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Abstract. In this article, we study on the existence of solution for a singularities of
a system of nonlinear fractional differential equations (FDE). We construct a formal
power series solution for our considering FDE and prove convergence of formal so-
lutions under conditions. We use the Caputo fractional differential operator and the
nonlinearity depends on the fractional derivative of an unknown function.
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1 Introduction

Recently, fractional differential equations have been investigated extensively. The moti-
vation for those works rises from both the development of the theory of fractional calcu-
lus itself and the applications of such constructions in various sciences such as physics,
chemistry, aerodynamics, electrodynamics of complex medium, and so on. For examples
and details, see [1-6, 8,9, 11, 14, 16, 20, 23, 25, 26] and the references therein. Fractional
calculus in the complex plane also was done by Osler and et al. [30-33]

The existence of formal and analytic solutions for singularities of ordinary differential
equations such as x% = f (x,i) and other statements was discussed in [27-29]. Motivated
by the above mentioned work, in this paper we consider a system of singularities nonlin-
ear fractional order differential equation:

x"‘d“7:7(x,7), a>1. (1.1)

dx®
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The paper has been organised as follows. In Section 2 we give basic definitions and pre-
liminary. Leibniz rule and chain rule for LFD have been derived in Section 3 and Section
4. Extensions of directional LFDs and local fractional Taylor series to higher orders have
been presented in Sections 5 and 6.

2 Preliminaries

In this section, we present some notations, definitions and preliminary that will be useful
for our main results. This materials can be found in the literatures [10,17,19,21,22,24].

1) fi

Lol - | f N

gy=| " f=1 0| [l=max{iyllyallyal )
Yn fn

F(x,7) is C"—valued function in complex variables (x,77) € C"*!. We denote by C|[[x]] the
set of all formal power series in x with coefficients in C. Also, denote by C{x} the set of all
power series in C[[x]] that have nonzero radii of convergence. Denote by x“C[[x]] the set
of formal series x” f(x), where f(x) € C[[x]],o is a complex number, and x” =exp(clnx).
Similarly, let x“C{x} denote the set of convergent series x7 f(x), where f(x) € C{x}.

Definition 2.1. A formal power series
¢(x)= Y x"C,exC[[x]]", EneC”,
m=0

is a formal solution of system (1.1) if

zxd“(ﬁ(x)__‘ e
w0 F ).

Riemanns modified form of Liouvilles fractional integral operator is a generalization
of Cauchys iterated integral formula

/axdxl/aX1dx2.../axn_lg(xn)dxn:ﬁ/ﬂx(x_s)n1g(s)dsl o

where I is Euler’s gamma function. Clearly, the right-hand side of Eq. (2.1) is meaningful
for any positive real value of n. Hence, it is natural to define the fractional integral as
follows:

Definition 2.2. If y be analitic function in C, then the Riemann-Liouville fractional inte-
gral is defined by

d_;zix) = I"(lzx) /Ox(x—s)”‘ly(s)ds. (2.2)
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Definition 2.3. Let x € R, n—1 <a <n, n €N and y be analitic function in C, then the
Caputo fractional derivative of order « defined by

dy(x) _d* (dny(">> , 2.3)

dx~ dx® \  dx"
The fractional integral of y(x) =x7, v > —1is given as

) Tt

dx* T(y+a+1) ’ @4)

and the fractional derivative of y(x) =x7,7> —1 also is given as

d'y(x) _ T(y+1) .
dxx _I"(’y—oc—kl)xv ' 235)

Lemma 2.1 (see [14,21]). For a >0, the general solution of the fractional differential equation
() — 0 is given by

dxx

r—1 )
y(x)=) cx', GeR, i=0,1.2,r=1r=[a]+1,
i=0

where [«] denotes the integer part of the real number w.

In view of Lemma 2.1 it follows that

(g _ S o
dx”‘( It >—y(x)+]§cjx forsome c;€R, i=0,1,---,r—1. (2.6)

But in the opposite way we have,

- <d‘7y(x)> _dy(x) 2.7)

dx« dx® dx®

3 Formal solution

In this section, generally speaking, in order to construct a power series solutions
[e0]
(x)= ) x" i,
m=0

this expression is inserted into Eq. (1.1) to find relationships among the coefficients 7,
and the coefficients 7, are calculated by using these relation. In this stage of the calcula-
tion, we do not pay any attention to the convergence of the series.
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Theorem 3.1. Suppose that A(x) is n x n matrix whose entries are formal power series in x and
A is an eigenvalue of A(0). Assume also that A+k are not eigenvalues of A(0) for all positive
integers k. Then, the fractional differential equation

BV _ a0
dxn _A(x)y (31)
has a nontrivial formal solution
$(x)=xf(x)=x" Y ¥, € x'C[[x]]". (3.2)
m=0

Proof. Insert

into Eq. (3.1) and setting
= Z x™A,,,
m=0

where A, € M,,(C) and Ag=A(0). Then, using by Eq. (2.5) we obtain

i I(A+m+1) AHm—u ZxAer
=T (A+m— zx+1)

¥ ]

Therefore, in order to construct a formal solution, the coefficients @,, must be determined
by the equations

. . FrA+m+1) _ R .
Adg=Apdy and r()\(+m_“+)1)am:Aoam+}§Amhah, m>1.

