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Abstract. We give an existence result of the obstacle parabolic equations

ob(x,u)
ot

—div(a(x,t,u,Vu))+div(¢(x,t,u))=f in Qr,

where b(x,u) is bounded function of u, the term —div(a(x,t,u,Vu)) is a Leray-Lions
type operator and the function ¢ is a nonlinear lower order and satisfy only the growth
condition. The second term f belongs to L' (Qr). The proof of an existence solution is
based on the penalization methods.
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1 Introduction

In this paper, we investigate the problem of existence of solutions of the obstacle prob-
lems associated to the following nonlinear parabolic problem:

%_div(a(x,t,u,Vu))+div(<,b(x,t,u)):f in Qr,
u(xt) =0 on 90 x (0,T), (1.1)
b(x,u)(t=0)=0b(x,up(x)) in Q,

*Corresponding author. Email addresses: aberqi_ahmed@yahoo.fr (A. Aberqi), jbennouna@hotmail.com
(J. Bennouna), redwane_hicham@yahoo.fr (H. Redwane)

http:/ /www.global-sci.org/ata/ 29 (©2017 Global-Science Press



30 A. Aberqj, ]. Bennouna and H. Redwane / Anal. Theory Appl., 33 (2017), pp. 29-45

where ) is a bounded open set of IRN (N >2), T is a positive real number, and Qr =
O x(0,T). Let b:Qdx IR— IR is a Carathéodory function such that for every xe(, b(x,-) is
a strictly increasing C!-function, the data f and b(-,up) in L'(Qr) and L' (Q) respectively.
The term —div(a(x,t,u,Vu)) is a Leray-Lions operator defined on L”(O,T;Wg’p(ﬂ)) (see
assumptions (3.3a)-(3.3¢)). The function ¢(x,t,u) is a Carathéodory assumed to be contin-
uous on u (see assumptions (3.3d)-(3.3e)). Under these assumptions, the above problem
does not admit, in general, a weak solution since the fields a(x,t,u, Vu) and ¢(x,t,u) does
not belongs in (L1, (Q))N in general.

In the case of equation in the classical Sobolev spaces H. Redwane [5] proved the
existence of solution of problem (1.1) where ¢(x,t,u) =0, and where div(¢p(x,t,u)) =
H(x,t,u,Vu) and f € L'(Q) by Y. Akdim et al. [2] in the degenerated Sobolev spaces
without the sign condition and the coercivity condition on the term H(x,t,u, Vu).

The existence of a solution is shown in [5, 8] with b(x,u) = u, using the framework
of renormalized solution, and in [7] for the case —div(a(x,t,u,Vu)) = —Au, using the
framework of entropy solution.

It is our purpose, in this paper to generalize the result of [2,7], and we prove the
existence of unilateral entropy solution for the problem (1.1) and without the coercivity
condition on ¢. More precisely, this paper deals with the existence of a solution to the
obstacle parabolic problem associated to (1.1) in the sense of unilateral entropy solution
(see Theorem 3.1).

The aim of this work is to investigate the relationship between the obstacle problem
(1.1) and some penalized sequence of approximate equations (3.9). We study the possibil-
ity to find a solution of (1.1) (see Theorem 3.1) as limit of a subsequence u, of solutions of
(3.9). The penalized term 1T: (u.—1)~ introduced in (3.9) play a crucial role in the proof
of our main result, in particuelar term allows to prove that the solution of (3.9) belongs in
the convex set Ky.

The plan of the paper is as follows: in Section 2 we give some preliminaries and basic
assumptions. In Section 3 we give the definition of entropy solution of (1.1), and we
establish (see Theorem 3.1) the existence of such solution.

2 Preliminaries

Let () be a bounded open set of IRN (N >2), T is a positive real number, and Qr =
Q% (0,T). We need the Sobolev embeddings result.

Lemma 2.1 (Gagliardo-Niremberg). Let ve L9(0,T;L7(Q))NL*(0,T;L°(QY)), with g>1 and
p>1. Then ve LY (Q) with U:q(%) and

o1
v|%dxdt <C||o|| X, . / Vo|ldxdt.
/el o1 o rasiny f,, V0



A. Aberqj, ]. Bennouna and H. Redwane / Anal. Theory Appl., 33 (2017), pp. 29-45 31

Lemma 2.2 (see [8]). Assume that () is an open set of IRN of finite measure and 1 < p < +oo.
Let u be a measurable function satisfying Ty(u) € LP (0, T;Wé’p(ﬂ)) NL®(0,T;L*(QY)) for every
k and such that:

sup ]VTk(u)|2dx+/ Ty (u)|Pdxdt < MK, k>0,
te(0,1)” Qr

where M is a positive constant. Then

L) N_ 1(_N_
1P s, <CMITIRT Q75
L (Qr
(N+2)(p—1)
NVulP ) v . <CMANTN,
L0 (Qr)

where C is a constant depend only on N and p.

