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Abstract. Let p(z) be a polynomial of degree at most n. In this paper we obtain some new

results about the dependence of

Hp<Rz>/3p<rz>+a{ (RT*J) e

N

on |[p(2)|; for every &, B € C with || <1, [B| <1, R>r > 1, and s > 0. Our results
not only generalize some well known inequalities, but also are variety of interesting results

deduced from them by a fairly uniform procedure.
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1 Introduction and Statement of Results

Let P, be the class of all complex polynomials
n .
p2) =} aje’
j=0
of degree at most n and p/(z) its derivative. For p € P,, define

1 n i0\|s %
Ip@ls =52 [ IpEFy . 1<s<e

and

[P(@)ll := max |p(2)].
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According to a famous result Known as Bernstein’s inequality[‘q, we have

17 (2) ]l < 2P ()]s (1

Also concerning the maximum modulus of p(z) on |z| = R > 1, we have

[P(R2)||le <R"[|p(2)]]e (2)

(for reference see [11]). Zygmundm] has shown
1P @lls <nllp@lls,  s>1. 3)
whereas we can deduce the following inequality by applying a result of Hardy o,
Ip(RD)[|s < R*|p(2)]ls,  R>1, 5>0. )

Also Arestov!!] proved that (3) remains true for 0 < s < 1 as well. It is clear that the inequalities
(1) and (2) can be obtained by letting s — oo in the inequalities (3) and (4) respectively. If
we restrict ourselves to the class of polynomials having no zeros in |z| < 1, the inequalities (3)
and (4) can be improved. In fact, it was shown by De—Bmijnm for s > 1 and Rahman and
Schmeisser!'? extended it for 0 < s < 1 that if p(z) is a polynomial of degree n having no zeros
in |z| < 1, the inequality (3) can be replaced by

lp(2)]ls

/
Dls <n ,
I @l <y

s> 0. 5)

Also Boas and Rahman/’!

proved for s > 1 and Rahman and Schmeisser!'? extended it for 0 <
s < 1 that if p(z) is a polynomial of degree n having no zeros in |z| < 1, the inequality (4) can
be replaced by

[R"z+ 1]

PRy < S P @l B> 1, >0 ©

Aziz and Rather? obtained a generalization of the inequalities (3) and (4). In fact, they have

shown that if p € P,, then forevery R > 1 and s > 1,

IP(Rz) = p(2)lls < (R" = 1) p(2)Is- 9
Recently Aziz and Rather [3] considered a more general problem of investigating the dependence

of
p(Rz) = Bp(rz)lls on |p()ls

forevery B € C with || <1, R>r > 1, s > 0 and extended the inequality (7) for 0 <s < 1 as

following.
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Theorem A. If p € P, then for every B € Cwith |B|<1landR>r>1,s>0,

IP(Rz) = Bp(ra)l; < [R" = Br'||p(2)];-

Also for the class of polynomials not vanishing in |z| < 1, they proved:
Theorem B. If p € P, and p(z) does not vanish in |z| < 1, then for every B € Cwith |B| <1
andR>r>1,s>0

R*—Br')z+(1-B)|
11 +2]ls

|p(Re®) — Bp(re®)]|, < 1 p@ls ®)

For self-inversive polynomials, the following inequality was proved by Dewan and Govill".

|p(Rz) —p(@)|ls < (R"=D[lp@)s, s=>1 )

Aziz and RatherP) generalized (9) by proving the following interesting result.
Theorem C. If p € P, is self-inversive polynomial, then for every B € C with |B| < 1 and
R>r>1,5s>0

[(R" = Br)z+ (1 - B)||
11+ 25

|p(Rz) — Bp(rz)ll, < | p(2)]]s- (10)

In this paper, we first prove the following result which among other things includes Theorem
A as a special case.
Theorem 1. [f p € P,, then for every a, B € Cwith || <1, |B|<landR>r>1,5s>0,

lpw—prta+a{ (1) = o1} )| <= var { (BE1) 11} It

<
r+1 -
The result is best possible and equality holds for p(z) = AZ", A # 0.

N

If we take @ = 0, then Theorem 1 reduces to Theorem A due to Aziz and Ratherl?!.
If we assume o = 3 = 1 in Theorem 1, then we get the following result.

