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Abstract. In this paper we will show that if an approximation process {L, },enN is shape-
preserving relative to the cone of all k-times differentiable functions with non-negative k-th

derivative on [0,1], and the operators L, are assumed to be of finite rank 7, then the order

2

of convergence of DL, f to Dk f cannot be better than n~= even for the functions XK, Xkt

x**2 on any subset of [0,1] with positive measure. Taking into account this fact, we will

be able to find some asymptotic estimates of linear relative n-width of sets of differentiable
functions in the space L”[0, 1], p € N.
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1 Introduction

In various applications it is necessary to approximate functions preserving their properties
such as monotonicity, convexity, concavity, etc. The last 25 years have seen extensive research
in the theory of shape preserving approximation by means of polynomials and splines. The most
significant results can be found in [1], [2].

Note that if a function f has some shape properties, it usually means that the element f
belongs to a cone V in C[0, 1]. A linear operator L defined in C|0, 1] is said to be shape-preserving
relative to the cone V,if L(V) C V.

One of the most examined classes of linear shape-preserving operators is the class of linear
positive operators. It is well-known that one of the shortcomings of linear positive operators is
their slow convergence. It was shown by P. P. KorovkinP! that the order of approximation by
positive linear polynomial operators of degree n can not be better than n~2 in C[0, 1] even for the
functions 1, x, x2. Moreover, V. S. Videnskii¥ has shown that the result of [3] does not depend

on the properties of polynomials but rather on the limitation of dimension.
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A function f : [0,1] — R is said to be p-convex, p > 1, on [0, 1] iff for all choices of p+ 1
distinct 19, - ,#, in [0, 1] the inequality

[t0,++s1plf 20

holds, where

P
[to,+tp) f = Y (F(t;) /W (1))
j=0
P
denotes the p-th divided difference of fat0 <7y <t; <--- <1, <1,and w(t) = H(t —tj).
=0

Note that 2-convex functions are just convex functions. The class of all p-convex functions
on [0,1] is denoted by A?[0,1]. If f € CP[0,1], then f € AP[0,1] iff £P)(z) >0, ¢ € [0,1]. Let
A%0,1]:={feC[0,1]: f(¢) >0, t[0,1]}.

Let 0 < i < k be two integers and let 6 = (0}, ..., 0x) € R"1 6; € {—1,0,1} be such that
o0 # 0.

Following the idea of [5] denote
A"k (G):={feCl0,1]: o;f € Al[0,1], h < i<k}
We will use the notations oK = (Gl-[k})]'( with Gi[k] =0 for i # k and Gk[k] = Oy.

A linear operator mapping C|0, 1] ilit:(;i a linear space of finite dimension 7 is called an oper-
ator of finite rank n. Let D* denote the k-th differential operator, D¥(x) := d* f(x) /dxk.

Denote e;(t) =1/, j=0,1,---. Let Q C [0, 1] be a measurable set with meas(Q) # 0. Let
{L,}en, Ly : C[0,1] — C*(Q), be a sequence of linear shape-preserving operators, such that
for all n € N we have L,(A"(c)) c A"*(c) and L, is of finite rank n. Extending the results
of Korovkinm, of Videnskii[“], of Vasiliev and Guendouz [6], in this paper we will show that the
measure of the set of all x € Q, such that

lim 7%|D¥L,ej(x) — De;(x)| = 0, J=k k+1, k+2,

n—oo

is equal to zero. Using this fact, we will find asymptotic estimates of linear relative n-width of

sets of differentiable functions in the space L”[0, 1].

2 The Order of Approximation by Means of Linear Shape-Preserving Operators

Let E C [0,1] be a closed set with meas(E) > 0. Given m € N, denote X = {x; }, where

=1,  i=—1,0,1,---,m+1.
m
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Let

Yo = {0=yo<y1<...<yp, =1}
= {xeXn0,1]: [xi—1,xi1 ] N(EU{0}U{1}) # o}

Note that n,, depends on both the integer m and the set E. Let us denote
r,,:= {l Vi— Vi1 = l/m and [y,;l,yi) NE 7& @}

and consider the set

Ep = (Uier, [yi-1,5i]) U{1}. (1
It is clear that £ C E,, and
lim meas(E,,) = lim Im meas(E). (2)
m-—oo m—o M

Given an integer n, we can choose m = m(n) so that n,, <n < ny,1, then it follows that

lim () = meas(E). 3)

Given E, m, k,n,, € N, ny, > k+2, let us define the linear operator Ay, : CX[0,1] — C¥[0, 1]
oy (k-1
— k1= oy k=1
T hle—0)! (D10 + S =Dt (0)
+m DR F(v1) + (= D)F (1 =) DA F(0)]
if x € [Ovyl]v
_ ) k=1 VKL=l Nk
Ak,nmf(x) - IEO ll_!(x_yi)l <D1Ak,nmf(yi) + (=1 (k+(]y’_+[l)! i) Dkf(y:)) (4)
ooy [ =) DA (i)
(=D i =) DA ()]
if x S (yivyi-‘rl]v = 1727"' s — 1.