3 Assumptions and statements of main results

Throughout this paper, we assume that the following assumptions hold true:
b: Q) x IR — IR is a Carathéodory function such that for every x € (), (3.1)

b(x,-) is a strictly increasing ! (IR)-function and b € L®(Q x IR) with b(x,0) =0.
Next, there exists a constant A >0 and two functions A € L*(Q}) and B € LP(Q)) such
that:

ob(x,s) ob(x,s)
< < — )<
A=< A() and ‘vx( - >‘_B(x) (3.2)
almost every x € () and for all s € IR.
For any k>0, there exists i € L' (Qr) such that

|a(x,t,s,§)|§v<hk(x,t)—|—|§|”’l), V|s| <k, and with v>0, (3.3a)
a(x,t,s,8)¢>alg|P  with a>0, (3.3b)
(a(x,t,5,8)—a(xt,s,n)(E—n)>0 with {#y, (3.30)
P ts)| <c(x0)fs]7 with ’y:z—ii(p—l), (3.3d)
c(x, b e (L7(Qr)N  with 1= TP, (33e)

p—1
for almost every (x,t) € Qr, for every s € IR and every &5 € IRYN,

feL(Qr), (3.4)
up € LY(Q) such that b(x,10) € L1(Q). (3.4b)
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Let ¢ be a measurable function with values in IR such that
pELP(0,T;Wy" () NL®(Qr) (3.5)

and let
Ky= {u € LP(O,T;Wé’p(Q))/u >1 almost every in QT}.

Throughout the paper, T; denotes the truncation function at height k> 0:
Ty (r) =max(—k,min(k,r)), VrelR.

Theorem 3.1. Assume that (3.2)-(3.5) hold true. Then there exists at last one solution u such
that b(x,u) € L*(0,T;L*(QY)), b(x,u)(t=0)=b(x,up) a.e. in Q) and for all t €[0,T],

([ Ti(u) € LP(0,T,Wy"(Q)), u>¢ ae. in Qr,
t
/ <ab(x’u);Tk(u—q))>ds+/ a(x,s,u,Vu)VTi(u—¢)dxds
0 Q:

0s
—/ 4)(x,s,u)VTk(u—g0)dxds§/Q fTi(u—¢)dxds,

t

(3.6)

Vk>0 and Yo € KyNL®(Q) such that %—TEL”/(O,T,W’LPI(Q)),
\

where Q;=0Qx (0,t).

Proof. The proof is divided into six steps.
Step 1: Approximate problem and a priori estimates. For each € >0, we define the fol-
lowing approximations

ac(x,t,5,8)=a(x,t,Ti(s),l) ae. (x,t)€Qr, Vs€IR, VEE IRN, (3.7a)
Pe(x,t,r)=¢(x,t,T1(r)) ae. (x,t)eQr, VrelR, (3.7b)
fe€L” (Qr) such that f. — f strongly in L'(Qr), (3.7¢)
and
Uoe € €Y (Q) such that b(x,upe ) — b(x,up) strongly in L'(Q). (3.8)
Consider the approximate problem:
% _div(ae(x,t,ue,vue)) +dlv(¢e(x,t,u€)) - %Tl (ue_l/))i :fe il’l QT,
e (x,£) =0 on 20 (0,T), 39
b(x,ue)(t=0)=b(x,uge) in Q.

As a consequence, proving existence of a weak solution u. € L¥(0,T; Wg P(Q)) is an easy
task (see e.g., [13]).
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Step 2: Let 11 €(0,T) and £ fixed in (0,71). By choosing Ty, (ue —Tg(ue)) =Tp n(ue) —Tp(ue)
with B> ||| as test function in (3.9), we get

/QBﬁlh(x,ue(t))dx—F Qae(x,t,ue,Vue)VTh(ue—Tﬁ(ue))dxds

_%/tT; (1te — )~ Ty (tte — Ty (1te) )dxdls

S/Qc(x,t)]ue|“’]VTh(ue—Tﬁ(ue))]dxds—#/Q feTh(ue—Tg(ue))dxds

n /Q By (110 )dx, (3.10)

where
r ob(x,s
B‘B,h(x,}’):/(; Th(S—T‘B(S)) E)S )dS

Due to definition of Bi we have:

