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Abstract. In this work, we will prove the existence of bounded solutions in WS Po)n
L*(Q) for nonlinear elliptic equations — div(a(x,u,Vu))+g(x,u,Vu)+H(x,Vu)=f,
where a, g and H are Carathéodory functions which satisfy some conditions, and the
right hand side f belongs to W=17(Q).
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1 Introduction

Let Q) be a regular bounded domain of RN, N >1 and let us consider the problem:

{ —div(a(x,u,Vu))+g(x,u,Vu)+H(x,Vu)=f inD'(Q),

ue Wy (Q)NL®(Q), (-1

where —div(a(x,u,Vu)) is a Leray-Lions operator acting from W&’p (Q) into its dual
W17 (Q) with p>1 and %+% =1, g is a nonlinearity which satisfies the growth condi-
tion and also it satisfies a sign condition (i.e., it is an absorption of a lower order term)
and H is a reaction term on which suitable hypothesis are made. Moreover the source
term f belongs to W~14(Q)) where g > % and g>p'.

When H=0, in [3] the authors were interested by the existence of the Wy (Q)NL®(Q2)
solutions of — (ajjity;)x, +aou=g(x,u, Vu) with |g| <Co+b(|u|)|Vu|* where a;; is bounded
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measurable, 4y >0 and b is a function on R, also they were interested by an existence
result for — A, u+g(x,u,Vu)+aglu|P~lsign(u) = f —divF with |g| <Co+C1|Vu|? where
a9,Co and C; are strictly positive, f and F are suitably integrable in [5]. For —(aijux].) %=
g(x,u,Vu)—div f with g is satisfying |g| <b+|Vul? for p=2, when f and b is suitably
integrable, an existence result can be found in [10]. The Wg’p (Q)NL=(Q) solution of
—Apu = g(x,u,Vu) where g is satisfying |g| <b+|Vu|? and b is a suitably integrable
study in [6]. In [11] the existence of the Wé’p(ﬂ) NL®(Q) solution of —div(|Vu|P~1Vu)=
|Vu|P+g—divf with g and f are suitably integrable. Let us point out that more works
in this direction can be found in [4, 18]. Recently in [21] when H =0, the authors have
proved the existence of bounded solutions of unilateral problems associated with the
Dirichlet problems (1.1) in the setting of Orlicz Sobolev space without any restriction on
the N-function of the Orlicz spaces, where the function g(x,u,Vu) is not satisfying the
sign condition.

In the case H is not necessarily the null function, the existence result for the problem
(1.1) where u € Wg 7(Q) was firstly proved in [8] in the case where the functions g does
not depend on the gradient and it was secondly proved in [14] using the rearrangement
techniques. The existence result of equations with this type with a measure data have
been given in [1] and has also been studied in [20] in the case of unilateral problems with
L!-data.

The scope of the present work is to obtain the uniform L* —estimates for the solutions
of strongly nonlinear elliptic equations (1.1), we based on rearrangement properties [13].
This method has been successfully applied to nonlinear elliptic problems with p-growth
in the gradient by Ferone et al. [11]. Such an estimate allows us to prove the existence of
a solution of (1.1) see [14]. The smallness conditions on the measure of () and some norm
of by, b, and f are essential in the L* —estimates.

Let us briefly summarize the contents of this article. Section 2, contains some pre-
liminary results concerned with the rearrangement propriety. In Section 3, we give the
assumption on the data and we show the existence of our result (Theorem 3.1).

2 Preliminary results

We recall here some standard notations and properties which will be used through the
paper. Let QO C RN be a bounded domain, and let w: Q) — R be a measurable function.
If one denotes by |E| the lebesgue measure of a set E, one can define the distribution
function p,, (f) of w as:

po(t)={xeQ:w>t}|, t>0.

The decreasing rearrangement w* of w is defined as the generalized inverse function of
Hew:
w*(s)=inf{t>0:uy(t) <s}, s€l0,|Q]].
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We recall that w and w* are equimeasurable, i.e.,
po(t) =por (1), tERT.

