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Abstract. In the present paper, we study the polynomial approximation of analytic func-
tions of several complex variables. The characterizations of generalized type of analytic
functions of several complex variables have been obtained in terms of approximation and

interpolation errors.
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1 Introduction

The concept of generalized order for analytic functions was given by Seremetal® and Janik[?!.

Hence, let L denote the class of functions  satisfying the following conditions:

(i) h(x) is defined on [a,0) and is positive, strictly increasing, differentiable and tends to oo
as x — oo}
h{(1+ 1/ (x))x}
h(x)
for every function y(x) such that y(x) — oo as x — co.

(ii) lim =1
X—00

Let A denote the class of functions / satisfying the condition (i) and
h
(it Tim ) _
e h(x)
for every ¢ > 0, that is i(x) is slowly increasing.

)
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Let K be a compact set in CV such that the Siciak extremal function of K

Py (z) =sup[|(p(z)|"/": p—polynomial, degp <n, ||p|lx < 1,n>1],z€C",

is continuous, ||.||x being the sup norm on K (see [1] and [2]).

Letg:CY — C,N > 1, be a function analytic in Kz = {z € CV : ®g(z) < R},R > 1. Now
for 1 < r <R, we put S(r,g) = sup{|g(z)| : Px(z) =r}. For a € A and B € L° Seremeta ¥
introduced the concept of generalized order of entire functions. For o, € A, Janik 2 defined
the generalized order of analytic function g(z) as

- o [log" S(r,8)]
p(a.B.g)= }E}}QSUPW'
He also obtained the characterization of p (e, 3,g) in terms of approximation and interpolation
errors.

In this note we define the generalized type of analytic function g(z) and obtain the characteri-
zation of o (e, B, p, g) in terms of approximation and interpolation errors. Thus let the functions
o, and ¥ € A. Then for 0 < p < oo, we define the generalized type of analytic function g(z) as

o o [log" S(r,8)]
o(@.p.p.8) = i sup g R R 1P

Given a function f defined and bounded on K, we put forn=1,2,---

ENf.K) = ||f—tllgs
EX(f,K) = [|f =k :
E}(f,K) = ||l — Lul|x :

where 1, denotes the n' Chebyshev polynomial of the best approximation to f on K and I,
denotes the 7" Lagrange interpolation polynomial for f with nodes at extremal points of K (see
[1] and [2]). Before proving the main result we state and prove a lemma.

Lemma 1.1. Let oo(x), B~ (x), y(x) € A and K be a compact set in CN such that ®x is
locally bounded in CN. Set F(x,u,p) = v Y{[B~" (wa(x))]'/P}. Assume that for all positive

numbers L and p
dllog(F(x, 4,p))
x—s00 d(logx)

< 1.

Let (pn)nen be a sequence of polynomials in CN such that
(i)degp, <n,neN;
(i1) there exists no € N and R > 1, such that for all n > ny

tog™ IlplR") < n pTH {1 a1 O]
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Then Z Pu Is an analytic function and 6 | o, B, p, Z Pl <u.
n=0 n=0
Proof. By the assumption, for all n > ng and 1 < r < R, we have

p+1 1
p F(n/p,1/p,p+1)

log®(||pal|r") < nlog(r/R) + n

Now let us consider the function

p+1 1
p Fx/p,1/u,p+1)

¢(x) = xlog(r/R) + x
Now differentiating on both sides and putting (p/(x) equal to zero, we get

log(r/R) +

+1
pTF U(x/p,1 /1, p+1)

p+1

_ TFfl(x/p’l/ujp_’_]) d[logF(x/p,l//.L,p—l—l)]

=0
d(logx)

or
_p+1(1—d[logF(n/p,1/u,p +1)}/d(logx)

Thus the maximum of @ (x) is attained for a value of x given by

¥ (r) = pa! lu B { MPH (1 —d[logF(n/p,1/1.p + 1>]/d<1ogx>> H“’*”}] .

p log(R/r)

When r — R, then by using the properties of o, 3,7 and the assumption of Lemma, we get

X(r) = [1+o(1)] pa [uB{[V{R/(R—r)}]P}].

Thus for r sufficiently close to R, we get

log" (llpall™) < Cra ' [uB{[¥{R/(R—r)}P}],

where C is a positive constant.
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Let us write Kz = {z € CV : ®k(z) <R}, R > 1, then for every polynomial p of degree <n ,

we have (see [1] and [2])

1Pn(2)| < lpallx®k(z) , zeCV,
Therefore for every r € (1,R) the series
n=0 n=0
analytic in Kg . Put

M*(r) = sup{||pn||xr" : n € N} ,1<r<R

pn is convergent in every K, whence Z Dn 18
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and
a [log™ M*(r)]

BAHR/(R=r)}]P}

Now on account of (1), for  sufficiently close to R, we get

log" M*(r) < Cra™' [uB{[y{R/(R—r)}]’}]

c” = limsup
r—R

or
a [Cl_l logt M* (r)]

BUr®R/R-nypy =M

Now letting » — R and using properties of o, 8 and y, we get

o' < u.

Put
M(r):sup{an(z):neNandzeKR}, l<r<R.
n=0
Now for every positive 6 < 1, we have (see [1], Lemma 2.3)
log* M(r) < log" M*(rPR'~%) —log{1 — (r/R)' %}

or

allog" M(r]  _ aflog" M'(PRI=%) ~log{1 — (r/R)?}]

B AR/ (R=r)}P} — B AR/ (R=r)}]P}

or

%/ Spl—§ log{1—(r/R)'~%
allog M) a (tog a°( R ) {1 - R

|
BIARIR=P] = g ([ (/tr—rri-o)}" )

R P
P {lat=)l)
BAMAR/(R=r)}IP}
Since & < 1 is arbitrary, for r sufficiently close to R, we get
aflog"™M(r)]  _ a[{l+o(1)}log" M*(r)]
BAIAR/(R=r)}PY = BAIAR/(R=r)}]P}

Now letting » — R and using properties of o, 8 and y, we get

o(a,B,p,) pa) < 0"
n=0
Finally from (2) and (3), we get
o(a,B,p, Y pn) < .
n=0

Hence the Lemma is proved.

