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Abstract. In the present paper, we obtain estimations of convergence rate derivatives of the
q-Bernstein polynomials B, (f,g,;x) approximating to f (x) as n — oo, which is a general-
ization of that relating the classical case ¢, = 1. On the other hand, we study the conver-
gence properties of derivatives of the limit ¢g-Bernstein operators B (f,q;x) as ¢ — 17.
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1 Introduction

For an integer r > 0, let C"[0, 1] be the class of all functions f(x) which have the r-th contin-
uous derivatives on [0, 1], where C°[0,1] = C|0, 1] is the usual class of all continuous functions
on [0, 1] with the supremum norm||.|.

Let g > 0. Forany n =0,1,2,-- -, the g-integer [n], is defined as

y=1+q+-+¢"", n=12,-, [0,=0
and the g-factorial [n],! as
[n]q! = [1]q[2lg -+~ nlg, n=12--, [0 =1

For the integers n, k, n>k>0, the q-binomial, or the Gaussian coefficient is defined as

n [”]q
Mf [k]q![n—‘k]q!'

In 1997, Phillips proposed the generalized Bernstein polynomials (see [7]), or the g-Bernstein
polynomials f(x) € C[0,1],

1 k
Bn(f’q;x) = Zf (%) Pn,k(C];X), n=12..., (L.1)
k=0 q
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where
n—1—k

Pui(gix) = quk UO (1—¢'%),  k=0,1,2,---n. (1.2)

(From here on, an empty product denotes 1, and an empty sum denotes 0).
When g = 1, B,(f,¢;x) reduce to the classical Berntein polynomials

Bu(f,1:x) = Bu(f,x) :éf(%) [Z]xk(l R a=12..,

where [Z } = [Z]l is the classical binomial coefficient

For f € C|[0,1],t > 0, we define the modulus of continuity @(f,7) and second modulus of
smoothness @, (f,?) as follows:

o(f1) = sup [f(x) = fO)I,

[x—y|<t,x,y€[0,1]

@ (fit) = sup  sup |f(x+2h)=2f(x+h)+ f(x)].
0<h<tx€[0,1—2h)

In the sequel, C,Cy,C , - - - denote positive constants (difference at different occurrences).

Recently, it is found that g-Bernstein polynomials possess many remarkable properties (see[3,4,6-
10,13]), which make them an area of intensive research.

In [3], I’inskii and Ostrovska proved that for f(x) € C[0,1], B,(f,g;x) converge to B.(f,q;X)
as n — oo uniformly with respect tox € [0,1], and g € [, 1], 0 < a < 1, where

Boo(f, i) = f(x),  x€[0,1],

and for g € (0,1),

L f(1=¢)pur(g:n), 0<x<1,

B..(f,q:x) = (1.3)
f(1), x=1,
which we call the limit g-Bernstein operators (see [5]), where
(¢:%) * -9, k=0 (1.4)
Poi\q5X) = 577 —qX), =YLy .
(1 _Cl)k[k]q! 5=0

The limit g-Bernstein operator is a positive shape-preserving linear operator approximating
continuous functions on [0,1] as ¢ — 1. A large number of results relating to various properties
of these operators have been obtained (see [3,5,12]).

In [11], for the derivative of classical Bernstein polynomials, L.Xie obtained the following
result.
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Theorem A. If f(x) € C'[0, 1], then there exists a positive C such that

1B, I=C [a) (7. on () + 21

In this paper, we study the convergence properties of derivatives of B,(f,qn;x) for 0 < g, <1

(1.5)

as g, — 1. It’s shown that these properties are the extension of those in the classical case
qn = 1. We also investigate the convergence of the derivatives of the limit g-Bernstein operators
Bo(f,q;x) as ¢ — 17. Our main results are as follows.