Hence, dp must be eigenvector of Aj associated with the eigenvalue A, whereas

TF(A+m+1) tmh
— - 2 >1.
am <F(A 1)In A0> p OAm,hah for m>1

Thus, we complete the proof. O

Example 3.1. Consider a system of nonlinear fractional differential equation:

3
2

U
Ql

-

3
2

=f(x9), f=(f.f), T=Wy), (3.3)

NIDJ
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where f1(x,7) = xy2 —2y1exp(x) and f(x,7) = (1+x?)y1 +2y2cosh(x). In other words,
(3.1) equivalent to

3
x? <d2y31> = xy2—2y1exp(*),
dx?

(3.4)

3
X2 (i;yf> = (1+x?)y1 +2y2cosh(x).
X2

In this example we have

az[yl ] ]?':[fl ]:{( Xy —2y1 exp(x) }

Y Y2 fa 1+x2)y1 +2y2cosh(x)
or
r ! | —2exp(x) x
f=A(x) [ " ], where A(x)—[ 1442 2cosh(x) ]

Then, entries of matrix A(x) haveing formal power series in the form

o0 xm
—2 Z_:O% X
A(x): "= ) 0 y2m
1+x 2
mZ::o (2m)!

Hence,

A(O):[ _12 20} and A==£2.

If A=2and §(x) = x2Y_,x™d,, is a formal solution system (3.2), then @, = (0,1). Note
that dp = (0,1) is an eigenvector of A(0) associated with the eigenvalue A =2 and the
eigenvector of A(0) associated with the eigenvalue A =2 is not unique. Therefore

-1
i IG+m)[1 0] [ -2 0
" F(%—i—m) 01 1 2
Note that we can not select A = —2, as —2+4 =2 is an eigenvalue of A(0) and hence 7,
are not exist for some m >1.

m—h
Z Am—hﬁh for m>1.
h=0

Remark 3.1. For an eigenvalue A of A(0), let h be the maximum integer such that Ag+h
is also an eigenvalue of A(0). Then, Theorem 3.1 applies to A=A +h.
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4 Convergence of formal solution

In this section, we prove convergence of formal solutions of a system of fractional differ-
ential equations (1.1). To achieve our main goal, we need some preparations.

Lemma 4.1. Suppose that the entries of the C" —valued function f are convergent power series

n (x,¥) with coefficients in C. If matrices (75:"1'_131) I, — A(0) be invertible for positive integers

m sufficiently large, where A(0) = g—f; (0,0). Then the formal solution

[ee]

Z m € xCl[x]]", (4.1)

of system (1.1) is unique.

Proof. Since formal power series (4.1) satisfy (1.1), i.e.,

dd —_
w0 g

(x))- (42)
It is necessary that £(0,0) =0. Therefore, write f in the form

fxg) =fo(x)+Ax)7+ Y fr(x), (4.3)

P|>2
where

(1) P=(p1,---,p2) and p; are non-negative integers,

) |P|=p1+--+psand ¥ =yi" -yl

3) foexC{x}" and fpeC{x}",

(4) A(x)is nxn matrix with the entries in C{x}.
Note that fo(x) = f(x,0),A(x) = g—f;(x,O) and A(x) =Yg x™A,,, where A,, are in M,,(C),
write Eq. (4.2) in the form

153
—

d > o .
o dx]”{ = Ao+ f(x,4) — Ao.

