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Abstract. The bivariate interpolation in two dimensional space R? is more complicated
than that in one dimensional space R, because there is no Haar space of continuous functions
in R%. Therefore, the bivariate interpolation has not a unique solution for a set of arbitrary
distinct pairwise points. In this work, we suggest a type of basis which depends on the
points such that the bivariate interpolation has the unique solution for any set of distinct
pairwise points. In this case, the matrix of bivariate interpolation has the semi inherited
factorization.
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1 Introduction

In recent years, the bivariate and multivariate interpolations have been studied in the papers
[3.8,9,12,13,16]. In [6,7] the inherited interpolation of matrices has been introduced by using
the LU inherited factorization of a matrix. In this paper, we develop the idea to offer a type of
bivariate interpolation which is based on the semi inherited LU factorization of the interpolation
matrix. The factorization of matrices is a method to solve the square system of linear equations.
One kind of these factorizations is LU factorization which has various types. One of them is
the inherited LU factorization which has been described in [1] by M. Arav and et al. In this
work, we use a special kind of the inherited LU factorization. We call this special type of LU
factorization as semi inherited LU factorization. Then, we constitute the bivariate interpolation
matrix such that it has the semi inherited LU factorization. At first, in section 2, we introduce the
semi inherited LU factorization!"'! and present some preliminaries of interpolation brieﬂy““*ls] .
In section 3, we describe the semi inherited bivariate interpolation which depends on the semi
inherited LU factorization and we prove that the interpolation matrix in this case has the semi
inherited LU factorization. In section 4, we illustrate the mentioned method by some numerical

examples.



Anal. Theory Appl., Vol. 27, No.2 (2011) 139

2 Preliminaries

Definition2.1.  Let A be an n X n matrix that a; 20 fori=1,--- ;nand writteA=B+D+C
that B is strictly lower triangular, D is diagonal, and C is strictly upper triangular. Then, A has the
semi inherited LU factorization if and if only A = (I+BD~')(D+C). (I is the identity matrix.)

According to the definition 2.1, the following theorem is proved.

Theorem 2.2. Let A =B+ D+ C be a decomposition of the matrix A with invertible diag-
onal entries where B is strictly lower triangular, D is diagonal and C is strictly upper triangular.
Then, A has the semi inherited LU factorization if and only if BD~'C = 0.

Proof. Suppose the matrix A, «, has the semi inherited LU factorization. Then,

A=B+D+C=(I+BD )Y D+C)=D+C+B+BD'C=BD"'C=0.
Conversely, suppose BD~'C = 0. Then,
A=B+D+C+BD 'C=A=({I+BD ") (D+0C).

For example,

2 0 12 6 1 0 0 0 20 12 6

A 0 6 12 6| [ 0 1 0 0 06 126
= 2 -6 1 o)~ 1 -1 1 0 00 1 0
—4 12 -3 1 2 2 -3 1 00 0 1

= (I+BD ") (D+C).

Remark 2.3. A useful property of matrices that have semi inherited LU factorization is
this fact that the calculation of LU factorization of them is very easy, because the matrix U
is inherited entirely and the matrix L is the product of a strictly lower triangular matrix in the
diagonal matrix plus the identity matrix!!.

Suppose X = {x1,x2,...,x,} is a set of n distinct points in R” (n > 1). We call X the node
set. Also, for each x; the value z; € R is given. The problem of interpolation is to find a suitable
function F : R” — R such that F(x;) = z; fori = 1,--- ,n. F is called the interpolation function
of {(xi,zi) iy -

Let U be a vector space of functions with the basis {u;,up,--- ,u,}. We can consider F in

n
the form of F = ) Aju;. Then,
i—1

J

n
F(x;)=1z, VYi=1,---,n implies Z?Ljuj(xi):zi, Vi=1,---,n.
j=1
1.e.,
ul(xl) uz(xl) Mn()q) 7Ll 21

up(x2) wua(x2) v un(x2) A &)

up (%) wa(xn) or o un(xn) An Zn
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The matrix A = [uj(x;)]uxn (i=1,---,n, j=1,---,n) is called the interpolation ma-
trix. Therefore, the problem of interpolation is to solve the linear system AA = z, where A =
(A1, A2, M) and z = (21,20, ;20"

If we consider u;(x) =x/~! (j=1,---,n), then the matrix A has the form of Vandermonde

matrix that its determinant is H (x; —x;). Hence, the interpolation function has the unique
1<j<i<n
solution if and only if the nodes x; are distinct. In this case, the interpolation function is a

polynomial of degree at most n — 1.

Definition 2.4. A vector space U of functions is said a Haar space if the only element of U
which has more than n — 1 roots is the element of zero?.