This implies that for any Borel function 1 it holds that

/w(w(x))dx:/ﬂlp(w*(s))ds,
Q 0

and, in particular,

™ |[zr(o,jan = lwllLr@), 1<p<eco. (2.1)

The theory of rearrangements is well known and exhaustive treatments of it can be found
for example in [9,13,15]. Now we recall two notions which allow us to define a “gener-
alized” concept of rearrangement of a function f with respect to a given function w.

Definition 2.1 (see [2]). Let f € L'(Q) and w € L'(Q)). We will say that a function
f., € LY(0,|Q1]) is a pseudo-rearrangement of f with respect to w if there exists a fam-
ily {D(s) }se(o, ) of subsets of () satisfying the properties:

(i) [D(s)=s,
(i) s1<sp=D(s1) CD(s2),
(iii) D(s)={xeQ:w(x)>t}if s=puy(t),

such that

. d o
Fol) =g [ [0 mD ().
Definition 2.2 (see [16]). Let f € L'(Q) and w € L}(Q)). The following limit exists:

. (WA —w*
lim-————— ="

Alg(l) )\ fw/

where the convergence is in LP(Q))-weak, if f € LP(Q)),1 < p< oo, and in L*(Q)) —weak”",
if f € L®(Q). The function f;, is called the relative rearrangement of f with respect to w.

Moreover, one has
. ac .
fols)="2 in (),

where

s—[{w>w*(s)}|
Gs:/ xdx+/ w=w(s)y)(0)do.
(s) {w>w*(s)}f( ) ; (fl{w=w(s)1) (@)
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The two notions are equivalent in some precise sense (see [9]). For this reason we will
denote f,, and f, by F,,. We only recall a few results which hold for both the pseudo-
and the relative rearrangements.

If f and w are non-negative and w € W&’l(Q) it is possible to prove the following
properties:

4 f(x)dx=F,(pw(t))(—pl,(t)) forae.t>0, (2.2a)
dat J{w>t}
[[Follzroan <Ifllr@q)y, 1<p<co. (2.2b)

The proofs of (2.2a) and (2.2b) can be found in [2] (for pseudo-rearrangements) and in [17,
19] (for relative rearrangements). We finally recall the following chain of inequalities

which holds for any non-negative w € Wg P(Q):

d
1/N 1-1/N -
NC\ M po(t) i) >t}|Vw]dx

[ d Yy
SO (<5 [ Ve e

where Cy denotes the measure of the unit ball in RY. It is a consequence of the Fleming-
Rishel formula [12], the isoperimetric inequality [7] and the Holder’s inequality.

3 Main results

Let us now give the precise hypotheses on the problem (1.1), we assume that the follow-
ing assumptions: ) is a bounded open set of RN (N>1), 1<p<+o0,leta:QOx Rx RN —
RN be a Carathéodory function, such that

[a(x,5,&)—a(x,5,17)](E—1) >0 forall (&n)eRN xRN, with &#£7, (3.1a)
a(x,8,8)¢ > al¢]?, (3.1b)

where « is a strictly positive constant
la(x,5,8) | < B(d(x) +[s|" =1 +[2]PT), (3.2)

for a.e. x€Q), all (s,¢) eR xRN, a positive function d(x) € LY (Q),1<p<N, and >0.

Furthermore, let ¢(x,5,¢) : OxRxRN — R and H(x,&) : QxRN — R are two
Carathéodory functions which satisfy, for almost every x Q) and for all s€ R, €RY, the
following conditions:

g(x,5,8)s>0, (3.3a)
18(x,5,8)[ < b1 (x) +b2(x)[S]7, (3.3b)
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where by (x) € L"™(Q), m> %, and by (x) >0a.e. |b(x)| <A a.e. in Q), where A is a strictly
positive constant.

[H(x8)| <b(x)[g]", (34)
where b(x) is positive and belongs to L"(Q)) with » > N.
Finally, for the right hand side, we assume that
few @), g>p and g> % (3.5)
We recall that if f € W~ (Q) there exist fo, f1,---, fny € LP (Q) such that :
_ Jv Lp o0
(f,0) _/()fov+zi:/()ﬁa—3q, Voe W (Q)NL™(Q),

since () is bounded, we can assume that fy=0 and we set f=(f1,f2,---,fN), |f|= (2f1-2) 3,
Now, we give the following results which will be used in our main result.

