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Abstract. In this paper, we give error estimates for the weighted approximation of r-

monotone functions on the real line with Freud weights by Bernstein-type operators.
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1 Introduction

For an integer r > 0, let C"(S) denote the set of all r-times continuously differentiable func-

tions on S, where C°(S) = C(S) is the usual set of all continuous functions on S.
Let

wix) = e 0, X € (o0, +eo)
be a Freud weight, with the continuous function Q(x) satisfying the following conditions:

(a) Qe Cz(O,oo) is a positive even function;
/!

(b) lim x4 =y > 0;
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(c)if y=1 or 3, then Q// is nondecreasing. (see [2, Definition 11.3.1, p.184]).
Evidently, we have the following proposition (see [7, Lemma 1]).
Proposition A.  Let the continuous function Q(x) satisfying the conditions (a),(b),(c).

Then lim Q' (x) = oo, and there exist 7y > 0 and A > 1 such that

X—00

hold for x > 1.
For a Freud weight w(x), denote by C,, the space of all f € C(R) such that lim (wf)(x) =0

oo

and equipped with the norm ||wf|

¢, = sup|(wf)(x)|. We also put
XER

W fllea) = sup [(wf)(x)].

|
x€le,d]

For f € C,, the weighted modulus of smoothness is

)]

inf — x 1.1
+ it (= O e (1

O (f,)w = sup [[WAGf|l_ppe) + inf [[w(f —£)
0<h<t LePy

where 4* and r* are defined by hQ (h*) = 1 and 1Q (t*) = 1 respectively (see [2, Definition
11.2.2, p.182]), P,,,n € N, is the set of algebraic polynomials of degree at most n, and
P 4 (T rh
ALf(x) = Z(—l) i flx+ 5 —ih
i=0
is the r-th symmetric difference of f (see [2, p. 7]).

Let the sequence of positive real numbers {4, } be monotone increasing and defined by

2@ (Aa) = V1, n>no, (1.2)

n—oo

A
with ng sufficiently large (see [2, p. 7]).It follows from (1.2) that lim —= = 0.
n
In the following c,c;,c, denote positive constants which may assume different values in
different formulas.

For every f € C, let
Bu(fx) =Y pui(x)f(x) (1.3)
k=0
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with

()= (" ) (o) = 2, T 14
Pri) = 2n \k 2 2,) 0 KT e TS '

In [7], B. D. Vecchia et al. considered the Bernstein-type operator

B,(f,x), if x| < A,
B, (f,%) = ¢ Bu(f,h) +B,(f, A)(x—A), if x> A, (1.5)
B,,(f,—?tn)—I—Bln(f,—l,,)(x—i—ln), if x<—A4,.

and obtained the following error estimate.
Theorem VMS. 1If f € C,, then

A
—B; < = . 1.6
Il Bl < con (£.2) (16)
A function f: R — R is said to be r-monotone if the r-th order divided difference
r X;
[xo,x1,~--,xr,f]=ZLl)20 (1.7)
=0T (xi—xj)
J=0,j#i
for any collection of r+ 1 distinct points xg,x1, - - ,X,. It is well-known (see [6, p. 238]) that the

usual monotone non-decreasing and convex functions are 1- and 2-monotone respectively, and
that if f is r-monotone, then f"~2) exists and is convex and f"~1 exists almost everywhere. In
particular, if f € C"~!(R) is r-monotone, then f"~!) is non-decreasing and the divided difference
[X0,X1,°** , X, f] is a non-decreasing function of each of its arguments.

It is often important for mathematical objects which approximate a given function to pre-
serve some of its properties such as monotonicity, convexity, etc. This direction in Approxima-
tion Theory is called Shape Preserving Approximation (see [3]). In this paper,we consider the
following Bernstein-type operators.

For an integer r > 2 and f € C,,, we define

B,(f,x), it |x] <A,
B.r(f,x) = EF%#QQ—Mﬂ ot (1.8)
:; BULo) (x4 4, i x <
and .
Bt =2t [ Bt (19)
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By (1.5) and (1.8), we know that the operator B, is the operator B, >.