/B,;h X e (£))dx> 2 /|Th —Ty(uo))Pdx, Vh>0, (3.11)
and

og/()Bﬁ,h(x,u(,e)dxgh/ﬂ|b(x,u06)|dx:h||b(x,uo€)uy(m, Wh>0. (3.12)

Using (3.11) and (3.12) and since Tj, (ue —Tg(ue)) = te — B on {(x,t) /B < |uc| < p+h}, we
obtain

/ Ty (1t — T (1)) P+ / VT (e — Ty (u)) |Pdxds

€

/le( — )" Ty (e — Ty (1) )dxds
< [ (e t) Ti(wte=Tp(000))+-B17 |V T (e~ Ty s
+h(|[b(x,u0e) |11 )+ fellLrr))
<C [ el Ty (e Ti(we) || VT (e~ Tp(oe)) s
+C [ el )|V Ty (e —Tp(ue)) |dsdx

Q
+h([[b(x,u0e) |11 (0) [ fel |2 (o)) (3.13)

where C is a constant which varies from line to line and depends only the data. By
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Gagliardo-Niremberg and Young inequalities we deduce
/Q c(,8) | Ty (1t — Ty (1)) ||V Ty (e — Ty (1)) dsclx

—l—/Qc(x,t)]VTh(ue—Tﬁ(ue)ﬂdsdx

Y 2
C I / Ty (ue—T, d
=Cy 2HC(x e (Q“)t:&ifl) Q! 0 (e —Tp(ue)) [*dx

N+2—vy Gt vy Wiees
+CWHC(x,t)IILT(QT1) (/QT1 ]VTh(ue—Tﬁ(ue))’deds> ‘
Since N2
_|._
= _1 ,

and by using (3.13) and (3.14), we can easily see that
/ Ty (11— Ty (uc)) 2dx+zx/ VT, (e — Ty (ue)) |Pdxds

__/tTi (tte — )~ Ty, (e — Ty (1e) )dxds

Y
SCN+2”C(x1t)||LT(Q ) sup Q|Th( ue—Tg(uc))[dx

N+2—vy
WHC(X’”HU(QH)/QH |V Ty, (ue —Tg(ue))|Pdxds

+h ([b(x,u0e) |1 () + I fellrar))s

which is equivalent to

+C

A 2
(5 -Crglleebllir(ay) sup/|Th — Ty(ue)) Pdx

N+42—v
+(a—c 2T alle (x,t)HLT(er)>/QT1|VTh(ue—Tl;(ue))|”dxds

1
_E/Qle(ue—gb)_Th(ue—T,;(ue))dxds

<h([1b(x,u0e) |11 () + || fellLr(ar))-

If we choose 17 such that

A v
(E—CN+2HC(x,t)HLT(QTl)) >O,

and N+2+
v
(“ CN12 Il (x’t)H“(Qfl)>>0’

(3.14)

(3.15)

(3.16)

(3.17)
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then, let us denote by C the minimum between (3.16) and (3.17), we obtain

sup | |Ty(ue—Tg(ue)) |2dx+/Q |V Ty, (ue —Tp(ue)) [Pdxdt
7

fE(O,Tl)
_g | Tale= ) Tilue = Tp(ue))dxds < Ch (3.18)
Gl

It follows that

1 Ty (e —Tg(u
‘/ 1, Gy T <,
Qn € ¢ h
since I Ts(u0))
1 Ap(ue— u
R e L
for every B> |||, we deduce by Fatou’s lemma as 1 — 0 that
1
- —1)” <C. .
/Qqu%(ue p)~<C (3.19)

Let 71 €(0,T) and ¢ fixed in (0,71). Using Ty (ue)x (o) as test function in (3.9), we integrate
between (0,77 ), we obtain with the same techniques used previously that

sup /Q Ty (10e) P+ /Q IV Ty () [Pdxdt < Ck. (3.20)
) .

te (0,’(1

Then, by (3.20) and Lemma 2.2, we conclude that Ty () is bounded in LP(0,T; W&’p (Q))
independently of € and for any k > 0, so there exists a subsequence still denoted by .
such that

Ti(ue) =& weaklyin LP(0, T;Wé’p(Q)). (3.21)

Let k>0 be large enough and By be a ball of (), we have:

T
kmeas{{|u€]>k}ﬂBR><[O,T]}:// I Ty (10 | dxdt
0 J{jucl>k3Be

T
g/ / I Ty (1) |dcdt
0 JBgr

1,7 1

p P v
§</Q]Tk(u€)] dxdt) (/0 /BRdxdt)
<TCR(CMK)?.