Lemma 3.1. When f satisfies (3.5) and when assumptions (3.1a)-(3.4) are satisfied, there exists
a weak solution u of (1.1) in the following sense:

/Qa(x,u,Vu)Vvdx%—/Q(g(x,u,Vu)+H(x,Vu))vdx:(f,v},

forallve W&’p(ﬂ) NL®(Q).
The proof of this Lemma see [14].

Remark 3.1. The duality product between f and v make sense since q>p’ so W~1(Q) C
W17 (Q). Note also that (3.1a), (3.3a) are not required to obtain our results. However,
these hypotheses are needed for the existence result (see [14]).

Our main results are collected in the following theorem:

Theorem 3.1. Let u be a solution of (1.1) under the assumptions (3.1b)-(3.2) and (3.3b)-(3.5).
If b1, b and f satisfy the inequality

1 No(p—1) /p' ~2_1 P AT E—E 1 Ap'
N pe (B 1alE = o017 17+ (55

/

P
1 pr P/p p N(g(p—1) -1\ "o, 1 sy
QN 1 QN p/p
+a2p,)! 5111 +aP’/PNC}\,/N< prR > QY || £
o (p—1)
4 3.6
TApar 141 (3.6)

%,pi), then there exists a constant M > 0, which depends only on N, p, v’, q,

where o =min(m, L,
1 QL f o 1Bl Lr ) and [[b1||Ln(q), such that

[u]] o 2y < M. (3.7)
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Proof. The proof of Theorem 3.1 is done in two steps. In this step, we prove the decreasing

rearrangement of w = "k‘”,l_l satisfies the following differential inequality:
* [( 1/P 1 /P
(—w*(s)) <L W1 NCl/Nsl l/N /1/] 7)+1)"ldr)
kw*(s)+1

(Fu(s))"?, (3.8)

aP'/PNC}\I/Nslfl/N

where 9* is the decreasing rearrangement of

/

p P Ay 1 /
v=Lon(y+ Liop+ ( S+ )11

and F, is a pseudo-rearrangement (or the relative rearrangement) of |f|”" with respect to
w.
Let us define two real functions ¢1(z), ¢2(z), z€ R, as follows:

p1(2) =0V sign(z),
okz_ (3.9)
p(s) =Y,

where
M 1
a(p—1)  a’(p—1)’
we observe that ¢ (0) =0 and for z#0, ¢;(z) >0, ¢5(z) >0

INEYAC) s )= (95 (12])I7, (3.10a)
P(z) (A” )rgbl( 2)| =0, (3.10b)

Furthermore, for t >0, >0, let us put

sign(z), if |z| > t+h,
Sen(z) =1 ((|z|—t)/h) sign(z), ift<|z|<t+h, (3.11)
0, if |z| <t.

We use in (1.1) the test function v e Wg’p (Q)NL=(Q) defined by

v=1(4) St (w) = 1 () St (P2(ul)), (3.12)
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lu|_
where w = 1

(3.11) we have

% a(x,u,Vu)Vugy (u)dy(|u])sign (u)dx

{t<w<t+h}

+/w>t} (g(x,u, Vu)+H(x,Vu)) 1 (u)+a(x,u,Vu) Vud, (u)) Sy p(w)dx

_/w>t}2fzaxl¢1 u)Syp(w )dx+h Zflaxl‘l’l u)s(|u|)sign (u)dx. (3.13)

{t<w<t+h};

