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Abstract. In this paper, necessary and sufficient conditions for a closed range compo-
sition operator Cy on the general family of holomorphic function spaces F(p,q,s) and
more generally on a-Besov type spaces F(p,ap—2,s) are given. We give a Carleson
measure characterization on F(p,ap—2,s) spaces, then we indicate how Carleson mea-
sures can be used to characterize boundedness and compactness of Cy on F(p,q,s) and
F(p,ap—2,s) spaces.
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1 Introduction

Let ¢ be a holomorphic self-map of the unit disk ID. Associate to ¢ the composition oper-
ator Cy is defined by Cy = f o¢, for any function f that is holomorphic on D.

This is the first setting that composition operators were studied boundedness, com-
pactness, closed range have been studied in this setting. It is natural to study these prop-
erties on other function spaces.

In the early 70s, Cima, Thomson and Wogen in [7] were the first to study closed
range composition operators, in the context of H?> on ID. Their results are in terms of
the boundary behaviour of the symbol ¢. They asked the question of studying closed
range composition operators in terms of properties of ¢ on D rather than on dD. Zor-
boska in [23] answered the call and studied the problem in H? and also in weighted
Bergman spaces. Jovovic and MacCluer in [10] studied the problem in weighted Dirich-
let spaces; the closed range composition operators on Dirichlet-type spaces D(y) (with
y is a positive Borel measure defined on the boundary of the unit disc) were introduced
by Chacén in [6]. Also Ghatage, Zheng and Zorboska studied the problem in the Bloch
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space (see [9]), then Akeroyd and Ghatage revisited the problem in the context of the
Bergman space (see [3]). Tjani in [16] studied the closed range composition operators on
Besov spaces B, and more generally on a-Besov spaces B 4.

In this paper we study closed range composition operators on a-Besov type spaces
F(p,ap—2,s) for p>2, and a,s >0 with ap+s>1. We will define and discuss properties of
these spaces in Section 2, also we indicate how Carleson measures can be used to charac-
terize boundedness of Cy on F(p,ap—2,s), and we give reverse Carleson type conditions
for a composition operator to be closed range on F(p,ap—2,s).

In Section 3, we concetrate on the spaces F(p,q,s) for p >2, > —2 and s > 0 with
g+s> —1. Let ¢ be a boundedly valent holomorphic self map of ID; we give reverse
Carleson type conditions for a composition operator to be closed range on F(p,q,s). We
will show that, assuming that Cy is bounded on F (p,q,s), if Cyp is closed range on the
Bloch space, then it is also closed range on F(p,q,s). Moreover we will show that if ¢ is a
boundedly valent holomorphic self map of ID then Cy is closed range on F(p,q,s) if and
only if it is closed range on Bloch space.

In Section 4, it has results on F(p,ap—2,s) spaces. Let ¢ be a boundedly valent holo-
morphic self map of ID; again we give reverse Carleson type conditions for a composition
operator to be closed range on F(p,ap—2,s). Moreover assuming that C, is a bounded op-
erator on F(p,ap—2,s), if ¢(ID) or certain subsets of it contain an outer annulus then Cy
is closed range on F(p,ap—2,s).

Let C and K denote a positive and finite constants which may change from one occur-
rence to the next but will not depend on the functions involved.

Two quantities A¢ and By, both depending on f € 3{(ID), are said to be equivalent,
written as Ar ~ By, if there exists C > 0 such that %B r < Af <CBy, for every function
f€H(ID). If the quantities A and By, are equivalent, then in particular we have Ay < oo
if and only if By < co.

2 Prerequisites

This introductory section is dedicated to setting up the notation and introducing the main
concepts along with a collection of some fundamental facts required for what is to follow.

e The symbol ID ={z:|z| <1} denote the open unit disc of the complex plane C and
dD the unit circle.

The symbol H(ID) denote the family of functions holomorphic on D.

H? the Hilbert space of H(ID) with square summable power series coefficients.

The symbol A denote two-dimensional Lebesgue measure on D, so that A(ID)=1.

For a € D the Mobius transformations ¢,(z) is defined by

¢a(z)= “2  for zeD.
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e ForaeD and r€(0,1), D(a,r) the pseudo-hyperbolic disc is defined by
D(a,r)={zeD:|p.(z)|<r}.

Let A(ID(a,r)) denote its Lebesgue area measure. Then, there exist constants C,
depending only on r such that

“—CﬂSA(D(a,r))gc,u—w)? (2.1)

e The Green'’s function for ID with logarithmic singularity at a €D is defined by

sla)=log

The following identity is easily verified:

—la 2 |2
-l = ED g, 22)

Note that the Mobius transformation of ID, satisfying ¢,(0) =a, ¢,(a) =0, ¢,(¢a(z)) =z
and thus ¢, (z) = ¢4(z).
For 0 <« < 0o, the a-Bloch space B* is the space of functions f € H(ID) such that

1fllze =suplf' ()| (1—[z[*)* <co.
zeD

The space B! is called the Bloch space B (see [22]).
Let 1 <p<oo, —1<a <oo, the a-Besov space By, is the space of functions f € H(ID)
such that

715, = [ 1f @ 1=z dAE) <eo.
If x =p—2then B, > is the Besov space B, (see [21]).