Which implies that:

meas{{]ue| >k}NBg x [O,T]} <

=
|
<=



36 A. Aberqj, ]. Bennouna and H. Redwane / Anal. Theory Appl., 33 (2017), pp. 29-45

so we have
kgrfwmeas{{]ue] >k}NBg X [O,T]} =0.

We will now use a method in [3] to show that for a subsequence still indexed by u. and
b(x,ue) converges almost everywhere in Qr. For any integer M > 1, let Sy an increasing
function of C2(IR) and such that Sy(r) =r for |r| < 4 and Sy(r) =M for |r| > M. Remark
that suppS), C [-M,M]|. We will show in the sequel that for any fixed integer M the
sequence

_ [#0b(x,s)
BSM(X/Z)—/O s SM(S)EIS,
satisfies
Bs,,(x,u¢) is bounded in LP(O,T;WS”?(Q)), (3.22)
and
0B ) /
w is bounded in L}(Qr)+LP (0, ;W17 (Q)), (3.23)

independently of €. Indeed, we have first

VBs,, (x,u¢)

<Al o) IV T () [ Sl Lo r) + M| Sl Lo (m) B(x) ae.in Qr. (3.24)

As a consequence of (3.20), (3.24) we then obtain (3.22). To show that (3.23) hold true, we
multiply the approximate equation by S/, (uc), we get

W =div (ae(x,t,ue,Vue)Sﬁw(ue)) —ac(x,t,ue, Vie)Si(ue) Ve
—div <¢€(x,t,ue)5§w(u€)> + S (e pe(x,t,1ue) Ve
1
+ET% (”e_w)_sf\/l(ue)"f_fesfvl(”e)- (3.25)

Each term in the right hand side of (3.25) is bounded in L'(Qr) or in L¥' (0, T; W~ ((2)).
Actually, since suppS), and suppS}, are both included in [—M, M], u, may be replaced
by Tam(ue) in each of these terms. For 0 < e < 17, by (3.7b) we obtain

¢e(x,t,ue)r”(s’M(ue))P’dxdt\ < / c(o,t)P | Ty (ue) [P Shy (ue)) |V dxdt
Qr €

- c(x, )P | Tog (ue)|P 7| Shg (ue) P dxdt.
[{(xlt);us|§k}( )P T (ue) [P 7S (e ) |

Using Holder and Gagliardo-Niremberg inequality, in the right hand side integral, we
obtain

‘QT

/ c(x, )V | Taa(ue) [P |Sha (b(ue) )|V dxdt
{(x,t),'\u€|§k}

<IShall il e e ( sup ([ [Tu(u) PYF+ [ [V Tus(ue) Pt
MIIL=(IR) (QT)(te(O,T) o) Or )

<cm,
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where ¢ is a constant independently of € which will vary from line to line. By (3.3d) we
deduce that

‘ e (3, 1) (Sf\’,l(ue)Vue)”,dxdt‘
Qr
S/ (Sht (1)) e, )7 To (ue) [P | Ve [P dxdt < cp, (3.26)

Qr

as a consequence of (3.25), we obtain (3.23).

As mentioned above, from (3.22) and (3.23), we deduce that for a subsequence, still
indexed by €, u. and b(x,u.) converges almost everywhere in Qr, as € goes to zero (see
e.g., [4]) to a measurable functions u and b(x,u) respectively. With the fact that T (1)
is bounded in LP(O,T;W(}”’(Q)) then Ty (ue) — Ti(u) weakly in LP(O,T;W(}”’(Q)) for any
k>0 as € tends to zero. Actually b(x,u) belongs to L*(0,T;L'(Q)).

Indeed by using (3.12), (3.13), (3.14), (3.19) and (3.20) we deduce that

/ By (x,ue)dx <kC+Cq,
o)

and passing to the limit-inf as € tends to zero, we obtain that with

B(x,7)= /;%Tk(s)ds.