Then,

r(m+1) | - S
ﬁcm:f‘ocm_}_vm for m:1/2/"'/ (44)
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where

(2,6) — Aop=fo(x) +[A(x) = AdJp(x) + ) ($(x))

—y

o]
m=1

and 7, € C". Note that 7,, is determined when ¢3,---,C,,_1 are determined and that the
I'(m+1)
T'(m—a+1)
implies that there exists a positive integers m such that if ¢;,---,Cy,, are determined, then
Cm is uniquely determined for all integers m greater than my. Therefor, the system of a

finite number of equations

matrices

I, — Ay are invertible if positive integers m are sufficiently large. This

I'im+1) o
ﬁcmzzﬁocm—k’ym, m=1,2,---,mg, (4.5)

decides whether a formal solution @(x) exists. If system (4.5) has a solution {¢},--+,C, },
those my constants vectors determine a formal solution ¢(x) uniquely. Thus, the proof is
completed. O

Remark 4.1. Supposing that formal power series (4.1) is a formal solution of (1.1), set

N N
Pn(x)=)_ x"Cp. (4.6)
m=1
Since
f<x,$<x>>—f<x,<7>N<x>>=A<x><$<x>—<i>’w<x>>+|Z [#(0)"=fn ()" Fox),
P|>2

it follows that f(x,¢(x))— f(x,¢n(x)) € xXNF1C[[x]]". Also,

f(x’(i)'(x)) v da&;N(x) — X da(ﬁ(x) s d“(ﬁN(x) e xN+lC Hx]]n

dx® dx® dx®
Hence,
Pl (x) - TN ¢ vy,
Set
Brn(x) = Fla ()~ E0), @)
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Now, by means of the transformation ij=Z+¢y/(x), change system (1.1) to the system

4z
g dxi:*N(x,Z), 7eC, (4.8)
where
o ap
i (62) =F(x 24 i () - IV

-

Flr2+@n(20) = Flx ()
+Eno()+A@E+ 1 [(E+dn() —n (0| Fo().

|P|>2
As in Lemma 4.1, write g (x) in the form

In(x2)=Fno(x)+Bn(x)Z+ Y (D)Fgnp(x
P[>2

where
(1) §nvo(x) exNHIC{x}" and gn p € C{x}",
(2) Bn(x) is an n x n matrix with the entries in C{x},
(3) the entries of the matrix By(x) — A are contained in xC{x}.

Remark 4.2. Supposing that system (4.8) has a formal solution, then using (4.6) we obtain

Pn(0)=(x)—gn(x)= ), x"enexIC[]]".
m=N+1
If we substituting ¥y (x) into system (4.8). Then the coefficients ¢,, determined recur-
sively by
rm+1) ., . . B
mcm—Aocm+7m, M—N—i—l,N—}—Z,,

where

In(x,P(x)) — Aopn(x)

=F(2,¢(x)) — Aol (x) — x* dﬂzza(x)
:f(x,gb(x)) —Ao(i)'(x) +AO$N(X) e d*¢n(x)

dx“

=Zn,0(x)+[Bn(x) = AoPn(x)+ Y (Pn(x gN,P(x)
P2

= Z X" Y.

m=N+1
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Note that % I,— Ap are invertible for m=N+1,N+2,--- if N is sufficiently large.

Remark 4.3. Suppose that system (1.1) has an actual solution 7(x) such that the entries
of #j(x) are analytic at x=0 and that 7j(0) =0. Then, the Taylor expansion

of 7j(x) at x =0 is a formal solution of system (1.1). Furthermore, ¢ is convergent and
$ecxC{x}".

Kipping these Lemma and Remarks from above, let us prove the following main the-
orem.

Theorem 4.1. Suppose that fo(x) = f(x,0) € xNT1C{x}" and that the matrices %Li—

Ag,m=N+1,N+2,--- are invertible, where Ag= %(0,6). Then, system (1.1) has a unique
formal solution

F= Y xGeIc) 4.9)
m=N-+1

Furthermore, ¢(x) € xN+1C{x}".

Proof. We prove this theorem in six steps.

Step 1. Using the argument of Lemma 4.1, we can prove the existence and uniqueness of
formal solution (4.9). In fact,

—

(x,6) — Ao =Fo (%) +[A(x) — Alg(x) + X ($(x)" o)

|P|>2
(o]
m—»
=2 X" n
m=1

This implies that ¥ =0 for m=1,2,---,N. Hence, C,m = N+1,N+2,--- are uniquely
determined by

!

rm+1) S o
ﬁcm:Aocm‘F?m for m:N+1,N+2,

Step 2. Suppose that system (1.1) has an actual solution 7#(x) satisfying the following
conditions:

(i) The entries of #j(x) are analytic at x=0,
(ii) There exist two positive numbers K and 4 such that

|77 (x)| SKMNH for |x|<é.
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Then, the Taylor expansion

i d"ij(0) x™

m=N+1 dxm - m!
of #j(x) at x=0is a formal solution of Eq. (1.1). Since, such a formal solution is unique, it
follows that

- 2 d"i7(0) x™
f= 3, IO

m=N+1

Because the Taylor expansion of 7(x) at x=0 is convergent, the formal solution ¢ conver-
gentand ¢ € xNFIC{x}".