It easy to check that

1. D*Agp,e; =Dkej, j=0,1,....k+1;

2. Ag, (A"K(cM)) AR (o),

Let B(E) denote the space of all real-valued bounded functions defined on [0,1] with the

uniform norm on E, || f||gx) = sup|f(x)].
xek
Given x € [0, 1], let us define g, € C¥[0,1] by

2

2 1
&x = mekﬂ - mxekﬂ + —!Xzek- )

k
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Lemma 2.1. Let E C [0,1] be a closed set, meas(E) # &. Let x € E. Then
Tim (21D A, ) ) = (meas(E))? /4 (©)
Proof. It follows from DkAkﬂmek — DFe, and D"Akmm errl = Dk8k+1 that
D*Agp, 8x = DA p, e — DFerin.

It is worth noting that DkAlem gx 1s a second degree algebraic polynomial and DkAlem gx(yio1) =
D*Ag i, 8x(yi) = 0if x € [yi_1,¥i] C Ep. It follows from

0 < D*Ag,g:(x) = (x—y1) et —x) < (vi1 —i)*/4 < 1/(4m?)

that
HDkAlemngB ivie1] 1/(41’)12) (7)
byiyie1]
We have 5
meas(|y;,yVi—1] \ E
1048l > (PRI — 62 a), ®
where
o . meas(yi i) \E)
m,i c— .
meas([yi,yi-1])
It follows from (7) that
1D At el s,y = 1/ (4m?). ©)
It follows from (8) that
1D A8l = (1= 6)/(4m?), (10)
where
meas(E, \ E)
0, =———"-
meas(E,,)

It follows from (2), (9), (10) and lim 6,, = O that
m—oo

Jim (210 Agelae)) = Jim (10 Aol )
2
.oom 2
- n%lgclx, 4m% = (meas(E))"/4.

Lemma 2.2. Letk,n € N, n > k+ 2. Let the linear operator
Ak, 1 CF0,1] — CH[0, 1]
be defined as above. Let E C [0, 1] be a closed set with meas(E) # @. Let x € E. Then

llir(}o (mZHDkAk,n,nngLP(E)) = C(meaS(E))Z-‘rl/p’ (1 1)

m
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where C = C(k, p) does not depend on m.
Proof. Let E,, be defined in (1) and n,, be defined as above. Since meas(E,, \ E) tends to

zero as m — oo, we have

1im [|D* A, gullr(e) = Jim [ID*A, 8elloe (12)

m

Since y; — yi—1 = 1/m for all i € T',,,, we have
I/p
1D A il ( Y[ —x)(x—yunpdx)
icl, iflvyi)

| » 1/p
— . pd
<i§f,, /[0-,1/'") (m x) * x)

1/p
B )P p! _C ng\/p
—<Z szZ 2p ]+1)> (=) a3

i€l

where

P e 1/p
C— Z (=) /p! _
L )ep—j+ 1)
It follows from (12), (13) and (2) that

2 1/
lim (m2||DkAk7nmgx||Lp(E)) C lim 2 (”_m) " — Clmeas(E)>+/7.
m—oo

m—oo m? \ m

To prove the main result of this section we need the preliminary lemma.
Lemma 2.3, Let ®: C* [0,1] — R be a linear functional that has the following property:

®(f) > 0 for every f € C[0,1] such that f € A" (o). Let
(-,-) : C*0,1] x C*[0,1] — R

be the bi-functional generated by a functional ® in the following way: for every f,g € C*[0,1] we
suppose (f,g) = ®(h) with h € C¥[0,1] so that D*h = D* fD*g and D'h(0) =0, i=0,1,... . k—1.
Then

1

100 < [ 0] (e8], frg €CH0,1. (14)

Theorem 2.4. Let Q C [0,1] be a measurable set. Let {L,},en be a sequence of linear
operators such that for every n € N

1. L, is of finite rank n;

2. D*L, : CH0,1] — B(Q);

3. L,(A" (o)) c AM* (o),

4. DXL, f is measurable for all f € C¥[0,1].
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Let Y = {n; }ieN be an increasing sequence of integers. Denote
Ey={xcQ: }Lrgon%|DkLn,ej(x) —Dkej(x)| =0, j=kk+1,k+2}.