On the other hand, we have
2 / Bk X, M dx < C2
for almost any 7 in (0,T). Due to the definition of Bx(x,r) and the fact that

1

EBk(x,u)

converges pointwise to

/ousg(S) ab(a?) ds=[b(x,u)|

as k tends to +o0, as a consequence b(x,u) belongs to L*(0,T; L' (Q))).
Lemma 3.1. Let u, be a solution of the approximate problem (3.9). Then

lim limsup

/ a(x,t,ue, Vie)Vuedxdt=0.
n=teo o J{n<|ue|<n+1}

Proof. Let us now the Lipschitz continuous bounded function 60, (ue) = T;y+1 (ue) — Ty (1te)
as a test function in (3.9) to obtain

/B x,ue)(T)dx+ ae(x,t,ue,Vue)V()n(ue)dxdt—/ 1T1(u€—¢)_9n(ue)dxdt
Qr 7€ €

< / ¢(x, 1) Ta () [ |V 0, (11 dxcdt + / Fobh () dxdt+ / By (x,ut0¢ )dx, (3.27)
T € QT @)
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where b
B, (x,r) :/ (x5) 6, (s)ds,
0 ds

gives

=

/QBn(x,ue)(T)dx—i—/QTae(x,t,ue,Vue)VGn(ue)dxdt—/QT%T (it — )0 (1t

g/ c(x,t)|Tl(u€)|”’]V9n(ue)|dxdt—|—/ Bn(x,u()e)dx—l—/ o (1) dxcdt.
Qr € Q Qr

We have set 6,, >0,
1
/ B (x,uc)(T)dx >0 and —/ STy (e — 1)~ 6, (e )dxdt,
Q Qr€ ¢
which indeed a positive function, then for every 0 <e < HLH, we have

ae(x,t,ue, Vie) VO, (ue) =a(x,t,uc, Vie) VO, (ue) a.e. in Qr.

Asa consequence

/ a(x, b tte, Vite) V0, (e dxdt

T

< / c(x,8)|Ta (1) 7|V 0 (11 ) |dxd + /Q By (x,tge ) dx + / Fobu(ue)dxdt.  (3.28)
T € Qr

Proceeding as in [1,4, 6], we show 6, (1) converges to 0 strongly in L?(0,T; Wg 7(Q)), and
by passing to the limit in (3.28) as € tends to zero, and n tends to +oo, we obtain

lim lim a(x,t,ue,Vie)Vuedxdt=0. (3.29)

n—+0 €0 J{n<|ue|<n+1}

Thus, we complete the proof. 0

Step 3: This step is devoted to introduce for k>0 fixed a time regularization of the func-
tion Ty (u) in order to perform the monotonicity method. This kind of regularization has
been introduced by R. Landes (see Lemma 6 and Proposition 3, pp. 230, and Proposi-

tion 4, pp. 231, in [12]). Let v}) be a sequence of function in Lm(Q)ﬂWS’p(Q) such that
[0h |0y < k for all > 0. and v} converges to Ti(ug) a.e. in Q) and %HUSIHU(Q) con-
verges to 0. For k>0 and y >0, let us consider the unique solution (T (u)), € L*(Qr)N
LP(0,T; W&’p (Q))) of the monotone problem:

MEDe (730~ T =0 in D'(Qr).

(Tic(u))u(t=0) =1 in Q.
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Remark that (T (u)), converges to Ti(u) a.e. in Qr, weakly-* in L*(Qr) and strongly in
LP(O,T;W(}”’(Q)) as y tends to +o0, and we have

(T (1)) el L () < moax(||[(Ti(u)) [ L (@) V0 Lo () <K, Vi, k>0,
Lemma 3.2 (see H. Redwane [15]). Let k>0 be fixed. Let S be a C®(IR)—function such that
S(r)=r for |r| <k, and suppS' is compact. Then

liminflim
p—+00e—0

T 7ob(x,uc)
0< x,u

SRS (ue) (Te(ue) — (Ti(w)),) )dt 2.0,

where (-,-) denotes the duality pairing between L'(Q)+W =17 (Q) and L*®(Q)NWP(Q)).

We prove the following lemma which is the critical point in the development of the
monotonicity method.

Lemma 3.3. The subsequence of u. satisfies for any k>0

limsup a(x,t,ue, VTi(ue))VTy(ue)dxdt < / 0%V Ty (1) dxdt.