Theorem 2.5. Let U be a vector space of functions with basis {uy,--- ,u,}. Then the
following statements are equivalent:

i) U is a Haar space.

ii) det[u;(x;)] # O for any set of distinct points x;.

Proof.  See [2].

According to Theorem 2.5, we can obtain the unique solution for the problem of interpo-
lation in one dimensional space R. But the following theorem states that this property is not
satisfied on R?.

Theorem 2.6. There is no Haar space of continuous functions on R>.

Proof. See [2].

3 Introducing of Semi Inherited Bivariate Interpolation

Suppose the set {(x1,¥1),---,(xq,y,)} is the pairwise node points in R?. According to the
Theorem 2.6 we can not obtain the unique interpolation function with a basis set of continuous
functions and any distinct pairwise node points. In order to obtain the unique interpolation
matrix, we can consider the conditional points.

For example, with the basis {1,x,y,xy}, the interpolation is unique for the points of corners
of any rectangle in RZ. We consider four points at the corners of the rectangle in R2. Therefore
we have

(xlayl) ) (XZ’yZ) = (x2ay1)’

(x3,33) = (x1,53) ,  (¥a,52) = (x2,y3).

The interpolation matrix has the following form:

L xi yi oxay
L x yi xon
L x;1 y3 xiys
I x2 y3 xy3
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By using the Gaussian elimination method we have

1 X1 V1 X1

0 (x3—x) 0 y1(x2 —x1)

0 0 (v3=1) x1(y3=y1)

0 0 0 (1 —y3)(x1 —x2)

We can see that the determinant of the interpolation matrix in this case is

(x1 —x2)*(y1 —y3)> #0.

Now, we consider the basis depended on the pairwise node points and we obtain the unique
interpolation function for any set of distinct pairwise nodes. Also, the interpolation matrix in
this case has the semi inherited LU factorization.

n+1

In order to have such interpolation we consider the basis {/1,...,h,} in R, for 1 <i <[]

in the form of
hpi1(x) = (x —x2) (x = x4) -+ (x = x2) (X = X2ip1 ) -+ (o = ), (1)

hai(x) = (x —x2) (x = x4) - -+ (x — x2i2), (2)

where 71 (x) = 1.
The basis {ki,...,k,} in R, for 1 <i < [“H]in the form of

kaio1(y) = (0 =y2) 0 —ya) - (v =22:) (= y2i+1) - (Y = In), (3)

kai(y) = (y=y2)(y = ya) -+ (y = y2i-2), (4)

where k»(y) = 1.
Finally, we consider

filx,y) =hi(0ki(y). 1<i<n (5)

In (5), if h;(x;) =0 (V1 <i<n) then we substitute 4;(x) with (x* — ) in f;(x,y), where a
is the degree of the polynomial /;(x) and 3 is the arbitrary point only not equal to /x; .

Also, if k;(y;) =0 (V1 <i<n)then we substitute k;(y) with (y* — ) in fi(x,y), where o is
the degree of the polynomial k;(y) and B is the arbitrary point only not equal to /y; .

Such basis has this property that the bivariate interpolation with this basis has the unique
solution for any distinct pairwise points in R? and also the interpolation matrix in this case has
the semi inherited LU factorization.

Definition 3.1.  The set of pairwise points {(x1,y1),. .., (x,,y,)} in R? is said to be general
distinct if and only if {xj,...,x,} is the set of n distinct points in R and {yy,...,y,} is the set of
n distinct points in R.
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If the pairwise node points in R? are general distinct , then

fi(x,y) = hi(x)ki(y)-

For example, if {(x1,y1),...,(x6,V6)} is a set of general distinct pairwise points, then
Ji(xy) = (e =x2) (r = 23) (x = x4) (o = x5) (¥ = %6) (v = 32) (v = ¥3) (y = y4) (y = ¥5) (v = ¥6),
f30x,y) = (x—x2) (x — x4) (ox = x5) (x = x6) (v = y2) (y = y4) (y = y5) (y — ¥6)
fs(x,y) = (x—x2) (x = xa) (x = x6) (y = y2) (v = y4) (y — ¥6);
fHlxy) =1
Jalx,y) = (x—x2)(y —y2),
fo(x,y) = (x=x2)(x = x4) (y = y2) (y = y4)-

In general, {f;(x,y)}", are the basis functions which we call them semi inherited bivariate
polynomials.

The next theorem shows that the matrix A = [f;(x;,y;)] (i,j=1,2,---,n) for any distinct
pairwise points {(x1,y1), -, (%n,y,)} has the semi inherited LU factorization, and also A, is
a nonsingular matrix.

Theorem 3.2. Let A be the semi inherited bivariate interpolation matrix with distinct pair-
wise node points in R%. Then A has the semi inherited LU factorization.