2)

3)
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2 Main Result

Here we prove the following:
Theorem 2.1. Let a(x), B~ (x), y(x) € A and K be a compact set in CN such that Dy is
locally bounded in CN. Set F (x,1,p) = v "{[B~" (na(x))]'/P}. Assume that for all positive u

and p

. dllog(F(x,,p))
| 1
s d(logx) <

and

x(p+1) ] _
x/p.1/u,p+1)
Then the function f defined and bounded on K is the restriction of a function g analytic in Kg

and of generalized type o(a,B,p,g) (0 <o(a,B,p,g) <) if and only if
a(n/p) L s=1,2,3,

lim a(x) o {pF(

X—00

o(o,B,p,g) = lim sup S

o B{[7{(P+1)[plog(Ean)l/n]qH(p+1)}

Proof. Let g be a function analytic in K. Write 0 = o(a,f3,p,g) and

a(n/p) s=1,2.3.

Ny = lim sup ;S =

o ﬁ{[Y{(p+1)[Plog(E;;R”)l/n]—l}](P-H)}

Here E} stands for E; (g|x,K) ,s = 1,2,3. We claim that ¢ = n,, s = 1,2,3. It is known (see
e.g. [5]) that

E, < E; < (n,+2)E, , n>0, )
E} <2n.+2)E' | , n>1, (5)
n+N i .
where n, = . Using Stirling formula for the approximate value of
n

n! ~ e "n"t1/2y 27,

we get n, =~ ”N—N, for all large values of n. Hence for all large values of n, we have
1 2 N 1
En S En S m [1+0(1)]En

and
N

n
E} < 251+ o(1)]E, .

Thus 13 < 1M = m; and it suffices to prove that n; < o < n3. First we prove that n; < ©.
Using the definition of the generalized type, for 1 > o and r sufficiently close to R, we have

log" M(r) < a ' {uB{[r{R/(R—n)}IP}]
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Now from Janik (see [1], Lemma 3.4), we have

M(r)

m,l<r<R

E' <
So for every r sufficiently close to R, we get

log"(E,R") < —log(r—1)—nlog(r/R)+ o '[uB{[¥{R/(R—r)}]P}].

Putting r = r,, , where

ek [1 - {F (p.F(n’;;f)l}Llja)P 1)’ ﬁ’p> }1] ’

n(p+1) 1 !
. {F (p-F(n/p{)l/u,pH)’ﬁ’p)} ]
L [ i G ot

Now using the properties of logarithm and assumption of Theorem, we get for sufficiently

we get

log"(ER") < —log(r,—1) — nlog

large value of n

fog (EYR) < Con Pt [y {187 ) )Y

where C; is a positive constant.

Hence by using the properties of o, B and v, we get

a(n/p) .
ﬁ{[7{(0—1‘1)[plog(ErSan)l/n]—l}](P+1)} =

Now proceeding to limits and taking sup on both sides, we get
m<u.

Since [ > o is arbitrary, finally we get
m < o.

Now we will prove that ¢ < 3. Suppose that 113 < . Then for every A1, 13 < A1 < 0 and n
sufficiently large, we have
o(n/p) N
B{[r{(p+1)lplog(E3R) /7 -1}]* 1}
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or
-1

log"(E;R") < inH[ {[5 {7~ ”/P)}]l/pm”

So by the previous lemma we get 113 < A;. But A; has been chosen less than ¢, we get a
contradiction. Hence ¢ < 13,

Now let f be a function defined and bounded on K and such that for s =1,2,3

i a(n/p)
ns = lim sup
n—oo {[}/{ p+1 plOg(EsRn 1/n 1}] (p+1) }

So for every A, > 1, and sufficiently large n, we have

a(n/p) .
{[7{ p+1)[plog(EsR")' /" ~1}] (p+1) } =
or

(ESRYn < eXp{pTH[ {[B () n/p)}]l/(pﬁ)}]—l}

Now for sufficiently large n, we get
(ERM'/" < 1.
Proceeding to limits as n — oo and taking sup on both sides, we get

lim sup (ESR™)'/" < 1.

n—o0

Since 1, > 0, the sequence (E2R"),cN is unbounded, whence

lim sup (ESRM)/" > 1.

n—oo

Hence we get
lim sup (ESR™)'/" = 1.

n—o0
So following J anik!!/, Theorem 3.3, we claim that the function f can be continuously extended

to an analytic function. Let us put

oo

g=l+ Z(ln_lnfl) )

n=1
where {/,} is the sequence of Lagrange interpolation polynomials of f as defined earlier. Now
we claim that g is the required continuation of f and (o, f3,p,g) = n,. For every A, > 13 and
for sufficiently large n, we have

log"(EJR") < np;')_l [yfl{[ﬂfl{(12)7106(”/1))}]1/(%1)”

—1
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or
log" (|lln—li-1|R") < n pTH [?’71 { B~ {(A) " au(n/p)}] 1/(p+1)}] -
By using the previous lemma, we get o (@, 3,p,2) < Ay. Since A, > 13 is arbitrary, finally we
get
o(a,B.p.g) < ns.

Now using the inequalities (4), (5) and the proof of first part given above, we have

G((X,B,p,g) = N,

as claimed. This completes the proof of the Theorem.
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