=0 Jor T
Proof. Let S, be a sequence of increasing C*-function such that
Su(r)=r for |r|<n, supp(S,)C[—(n+1),(n+1)] and ||S;||r~(r)y<1 forany n>1.
We use the sequence (Tj(u)), of approximation of Ty (u), let
Wi =Ti(ue) = (T (1)) s

and plug the test function S, (1e) Wy; in (3.9), we obtain

T
/ <7ab(x’u€),sil(u€)W§>dt+ [ aclutine, Viue)S, (ue) VWit
0 Qr

ot
+ ae(x,t,ue,Vue)S;’(ue)VueVWf,dxdt
Qr
— [ et )8, () VWEdxdi— [ LT (ue— )~ Sl () Wedat
Qr Qr€ ¢

- / Sp(tte) e (x,t,ue) Ve VW duxdt
Qr
:/ feSy(ue) Wydxdt. (3.30)
Qr

Now we pass to the limit in (3.30) as € =0,  — +co and then n — +co for k real number
fixed. In order to perform this task we prove below the following results for any fixed
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k>0
. . . T ab(x/ue) €
_ > > .
I;FEEggE(I) : < 5 ,W},>dt_0 forany n>k, (3.31a)
yl_imoolig(l) QTgbe(x,t,ue)S;(ue)VW;dxdt:0 forany n>1, (3.31b)
. . 1 € —
}lll)r}rlwllg(l)/T(,be(x,t,ue)Sn(ue)Vuevw}ldxdt—O forany n>1, (3.31¢c)
lim limsuplimsup ae(x,t,ue,Vue)SZ(uG)VueVWdedt:0, (3.31d)
nE® st en0 JQr
. . —c/ —
ylirrmllirg) 0rc T1 (ue—4)~ S, (ue) Wydxdt =0, (3.31e)
lim lim [ fS; (uc)Wydxdsdt=0. (3.31f)

p—+00e—0./Qr

Proof of (3.31a). The function S, is increasing and belongs in C*(IR), then we have for
| <k<n, Sy(r)=r, while suppS;, is compact. In view of the definition of W and lemma
3.2 applies with S=S5,, for fixed n >k, as a consequence (3.31a) holds true.

Proof of (3.31b). Let us recall the main properties of W;;. For fixed y>0: W converges to
Ty () — (Ti (), weakly in LP(0,T;W,” (Q))) as e — 0. Remark that ||weHLw ) <2k for
any €, >0, then we deduce that

Wy = Ti(u) — (Te(u))y aein Qr and L*(Qr) weakly x, (3.32)

when e —0, one had suppS), C[—(n+1),—n]U[n,n+1] for any fixed n>1and 0<e < 35:

Pe(x,t,ue) Sy, (1e) VWG = Pe(x,t, Tyy1(ute) ) Sy, (ue) VWY ace. in Qr, since suppS’ C [—(n+
1),n+1], on the other hand <p€(x,t Tu+1(ue))Sy, (ue) converges to ¢p(x,t, Ty11(1))S), (1) a.e
in Qr, and |¢e(x,t, Tyi1(1e))S) (ue)| <c(x,t)(n+1)7 for n >1, by (3.32) and strongly con-
vergence of Ty (u¢), in LP(0,T, W1 P(Q)) we obtain (3.31Db).

Proof of (3.31c). For any fixed n>1and 0<e < n+l

e (x,t,1e) Sy (1) Viee Wy = Pe (2,8, Ty 1 (1)) Spy (1) VT 1 () Wy, ace. in Qr,

as in the previous step it is possible to pass to the limit for € — 0 since by (3.32) we have
Pt T (1)) SL (WS — p(3,, T 1 (0))SLOW,, e, in Q.

Since |¢(x,t, Tyg1 (1)) Sy ()W, | <2k|e(x,t)|(n+1)7 ae. in Qr and (Ti(u)), converges to 0

in LP(0,T;W," (Q))), we obtain (3.31¢).

Proof of (3.31d). In view of the definition of S,, we have

‘/ ae(x,t,ue,Vue)S,’q’(ue)W;dxdt‘
Qr

<T1S} () i W5 i) [ (b, Vite) Visedil

{n<jue|<n+1}
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foranyn>1,any 0<e< %H any u > 0. By (3.29) it is possible to establish (3.31d).