It is well-known that Bernstein operators preserve r-monotonicity on closed intervals (see
[3]). Thus if f € C(R) is r-monotone then By (f,x), B, -(f,x) and B}, ,(f,x) are also r-monotone
and B;;(f,x) € C'(R), B,,(f,x) € C""'(R) and B} ,(f,x) € C"(R) respectively.

Remark 1. Note that B, , and B, , are linear operators, which reproduces linear functions
lie., By, (,x) = L(x),B, . (£,x) = £(x).

Our main results are the following.

Theorem 1. Let the integer r > 2. If f € C,, is r-monotone, then

IW[f = Bas (D] < can (f%) . (1.10)

w

Theorem 2. Let the integer r > 2. If f € C, is r-monotone, then B, .(f,x) € C, is r-
monotone, B, .(f,x) € C"(R) and

Iwlf = BL (Al < con (ff—f) | (a1

w

Remark 2. In [4], O. Maizlish obtained the following result.

Theorem M. Let f € C,,, be r-monotone, with wy = e*‘x|a,a > 1, and r > 1. Then, for
any € > 0, there exists an r-monotone function g € C"(R) such that || w[f — g]|| < €, and g1") is
identically zero outside some finite interval.

It follows from (1.8) and (1.9) that

A

B (f,x) =0, x| Z/ln+\/—”ﬁ. (1.12)

Thus Theorem 2 extends Theorem M in a sense.

2 Auxiliary Lemmas

The proof of Theorem 1 and Theorem 2 is based on several lemmas.

Lemma 1. For f € C,, let {1(x) be the linear function which realizes the infinite in (1.1)
7% ort* =—A,+—=, i.e.,

n

with respect to f and for t* = A, —

jnf Hw(f—f)\l[%_%#w) = ||w(f—£1)||[%_%7+m> 2.1)
or
jnf HW(f—E)H(fw’,M%] = HW(f—el)H(,wﬁm%] 2.1
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Then there exists &, € I, such that

A
sup |B,(f—¥1,x gca)z( ,—") eQ(‘g"), 2.2
suplB(1 - 01,0 < con (1,22 @
Au A
L=[A— 2 I, == Ay —Ay+ 22,
where I, = [A, \/ﬁ,ln] orly =[—Ay,—Apn+ \/ﬁ]
Proof. 1t is sufficient to prove (2.2) in the case I, = [A, — %,ln] and t* = A, — %

Let &, € I, be the point such that

‘Bl’l(f_ghél’l)’ = Sup‘Bn(f_glvx)"

x€l,

By (1.6), we have

IBa(f —£1,80)| < [IBa(f:80) — f(E)W(&n) + £ (&) — gl(gn”w(én)]eg(é")
A
< I ; _ 0(&n) )
< [ean (1) it Ity sy ] 3)
It is clear from Proposition A and (1.2) that there exists only one 7, € <O, 0 zf )) such that
0
/ An
t,0 (),,, — %) =1 2.4)
and
Vn / / Ay / An A
-— = < —— ) < - | =—. .
ph O (M) <0 |2 M n <AQ (M n . (2.5)
For the K-functional
Ko(f, 12w = inf [w(f—g)ll+[wg"|l], (2.6)
8 EAC]()('
We have the following equivalence relation:
Cla)Z(f’t)w SKZ(fatz)w SCZ(DZ(f’t)w (2.7)
(cf. Theorem 11.2.3 in [2, p. 182]). Using (2.4)-(2.7),we have
Zienﬂgl ‘|W(f—f)||[)lﬂ_%7+m) < wZ(fatn)w
A
< — . .
< cop (f’\/ﬁ)w (2.8)