Corollary 1. Ifpe P, thenforR>r>1,5s>0,

Hp(Rz)—p(rz)Jr{<R+l)n— I}P(rz) R”_r"+rn{<’:T+11>n_ 1}‘ Ip(2)ls- (11)

_— <
r+1 -
The result is best possible and equality holds for p(z) = AZ", A # 0.

N

If we take B = 1 in Theorem 1, we conclude the following result.

Corollary 2. Ifp € P,, then for every o € Cwith |o| < landR>r> 1,5 >0,

Itk -pa+a{ (X1) 1} s <r—rsar{(251) -1} 1pc0.

<
r+1 -
(12)

N
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The result is best possible and equality holds for p(z) = AZ", A # 0.
If we divide two sides of (12) by (R —r) and let R — r, we get:
Corollary 3. Ifp € P, in, then for every a € Cwith |a| <landr>1,s >0,

ro
r+1

<n 14

, nao
zp (rz) + s lp(rZ)

' 1), (13)

N

The result is best possible and equality holds for p(z) = AZ", A # 0.
Remark 1. If we let s — oo in (13), then it reduces to the following interesting inequality.

ro
1+ max |p(@)], Jal <1, r=1, =1 (14

<!
r+1 |z|=1

, no
zp'(rz) + ) 1P(rZ)

For r =1, (14) reduces to the following inequality which is due to J ainl®/.

2@+ 5P| <n|14 F maxlp@) ol <1, fel=1 (15)

Therefore, for r = 1 in (13), we get the following interesting result which is a generalization of

(15).

Corollary 4. [f p € P,, then for every a € C with || < 1, s > 0,

HZ"I(ZHEP(Z) 53”‘1+%(IIP(Z)HS- (16)

2

The result is best possible and equality holds for p(z) = AZ", A # 0.

For ov = 0, (16) reduces to (3).

For p € P, and p(z) does not vanish in |z| < 1, we prove the following generalization of (8)
and improvement of (16).

Theorem 2. [f p € P, and p(z) does not vanish in |z| < 1, then for every a., B € C with
la| <1, |B|<landR>r=>1,5>0,

||p&) oo+ o (557 ) = 81} o0 |

_r—pr o {c) i} e - a {5 - 11}]
B 1+l

(17)

Hp@s-

The result is best possible and equality holds for p(z) = AZ"+7v, |A| =y = L.

For oo = 0, Theorem 2 reduces to Theorem B. Also if we take oo = 8 = 0, then (17) reduces
to (6).

The following consequence is concluded by applying Minkowski’s inequality in right hand
side of (17).
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Corollary 5. If p € P, and p(z) does not vanish in |z| < 1, then for every o, B € C with

la| <1, |B|<1,andR>r>1,5s>1,
H[ (R2)— Bp(rz a{(’”l) \m}pvz)} <
R prrar { (8" - B+ [1- B+ a (25" —rm}\u o 1o
P\Z)||s-

11+l
The result is best possible and equality holds for p(z) = A7+, |A|=|y| = L.
Remark 2. If we take B = 1, and divide both sides of (18) by R — r and let R — r, we get
the following result.
Corollary 6. If p € P, and p(z) does not vanish in |z| < 1, then for every o € C with
la|<landr>1,s>1,

e 1|1+r+1|+‘r+1‘}
s H1+Z”s

(1) + 2 p(r2) 1Pl (19)

r+1

The result is best possible and equality holds for p(z) = A7+, |A| =|y| = L.
By letting s — oo in (19), we get the following result.
Corollary 7. If p € P, and p(z) does not vanish in |z| < 1, then for every o € C with
la| <1, andr>1,
< { n—1
2

The result is best possible and equality holds for p(z) = A"+, |A| =|y| = L.

max
l2|=

e R | R TG

9/ (r2) + 5 p(r2)| < may

For r = 1, (20) reduces to the following inequality which is due to Jainl®.

‘Zp’(z)+n7p( ‘ {‘1+ ‘+‘2‘}‘I§‘lax|p()|, la| <1, |o|=1. @1

Therefore, for r = 1 in (19), we get the following interesting result which is a generalization
of (21) and improvement of (16).

