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Abstract. We shall generalize the results of [9] about characterization of isomorphisms on
quasi-Banach algebras by providing integral type conditions. Also, we shall give some new
results in this way and finally, give a result about hybrid fixed point of two homomorphisms

on quasi-Banach algebras.
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1 Introduction

The stability problem of functional equations originated from a question of Ulam'? con-
cerning the stability of group homomorphisms: Let (Gy,*) be a group and (G3,¢,d) be a metric
group. Given € > 0, does there exist 6(€) > 0 such that if a mapping & : G| — G satisfies the
inequality

d(h(x*y),h(x)oh(y)) <&

for all x,y € Gy, then there is a homomorphism H : G; — G, with d(h(x),H(x)) < € for all
x € G1? 1If the answer is affirmative, we would say that the equation of the homomorphism
H(xxy) = H(x)oH(y) is stable. The concept of stability for a functional equation arises when
we replace the functional equation by an inequality which acts as a perturbation of the equation.
Thus, the stability question of functional equations is that how do the solutions of the inequality
differ from those of the given functional equation?

Hyers!” gave a first affirmative answer to the question of Ulam for Banach spaces. Let X
and Y be Banach spaces. Assume that f : X — Y satisfies

Ife+y) =) —f)l < e
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for all x,y € X and some € > 0. Then, there exists a unique additive mapping 7 : X — Y such
that || f(x) — T (x)|| < e forall x € X.

Let X and Y be Banach spaces and f : X — Y a mapping such that f(zx) is continuous in
t € R for each fixed x € X. Th. M. Rassias!'” introduced the following inequality: Assume that
there exist constants 6 > 0 and p € [0, 1) such that

1 Ce+y) = f ) = FWII < O(11x[1” +[1y[17)

for all x,y € X. He proved that there exists a unique R-linear mapping 7 : X — Y such that

20
2-2p

1FG) =T )| <

[Ix[1P

for all x € X. The above inequality has provided a lot of influence in the development of what
is now known as Hyers-Ulam-Rassias stability of functional equations and there are a lot of
works in this field. In 2007, Park, Cho and Han!®! proved the Hyers-Ulam-Rassias stability of
functional inequalities associated with Jordan-Von Neumann type additive functional equations.
Then, Park and An characterized isomorphisms in quasi-Banach algebras in this way.

On the other hand, Hybrid fixed point theory is an important topic and there are some papers
in this field (see for example [3]-[6]). In this paper, we shall generalize the results of [9] about
characterization of isomorphisms on quasi-Banach algebras by providing integral type condi-
tions. Also, we shall give some new results in this way and finally give a result about hybrid
fixed point of two homomorphisms on quasi-Banach algebras. Here, we recall some basic facts
concerning quasi-Banach spaces and some preliminary results.

Definition 1.1 Let X be a real linear space. A quasi-norm is a real-valued function
on X satisfying the following conditions:

(1) ||x|| > O for all x € X and ||x|| = 0 if and only if x =0.

(2) ||Ax|| =|A|-||x|| forall A € Rand all x € X.

(3) There is a constant K > 1 such that ||x+ y|| < K(||x||+||y||) for all x,y € X.

The pair (X,||-]|) is called a quasi-normed space if || - || is a quasi-normed on X.

A quasi-Banach space is a complete quasi-normed space.

Definition 1.2, Let (A, ]| -||) be a quasi-normed space. The quasi-normed space (A, || -||)
is called a quasi-normed algebra if A is an algebra and there is a constant K > 0 such that
o]l < K]l ]y]] for all x,y € A.

A quasi-Banach algebra is a complete quasi-normed algebra.

Definition 1.3%). A C-linear mapping H : A — B is called a homomorphism on quasi-
normed algebras if H(xy) = H(x)H (y) for all x,y € A. If in addition, the mapping H : A — B is
bijective, then the mapping H : A — B is called an isomorphism on quasi-normed algebras.
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Definition 1.4. Let X be a set such that a product can be defined on X, that is, x-y € X for
any x,y € X. We say that the mappings f,g : X — X have a hybrid fixed point whenever there
exists xog € X such that f(xp)g(xo) = xo.