Step 3. Hereafter, we shall construct an actual solution 7(x) of (1.1) that satisfies condi-
tions (i) and (ii) of Step 2. To do this, first notice that there exist three positive numbers
H, § and p such that

f(x,0)| <H[xN*, |x|<0, (4.10)
and
Fx i) = Fem)| < (|Ao+ D)=l [x[<6, [F1<p, j=12. (@411
Hence,
() <H|xNT (Aol +1)[7 for [x|<5 and [§]<p. (4.12)

Using the transformation of Remark 4.2, N can be made as large as we want without
changing the matrix Ay. Hence, assume without loss of any generality that

’A()H—l 1

(N—a+2)T (@) ~ 2 (4.13)

Also, fix two positive numbers K and J so that

H+(|Ao|+1)K

K> N 2o

and KoVt <p. (4.14)

Step 4. Using Theorem 4.3 in [14] and #(0) =0, the system (1.1) is equivalent to integral
equation

ii(x) = r(la) Ox Sa{[((jfs(;f)“ds. (4.15)
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Define successive approximations

. . 1 x ﬂs,* 15
M0 =0 and ()= [ L e, k=01,

Now, we shall show that
|7k (x) <K|]x|N* for |x|<é and k=0,1,---

Since this is true for k=0, we show this recursively with respect to k as follows.
First if this is true for k, then

7k (x) <K[x[N 1 < KoM <p, [x| <0,
Hence, (4.12) with assuming « > 1 yields

1 - < 1
s*(x—s ~|s]¥x—s|[t—«
’zx—l

{H[s|N"1+ (| Aol +1) 77}

|x—s
T s

<[x|*TH{H+ (| Ao+ 1)K }s[N 7, s <.

{H|s|"* + (Ao +1)K]s[¥*1}

Therefore, using (4.14) we have

’a—l (H+(|A0|+1)K|X|N+2—a §K|X|N+1, |x| S(S-

i) <
|’7k+1’—’x (N+2_a)r(“)

Step 5. Set
TR |1 — 7k
H77k+1_’7kH:maX{%:|x|§5 :
Thus, using (4.11) since

x—s)*" 1 2
fien—il=| [ gy (F o) = Flsia (6)) s

< [T Pt~ s 1 (5D ds
’tx 1

<o+ [ “Wrﬁus)—ﬁk_l(s)ws
<l o 1xl" [ s ()~ s () s
|A0+1|’ ’a 1/ |S’N a+1max{’ﬁk(s))_ﬁk—l(s)ﬂ}ds

~ T(a) |s[NH
Ap+1
(N |Dé(1|—2)’ ( )Hrlk ’7k 1H|x

|N+1
7
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using (4.13) we obtain

s il < L | < 21—l
k — 1kl > k — k— ~ k — k-
+1 (N _|_2)() 1 1

This implies that

i1 (x) — 71 (x)
kgffw xN—H Z xN+1

exists uniformly for |x| <J.
Step 6. Setting

=\

(x):xNJrl{ lim ﬁk(x)}_ lim 7 (x),

k——+oo xN+1 k=00

it is easy to show that #j(x) satisfies integral equation (4.15). It is easy evident that 77 (x) is
analytic for |x| < 4. Thus, the proof is completed. O

Now, finally, by using the argument given in Remark 4.2 and Remark 4.3 we obtain
the following theorem.

Theorem 4.2. Every formal solution ¢ € xC|[[x]]" of system (1.1) is convergent, i.e., € xC{x}".

Remark 4.4. In general, system (1.1) may not have any formal solution. However, The-
orem (4.2) states that if system (1.1) has formal solution, then every formal solution is
convergent.

Example 4.1. The following system of fractional differential equation

d
x2 ( 2y1> =x! cos(x)+1€(é?)y1 +xsin(yz),
dx3 ()

(4.16)

x2 (ilzm) =11 +10sinh(y2) +x*sinh(x),
X2

satisfy in Theorem 4.1.

In this example we have

r(14)
r(3)
y1+10sinh(y2) +x*sinh(x)

fan=| 1 |- 5 cos(x) +

y1+xsin(yz)

Hence,

= x'%cos(x)
x?%sinh(x)

] ex15C{x)?,
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and
- rasy)
Ao_g—f(o, G=| r(¥) ,
y 1 10
such that
I'(m+1 I'(m+
( 3 ) L—Ay= 1 L— Ao
F(m—E—H) 5

is invertible for all m >15.

5 Conclusions

The existence of solution for a singularities of a system of fractional differential equations
(FDE) comprising of standard Caputo derivatives have been discussed. A formal power
series solution for our considering FDE and its convergence under conditions have been
worked out.
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