Corollary 8. If p € P, and p(z) does not vanish in |z| < 1, then for every o € C with
la| <1,s>1,

no

[0+ Zpta)| < n{[1+ 5[ +[5]}

s Tl

1P()]l;- (22)

The result is best possible and equality holds for p(z) = A"+, |A| =|y| = L.
If we take o = 0, then (22) reduces to (5) for s > 1.
Finally, we prove the following result for self inversive polynomials which is an improve-

ment as well a generalization of some well known results.
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Theorem 3. If p € P, is self-inversive polynomial, then for every o, B € C with |a| <
LB <LandR>r>1,5s>0,

|| pota+ a{ (253) - 11} e |
[R”—ﬂr"—i—ar”{(%)n— ym}} z+ {1 —ﬂ+a{(’§T+})”— yﬁy}]
11+ z]ls

(23)

< H Hp@)|ls-

The result is best possible and equality holds for p(z) = 7" + 1.
For e = 0, Theorem 3 reduces to Theorem C. If we take &« =0, B = r =1 in Theorem 3, then
the inequality (23) reduces to (9). Also from this theorem, we can deduce so many interesting

results in a similar manner as the previous one.

2 Lemmas

For the proof of the theorems, we require the following lemmas.
Lemma 1. If p(z) is a polynomial of degree n having all its zeros in |z| < 1, then for every

R>r>1,and |z =1,
R+1

) > (]

)n|p<rz>|. 4

Lemma 2. [f F(z) be a polynomial of degree n having all its zeros in |z| < 1 and f(z) be a
polynomial of degree at most n such that |f(z)| < |F(z)| for |z| = 1, then for all o, B € C with
la| <1, |B|<1,andR>r>1,]z] > 1

r+1

< ‘F(Rz) - ﬁF<rz)+a{ (R}ll)— |ﬁ|}F<rz> .

'f(Rz>—ﬂf<rz>+a{(R—“)"— Bl 02

(25)

Lemmas 1 and 2 are due to Liman!'?,

For Y= (10,7, ,Y) and p(z) = an2" +an—12""' + - +ap, let
n .
Ayp(2) =) Va2’
j=0

The operator Ay is said to be admissible if it preserves one of the following properties:
1) p(z) has all its zeros in |z| < 1.
2) p(z) has all its zeros in |z| > 1.
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Now we state a result of Arestov!!).
Lemma 3. Let ¢(x) = y(logx) where y is a convex nondecreasing function on R. Then

for all p € P, and each admissible operator A,

[0 (1) a0 < [ 6 (ctrmine®))) a0 26

where C(y,n) =Max (||, |%l)-
By applying Lemma 3 to the function ¢ (x) = x* for every s > 0, we get

[ (agpteyr) a0 < €y [ Ine)1rao. @)

Lemma 4. If p € P, and p(z) does not vanish in |z| < 1, then for every o, B € C with
lof <1, |B|<land R>r>1,s5>0andy real,

Loy = pote® o (51) - 161 f )]

et [”p(e"e/R)—Fr”P(e""/”)m’"{(Ri 11> -l ’} ie/r)} |
_ﬂr"+ar"{<RLl) \B\}

L e

Proof of Lemma 4. Let g(z) =Z"p(1/z). Applying Lemma 2 to the polynomials p(z) and
q(z), we get forany o, f € Cwith || <1, |[B|<landR>r>1,

i)~ gt +a{ (21) - 161 ot

g'q<Rz>_gq<rz>+a{(R“) LITE

+1

(28)

(29)

for |z] =1.

pief0)-Brnteln)+ar { () 11 o).

On the other hand, we have |¢(rz)| < |g(Rz)| for |z] =1, R > r > 1. Since g(Rz) has all its
zeros in |z] < 1/R < 1, a direct application of Rouche’s theorem shows that the polynomial
q(Rz) — Bq(rz) has all its zeros in |z| < 1 for every B € C with |3]| < 1. By Lemma 1, we have
forR>r>1,

R+1

o(Re)~ Batrs) > la(#a) - 8lacr)| > { (551

) \m}rqu)r, for [ =1.  (30)
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Therefore, again by applying Rouche’s theorem, it follows that for any o € C with |o| < 1 and
R > r > 1, all the zeros of the polynomial