Proof.  Suppose A = [fj(x;,i)|nxn, is the matrix of semi inherited bivariate interpolation.
We know that there is no x;, y; such that 4;(x;) = 0 and k;(y;) = 0, because the nodes are distinct.
Therefore, by the definition of semi inherited bivariate polynomials,

ﬁ(xiayi)?éo izla"')n (a)
fj-1(xi,y:) =0 2j—-1<i, (b)
fj(Xg,',yzl') =0 2i < j. (C)

We put

filx,yr) flxny) - fulx,y)
A fl(x%a)’Z) fz(x%,yz) fn(x%,yz) _BiDiC

fl(xm)’n) fZ(xmyrz) fn(xnayrz)

where B is strictly lower triangular, D is diagonal and C is strictly upper triangular. By Theorem
2.2, it is sufficient to show BD~!C = 0. Under the condition (a), D = diag(fi (x1,y1);-- -, fn(Xn:¥n))
is a nonsingular matrix and D' = diag(fi (x1,y1)"", -+, fu(xn,v,) "D Let E = BD~!, hence
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E has the following form:

0
fi(x2.y2)
E— Jilxiyn)
J[ilwyn)  folxnyn) . Srno1(XnVn) 0
filxiyr)  falx2y2) Jn—1 (n—1.Yn—1)

We consider the i—th row of E and j—th column of C (1 < i, j <n). Then,
fiGxryn)
fi(x2,32)

' Silxi,yi)  fa(xi,yi) Jim1(xi,yi) > :

ecj= e ————— 0 -+ 0 filxj—1,y-
! ( Silxr,yn) o fax,y2) Ji1(xi1,5i-1) i 0’ g
0

Now, it is sufficient to show

fk(xk,yk)f](Xk’yk) =0 (k<min(i,j), 1<i,j<n).

If k is odd, under the condition (b) fi(x;,y;) = 0, and if k is even, under the condition (c)
fi(xk,yx) = 0. Then, A has the semi inherited LU factorization.

According to Theorem 3.2, A = [ f;(x;,y;)] for any distinct pairwise points (x1,y1), ..., (Xu,Yn)
has the semi inherited LU factorization. Then,

A= (I+BD " (D+C).

Therefore, we conclude det(A) # 0 for any set of distinct pairwise points { (x1,y1) -, (Xu,yn) }*>).

Then, the interpolation is unique. In this case, the interpolation function is a bivariate polynomial
of degree at most 2n — 2.

Remark 3.3. If weconsidery; =0 (Vi=1,---n), then we can conclude the values x; (Vi=
1,---n) are distinct, because the pairwise nodes are distinct. In this case, we obtain the bivariate
interpolation function. Now, if we eliminate the monomials that has the variable y, then we
obtain the polynomial in one dimensional case that interpolates {(x;,z;)}?_ ;. We know that the
polynomial interpolation in one dimensional space is unique. This result is obtainable with
consideration the basis polynomial {A;,h;,--- ,h,} and interpolation in one dimension by the
nodes xp,---,x, and values zj,---,z,. This type of interpolation in one dimensional case is
called the semi inherited interpolation, because in this case the interpolation matrix similar to
Theorem 3.2 has the semi inherited LU factorization.

Remark 3.4. In order to avoid reiteration of calculations, we can calculate the semi inher-
ited polynomials {/;} , and also {k;}_, in the following form:
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For odd indices with backward substitution,

hai—1(x) = hoip1 (%) (X — x2i41),

hy(x) = h3(x)(x — x3),

and for even indices with forward substitution,

4 Numerical Examples

In this section, we present some numerical examples to illustrate the use of the semi inher-
ited LU factorization in the bivariate interpolation. The results have been provided by Maple

software.

Example 4.1.
nodes {(—2,3),(1,-5),(4,1)} and the values z = {2,4,5}.

Find the semi inherited bivariate interpolation polynomial for the pairwise

In this case,
fi(xy) = (x—x2)(x = x3) (y = y2) (y = »3),

flxy) =1,
() = (x—x2)(y—y2).

288 1 24 1 00 288 1 24
A= o 1 o |=U+BDHD+C)=[ 01 0 0 1 0
0 1 18 01 1 0O 0 18
By solving the system AA = z,
1 1
_ — — 4 = —
M=r= 0 A T
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Consequently,
3
F(x,y) = Z jf] X,y)
o Lo, 3
= Y T
c 2 LB
4327 108 T 432
We can see
F(=23)=2 , F(1,-5)=4

2

125
108° 547
., F(4,1)=5.

