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1 Introduction

Let z denote the class of functiorfsof the form:
P

f=5+ Y as, peN={123---}, (1.1)

which are analytic ang—valent in the punctured unit digt* = {ze C: 0 < |z] < 1} =U\ {0}.

For a functionf in the classy , given by(1.1), Aglan et al¥ introduced the following one
parameter families of integral operator

ﬂﬂf(z)—;/z(lo E)C'_ltﬂf-lf(t)ott a>0; peN (1.2)
p _Zp+1|-(a) B gt s P .

Using an elementary integral calculus, it is easy to vehitt
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Also, it is easily verified fron{1.3) that

2(PUf(2) =PI (D) — (1+p)PAF (). (1.4)

a
Definition. Let Z (n,0,u,A) be the class of functions e z which satisfy the following
p p

Paf(z\"  Pa-lf(z) (Paf(2)\"
D{“—”(Tég@) A 500 (:P%g(z)) }”” 49

whereg € 3 , satisfies the following inequality:

inequality:

Pp9(2)
U ——7—5¢>09, 0<d<1zeU, (1.6)
Po9(2
andn,d andyu are real numbers such thak0n,d < 1 andA € Cwith 0 {A} > 0.
To establish our main results we need the following lemmas.

Lemma 1%. LetQ be a set in the complex pla@and let the functiony : C2 — C satisfy

o . 1413
the conditiony(irp,s1) ¢ Q for all real r, 5 < — o

Y(a(2),zd(2)) € Q,ze U, then

. If g is analytic in U with ¢0) = 1 and

O0{q(z)} >0(ze V).
Lemma 2. If qis analytic in U with ¢0) = 1, and if A € C\{0} with 0{A} > 0, then
0{a(2)+Azd(2)} > a, 0<a<l1
implies
0{a@)} > a+(1—-a)(2y-1),
wherey is given by
1
y=vO ) = [ (@70
0
which is increasing function ofl {A } and% < y< 1 The estimate is sharp in the sense that the
bound cannot be improved.

For real or complex numbeb andc(c#0,—1,-2,---), the Gaussian hypergeometric
function is defined by
abz al@a+1).bb+1) 7

2F1(a,b;c;z):1+7ﬂ+ St D) z+---. (1.7)

We note that the serigd.9) converges absolutely fare U and hence represents an analytic
function inU (see, for details, [7, Ch. 14]Each of the identities (asserted by Lemma 3 below)
is fairly well known ( cf., e.g., [7, Ch. 14]).
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Lemma 37, For real or complex numbers b and ¢(c# 0,—1,-2,---),

1
/0 P 1(1-t)> P Y1tz 2dt="OCCD p @bz, O >0b) >0 (1.8

()
oF1(a,b;c;z) = (1-2)5,%F1(a,c—b;c; ZTzl); (1.9)
2F1(a.b;c;2) =, F1(b.a;c; 2); (1.10)
and 1
2F1(1,1;2;§) =2In2 (1.11)

In the present paper, we investigate various propertiemﬁ)classzg(n,5,u,A). A sim-
ilar problem for p—valent meromorphic functions was studied by Aouf and Mastaf EL-
Ashwah® and EL-Ashwah and Aotff.

2 Main Results

Unless otherwise mentioned, we assume throughout thig tfagteo € N,a > 0, u > 0,0 <
n <2landiA > 0.

Theorem 1. Let "

f 6 2(0757“7)\)
P
Then p
PIf(2) 2un+Ao
O P — _(zeU 2.1
{(‘ng(z)) }> onias 2V @D
where the function g ¥ , satisfies the conditiofil.6).
Proof. Let
_2un+Ao
C2u+AS’
and we define the functiog by
1 [[(?ef2)\"
q(z) = Y. (2-2)
D=1y K‘ng(Z)
Thengqis analytic inU andq(0) = 1. If we set
Pg(z
h(z) = %(), zeU, (2.3)
P92

then by the hypothesid.5), O{h(z)} > &. Differentiating(2.2) with respect t@and using the
identity (1.4), we have

L (Pat@) oEt@) (Paf )"
=(1-y)q@2) +y+ #Zd(z)h(z)-




Anal. Theory Appl., Vol. 28, No.4 (2012) 315

Let us define the functiogy(r,s) by

Y(rs) =(1-yr+y+ sh(z). (2.5)

A-y)
H

Using (2.5) and the fact that € 3 7(n,d,1,A), we obtain

{Ww(g(2),zd(2));zeV)} cQ={weC:0(w)>n}.