H(Z)i:q(RZ)—ﬂq(rZ)Jra{( +1> !ﬁ!} rz)

r+1

lie in |z| < 1. This implies that the polynomial

A = Rp(e/ )~ B/ v { (1) =181} e

has all its zeros in |z| > 1. Hence the function

o p(Rz) — Bp(rz) + o { (&) B} p(rz
7)) =
Rp(z/R) ~ Brip(z/r) +ar { ()" IBI} (2/7)

is analytic in |z| < 1 and |f(z)| < 1 for |z| = 1. By applying the Maximum Modulus Principle,

we get
If(z)| <1, for |z]<1.
Equivalently,
v —pora+ad (K1) =11} .
Role/r) oo { (B ) “iphpen|. o <t
A direct application of Rouche’s theorem shows that
Aople) = o)~ i) +a{ (1) = 161} o)
vt [Rip(e/R) - B +an { (BE1) - 181} o]
:(R”—Br"+ar"{<ljil> yﬁy}+ew[1—EW{(’::)’Z—\mH)anzﬂ
o
) e o e 20 A
(32)

does not vanish in |z| < 1 for every o, B € C with || < I, |[B|<land R>r>1, and y
real. Therefore A, is an admissible operator. By applying (27), the desired result follows. This

completes the proof of Lemma 4.
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Lemma 5. If p € P, then for every a, B € Cwith || <1, |[B|<landR>r>1,5>0

[ [ptrenr=potrey - ad (BE1) - g1} pire)]
+7 [Rip(e/R)~ B ple/r) + {(’”1) 11} oGl
}

r1 1
—ﬂr”+ar”{(R+l> ~ 18l

rerli-praf (0 —rﬁr}] [ nterao.

Proof of Lemma 5. Let p(z) be a polynomial of degree at most n, we can write p(z) =

and 7y real,

N

(33)

p1(z)p2(z) such that pi(z) is a polynomial of degree k > 1 having all its zeros in |z| > 1 and
p2(z) is a polynomial of degree n — k having all its zeros in |z| < 1. First we suppose that p;(z)
does not vanish on |z| = 1 and hence all the zeros of p; (z) liein |z| > 1. Let ¢2(z) = 2" ¥p2(1/2),
then all the zeros of ¢»(z) liein |z| > 1 and |g2(z)| = | p2(z)| for |z| = 1. Therefore the polynomial
g(2) = p1(2)q2(z) is a polynomial of degree n not vanishing in |z| < 1 and for |z| =1,

lg(2)| = [P1(2)lg2(2)| = |p1(2)|Ip2(2)| = [P(2)]- (34)

A direct application of Rouche’s theorem show that /(z) := p(z) + Ag(z) does not vanish in
lz| < 1, for every A € C with |A| > 1. Also h(z) does not vanish on |z| = 1, because if this is
not true then it would contradict with (34). Thus %(z) does not vanish in |z| < 1 for any A with
|A| > 1, so that all the zeros of (z) lie in |z| > p for some p > 1 and hence all the zeros of h(pz)
lie in |z| > 1. Applying (31) to the polynomial A(pz), we get

ko)~ piops) + o { (X Ll) - 1Bl h(rp2)

< |Rnpe/m ~Brnipzn+an { (211) - 161 batozsn)

for |z <1, R>r>1.
(35)

Taking z = €% /p, 0 < 6 < 27, then |z = (1/p) < 1 as p > 1, and we get
. , R+1
ke pitre®) + o (R1) - 161 )

< R r) B )+ ar { (1) g e )

0<06<2m ,R>r>1.

(36)
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ke~ )+ (BE1) = gl e

< |Rentesm) e+ { (B1) g} e

(37
for |z|=1.

By Rouche’s theorem, it follows that the polynomial

1) i= (ke - )+ o { (BE1) g1 0 )

v (rnte/r) ey +ar L (BE0) - pibaern ).

does not vanish in |z| < 1 forevery o, B € Cwith || <1, |B| <1,R>r > 1, and yreal. If we
replace h(z) by p(z) + Ag(z), then the polynomial

1) ={pir - gt + o { (E11) - 181} )

+dqmﬂdm_@%@m+aw{Cji) W@(dﬂ}

+2{otk) - et +a { (1) - g1t
ol [Rng(Z/R)—Er”g(z/r)—i—ﬁr”{(I:il> ym} (z/r)]}

(38)

does not vanish in |z| < I forevery o, A, B € Cwith |a| <1, || <1, [A| >1,R>r>1, and
Y real. This implies

o)~ ot +a{ (211) = 181 f ot

v o [Rote/m) B +ar { (1)~ g1} ptern)