Theorem 1. Let a sequence g, satisfy 1 — nl—; < qn < L. If f(x) €C'[0,1], then

2 A1\ LI
on (/-5 ) o (1) +

Theorem 2. Let 0 < g < 1, f(x) € C?[0,1]. There exists a positive constant C such that

IB.(f. )~ fll <Clo (' v/T=a) + 1110 -a)]. (1.7)

IB,(f,qn)— 1l <C : (1.6)

2 Auxiliary Results
Lemma 1.2/ For f € C[0,1], Then
Clan(f.1) < Ka (f.1) < Can(f.1) 2.1
for some constants C > 0. Here K-functional K, ( f ,tz) is given by
K (f.%) =inf {|lf —g] +*[g"]l. € C*[0, 1]} (2.2)

Lemma 2.l Lere;=x',i=0,1,2,---. Then

x(1—x)

g
— L 2n—2]x
(1 [n]q> (1+4°[n—2]4x) . (2.4)

B,(e0,q;x) = 1,B,(e1,q;x) = x,By(e2,q;x) = x* + (2.3)

Bn(e37q;x) - x2 +

Lemma3. Let0<gq<1,0<k<n, Then forx € [0,1] the following estimate holds:

2n*(1 —q)
< B (2.5)

where
k1 B 1— qnfkflx n—k—1 qs
[k+1]q [”_k]q =0 1—aq'x

n—1
J=nlg Y, pu-1x(g:x)
k=0

Proof. Note that

1—x

Pn-1k(q;x) = mpnq,k(q;q}f)-
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Thus

n—1

J < n
k=0
= Ji+ /.

1—x

Pn-14(q9x)
" g~ (

Through direct calculation, we get

Ji =

<

<

Next we see that

1— qn—k—lx)

<‘[::11]q_1'+'1

Thus we obtain the inequality

n—1
I—x (1_Q)([l]q+[z]q+"'+[k]q)
n ) pn-1k(4;9x) —
L FI— g1 e+ 1,
n—1
k(1—¢q)(1—x)
n) Pn-1k %qx)f
o590 g ey
n*(1—q)
qnfl :
1—x B 1 _qnfkflxn—k—l qs
g* (1 — g 1x) [n—ky = 1-¢'x
_ 1—x [n—kl, _”‘Z’k_] q
gn—Kq|l-g"*'x S 1-¢x
_ 1—x n—k—1 qs B n—Z’k—l qs
gn—kly | & 1—q¢"x & 1—¢gx
1—x n—k—1 qsx(qs _ qnfkfl)
 gn—Ky & (1—g 1)1 —g¢'x)
X n—k—1
< (1—¢"*Ng'
T AT
o X—g"
T (l-g )
n—1 n—k—1
x(1—gq )
S < n) poap@ax)
Zz) ) R iy
2 -1, a(-q )
q
= : Pn—2k(q;9x)
= n—1-k], g "
< nz(l—zq)’izpnfz,k(q;m
qr =0 [n_k_l]q
201 _
< " (1_161)_

q

n

(2.6)

2.7)
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From (2.6) and (2.7) , we obtain (2.5). This completes the proof.
Let g € (0,1] , s be a nonnegative integer. We denote

o k o

Tas(g:x) =) (1 —qk—X)“‘Hx— [T(1—q"x). 2.8)
k=0 IT (1 —gmt1)m=0
m=0

Note first that the expression (2.8) may be expressed as

Tes(q,%) = Y (j) (—x)* 'Bu(ei, ¢ ). (2.9)
i=0
In particular,
Too(q,x) =1, Twi(g,x) =0, Tw2(g,x) =x(1—-x)(1—gq). (2.10)

Further, for s = 3 and s = 4, we get

To3(g,x) = —(1—9)*(g+2)x* (1 —x) + (1 — ¢)*x(1 —x) (2.11)
and

Toa(q,x) = (1—q)*(¢* +2¢° + 34" = 3)[x(1 —x)]?

(2.12)
+(1—q)* [(¢" +2¢% +2q)x+ 1] x(1 — x).
By virtue of (2.11) and (2.12), for x € [0, 1], we have
1
To3(g:x) < 7 (1-q)%,
s (2.13)
0< Tealg.x) < Sl —x)(1—¢q)?
Further,
/ 47 2
To4(q,x) < Z(l —q)°. (2.14)
We set L s
oo oo 1 _ _ i
K; :H(l_qsx)Z;E,l g —x) S i=1,2
5=0 =TT (1= g5t
s=0
Then we have the following lemma.
Lemmad. Let0< g <1, then forx € [0,1), we have
81
K <2, KzST(I—Q)- (2.15)
Proof. First we estimate K;. Since
& (1-¢* —x)? *
Toon(q,x) = Hl—qx ) — (2.16)