Finally, Park and An proved the following results about characterization of isomorphisms on
quasi-Banach algebras 1,

Theorem 1.1. Let r # 1 and 0 be nonnegative real numbers and f : A — B a bijective

mapping such that

s )+ £0) +2£@lls < 127 )1 (1.1)
1£0) = F@£0) s < O+ 1) (1.2)

for u=1,i and all x,y,z € A. If f(tx) is continuous in t € R for each fixed x € A, then the

bijective mapping f : A — B is an isomorphism on quasi-Banach algebras.

Theorem 1.2. Let r # 1 and 0 be nonnegative real numbers, and f : A — B a bijective

mapping satisfying (1.1) and

|1 (ey) = F ) f D)1 < Ol - [[v[]4 (1.3)

for all x,y € A. If f(tx) is continuous in t € R for each fixed x € A, then the bijective mapping

f A — Bis an isomorphism on quasi-Banach algebras.

2 Characterization of Isomorphisms

Throughout this paper we assume that A and B are quasi-Banach algebras with quasi-norm
||-]|a and || - ||p, respectively. First, we generalize the results of Park and An. In this way, we

suppose that y : [0,00) — [0, o) is a Lebesgue integrable mapping such that

/8 y(t)dt >0
0

forall € > 0and ¢ : [0,00) — [0,00) is a continuous mapping such that ¢(0) = 0.
Theorem 2.1. Let r # 1 be a nonnegative real number, and f : A — B a C-linear bijective

mapping such that

"HIYIE)

AfGey)=f(x)f ()]s A3
/ v < o( | y(t)dr)

0

forall x,y € Aand A > 0. Then, f is an isomorphism on quasi-Banach algebras.
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Proof.  First, assume that » < 1. Then for all x,y € A,

1) = () S O) 15 Timy—ee 2 | (47x5)— £(27) £ (2") |
< |/ v = [ y(r)dr
0 0
@) F @)l . (1273 + 12513
= lim y(r)dr < lim @( y(t)dt)
n—oo /() n—oo 0
e (Bl e (I +IvI2)
= dime(/ " y@d)=e(im [ y(nd)
tim e 7 (| 1] 3+[¥13)
= o/ y(0)dr) = 9(0) =0,
Thus, f(xy) = f(x)f(y) for all x,y € A.
Now assume that » > 1. Then we have
£ —f ()£ O) ] limy—ee 47| (53— £ (30) £ (3)ls
< [ w(na = | y(r)de
0 0
G-l ' a7 (11 5 13 +11 3013
= lim y(r)dr < lim (p(/ y(r)dr)
o (3l [3+ 1113 o (2l [37+[[¥I[37)
= lme([ " wmd)=e¢im [ " y)d)

1imy o e (|l 3113
- o/ y(1)dr) = 9(0) =0,

for all x,y € A. Thus, f(xy) = f(x)f(y) for all x,y € A. Therefore f : A — B is an isomorphism
on quasi-Banach algebras.

By using a similar proof, we have the following result which is a generalization of Theorem
1.2.

Theorem 2.2. Let r # 1 be a nonnegative real number, and f : A — B a C-linear bijective

mapping such that

/l 1/ Cey) =S () f )|

Al la 11y 11)
0 v <o( [ y(od)

forall x,y € Aand A > 0. Then, f is an isomorphism on quasi-Banach algebras.
Now, we state some another new results about characterization of isomorphisms on quasi-

Banach algebras.
Theorem 2.3. Let r # 1 be a nonnegative real number, and f : A — B a C-linear bijective

mapping such that

/l 1 ) =S () £ (v)

I Alle=113")
w(r)dr < o / y(r)dr)
0 0

forall x,y € Aand A > 0. Then, f is an isomorphism on quasi-Banach algebras.
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Proof. First, assume that r < 1. Then,

I/ o) = £ ()£ ()] limmy oo e [/ (4"x9) = f (2"0) £ (2"y) |5
0 < / y(r)dt :/ y(r)de
0 0
)  1f @) —F(20) £(2"9) | ) g ([2"x=2"y]13")
= lim y(r)dr < lim (p(/ y(r)dr)
n—oo J( n—oo 0
. o (=11 s ()
= lim ¢( y(t)dr) = ¢(lim y(t)dr)
n—o0 0 n—o0 0

im0 41 (33113
- o/ y(1)dr) = 9(0) =0

for all x,y € A. Thus, f(xy) = f(x)f(y) for all x,y € A.