Taking into account (3.10a) and Young’s inequality, it follows that

% a(x,u, Vu)Vugy (1) (|u|)sign(u)dx

{t<w<t+h}

+ ((g(x,u, Vu)+H(x,Vu))pr (u)+a(x,u,Vu)Vud)(u)) S p(w)dx

{w>t}
w PP / o

— [ AV S@dx+ S [ VUl (), (w)dx
p {w>t} P J{w>t}

a PP

<

i !<Pz(!u|)!*’dx4rph | VulPlga(ful)[Pdx,

P'h Jit<w<t+h} {t<w<t+h}

usin .3b), (3.4) and the ellipticity condition (3.1b), we obtain
ing (3.3b), (3.4) and the ellipticity dition (3.1b) btai

o
_ VulP , >
h {t<w§t+h}’ M’ ’(PZ(’uD’ X

S/w>t}<(bl(x)+b2(X)]Vujp—kb(x)lvuyp1)4,1(”)_lx|vu|lﬂ¢i(u))5tlh(w>dx

a~ PP . N
+ / |2 S d _|__/ v P4/ S d
p’ {w>t}|f’ ‘Pl(u) t,h(aJ) X m {w>t}| u| <p1(u) t’h(w) x

DC_P'/P ’ jd ’ ’Pd + Vul?l|o) ’ rd

T Jpcwcrg 1102 DPdxt 25 | Gl I3l P

By (3.10b) and Young’s inequality;, it follows that

1
h J{t<w<t+ny

</{w>t} (Ap |1 (u )’_¢i(”)+il|¢1(”)|> \Vu|PS; p(w)dx

4 N Ap 1 ,
+[{w>t}<;bl( x)+ |b|p+< W) ’f|p>|¢1(”)’5t,h(w)dx
: F17 195 (ul) P

al'h J{t<w<tin

[VulP|ga(luf)|Pdx
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Using (3.10b) and the definition of ¢, ¢ in (3.9), the above inequality gives:
1
h J{t<w<t+n}

g/ Pk +1)P18, (w )dx—i— FIY (kot1)Pdx,  (3.14)
{w>t} P'hJit<w<t+n}

|\Vw|Pdx

where ,

Ap' 1 /
o=Ln()+ L b+ (g A
Letting /1 go to 0 in a standard way we get:
—% st} |Vw|Pdx < /{w>t}1p(kw+1)r’ Ydx+ (kt;l) <_% ) ’f|P'dx> :
Using Hardy-Littlewood’s inequality and the inequality (2.2a). It follows that
d
dt S

|Vw|Pdx

w(t)
< [y @ as N R, 619

where F,, is a pseudo-rearrangement (or the relative rearrangement) of |f|?" with respect
to w. Combining (2.3) and (3.15), we obtain

NCY N o ()N

<) ([ )k 5) 117 )

and then, using the definition of w*(s), we have:

/p kt+1
TR
al' /'y

(= (8)) (Fo (o (1)) 7

(—w*(S))'
[( 1/P pe1, \ VP kw*(s)+1 1/p

that is (3.8).
We prove the following inequality (3.7) under assumption (3.6). By Young’s inequality
and (3.8) implies:

p/(NCIl\I/Nsl—l/N)p/

s / p—1 p
) (fo v (i wpn) e @) dT)

+ (( Y + L )w*(s)+1>(Pw(s))1/”,
aP//PNC}\I/Nsl—l/N a(p—1) af'(p-1)

//P
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we deduce that,

(—w™(s))’

p—1 p'/p
<(NC1/N51 Y. (/ ¥ ( < )+aP'(;_1)>w*(T)+1> dT)

P A 1 "
+[Xp’/pNC11\I/Nsl—1/N << (r—1) +1Xp’(p_1)>w (5)+1> (Fw(s))l/p-

Integrating between 0 and |Q)| we have
o] ,
[ty
0

< 1] 1
_/0 (NCYNst-1/NyY

//P

s / p—1 P
X</o"’*m<(a<231>Uv'(i—n)“’*(”“) dT) *

|Q] P/ /\p/ 1 .
“(s)+1 ) (Eu(s))"Pds.
+/o a?'/PNCYNs1-1/N <<Dé(p—1)+1xl’/(p—1)>w (s)+ >( (s))"Fds

Since w*(|Q}]) =0, we obtain

/

. . /p 1)y
fo 1 s P Ay 1 (p=1)p'/p
0= “(1)d d “(0)+1
o), <<NC%Ns1—1/N>P/o v T) SX<(0«<p—1>+av’(p—1>)“’ +1)
10 Pl 1/ /\P’ 1
p )
“ ey el ds((up—l)w'(p—n)“’ (0)“)
//P
* P
= {/o <(NC}\]/N511/N)P./0 v de) ds+/o DCP’/pNCIlV/Nslfl/N(Fw(S)) ds