+1

< letk - sty + o (1) - 181 fe00

+ o [Rg(e/) - Brrste/n +ar { (BE1) = gl o)

(39)

for |z| <1, |a| <1, |B| < 1,R>r>1, and y real. If the inequality (39) is not true, then we
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would have

iz~ i) +a{ (1)~ g1} ot

+ o7 [Reoteo/ ) Bt/ +ar { (B0 ) =11 b o]

> Jetka) - et + o { (17 ) - g1 et

+e7 [Regta®) - Brgtarn +ar { (551) g1} st

for some zp with |zp| < 1. Since all the zeros of polynomialg(z) lie in |z| > 1, it follows (as

before) that all the zeros of polynomial

g(Rz)—ﬁg(rzHa{(R“) - 1Bl} et

et [Rierm - Bretein v o { (B0) = g1} e

r+1

also lie in |z| > 1. Hence

stkao)— peran) +a{ (211) ~ 81 bt

: — _ R+1
et [Rgan/R) - Breteo/r) v { (11 ) - 181 bt/ 20
for any |zo| < 1. So we can take a suitable value for A such that |[A| > 1 and T'(z9) = 0 with
|zo| < 1. This clearly is a contradiction to the fact that 7(z) does not vanish in |z| < 1. The
inequality (39) gives for each s >0 and 0 < 6 < 27,

[ e = pote® 4 a{ (B21) =181} pire)

v [Repte® R~ Brpte® i +ar { (B11) 11} e )] 46

+ 1
21
< /“

g<Ref9>—ﬁg<ref9>+a{(R“> - Bl} st
vt Rt m) - Brate? i +an { (250) = gt et ]|

By applying Lemma 4 to g(z) and using (34), we get for any o, f € C with || < 1, |B]| < 1,

(40)
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R>r>1,s>0and yreal,

[ e = pote+ o { (B21) =11} ptre)

e [R"pwe/m ~Brpte v {(BE1) —ipr} et ]| ao
e { (S g wer[i-paa{ () ][ [ o
—prsar{(S5) gt ver [1-pea{ (B) - i} [ e e
(41)

Now If p;(z) has a zero on |z| = 1, then applying (41) to the polynomial p*(z) = p;(tz)p2(z)
where 1 < 1, we get for any o, f € C with || <1, |[B| < I,R>r>1,s>0and yreal,

/02” P*(Reie)_ﬂp*(rei9)+a{<R+l> ‘B‘} .

+1

ver [ e m B o { (50 gt} orieosn) |

(Gt ()

Letting t — 1 in (42) and using continuity, the desired result follows.

27 .
[p*(e)[*d6.

(42)

3 Proofs of the Theorems

Proof of Theorem 1. Since p(z) is a polynomial of degree at most n, we can write p(z) =
p1(z)p2(z) such that pi(z) is a polynomial of degree k > 1 having all its zeros in |z| < 1 and
p2(z) is a polynomial of degree n — k having all its zeros in |z| > 1. Let ¢2(z) = 2" *p2(1/7) ,
then all the zeros of ¢2(z) lie in |z| < 1 and |g2(z)| = | p2(2)| for |z| = 1. Now if we consider the
polynomial F(z) = pi(z)g2(z), then all the zeros of F(z) lie in |z| < 1 and |F(z)| = |p(z)| for
|z| = 1. By applying Lemma 2 to the polynomials F(z) and p(z), we get for all ¢, € C with
| <1, |B|<1,R>r>1,and |z| > 1

i)~ potra+a{ (1) - 181 f ot

< ‘F(Rz) —ﬁF(rz)—Fa{(I::l) !ﬁ!} r7)|-

(43)
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Hence it gives for s > 0

[ [ptre®)—poteey+ o { (221) - g1} pire|

+1
2n
</
0

do

(44)

N

F(ke) - prie?)+ o (BE1) - g1} ) a0

On the other hand, as in the proof of Lemma 4 for H(z), we conclude that the polynomial

G<z):=F<Rz>—ﬁF<rz>+a{(R“) - 1B} ()