Proof of (3.31f). By (3.7¢), the pointwise convergence of ue and Wy and its boundness it is
possible to pass the limit for € — 0, then for y — +co and for any n>1:

i lim QTfeSZ(Me)(Tk(ue)—(Tk(u))y)dxdfzo'

Proof of (3.31e). Similar to (3.31f). Now we turn back to the proof of Lemma 3.3. Due to
(3.31a)-(3.31f) we can to pass to the limit-sup when y tends to 400 and to the limit as n
tends to +o0 in (3.30). using the definition of Wy, we deduce that for any k>0

lim limsuplimsup [ S) (ue)ac(x,t,ue, Vie)(VTe(ue) —V (T (u),)dxdt <O0.

nE® y steo es0 YQr

Since
S(ue)ac(x,t,ue, Vue)VTi(ue) =a(x,t,ue, Vue)VTi(ue)

for k< % and k <n, using the properties of ), the above inequality implies that for k <n:

limsup [ ac(x,t,ue, Vie)VTi(ue)dxdt

e—0 JQr
< 1_1&1 limsuplimsup | S} (ue)ae(x,t,ue, Vie)VTi(u),dxdt. (3.33)
n o)

p—+oo  e=0 JQr

On the other hand, for € < %H,

Sh(ue)ae(x,t,ue, Vue) =S (ue)a(x,t, Ty (ue),VTi1(ue)) ae. in Qr.
Furthermore we have
ae(x,t,ue, Vie) =0 weakly in (LPI(QT))N, (3.34)

it follows that for a fixed n >1: S, (ue)ac(x,t,ue, V) converges to S}, (ue )0, 11 weakly in
L”'(Qr) when € tends to 0. Finally, using the strong convergence of (Ti(1),,) to Ty () in

LP(O,T;Wé’p(Q)) as y tends to +oo, we get
Vl_i)rfwliir(l) QTS;(ue)ae(x,t,ue,Vue)VTk(ue)dedsdt
- / S! (1) 01 V Ty () dxdt (3.35)
Qr

as soon as k<n. Now for k <#n we have

a(x,t, Ty (te),V T (e)) X (ue <y = (%, Ti(ue), VT (4e) ) X fjuc<ky  a-€.in Qr,



42 A. Aberqj, ]. Bennouna and H. Redwane / Anal. Theory Appl., 33 (2017), pp. 29-45

which implies that, by the fact that u. —u a.e.Qr, and (3.34), and by passing to the limit
when € tends to 0O,

Un+1X|ll|§k:UkX{|ll|§k} a.e. in QT—{|M’:k} for kS n. (336)

Finally, by (3.36) and (3.34) we have for k<n: 0,11 VT (u) =0,V Ty (u) a.e. in Qr. Recalling
(3.33), (3.35) the proof of the lemma is complete. O

Step 4: We prove that the weak limit oy of a(x,t, T (ue), VTi(ue)) can be identified with
a(x,t, T(u), VTi(u)).

Lemma 3.4. the subsequence of u. defined in Step 1 satisfies for any k>0

lli% Or (a(x/tlTk(”e)/VTk(”e>) _a(x/t/Tk(”e)/VTk(”))) (VTk(”e) _VTk(u))dxdt

=0. (3.37)
Proof. Using (3.3b) we have

lim (a(x,t,Tk(ue),VTk(ue))—a(x,t,Tk(ue),VTk(u)))(VTk(ue)—VTk(u))dxdt

e—0JQr

>0. (3.38)

Furthermore, by (3.3a), the almost everywhere convergence of 1., we have the sequence
a(x,t, Ty (ue),VTi(u))) converges to a(x,t, Ty (1), VTi(u))) a.e. in Qr, and

la(x,t, T (ue), VTi(ue))) | < v (x,8) + | VTi(ue) P71 ae.in Qr,
uniformly with respect to €. As a consequence
a(x,t, Ti(ue), V(1)) = a(x,t, Te(u), V(1)) stronglyin (L¥ (Qr))N.  (3.39)

Finally, using the fact that u. — u a.e. in Qr, (3.34) and (3.39) make it possible to pass to
the lim-sup as € tends to 0 in (3.38) and we have (3.37). (]

Lemma 3.5. For fixed k>0, we have

or=a(x,t,Tp(u),VT(u))) ae. in Qr, (3.40)

and as € tends to 0
a(x,t, T (te), VT (ue))VTi(ue) —=a(x,t, T (u), VTi(1))) VTi(u) (3.41)

weakly in L'(Qr).
lim a(x,t,u,Vu)Vudxdt=0, (3.42a)

n—+oo JIn<|u|<n+1}

u>y ae in Q. (3.42b)
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Proof. We observe that for for any k>0, any 0<e < ¢ and any ¢ € IRY:
ae(x,t, T (ue),8) =a(x,t, T (ue),$) :a%(x,t,Tk(ue),C) a.e. in Qr.