407

108"

145

Example 4.2. Find the semi inherited interpolation polynomial for the pairwise nodes

{(1’0)’ (_la

In this example,

Ji(x,y) = (x—x2) (x —x3) (x —xa) (x = x5) (y = y2) (v = v3) (y = y4) (v = ¥5)
L(xy) =1,
f3(x,y) = (x = x2) (x —x4) (x — x5) (y = y2) (y — y4) (y — ¥5)
fa(x,y) = (x—x2)(y—y2),
f5(x,y) = (x —x2) (x = x4) (y = ¥2) (v — y4)
241 12 -2 2
01 0 0 0
A=| 0 1 —96 -3 —6 |=(I+BD ") (D+C)
01 0 —6 0
0 1 0 30
100 0 0 241 12 -2 2
01 0 0 0 01 0 0 0
=[o11 0 0 0 0 —96 -3 —6
010 1 0 00 0 —6 0
010 2 1 00 0 0 30
By solving the system AA = z,
lﬁ:%;,hz—-,332%%,242—1,%2

1),(0,—2),(2,—1

),(4,2)} and the values z = {3,—4,0,2,2}.

11

30°
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Therefore,

5
F(xy) = Y Aifi(xy)
=1

671 1375 15 1,
——y+—x+—x"+—=xXy——x
57T 90" T 90 T3t Y gt

5 T80 T T T T3t e
I 4 354, 7,4, 14 , 35,, 7 ,, 178, 4 5 7, 14
5 T3 TR T Y T3t et Tt T Ty T

We can see
F(1,0)=3 , F(-1,1)=—-4 , F(0,-2)=0, F(2,-1)=2, F(4,2)=2.

Example 4.3. Find the semi inherited interpolation polynomial for the pairwise nodes
{(1,5),(1,—4),(0,0),(—2,2),(3,2)} and the values z = {1,—4,8,2,—2}.

Jiley) =x"(y=y2) (v —y3) (v —ya) 0 —¥s),
fz(.x’y):l,
f(0y) = (x—x2) (x —xa) (x —x5) (y = ¥2) (y = y4) (y = ¥5),
fa(x,y) = (x—x2)(y = »2),
f3(x,y) = (x=x2) (x —xa)y".
405 1 O 0 0
0O 1 O 0 0
A = 0 19 -4 0 |=I+BDH)D+C)
0O 1 0 —-18 O
0O 1 0 12 40
100 0 O 405 1 O 0 0
010 0 O 0 1 O 0 0
= 01 1 0 O 0 0 9% -4 0
010 1 O 0O 0 0 —-18 0
010 F# 1 0 0 0 0 40
By solving the system AA = z,
1 1 —1
M= o=, damr A= A=
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Consequently,
5
F(x,y) Z
1 dap 164 g 45 16,
= — - = —X x xXy+ —x
81 xy! 27 Xy 817" ¥ - 3V YT
205,80, Ro 5 3 19
gV TRy T g Ty W
2 25 B 35, 3 3
= 242 22248
R ST +20y 10er
We can see

F(1,5 =1, F(1,-4)=—4 , F(0,0)=8 , F(-2,2)=2, F(3,2) = —2.

Example4.4. Find the semi inherited bivariate interpolation polynomial for pairwise nodes
{(=1,0),(3,0),(—5,0)} and the values z = {1,5,7}.

filey) = (x—x2)(x —2x3)(* — 1),
fHlxy) =1,
fxy) = (x—x2)(y—1).
16 1 4 1 00 16 1 4
A=| 0o 1 0 |=u+BDHY(D+O)=| 0 1 0 0 1 0
0 1 8 0 1 1 0 1 8
By solving the system AA = z,
11—1—65 , =5, 13_%.
Hence,
3
F(x,y) 2‘1 Ajfi(x,)
: ) 2 2 5 1 3 75, 3 17
B T R G AT S T AT
We can see

F(-1,00=1 , F(3,00=5 , F(=50)=7.

This polynomial interpolates the nodes that lies in the x-axis by the bivariate function. If we
eliminate the monomials that have the variable y we have
5, 3 17

F(x):ﬁx + x+16
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where

F(-1)=1 , F(3)=5 , F(-5)=1.

Now if we consider the basis {/;,hy,h3} in one dimensional space R, we have

hy(x) = (x —x2)(x —x3),

h(x) =1,
hi(x) = (x —x2).
-16 1 —4 1 00 —-16 1 —4
A= 0 1 0 |=U+BDH(D+C)=| 01 0 0 1 0
0 1 -8 01 1 0 1 -8

By solving the system AA = z,

5 Conclusion

In this paper we offer a new method to find the unique bivariate interpolation polynomial
for any set of distinct pairwise node points. We obtain the semi inherited bivariate interpolation
polynomial where the bivariate interpolation matrix has the semi inherited LU factorization.

Also, we notice that the semi inherited LU factorization of interpolation matrix helps us to find

the solution of interpolation problem easily.
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