Then meas(Ey) = 0.

Proof. It is easy to show that the set Ey is a measurable set. Assume meas(Ey) # 0. Let
0 be such that 0 < 8 < (meas(Ey))/2. It follows from Egorov Theorem that there exists a
measurable set E C E, with 4 = meas(E) > meas(Ey) — J, such that

lim nf || D*Ly,e; — D'e | pey = 0. j=kk+1,k+2, (15)

i.e. we have the uniform convergence of n?|D*L,,e;(x) — D¥e;(x)| to 0 as i — o on the set E for
all j=k k4 1,k+2.
Denote
D,:={xcQ:D"L,f(x)=0forall feCt0,1]},
D = ﬂ;-;l U;x;] Dl’l,'v
i.e. D is the set of all points which belong to an infinite number of the sets D,,,. Then E,ND # &
and meas(Ey N (M2 ;Dy,)) — 0 as j — co. Therefore, we may assume that there exists an integer

N such that
END,, = @ forall n; > N. (16)

Take an arbitrary ny > N. It follows from [6, Lemma 2] that there exist points 0 < zg < 71 <
.. < Zn,, such that z, —z, 1 =0(modA), p = 1,...,n,, where 0 < A < u/n,, L = meas(E).
I) Let {u j};f; , be a system generating the linear space {L, f : f € C[0,1]} C Q. Consider
the matrix
= (10w @) 525

c Ml

The rank of the matrix A does not equal to zero, rank A # 0. Indeed, if rank A = 0, then
DkL,,Sf (z) Za, D ui(z;) =0

for every f € C*[0, 1], which implies {z; }o<i<,, C E N D,,. This contradicts (16).
Take a non-trivial vector 8 = (&;)}",,, orthogonal to all the rows of the matrix A:

g ng
Z|5i|:1, ZSkauj(Zi)ZO, j=1,...,n,.
i=0 i=0

Define a continuous function D*4 on [0, 1] by

1. D*h(z;) = sgné;, i=0,...,n;
2. D*n is linear on each interval [0,2o], [z0,21]," " ; [Zn,—25 Zn,— 1) [2n,—15 13
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3. D'h(0)=0,i=0,1,--- ,k—1.
As the function D¥L,, & belongs to the linear space spanned by {D*u i}, we have

Y &D*L,h(z) =0.
i=0
Then
1=Y 18 =Y &D"(z) =Y 8(D*h(z;) — DLy h(z:)) <
i=0 i=0 i=0
< Y IGIID Ly, h(zi) = D*h(zi)| < [IDFLuh— D bl (). (17)
i=0
II) On the other hand, for x € Q we have

DLy, h(x) — D ()|

1 1
= |DL,, h(x) — th(x)FDkLnsek(x) + o \D*h(x)| ‘DkLnS ex(x) — Dkek(x)‘

= ‘DkLm <h — th(x)%ek) ()| + % |DkLnsek(x) — Dkek(x)| , (18)

since |[D*h(x)|| gy = 1.
Let p, be a function such that p, € C¥[0,1] and

1
Dfp, = |DF (h —th(x)—ek)

k' , D'p,(0) =0, i=0,1,--- ,k—1.

We have

and 1
DF <—(h —DFn(x) Eq)) < Dfp,
Thus,
1
DL, <h — DFn(x) Eek) (x) < DL, py(x) (19)
and 1
-D'L,, <h — DFn(x) Eek> (x) < DL, p.(x). (20)

Combining (19) and (20) we get

< DL, p.(x). (21)

DL, (h — DMR(x) %ek) )




Anal. Theory Appl., Vol. 28, No.1 (2012) 45

Let ¢, € C*[0, 1] be a function such that

DFq.(1) =t —x| and Diq,(0) =0, i=0,1,....k—1.
We have
Dhpu(t) = |D* (h(t)—th(x)%tk) — |Dh(r) — D¥(x)|
< 2A7 Yt —x| =2A7'DFg(1).
Thus,

Dk(zAil%c _Px) >0

and consequently

DkLnS(2A71qx —py)(x) >0,

and

DFL,, pe(x) <2A7'DFL, g, (x). (22)
It follows from Lemma 2.3 that

DLoas(3) < DL ) | 0 L] @

where g, is defined in (5)
Using sequentially (18), (21), (22), (23) we get

DLy, h(x) — D h(x)|

1

1 LS|
< 2A' DML, g.(x)]2 [—DkLnsek(x)} + | DLy ex(x) — Drer(x)] . (24)

k!
We have
k 2 k k
2 1
Tkt 1) (D L€yt — D) (x) + 172 (D Lyjex — Der) (x)
+ #Dke (x) — #kae (x)+ l)csze (x) (25)
(k+2)1 2T G YT e
Note that
k 2 k 2 k L ook
Dg.(x) = WD er+a(x) — WXD ert1(x)+ o De(x) =0.
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It follows from (17) and (24) that

1= DL = Dre[ 5

A
4/ (k)| DXLy, ex]| (i)

< [|D* Ly, g 3k - (26)

Now using (25), we have

o 1= [D*Loex — Dfer ) / (KY)
A D*Lnex )/ (K!)

