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Abstract. In this paper, we shall introduce and characterize simultaneous quasi-Chebyshev
(and weakly-Chebyshev) subspaces of normed spaces with respect to a bounded set S by
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1 Introduction

Let W be a subspace of the normed space X and x € X. We say that wop € W is a best
approximation of x whenever ||x —wo|| = d(x,W) = inf,ew || x — w||. We denote the set of all
best approximations of x by Py (x). It is known that Py (x) is a closed, bounded and convex
subset for all x € X. A subspace W is called pseudo-Chebyshev (proximinal) if dim Py (x) < oo
(Pw(x) # 0) for all x € X 199, In 2000, Mohebi and Radjavi generalized this notion to quasi-
Chebyshev subspaces-!%. Then, Mohebi, Rezapour and Mazaheri generalized the notion of
quasi-Chebyshev subspaces to weakly-Chebyshev subspaces!!'13]. In 2008, Shams, Mazaheri
and Vaezpour provided the notion of w-Chebyshev subspaces[17]. On the other hand, the theory
of best simultaneous approximation is a generalization of best approximation theory and has
been studied by many authors (for example, [1]-[8], [14]- [16], [18], [20]-[22]). But, in these

work there is not any characterization about best simultaneous approximation by using the dual
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space of the normed space. In this paper, we shall introduce and characterize simultaneous quasi-
Chebyshev (and weakly-Chebyshev) subspaces of normed spaces with respect to a bounded set

S by using elements of the dual space.

Suppose that X is a normed linear space, W a subset of X and S a bounded set in X. We
define

d(S,w) = wlgv sslelg l|s —wl.
Anelement wy € W is called a best simultaneous approximation to S from W whenever d(S,W) =
sup,c s ||s —wol|. The set of all best simultaneous approximation to S from W will be denoted by
Sw (S). In the case S = {x}, x € X, Sy (S) is the set of all best approximations of x in W, Py (x).
Thus, the simultaneous approximation theory is a generalization of best approximation theory
in a sense.

A subset W is called S-simultaneous proximinal (or simply, simultaneous proximinal) if
Sw(S) # 0. Also, W is called simultaneous quasi-Chebyshev (simultaneous weakly-Chebyshev)
if Sy (S) is nonempty and compact (weakly compact) subset of W. Throughout this paper, we
suppose that S is either a bounded or a finite set. Also, we shall use the following Lemma in the

sequel which has been proved in [1] and [5].

Lemma 1.1. Let X be a normed linear space and M a proximinal subspace of X. Then, for

each non-empty bounded set S in X we have

d(S,M) = sup inf ||s—m|.
(S,M) = sup inf ls—m]|

2 Main Results

Now, we are ready to state and prove our main results. Usually, using finite sets are interest-
ing and give us some ideas. Therefore, in this section first we suppose that S is a finite set. First,

we give some elementary results.

Lemma 2.1. Let X be a normed space, W a subspace of X and S = {sy,-+ ,Sm} a subset of
X with linearly independent elements. Suppose thatY = span S. If Y "W = {0}, then there is a

1
bounded linear functional fy on X such that folw =0, fo|s =1 and FIATA) < foll-

Proof. First, consider the subspace
m

Z = span {W,S} = {w—
i=1

Q;s; 0,00, -+, 0, are scalars and w € W}.



Anal. Theory Appl., Vol. 27, No.2 (2011) 119

m
Now, define the linear functional fy on Z by fo(w Z os;) Z o;. Note that if

i=m

m m
/
W—ZOCiSi =W - Zﬁisi,
i=1 i=1
then we have

Zﬁzsz — Z _Bi)si-

i=1

=

|

||
Bhe

Since WNY = {0}, w—w' = 0 and Z(Oci —Bi)si =0. Hence, o; = f; forall i = 1,2,--- ,m
i=1
Thus,
m m
ZOCi = Zﬂi
i=1 i=1

and so fp is a function. Also, It is clear that fj is linear, fy|y = 0 and fy|s = 1. Since fj is
i
>0, Z a; =1 and ¢ > 0 is an arbitrary
i=1

constant such that || foz|| < c||z|| for all z € Z. Then,

m m UL 7
Yal=1<c|w=) aisi| =c|| Y aw—) osi,
“~ = i=1 i=1

for all w € W. Hence,

m m
1< cZOcin—s,'H < CZOQ( max ||w—s;||) =c max [|w— s,
=1 i— 1<i<m 1<i<m

1
forallw e W. Thus, ————— < c and so
max |jw— s;|
1<i<m
1 1 1
oup - f max |w—si|| d(S,W)
weWw lrgax HW slH HelW1<z< i )

1
Therefore, W <l foll-

1 1
IfinL 2.1 we h ; < —s—, _—.
in Lemma 2.1 we have maxj<;<, ||s;|| < RS W) W)