Now for all real

1413
ra,s1 < — 22,
we have
. A(1— A(1—y)d(1+12
D)) = v+t 20 me) <y 200D
A(l-y)o
S Tl

Hence for eaclze U, Y (irp,s1) ¢ Q. Thus by Lemma 1, we have

0{a(z)} >0(zeU)

(751 g 5
iPO'g(z) >y(zeU).
This proves Theorem 1.

Corollary 1. Let the functions f and g be ifi, and let g satisfy the conditio(1.6). If
A >1and

and hence

(g i@ Pt 0<n<1zeU (2.6)
ﬂ)g (2) ipg 1 @) n, sn ; , .
then .
P (2 N2+ 9)+3(A-1)

Proof. \We have

Pyt @ Pt (2) Paf(2)
Ai?g‘lg(z)_{(l )\)ng +A g + (A — 1)930(9(2) zeU.

SinceA > 1, making use of2.6) and(2.1) ( for u = 1), we deduce that

P5H@\  n@+d)+8A-1)
It SR

zeU.
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this completes the proof of the corollary.
Corollary 2. Let A € C* = C\{0} with O{A} > 0. If f € 5, satisfies the following
condition :

0{(1-A)(ZPP5 ()" +APPY M ((PPeF(2)* "} >n,  zeU,

then
O{(ZPP3f(29)H} > %, zeU. (2.8)
Further, if A > 1and fe y , satisfies
0{(1-2)2"P5f(2) + AZ*PS ()} > n (ze V), (2.9)
then
0{z"P5 *f(2)} > 2’7%}\)\_1, zeU. (2.10)

Proof. The resultg2.8) and(2.10) follows by puttingg(z) =z P in Theorem 1 and Corol-
lary 1, respectively.

Remark 1. Choosinga,A andu appropriately in Corollary 2, we have

(i) Fora =0 andA =1 in Corollary 2, we have that

D{<p+l+sz;(z?>(zpf(z))“}>r7, zeU

implies

2un+1
p u

O{(2f(2)"} > TR

(i) For a =0,u =1 andA € C* with O{A} > 0 in Corollary 2, we have that

zeU.

O0{(1+Ap)Z°f(2 +AZ""f'(2)} > n

implies
2n+0{A}

2ropy <Y

0{z’f(2)} >

(iii) Replacing f (z) by —

in the result (ii) we have that

zf (2)
p

PT1(2)

—D{[1+)\(p+1)]TZ+%Zp+1f//(Z)}>r], 0<n<1zeU

implies

zeU.

L[ 2n+0{A}
D{ b }>2+D{A}’
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Theorem 2. LetA € CwithO{A} > 0. If f € §, satisfies the following condition :

0{(1-A)(ZPP5 ()" +APPY M (D(PPeE(2)* Ty >n,  zeU, (2.11)
then
0{@PRt@)"}} >n+(1-n)(2p—-1), (2.12)
where 1 I 1
p= > 2F1(1>1;m+1;§)- (2.13)
Proof. Let
d(z) = (ZPPyf(2)H. (2.14)

Thenq is analytic withg(0) = 1. Differentiating (2.14) with respect ta and using the identity
(1.4), we have

_ _ A
(1= (PPGE(2)H +APPS H (2) (PP T ()" T =a(2) + Hzc{(z),
so that by the hypothesi2.11), we have
A
D{q(z)+ﬁzd(z)}>r;, zeU.
In view of Lemma 2, this implies that