Now, assume that » > 1. Then, we have

() =f () )]l tim, 4[|/ (55) = £ (30 (5 ) |5
< [ wina = [ y(r)di
0 0
GGl , 4" 3= 1)
= lim y(r)dr < lim (p(/ y(r)dr)
n—oeo J( n—oo 0
' (k=113 o pam (kI
= lim ¢( y(t)dt) = @(lim W (t)dr)
n—oo 0 n—oo 0

1imy, o 2 (|x—3113)
- o/ y(1)dr) = (0) =0

for all x,y € A. Thus, f(xy) = f(x)f(y) for all x,y € A. Therefore, f : A — B is an isomorphism
on quasi-Banach algebras.
Corollary 2.4. Let r # 1 and 0 be nonnegative real numbers and f : A — B a C-linear

bijective mapping satisfying

|1 (xy) = F(X) F )8 < O(I[x—|[7)

forall x,y € A. Then, f is an isomorphism on quasi-Banach algebras.
Now by using similar proofs, we can state the following results.
Theorem 2.5. Let r # 1 be a nonnegative real number, and f : A — B a C-linear bijective

mapping such that
A Cey) = f ()£ ()18 A= fIF +ly=r I
/O w(t)dr < o /0 y(t)dr)

forall x,y € Aand A > 0. Then, f is an isomorphism on quasi-Banach algebras.
Corollary 2.6. Let r # 1 and 0 be nonnegative real numbers and f : A — B a C-linear

bijective mapping satisfying

17 Cy) = FfO)e < O(lx = FEIIF + Iy = FOIIF,
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forall x,y € A. Then, f is an isomorphism on quasi-Banach algebras.
Theorem 2.7. Let r # 1 be a nonnegative real number, and f : A — B a C-linear bijective
mapping such that

A= f @3- ly=rWIl)

MIF )= f ()W)l
/ v <o( [ y(n)d)

0

forall x,y € Aand A > 0. Then, f is an isomorphism on quasi-Banach algebras.
Corollary 2.8. Let r # 1 and 6 be nonnegative real numbers and f : A — B a C-linear
bijective mapping satisfying

1 () = F ) F W) < Ol = fOa - [ly = FODIT2)

forall x,y € A. Then, f is an isomorphism on quasi-Banach algebras.

3 A Hybrid Fixed Point Result
In this section, suppose that (A, || - ||) is a quasi-Banach algebra such that

e+ 1T < K([[xe[[ +Iy1])

and
|eyl] < K'([x[ - Iy1T)

for all x,y € A, where the constants K and K’ satisfy K - K’ > 1.

Theorem 3.1. Let (A,||-||) be a quasi-Banach algebra and E a complete subset of A
satisfying the following properties:

(i) x-y€E forall x,y € E;

(ii) o> € E forall x € E and all m > 1;

(iii) mf(>5),mg(=7) € E forall x € E and all m > 1.
Suppose that f.g : E — E are two bounded Lipschitz homomorphisms with Lipschitz constants
Ly and L, respectively. Then, f and g have a hybrid fixed point.

Proof. Since f and g are bounded, there exist M;,M, € [0,c0) such that

sup || f(x)[| = M1, sup|[g(x)[| = M>.

x€E xeE
Define the metric D on E X E by

D((x,y), (u,v)) = |lx—ul[ +[ly—v]|.
Then, (E x A,D) is is a complete metric space. Choose k > 1 such that

k> 2(K*K'M\Li + K*K'MsLy).
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Define H : E x E — E x E by H(x,y) = (kf(77),kg(7z)). Then, we have

k
D(H(x.y),Hwv) = [kf(5) = kF ()l + ke (G3) — ke (5)]
= kf () 0) =k f () 0]+ lkg(55)8() — kg (5580
= kG O0) = kf ()0 +kf ) f(25) = kf ) F(5)]

+1kg(5)s () — ke(33)f () +ks(w)g() — kg(35)g(w)]

< K(eF (G >—kf<k—”;>f<y>u+ukf<l> F) = kf () F @)
+lkg(:3)80) — ke (5)e ()| + kg (g () ~ ke (W)

< KK(If () = kI O+ IkF () =k ()l F @)
+lkg(3) — ke - 180 +I1ke(55) = ke ()1 g @)l

< KK'MLI(lks — ks ||+ k25 — ko5 D)
+KKML2|ks — ks || + 5 — k5 )