S (1-g)

s=0
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We now use the Leibniz rule to differentiate (2.16), giving

oo oo AV
K= T+ ) R I e
5s=0 0 k=0 H (1 —qS'H)
s=0
Hl-gn Y e
s=0 kOH( S+1)

By (2.10) we know that

S

- 4
=(1-2)(1—q)+ ), —T2(q,x) < 2.
s=0 1 —qx

Similarly, we get

oo

K2 = To/0,4(qax) + Z
s=0

1 - qu Toc~4 (Q’x) + 4T°°73 (q’x) :

From (2.13) and (2.14), we conclude that

47 15 & ¢ x(1—x)(1—¢q)? 5
K< —(1-¢q)P*+— 1—¢)?<—(1—gq).
2 < ( )+2S§6 e L U S G )

3 Proof of the Main Result

Proof of Theorem 1. Firstly, differentiating B, (f,q;x), we see easily that

e — LY . k+1],\ k+1 (K, (1=¢g" )& ¢
Bn(qu’ ) - []qkzzopn—l,k(qa )[f( [n]q )[k+ ] f([l’l] ) [l’l—k]q s;() l—qS)C] .

Using (2.3), we get

[k+1]q

k—l—l Wy v
f7qa qun 1,k qa ﬁ,} f(t)dt
[k+1]q r
n—1 k1 1_qn7k71xn—k—l qs % ,
n Pn—14(q;x — / f()dr (3.1
e 2 sl )<[k+1]q pfy & Tqx) kT
and
/ / nl k + 1 [k[*]llq / / n-l
By (i) = () = bl ¥ vl g o, 10— e+ ol ¥
=0 97, k=0

. k+1 l_qn—k—lxnfkfl qs e ,
pn—Lk(q,X) ([k—i— 1]q - [l’l—k]q S;O qux /x [f (l) —f ()C)]dl. (3.2)
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From (2.1) and (2.2), there exists a positive constant C and g, (x) € C?[0, 1], such that

/ 1 " / 1
!V—&M+#@MSC@<fQE)- 63)

Let G,( / gn(u

@mw%fwhf@—éthm%mwath>@@w.em

We set
BL(f = Guagix)|, b= |Gy(x) = B,(Gagiv)|
First we estimate /;. Using Lemma 3 and (3.1), we get
n—1 k
’ ’ q (k+ 1)
L < \f =Gull| X Po1algsx) ===+
" k:ZO ! e+ 1]
/ 21’12 1—
< | —gl [H%} - (3.5)

Next we estimate /. Using Taylor’s formula, we have

gn(1) = gn(x) —|—gln(x)(t —x)+ /xt gl,:(u)(t — u)du, t,x €10,1]. (3.6)

In view of (3.2) and (3.6), we have
Co (=X = oy kT
8,(x)B, < 5 dsx ) |+ |l k;)pnfl,k(q,x) Y /&

n—1 . k+1 B l_qn—k—lxnfkfl qs [_ i
[n]qkzzopn—hk(qax) <[k+1]q [I’l—k]q S;() l—qsx> / (/ gn [ )d >dl

=: Dy+Ipn.

L

IN

1 1-—
Using (3.6), fort = =, x+ x’ and Lemma 2, we have
2 2[”]61

b= 5o (30) el g
[l el (i, LY L
: 2 [ +(D(gn, [”]q>+ [”]q]
g_ (A
< < > + . 3.7)