+1

has all its zeros in |z| < 1. Therefore, the operator Ay defined by

AF(@ =R -pr(z) +ad (B5) 1

:<R”—[3r”+ar”{< Ll) \B\}) . +...+(1—ﬂ+a{<lji:>n—][3!}>bo

is admissible. Hence by (27), we get for each s > 0

[ pwe) - proey o f (B ) g1} e

+1

Rn—ﬁruarn{(’:l) ym}

Combining (44) and (45) and using |F(e'®)| = |p(e'®)|, we get for every o, B € C with || <
LB <1L,R>r>1l,and s >0,

[ e = pote®y 4o (211 \m} )

oeser{(25) ) |

This completes the proof of Theorem 1.

N

deé

(45)

ﬂ" .
< |F(e%)]*de.

N

do

(46)
y (¢®)[°d6.

Proof of Theorem 2. Since p € P, and P(z) # 0 in |z| < 1, then by using (29), we have for
every o, B € Cwith |a| <1, [B|<1,R>r>1,and s >0,

|F(0)] <|G(9)], 0<6<2m, (47)

where

F(0) = ko)~ (o) +of (BE1) g1} pire).

6(0) = Rp(e® R~ B ) +ar { (BE1) - g1} pie )
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Using (28), we get

/02E|F(9)+ei7G(9)‘sd9 <

R”—Br”+ocr”{(R+1> |B|}
rer[i-pra{ (25} IBIH [ perao.

By integrating both sides of (48) with respect to yin [0, 27|, we get

/ozn/oh|F(9)+ei7’G(9)|sd}’d9 < {/02” R”—ﬂr”—i—ar”{(]:_—:_—l) !ﬁ!} (49)

vt [1-Bra{ (B) i} ][ v} { [T ipeoyra}.

Now we use the fact that |t + ¢?| is an increasing function of ¢ for # > 1 which implies

(48)

2 . 2 .
/ ]t+e‘7]fdy>/ [1+€7°dy , veR, s>0, t>1. (50)
0 0

If we suppose that F(0) # 0, then by taking r = |G(6)|/|F(0)|, we have r > 1 by (47) and we
get

/()2”|F(9)+ei76(9)\sdy: \F(G)]“‘/OZ” 1—1—6’7% sd}/
— |F(9)|S/OM %—Fe“’sdy .
9)15/027r ‘%‘Jre”sdy
9)]“‘/02”\1+ei7’|sdy (by (50)).

It is clear that the inequality (51) holds for F(6) = 0 also. By using (51) in (49), we get for
every o, B € Cwith |a| <1, |B| <1,R>r>1ands >0,
dG}

[T neemrant{ [ owen) = poe®)+of (£25) =181} e
s{/ozn R"—ﬁruar"{(’:f) \m} (52)
+e? [1—B+H{(I:_rll> —][31}] de} {/Ohyp(eie)‘sde}.
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U |le-preer{ () '“H“‘”[l-m{( 1) -]

:{/02” R”—Br”+ocr”{ j_r ) |B|} et +a{(f+l> 18] sdy}
:{/02” R”—[ir”—l—ar”{( - ) \m} e 1—ﬂ+a{(1:111> ~ 18 sdy}
:{/02” R”—ﬁr”—i—ar”{( - > \m} g 1—B+a{<fil) 1B _de}
R R

Now by combining (52) and (53), we get the desired result.
Proof of Theorem 3. Since p(z) is a self-inversive polynomial, we have p(z) = aq(z),

where |a| = 1 and ¢(z) = 7"p(1/Z). Therefore, we have for every o, f € C with || <1, |B| <1

andR>r>1,
o) Botra)+ o (1) = 181 o) = otk - Batroy+ o f (F57 ) =181}t
FO)=(60)]. 0<0<2m 0

Hence we can write

where

F(0) = ko)~ (o) +of (BEL) g1} pire).

6(0) = Rp(e® R~ B )+ ar { (BE1) g1} ote )
By applying Lemma 5, we have

2 .
/ |F(68)+¢7G(6)]"d6 < |R" —
0

prvan{(21) - 1p1}
+efy[1—3+a{(ij> IBIH [ Ipe)rao.

By using the similar argument as in the proof of Theorem 2, we conclude the desired result. And

(55)

this completes the proof of Theorem 3.
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