Combining this with (2.3), we obtain (2.2).
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Lemma 2. For an integer r > 3, let f € C,, be r-monotone. Then there exists 1, €
[l,, — AL+ %} such that

v’ Vi
r—1
(r-1) e (Vn A\ o)
1By (fix)| <c ( » ) [0 (f, \/ﬁ>we (2.9)
holds true for |x| € [ln,ln + %]
Proof. It is sufficient to prove (2.9) in the case x € [A,,A, + ;L—\/"_] Let ¢;(x) and ¢»(x) be
n

the linear functions respectively, such that
inf —/ = -/ ,
KGP1HW(f )H[ln*?/",p ::> ||W(f I)H[l”7%7 ::>

1 f - ’g (o] - - g ®)
flenfpl ||W(f )HMHF” ) ||W(‘f Z)HM'“+ )
Noting that

BY () =B~ 0,0 =BV (- 6,

An
holds true for x € |A,,A, + —| and r > 3.
N

For x € [A, Ay + \/—%], if Bﬁ,r_w(f,x) > 0, then using Petrov’s result (see [5, Theorem 3.1]),
we have
B V(0 = BV (6,0
< 02 (P ) o)
- | SVZ T e ]
\/ﬁ)rl
< c| — B,(f—¢
< o(¥) 1B
r—1
n
o(4") ulr- )
with suitable 7, € [kn,),n + 2—&"} .
n

Using the proof of Theorem VMS (see [7]), we have

1Bu(f —l2,ma)| < [[Bu(fs 1) = f(Ma) W (M) + | £ (1) — EZ(nnNW(nn)]eQ(m’)
con (f, %) WeQ(’W. (2.10)

IN

If Bff_l)(f,x) <0, then Bff_])(f —/1,x) <0. Using Petrov’s result again and the fact Bﬁ,r_l)(f —
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¢1,x) is non-decreasing, we obtain

BY V(f0l = BYV(f—£1,)]
< BY V(01,4

S b
Thus Lemma 1 gives
r—1
|B£,r_l)(f,x)| SC(\){_HE) wz(f,%>weQ(nn) (2.11)

A
with suitable 0, € I, = |4, — —=, A, |.
n

The inequality (2.9) follows immediately from (2.10) and (2.11).

Lemma 3. For an integer r > 2, let f € C,, be r-monotone. Then

An
_ < S .
(18 () = )] < con (7. 5] @.12)
holds for |x| > A,.
Proof. When r = 2, the inequality (2.12) follows immediately from(1.6).
When r > 3, let £(x) be the linear function such that
Jnf [IW(f = Ollg, ) = W = Ol
Since B, »(f,x) reproduces linear functions, for x > A,, we have
w(x)|Bur (f5x) = f(%)]
= W)[Bnr(f = £:2) = [/ (x) — ()]
|B f —1,4)| An
< — . .
< Z (= 2)" (sz,\/ﬁw (2.13)
It is clear from (1.6) that
w(x)[By(f — £, )|
< W) B (s 2) = F () [+ W) | f (An) = £(2en) ]2 ~O0)
A
< — | . .
4 0)) (f’\/ﬁ>w (2.14)
We now use for 0 < i < r—1 the inequality

i r—1-—i
BY(f— )| < c [(%) I~ O+ () 1B =0l s
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(see [1, p. 38 Theorem 5.6]) to obtain

r=2 | pli) _
o5 1B~ 1,2)

i!

(x—Ay)

i=1

= Y. (%)iW(X)(X—/ln)iHBn(f—e)H s

i=1 F
r=2 1 )Ln r—1—i )
L (%> w(x)(x— A,)'|| B (f—e)u[lmm%} } (2.15)

Using Proposition A, (1.6) and Lemma 2, we obtain

| )Ln i. n .
W= A IB =y <e( ) i (£ 72) L im120 02 210

NG Vi
and
r—1—i
VI (£ vn : L N
W= R B0l <e(YE) e (£ 5) =12t
2.17)
The above estimates together with (2.13) yield
() B (£, — )] < can (£, 22
w(x)|By,(f,x x)| < can i)
The case x < —A, is analogous. This completes the proof of Lemma 3.
3 Proof of Theorem 1 and Theorem 2
Proof of Theorem 1. By Theorem VMS, for |x| < A,, we have
WIBar (1) — £(0)] < e (£, 2 G
nr\J» S cp s \/7_1 W~ .
For |x| > A,, by Lemma 3, we have
WIBar () — £(0)| < con (£, 22 (32)
nr\J S cnp s \/r_l W- .