Since Ty (ue) converges to Ty (1) weakly in LP(0, T;Wé’p (Q))), and by (3.37) we obtain

hm

(8, Ty (1), V T () ) V T (1t ) dxedt = / 0.V T () dxdt. (3.43)

1
0JQr * Qr
Since, for fixed k >0, the function a 1 (x,t,5,¢) is continuous and bounded with respect to

s, the usual Minty’s argument applies in view of (3.34) and (3.43). It follows that (3.40)
holds true. In order to prove (3.43), by (3.3b), (3.37) and proceeding as in [4] it’s easy to
show (3.41). Taking the limit as € tends to 0 in (3.29) and using (3.41) show that u satisfies
(3.42a).

Using the estimate (3.19), we have

T (ue—1)~ <Ce,
/QT (e~ p)~ <Ce

€

by letting € to 0, we obtain
/ Ty (e — )~ dxdt =0,
Qr

€

then we conclude that u > a.e. in Qr. O

Step 5: We show that u satisfies (3.6). Let ¢ € Ky, NL*(Qr) such that

%—(f eL? (0,17 (Q)).

Pointwise multiplication of the approximate equation (3.9) by Ty (e —¢) and use the in-
tegration par parts, we get:

t
/<ab(x,ue);Tk(u€_(P)>ds+/ ae(x,t,uelele)VTk(ue—gO)dXdS
0 ds Qr

1
(pe(x,t,ue)Tk(ue—go)dxds—E/QtTi(ue—lp)Tk(ue—(p)dxds
_ / FoTi (e — @)docds. (3.44)

We pass to the limit as in (3.44) € tend to 0. The first term of (3.44) can be written
trob(x,ue)
I <T'Tk(”€ ¢))ds
a ob(x,u
/ 90 < Tk(ue—q))>ds

s
Ue— (P Uge_
+// ab xrr+q0 dsdx— //0 9(0 (r)ab(x'r;q)(o))drdx.
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In view of (3.4b), (3.5), (3.8) and since u, converges to u a.e in Qr, we deduce that

converges to

/Ot<ab(axs’u) ;Tk(u—(P)>dS

as € tends to zero and for all t € (0,T).
The term

ae(x,t,ue, Vie)\VTi (e — @) =a(x,t, Tar(tte), VTar(tte) )V T (Tar (ue) — @)
fore< %, where M=k+||¢||1~(g,), s0 using Lemma 3.5, we get
ae(x,t,ue, Vi) VTi(ue— @)

converges to a(x,t,u,Vu)VTi(u— @) weakly in L' (Qr).
Furthermore, since

Pc(x,t,1e) Vi (e — @) = ¢ (x,t, Tar (ue) ) VTi (Tar (1) — )

a.e. in Qr, for e<4; and where M=k+||¢|| 1=(Qr)- We can easily see that ¢ (x,t,1e ) V Ti (1e —
@) converges to ¢(x,t,u)VTi(u— @) weakly in L' (Qr).

Finally, the term
1

_ET% (ue—1) Ti(ue— o)
is positive and we have f. Ty (ue — @) converges to fTi(u— ¢) strongly in L}(Qr).
As a consequence of the above convergence result, we are in a position to pass to the
limit as € tends to 0 in Eq. (3.44) and to conclude that u satisfies (3.6).
It remains to show that b(x,u) satisfies the initial condition. To this end, firstly re-
mark that, in view of the definition of S/, (see (3.22)), we have Bj(x, 1) is bounded in

L*(Qr)NLP(0,T;W, " (Q2)). Secondly, by (3.23) we show that

OB (x,ue)
ot

is bounded in LY(Q)+LF(0,T;W 2 (Q)). As a consequence, an Aubin’s type
Lemma (see e.g., [16], Corollary 4) implies that Bs(x,uc) lies in a compact set of
CO([0, T;W~1%(Q)) for any s <inf(p’, 7). It follows that, on one hand, By (x,uc)(t=0)
converges to Bys(x,u)(t=0) strongly in W~=1(Q)). On the order hand, the smoothness
of By imply that By (x,ue) (f=0) converges to By(x,u)(t =0) strongly in L1(Q)) for
all g < +o00, we conclude that Bys(x,ue)(f =0) = Bp(x,upe) converges to Bys(x,u)(t=0)
strongly in L7(()), we obtain By (x,u)(t=0)=Bpm(x,up) a.e. in Q) and for all M >0, now
letting M to +o0, we conclude that b(x,u)(t=0) =b(x,up) a.e. in Q.

As a conclusion of Step 1 to Step 5, the proof of Theorem 3.1 is complete. O
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