<n’ 2 ||DkLn €42 — Dkek+2||B(E)
=M\ )17 o
T ID* Ly €1 — Drerer |l pe) + iHD]‘Ln ex —D'erlpr) )
(k+ D= o e 1 s

as h — p/ny. It follows from (15) that 4 = meas(E) = 0, which contradicts our assumption.

3 Estimates of Linear Relative n-Widths

Let X, Y be a linear normed spaces. Let 7 : X — Y and L: X — X be a linear continuous
operators. Let us denote 7 o L an operator defined by (T oL)f = T(Lf).
Definition 3.1. Let A be a subset of X. The value

e(A,LIT) :=sup||To(I-L)f|ly
fEA

is the error of approximation of the operator T by the operator T oL : X — Y on the set A.

Let Vi, V, be some cones in X, V| C V,. One might consider the problem of finding (if
exists) a linear operator of finite rank n, which gives the minimal error of approximation of an
operator T (not necessary identity operator) on some set over all operators L linear of finite rank
n with shape preserwing property L(V;) C V. It leads us naturally to the notion of linear relative
n-width [8].

Definition 3.2. Korovkin linear relative n—width of a set A C X inY for operator T : X —Y
with the constraint (Vy,Va) is defined by

O (A VI, VT )y = L,l(\l/Ill)fCVZ e(A,L|T),
where infimum is taken over all linear continuous operators L, : X — X such that

1. ToL,:X —Y is of finite rank n;

2. L,(Vy) C Vs

Determination of linear relative n-widths is of interest in the theory of shape-preserving

approximation as, knowing the value of relative linear n-width §,(A,V;,V,|T)x, we can judge
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how good (in terms of optimality) that finite-dimensional method with shape-preserving property
L,(V)) CVyis.

Estimates of linear relative n-widths of some sets of algebraic polynomials in X = CJ0, 1]
relative to the cone of all non-negative continuous functions defined on [0,1], is obtained in the
paper [8].

Corollary 3.3. Let E C [0,1] be a measurable closed set. Then the following estimate

of linear relative n-width of set Py in the space B(E) for the operator D* with constraints
(A" (o), A (c))

(meas(E))z hk <K\ Ak ~[k k (meas(E))2
eSED' 5, (g k(o) k(o) o) < EE
gz = On (P2, a7 (07, 70T | BE)~ 8(n—1)2 @7)
holds.
Proof. Following [8] it is easy to show that
inf sup ||D*p—D'L
Lt ity P D" p nP|lB(E)
1
= ——inf sup |D*er o — DM Laerin(x)],
where infimum is taken over all linear operators of finite rank »n, such that
Ln(AhJc(G[k])) C Ah’k(G[k])
and
D*L,e, = D*e, on E, r=0,1,....k+1. (28)

It should be noted that if an operator L, satisfies (28), then

(k+2)! ’Dk€k+2 — DkLnek+2 (x)] = DkLngx(x)7 x€E,

where g, is defined by (5).

The upper estimate in (27) follows from Lemma 2.1. The lower estimate follows from the
inequality (26).

In the next theorem we will find the asymptotic estimate of Korovkin linear relative n-widths
of set Py, in the space L?(E) for D¥ with constraints (A" (), A% ().

Corollary 3.4. Let E C [0,1] be a measurable closed set, p > 1. There exist numbers
c1,¢2 > 0 independent of n such that

<. (29)

€1 < ,}E&nz& (Pk+27Ah’k(G[k])vAh’k(G[k}) | Dk) Lr(E)

Proof. It follows from Lemma 2.2 that there exists a number ¢, > 0 such that

2 k(<K ARk <[K] k <
128, (P, A (o), A (o )|D)LP(E)_C2
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for all n € N.

If the left-side inequality in (29) does not hold, then there exists a sequence np < nj < ... <

nl<

such that

n?(DFLye(x) — D*e;(x)) =0, j=kk+1,k+2,

for almost all x € E. This contradicts Lemma 2.4.

It can be shown analogously that Corollary 3.3 (Corollary 3.4) is also valid for linear relative
n-widths of the set P, in the space B(E) (L”(E)) for D¥ with constraints (A"* (o), AM* (o).
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