[l

nlg [,




142 L. Y Zhuetal : Convergence of Derivatives of Generalized Bernstein Operators

Regarding I, we obtain

n—1 k-+1 [k[+]1]q
Ly < lgall|[nlg X Pn-14(q:x) /nq (t —x)2ds
| e [k+ 1, /1o

k1 1— qnfkflx n—k—1 qs

n—1

e Pk | T T, A T

” ’ t—x3
<l [on (U5 ) 2],

From (2.4) we get

’ (t—)C)3 ) 1
B, X ) < ——. (3.8)
( 3 [”]q
Using Lemma 3 and (3.8), we derive
v 1 4n?(1—
I < ||g,ll [—+7(n_1 Q)} (3.9)
[”]q q
It follows from (3.7) and (3.9) that
1 02 4n*(1— .
R ==
[, [nly q [nly
: 1 ;1 v [ 2 4n?(1—g¢ f=gall+If
< o(Fmagr ) o (For )+l |2+ U0 L I
[”]q [”]q [”]q q [”]q
, ;1 s [ 2 4n*(l—g f
< 37 sl o (£ )+l |+ 2 + 1L (3.10)
[n]q [nly q [nly
Applying (3.4), (3.5) and (3.10), we have
/ / ’ 2712 1—
B0/ ) < 1 el 5+ 202
C1 -T2 41— '
+o (f—) +lgl [—+ (H Q)] L G.11)
[n]q [nly q [nly
Setting g = g, € (1 — %, 1), then we have ¢} ' > ¢35, and
2(1— 5 3
o) o 1 & (3.12)
qn n [n]% n

Using (3.3), (3.11) and (3.12), we have (1.6). This completes the proof of Theorem 1.
Proof of Theorem 2. Setting

— )= f) = )1 —gF—x) =L () (1 — gk —x)?
5 = 7 ¢)—f(x) f(()l(l_qu_x)z) 2/ O —g" —x)° (3.13)




Anal. Theory Appl., Vol. 28, No.2 (2012) 143

Clearly,
gk /" /"

S e Al [T

K= (=g |
Then the following estimate holds

1 " k
< — —q — . .
&) < 50 (11— ~x) (3.14)

Since for x € (0, 1),

I oo ok o o ok
BL(f.qi) = [Hu - cfx)] y LD gy L e,

s=0

where

then, we can write that

o o Y — ) — (] — ok — x
BL(fgn)—f () = [Hu_qsx)] 5 £0=d) =09~ £90 ¢ =)

5=0 k=0 I1(1—g+h)
s=0
TS WU SR G RV EY AT I
5s=0 k=1 H (1 . qs“)
s=0

From (3.13) and (3.14) we obtain

BL(f.gix) — £ ()] = =

, [ﬁu_qsx)T = 81— — 02+ LW (1t =2
k=0

s=0 I;Io(l — qs+1)
- o kN2 Len k2
¢ fjr-eg Attt
5=0 k=1 I;[O(l — g
1o = Ja o =g =)
< §|f (x)|(1—CI)+§ 1§ EEEINDY <k1 )
50 k=0 Sgo (1— g+
- = o (f[1=g" =) (1-¢" —x)?
+ %H(l—qsx)z ( k—1 ) k!
5=0 k=1 130(1 — gt
_ %f"(x)‘(l—q)+11+12- (3.15)
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For x € [0, 1], we estimate /; by splitting /; into two terms

) (f",\l —qk—X\) (1—¢" =04 =

1 oo
mesYiio ¥ [T01 -4,
|1 gF—x|</1—¢q H(l_qs+l) s=0
s=0
"k A 02
Lo g o (1 1= g =) (1 g =0 =
Ilz:iz —o'x Z 1 H(l—qu)
=0 TN g >y IT(1—g+) s=0
5s=0

Using (2.10) and (2.13), we have

1 U
m<s0(fV1=4) (3.16)
and
= 5 o(f vT—q) (14 =d —¢ (1—gF—x)*x* =
I, < 521 q - < >k< Vi—g ) H(l_qsx)
s=0 _qx\1qu—x\>\/lf H(l_qs-H) s=0
s=0
< _a)<f V1 ) <f \/1—)21 T4(61,)
s=0
< Zw(f",\/—l—q) (3.17)
Combining (3.16) and (3.17), we obtain
19 "
h<hi+ho<o(fV1-q). (3.18)

Similarly, we estimate /,. Using Lemma 4,

| = o (f[1=¢" =) (1 - ¢ —x) ke
L < EHl_qx< Z + Z ) ( k—1 )
=0 [1—¢*—x|=y/T—q

[1-¢" —x|<y/T=q Ho(l — gt
< Bo(f Vite)+ta(f visg) (m_q)
< §w<f//,\/q). (3.19)
From (3.18) and (3.19), we conclude that
IBLf = £l < Hf—ZNH(l_Q)‘f‘Il‘f‘Iz
< Wi+ Bo(r,yi)

< c[If10-g+o (s Vi=q)].
The proof of Theorem 2 is finished.
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