and X. M. Zeng, Approximation by means of the Szász-Bézier integral
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