O0{a(2)} >n+(1-n)(2p-1),

where
1 0{A} -1
p:p(D{)\}):/O <1+t i > .
Putting
D{)\}:)\1>0,
we have

1 a0\ L 1
p :/ <1+tul> dt=E "1+ tuh o
0 A1 Jo

Using (1.8) — (1.11), we obtain

_1 N
p= E 2F1(l,l,)\—1—|—1,2)-

This completes the proof of Theorem 2.
Corollary 3. LetA e RwithA > 1. If f € b satisfies

0{(1-NPP5f(+APP; (2} >n, zeU, (2.15)
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then
_ 1
0{z"P; 1f(z)}>n+(l—n)(2p1—1)(l—x), zeU,
where 1 1 1

Proof. The result follows by using the identity
AP (2) = (1-2)2PPS T (2 + AP (2 + (A — 1)2PP f(2). (2.16)
Remark2. We note that, foo = 0 andA = u > 0in Corollary 2, that is, if
D{(l—)\)(zpf(z))A +)\(zp“f(z))’(zpf(z))A‘l} >n, zeU, (2.17)
then(2.8) implies
2n+1

3 9
whereas iff € 3, satisfies the condition (2.17) then by using Theorem 2, we hav

0{(Z’f(2))"} > eu, (2.18)

0{(zf(2)"} > 2(1—In2)n 4+ (2In2—1) (ze V),

which is better than (2.18).
Remark3. The results in Remark 2 also obtained by Aouf and Mogtatgnak2,
Theorem 3. Suppose that the functions f and g arejig and g satisfies the condition

(1.6). If
PI-1f(z) PIf(2) (1—n)d
0{ =2 . > — . zeU, (2.19)
{ﬂ’%lg<z) Pp9(@ 2
for somen (0 < n < 1), then
O o2 n cuU (2.20)
>, ze U, :
Pga(2)
and
Pa-1f(z —
n{-p_ @\ _ne+o)-s (2.21)
p 9(2 2
Proof. Let
1 |Pf(2)
)= —— -nf. 2.22
a(2) 17 [ng(z) n (2.22)
Thenq s analytic inU with g(0) = 1. Setting
Pa9(z
o(2) = p9(? zeU, (2.23)

Pl
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we observe that fromil.5), we have
0{p(2)} > (0<d<1)
inU. A simple computation shows that

Pa-lf(z) P

(1- n)zd(z).(p(z) - f‘pgflg(z) P a(2)

where
W(r,s) = (1-n)sp(2).
Using the hypothesig.19), we obtain
{w(a(2),zd(2));zeU} cQ= {WGCZD{W}>—(1_T'7)6}.

Now, for all realr, s; < —ﬂ , we have

O{y(irz,s1)} =s1(1—n)0{p(2)} < _(1—’7)25(1—1-@) - _(1;,7)5‘

This shows thaty(irz,s1) ¢ Q for eachze U. Hence by Lemma 1, we haé&{q(z)} >0(z€U).
This proves(2.20). The proof of(2.21) follows by (2.20) and(2.21) in the identity :

palt) _[Pil(@ 94t P9(2)
D{?ﬁlg(z)}”{?%lg(z) 02 | 7 | P30

This completes the proof of Theorem 3.
Remark4. (i) Fora =0 andg(z) =z P in Theorem 3, we have

D{zp+1f’(z)+pzpf(z)}>ﬂ, zeU

2
implies
0{z’f(2)} > n, zeU
and N85
O0{Z""f'(2) + (p+1)2Pf(z }> +) , zeU.

(i) Putting a = 0 in Theorem 3, we get that, if

zf'(29+(p+1)f(2 f(2 —(1-n)5
D{Zg(z)+(p+l)g(z) g(z)}> > 2€U,
th
E D{E} >n zelU
9(2) ’
and D{zf/(2)+(p+1)f(2)}>r](2+5)_5 U
zd(2)+ (p+1)9(2) > : .

Remark5. The results in Remark 4 also obtained by Aouf and MoStafgnak3,
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