Corollary 2.2. Let X be a normed space, W a subspace of X and S = {s1,--- , sy} a subset

then || fol| =

of X with linearly independent elements. Suppose thatY = span S. If Y "W = {0}, then there

exists fi € X* such that filw =0 and ||fi| < W

Proof. Take the functional fj in Lemma 2.1. If

asW) —

|| folld(S,W) > 1, then choose a natural number n such that

(HfOHd(va))n > d(va)'
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fo
d(S,W)"(| foll*
Corollary 2.3. Let X be a normed space, W a subspace of X and S = {sy,--- ,Sm } a subset of

Now, put f1 =

X with linearly independent elements. Suppose thatY = span S. IfY "W = {0}, then there exists
fr € X" such that folw =0, || 2|| < 1 and fa(w—s;) <d(S,W) forallwe W andi=1,2,--- ,m.
Proof. Take the functional fy in Lemma 2.1 and put f, = 7 fo

S, W)llfol
Now, we consider that S is only a finite set and note that we shall use finiteness of the set S

to prove of the following lemma.

Lemma 2.4. Let X be a normed space, W a proximinal subspace of X and S = {s1,-+ ,Sm}
a subset of X\W. Then, wy € Sw(S) if and only if there exists f3 € X* such that f3|y =0,
| /3]l < 1and f3(si) = maxi<j<m||s; — wol| for some i€ {1,2,--- m}.

Proof.  First suppose that there exists f3 € X™ such that f3|yw =0, || f3]| < 1 and f3(s;) >
max< j<u ||sj —wol| for some i € {1,2,--- ,m}. Then, we have

ma [l =woll = fa(s0) = falsi = w) < sl =] < s < max s, =]

for all w € W. Hence, wy € Sy (S). Now for the converse part, suppose that wy € Sy (S). Since
S C X\W and W is a proximinal subspace of X, by Lemma 1.1 we have
0 < 1rgnjagmesj —wol| =d(S,W) = wlgv 1rgnjagmesj —wl|

= max inf ||s; —w|| = max |s; +W]||.
1<j<mweW 1<j<m

Choose i such that ||s; +W || = max < j<, ||s; +W]||. Since d(s;, W) = ||s; + W|| > 0, there exists
f€X7 such that flw =0, f(s;) = Land [|f]| = =ty If f3 = gy then || fa]| = 1, flw = 0 and
f3(si) = [lsi+ W = max;<j<mls; — wol|.

Theorem 2.5. Let X be a normed space, W a proximinal subspace of X and S = {sy,- ,sm}
a subset of X\W. Then, wy € Sy (S) if and only if

lrggm\lsj'llw = max [|s; —wol,

where ||s;llw- = sup{|f(s))| : | fI| <1.f € W},

Proof.  First suppose that maxi< <y ||s;||y+ = maxi<j<u ||s; — wol|. Then, for each w € W

we have

[max s —wol = max fls;flwy = max [ls;—wllw, < max fs;—w].

Hence, wo € Sy (S). Now for the converse part, suppose that wy € Sy (S). By using Lemma 2.4,
we know that there exists f3 € X* such that f3|y =0,

Sl < Tand f3(s;) = maxi<j<m |5 — woll
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for some i € {1,2,--- ,m}. Thus, we obtain

max [l =woll = £35) < sl < max Iy

= ; —_— < - —_— .
max |ls; —wollw: < max ls; —wol

Therefore, maxi< < ||s;||y1 = maxi<j<m[|s; — woll.

Theorem 2.6. Let X be a normed space, W a proximinal subspace of X, M CW and S =
{s1,-++,8m} a subset of X\W. Then, M C Sw(S) if and only if there exists f € X* and i €
{1,2,--- ,m} such that flw =0, || f|| <1 and f(s;) = maxi<j<n||s; —m|| for all m € M.

Proof.  First suppose that there exists f € X*and i € {1,2,--- ,m} such that f|y =0,

<

1 and f(s;) = maxi<j<p ||s; —m|| for all m € M. Then, for each m € M and w € W we have

- — ) — - <|lg: — < — .
max [lsj —m|| = f(si) = flsi—w) < [lsi —wl| < max [|s; —w]

Thus, m € Sy/(S) for all m € M. Hence, M C Sy (S). Now for the converse part, suppose that
M C Sw(S) and mp € M. By Lemma 2.4, there exists f € X™ such that f|y =0, ||f]| <1 and

f(si) = maxi<j<p||s; —mpl| for some i € {1,2,--- ,m}. Since

M C Sw(S), max |s;—mp|=d(S,W)= max |[s;—m| forall meM.
I<j<m 1<j<m

Therefore, f(s;) = max <<y ||s; —m|| for all m € M.

Corollary 2.7. Let X be a normed space, W a proximinal subspace of X and S ={sy,- -+ ,Sm}
a subset of X\W. Then, W is a simultaneous quasi-Chebyshev subspace of X if and only if there
do not exist f € X*, i € {1,2,--- ,m} and a sequence {w, },>1 in W without a convergent subse-
quence such that || f|| < 1, flw =0 and f(s;) = maxi<j<m||s; — wyl|| for alln > 1.