< HRKMEERKVELD) (1 ) 4 ply )

_ 2(KK,M1L1k+KK,MzLZ)D((x,y),(u,v)),

2(KKIM1L1 + KKIMQLQ)

for every x,y,u,v € E. Note that ¢ := < 1and oK < 1. Now, let

k
20 € E X E. Set 71 = Hzp and define sequence {z,} with 7,1 = Hz,. It is easy to see that
D(Zn+1’zn) < anD(ZO’Zl)
for all n > 1. Thus, for m > n we have

D(Zmazn) < KmD(Zmamel)+~-~+KnD(Zn+1aZn)
1_Bm7n+1
1-B

where 8 := aK < 1. Hence, {z,} is a Cauchy sequence in E x E. Since (E x E,D) is a complete

< (K™a"+ ...+ K"a")D(z0,21) = B"(

)D(20,21),

metric space, there exists z € E X E such that lim z, = z. But, we have

n—oo

D(Hz,zy4+1) = D(Hz,Hz,) < aD(z,z,),

foralln > 1. Thus, Hz = z. Itimplies that there exist x,y € E such that kf(77) = x and kg(33) = .
Therefore, f(77)g(7z) = 7z and the proof is completed.

Example3.1. LetA be the usual real Banach algebra, E = [0, 1] and f, g : E — E defined by
fx=x*and gx =x°. Then, f,g: E — E are two bounded Lipschitz homomorphisms satisfying
the condition (iii). Hence, f and g have at least one hybrid fixed point. In fact, f and g have the

hybrid fixed points x =0 and x = 1.



116

(1]

(2]

(3]

(4]

(5]

(6]

(71

(8]

(91

[10]

[L11]

[12]

Sh. Rezapour et al : A Hybrid Fixed Point Result for Lipschitz Homomorphisms

References

Almira, J. M. and Luther, U., Inverse Closedness of Approximation Algebras, J. Math. Anal. Appl., 314:1
(2006), 30-44.

Benyamini, Y. and Lindenstrauss, J., Geometric Nonlinear Functional Analysis, Vol. 1, American Mathemati-
cal Society Colloquium Publications, 48, American Mathematical Society, Providence, RI, 2000.

Dhage, B. C., Hybrid Fixed Point Theory and Existence of Extremal Solutions for Perturbed Neutral Func-
tional Differential Equations, Bull. Korean Math. Soc., 44:2 (2007), 315-330.

Dhage, B. C., Hybrid Fixed Point Theory for Strictly Monotone Increasing Multi-valued Mappings with Ap-
plications, Comput. Math. Appl., 53:5 (2007), 803-824.

Dhage, B. C., A General Multi-valued Hybrid Fixed Point Theorem and Perturbed Differential Inclusions,
Nonlinear Anal. , 64:12 (2006), 2747-2772.

Dhage, B. C. and Kalia, R. N., A Hybrid Fixed Point Theorem in Banach Algebras with Applications, Comm.
Appl. Nonlinear Anal., 13:1 (2006), 71-84.

Hyers, D. H., On the Stability of the Linear Functional Equation, Proc. Nat. Acad. Sci. U.S.A., 27 (1941),
222-224.

Park, C., Cho, Y. and Han, M., Functional Inequalities Associated with Jordan-Von Neumann type Additive
Functional Equations, J. Inequal. Appl. 2007, Article ID 41820 (2007), 13 Pages.

Park, C. and Jung Su AN, Isomorphisms in Quasi-Banach Aalgebras, Bull. Korean Math. Soc. 45:1 (2008),
111-118.

Rassias, Th. M., On the Stability of the Linear Mapping in Banach Spaces, Proc. Amer. Math. Soc., 72:2
(1978), 297-300.

Rolewicz, S., Metric Linear Space, Second Edition, PWN-Polish Scientific Publishers, Warsaw, D.Reidel
Publishing Co., Dordrecht, 1984.

Ulam, S. M., Problems in Modern Mathematics, Second edition, John Wiely & Sons Inc., New York, 1964.

Department of Mathematics

Azarbaidjan University of Tarbiat Moallem
Azarshahr, Tabriz

Iran

Sh. Rezapour

E-mail: sh.rezapour@azaruniv.edu

M. Derafshpour

E-mail: derafshpour@yahoo.com