(@t m)eon)

since w* attains its maximum at 0, we can write

Ap 1
||(U||L°°(Q)S< ( P

a(p—1) +ap/(P—1))A||‘””L°°<O>+A' (3.16)

where

1 s vy p/
* 1/P
<(NC11\I/N511/N)P/O v (T)dT> +D¢P’/PNC11\I/N5171/N (Fu(s)) ds.
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Lemma 3.2. Under assumption (3.6), we have

Ay 1
<a(p—1)+aP’(p—l)>A<1'

where A is bounded, more precisely

1 No(p—1)
= (NCYN) po—N

’ //P
P b+ Park-2n| AT N ’
x(;mw oo+ £ O F b1 o)+ (55 + 2 ) 10T I

p <N(q(P—1)—1)
a?'/PNCYN\ q(p—1)—N

/

1= 17 ‘ip,
QN qp”f”[ﬂ(())‘

This lemma will be proved below.
In view of Lemma 3.2 and (3.16), we have (3.7). This complete the proof of Theorem
3.1. O

Proof of Lemma 3.2. By using the Holder’s inequality and (2.1), we obtain

S
| ¥ @<l

fo1la R
< (L1017 ol + £ 101771811

Apt 1 Vo= v’ 1-1/0
+(Dép/+l+0é2p,>|0| 1 ||fHLp’(Q)>S

1_1

Pl 1_1 P’ 1_p p
< (G101 ol + 1017 1Bl

—)\p/ 1 1/07;7_’ q 1-1/c
(St )01l ), 617)

1). Furthermore taking into account the fact that g > p’ property

where 0 = min(m,%, )

(2.2b) gives

[OTE| 1/
/0 W(Fw(s)) ds

1\ -7 / 1
<N(‘J(P 1) 1)) qP|Q|%_57HFwH£

< /
“\ gq(p—1)—-N 177 (0,0

N@(p=1) =D\ 1t oy e
<(Sommon) ORIl (3.18)
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Or we have

A:/OQ [((NC}\I/N;UN)P /OS¢*(T)dT)p,/P+ P/ (Pw(S))l/p]dS

ab'/PNCL/Ngl-1/N

:/oQ (Ncl}V/N)p/s(l—ll/N)p/ (/OS‘P*(T)dT) " as

/

P @ prg
+“p//chl/N/O Slfl/N(F(U(S)) S
N

1 o] 1 p/ L Pl L )
S(NC}\,/N) / [ <1f1/N>p'X<(E|Q|" m||b1”LM(n>+;!0!ff 1b1L )

Ap' 1oV e\ PP
+(GE+ )l ||fum) ) "")as
4 N(q(p—1)—-1)\'=8 o 12 2
+od’//PNC11\r/N( g(p—1)-N ) O£l s

Using (3.17) and (3.18), we can estimate the quantity A in (3.16), obtaining that under
assumption (3.6) the following inequality holds:

Ay 1
<“(p_1>+ap/(p_1)>A<1.

Then, we have

1 No(p-1)
“(NCYN) pr—N

Piapi-4 Piait-2 |
< (Z1015 bl + 2101

Ap 1 Vo' s r'/p
(S )1 Al

QoD

P N@(p=1)=D\'""" 1
,Xp’/chl/N q(p—l)—N I9] qp||f”m
1 No(p— 1)

—(NCYN)P po—

! peN py 1P
PP

Ay 1 (W—N n) 1/0_7 p'/p
+ (St o ) 1ol AN,
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P (Nap=)-D\TE g
a?'/PNCYN\ q(p—1)—N L1(Q)

1 No(p—1)
—(NCYN) pe=N

p_pP

p/ fo1 P/ pot .
< (Z10/ B bl + 101 I

Ap p_ 4

/

+ 4 N(g(p—1)—-1) 1&101%%“](”%
Dép//pNCIl\,/N g(p—1)—N L1(Q)"

Thus, we complete the proof. [l
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