Corollary 2.8. Let X be a normed space, W a proximinal subspace of X and S = {s1,-++ ,sm }
a subset of X\W. Then, W is a simultaneous weakly-Chebyshev subspace of X if and only if there
do not exist f € X*, i € {1,2,--- ,m} and a sequence {w, },>1 in W without a weakly convergent
subsequence such that ||f|| <1, flw =0 and f(s;) = maxi<j<p ||sj —wy|| for alln > 1.

Let X be a normed space, W a subspace of X, S = {s1,--- ,s,,} asubset of X\W and f € W+,
If we define

Mg = {x €X: lrﬁnjagmesj—xH < 1rgnjagmest and f(s;) > 1r§r1j21§><mHsj—xH, for some i},

then My s is a bounded, closed and convex subset of X.

Corollary 2.9. Let X be a normed space, W a proximinal subspace of X, S = {s1, -+ ,Sm} a
subset of X\W and f € W+. If My s is compact (weakly compact) for all f € WL with || f|| < 1,

then W is a simultaneous quasi-Chebyshev (simultaneous weakly-Chebyshev) subspace of X.
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Hereafter, we suppose that S is a bounded set. The following result is another version of

Lemma 2.4.

Lemma 2.10. Let X be a normed space, W a proximinal subspace of X and S a weakly
compact subset of X\W with sup,g ||s +W|| < co. Then, wy € Sw(S) if and only if there exists
f € X* such that flw =0,

fll < land f(so) = sup,cs ||s — wol| for some so € S.
Proof. First suppose that there exists f € X* such that flw =0, ||f]| <1 and f(so) =
Supcg ||s —wol| for some sy € S. Then, a similar proof of Lemma 2.4 shows wy € Sy (S). Now

for the converse part, suppose wy € Sy (S). Then, by Lemma 1.1 we have

d(S,W)= sup||ls—w|| =sup inf ||s—w]| =sup|s+W]|.
se SWEW se S

inf
we WSE S
But, note that the function defined by ¢ (s) = ||s+W/| is continuous. Since S is a weakly compact

subset of X, there exists so € S such that

¢(s0) = [Iso+ W[ = sup|ls + W = d(S,W).

se S

Since S C X\W, d(so,W) = ||so+W]|| > 0 and so there exists g € X* such that g|lw =0, g(so) =1

and [lgl| = by 1 £ = . then [[£]] = 1. flw =0 and £(s0) = supycs [ls — wol .
The proof of the following result is similar to that of Theorem 2.5.

Proposition 2.11. Let X be a normed space, W a proximinal subspace of X and S a weakly
compact subset of X\W with sup,g ||s +W|| < oo. Then, wy € Sw(S) if and only if

sup ||s[ly - = suplls —wol,
seS seS

where ||s|ly. = sup{|f(s)| : |[f| < 1.f €W}

Theorem 2.12. Let X be a normed space, W a proximinal subspace of X, M CW and S a
weakly compact subset of X\W with sup,g ||s +W/|| < oo. Then, M C Sy (S) if and only if there
exist f € X* and sy € S such that flw =0, ||f|| <1 and f(so) = sup,cg ||s — m|| for all m € M.

fll <1 and

Proof.  First suppose that there exist f € X* and sy € S such that f|y =0,

f(so) = sup,cg ||s —m|| for all m € M. Then, for each m € M and w € W we have

sup [|s —ml| = f(s0) = f(s0—w) < [[so — w|| < sup||s —w]|.
seS seS

Thus, m € Sw(S) for all m € M. Hence, M C Sy (S). Now for the converse part, suppose that
M C Sy (S) and my € M. By Lemma 2.4, there exists f € X* such that fly =0, ||f]| <1
and f(so) = sup,cg||s —mpl| for some so € S. Since M C Sy (S), sup,cg ||s —mo|| =d(S,W) =
Supcg ||s —m|| for all m € M. Therefore, f(so) = sup,cg ||s —m|| for all m € M.
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Corollary 2.13. Let X be a normed space, W a proximinal subspace of X and S a weakly

compact subset of X\W with sup,g ||s +W/|| < co. Then, W is a simultaneous quasi-Chebyshev

subspace of X if and only if there do not exist f € X*, so € S and a sequence {wy},>1 in W

without a convergent subsequence such that || f|| <1, flw =0 and f(so) = supycg||s —wy|| for
alln>1.

Corollary 2.14. Let X be a normed space, W a proximinal subspace of X and S a weakly

compact subset of X\W with sup,g ||s +W/|| < co. Then, W is a simultaneous quasi-Chebyshev

subspace of X if and only if there do not exist f € X*, so € S and a sequence {wy},>1 in W

without a weakly convergent subsequence such that || f|
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<1, flw =0and

f(so) =sup|[s—wy|| forall n>1.
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