Thus the proof of (1.10) is straightforward from (3.1) and (3.2).

Proof of Theorem 2.  For |x| < A, we have

B (F) =0 = 2 [ Bt = s
X [P B0 i B[ 8 e

2)(41 0 2)~n 0
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Thus
w(x)|B,,(f,x) = f(x)] < f X+ 1)|Bur(frx+1) — flx+1)[eC0H) 20 g
;ﬁ_ w(x—1)|B, (f,x—1) —f(x—t)|eQ(x—’)—Q(X)dt
no 5
+2—;Ln/0 [WAF f | (= - dt
= L+h+1h (3.3)

Using Proposition A, for |x| > o, we have

O(x+1)—=0(x) = O(x+1])—0O(|x])
Q' (&)(|x+1| —|x])
0 (2M,)t < A, (3.4)

IN

and

Q(x—1)=0(x) = O(x—1])—0O(lx])
= O (m)(lx—t]—Ix|)
< 0 (2M) <A, 3.5)

where & is between |x+¢| and |x|, and 1) is between |x — 7| and |x|.

And for |x| <1, it is clear that
O(x+1)-Qx) <c

O(x—1)—Q0(x) <c.

Therefore, using Theorem 1 and (1.1), we have

’IZISCO)Z (fv%)wv 1:17273
which implies
185 (720) 1) < con (£.72) 3.6)

holds true for |x| < 4,,.

Ay
For x > A, + —=, let £ (x) be the linear function such that

N
" - _ _
nf W(f = O)lp,.00) = W = €0l 00
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Since B;, , reproduces linear functions, we have

()| (fx) — ()] < g;:; meU—AnW+@<ﬁ%§W

'8y f 51, )|
S Z /lﬂ
i=0
A
+an (fﬁ> : 3.7)
w
Observing that for x > A, + %,
A
x—ln+\/—%§2(x—kn)
and .
A _7% <x )vna
we have )
G : 2i+2), .
Vi t—Ay)'dt] < —(x— A, i=0,1,-,r—1
% i+1

which implies

Z|B f 51, |/
Z f—el’)’(x— )’ (3.8)

Following the proof of Lemma 3, we obtain

f gla )| i )vn
— - o (x— < — . .

Z (=) <ean (£ ) (3.9)
Therefore, it follows from (3.7)-(3.9) that

wx)[By,(f.x) = f(0)]] < . (3.10)

w(x)[B,, . (f,x xX)|| < cmn i) .
holds true for x > A, + — P

X
i/_
ForA, <x<A,+— NG let #(x) be the linear function such that

mf [w(f — E)H[ ) T HW(f—fz)H[an_ﬁmy
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We now write

WBL () S < L) [ B foxet ) — fla 0
n 0
200 [ 1B ) - )
w2 [ - Ol
= L+h+1h

Using (3.5), (3.6) and Theorem 1, we can easily get

Mo .
1] < co <f,%>w, i=12. (3.11)

To estimate I3, we write

A
ES ;;f Oﬁ\f(XJrl)—fz(ert)!w(x+t)eQ(x“)*Q(x)dt

y
+2\/Aﬁ v |f(x—1) = Lo (x — 1) |w(x — 1)@= g
n Jo

+w(x)|f () = L2(x)].

Using (3.5), (3.6) and (2.8), we obtain

13§sz(fa%> .

A
Combining this with (3.12), for A, < x < A, + —=, we have

N
WRIB), (f3) — F(0)] < con <f, %) . G.12)

Similar estimate yields
WEIB), (1) — F(3)] < co (f, 7) X< (3.13)

This completes the proof of Theorem 2.
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