For 0 < p,s <00, —2 < g < 0o, the general family function spaces F(p,q,s) is defined as
the set of all functions f € H(ID) for which

1 009 =5p [ F @ (1 [2P)(1~lga(2) P)'dA(2) < o

The family of spaces F(p,q,s) was introduced by Zhao in [19] and Réttyé in [14]. For that
p>1, the spaces F(p,q,s) are Banach spaces under the norm

Hf”bp,q,s = HfHF(p,q,s)—i_’f(O)’
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Moreover, the spaces F(p,q,s) are #—Mébius invariant spaces (see [19, Proposition
4.3]). It contains, as special cases, many classical function spaces, such as the analytic
Besov spaces B,, weighted Bergman spaces, weighted Dirichlet spaces D;, the a-Bloch
spaces, BMOA (the space of analytic functions of bounded mean oscillation) and the
recently introduced Qs spaces, the Qs spaces, introduced in [5].

For convenience, we will write g=ap—2, F(p,q,s) is the a-Besove type space F(p,ap—
2,s), where o > 0. It is known that, F(p,q,s) contains only constant functions if g+s<—1
or ap+s <1 when g =ap—2 (see [19, Proposition 2.12]). Therefore, later on we will
assume that ap+s > 1, which guarantees that F(p,ap—2,s) is nontrivial. Among these
F(p,ap—2,s) spaces, the case =1 is particularly interesting, since the spaces F(p,p—2,s)
are Mobius invariant, in the sense that for any function f € F(p,p—2,s) and any a €D one
has

HfogollHF(p,p—Zs) - HfHF(p,p—2,s)'

It is known from [19] and [14], that the spaces F(p,ap—2,s) satisfy the following:
(1) F(p,ap—2,5) CB* and F(p,ap—2,s) =B*, for s > 1.
(2) F(p,ap—2,0) =B, for 1 <p <co.
(3) F(2,0,s) =Qs and F(2,0,1) =BMOA.
(4) F(2,1,0)=H? and F(2,4,0)=D,.
The weighted Bergman space Ag consisting of those f € H(ID) for which

I£15= [ @I (=1 <oo.

A function f € H(ID) is said to belong to Al (see [23]) if
1% ZSHP/ F@IP (1= [z*)7(1~[ga(2) *)dA(z) < co.
s zeD/D

We note that by the derivative operator f— f’, F(p,q,s) spaces are closely related to Af;,s
and F(p,ap—2,s) related to Azpfz,s'
Since F(p,ap—2,s) C B%, for f € F(p,ap—2,s) one has (see [17, Lemma 2])

ay1<c N 2 3)
A (=rEo '

Zhu in [20, Theorem 4.14] and [21, Theorem 9] gives the growth of any function in a
Bergman space and the Besov space B, respectively. Moreover, Tjani in [16] gives the
growth of a function on any Besov type space By, ,. Below we describe in a similar fashion
the growth of a function on F(p,ap—2,s) spaces. By Proposition 4.27 in [20] and Lemma
2in [17], for any f € H(ID), we have
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Lemma 2.1. Therefor if p' is so that %—F% =1, forall 0<p,x <ooand 0<s < oo, with ap+s>1.
If feF(p,ap—2,s), then
||f||F(p,¢xp—2,s)/ lf 0<a<l,
1
1 _/
1f(z)—f0)<Cd IflFpap—2s) <logm> , if a=0,

1 ,
||f||F(p,ap72,s)m/ lf a>1.
The following lemma proved by Zhao (see [18, Theorem 1]):

Lemma 2.2. Let 0<a<co, 0<r<1,0<p<ooand1<s<co. Then, for an analytic function f
in 1D, the following quantities are equivalent:

(A) N fllpe,

(B) SUp Jo !f( )P (1= |2[)P*"2dA(2),

(C) sup @A) 72 (1= |a(2)[*)°dA(2).
aeD/D(ar)

3 Carleson measures and composition operators on F(p,ap—2,s)

In this section we consider the a-Besov type spaces F(p,ap—2,s) and we give conditions
that guarantee that Cy is a bounded operator on some spaces F(p,ap—2,s). But composi-
tion operators are not always bounded on all spaces F(p,ap—2,s). And we indicate how
Carleson measures can be used to characterize boundedness and compactness of Cy on

F(p,ap—2,s).
Now, let 0 </ <1 and 0 <6 < 27. The Carleson type set S(h,0) is

S(h,0)={zeD:|z—e?| <h}.
A positive measure y on D is a Carleson measure if there is a constant C with
#(S(h,0))<Ch, where 0<h<1, and 0<6<2rm.
For 1< p <o, p is called a vanishing p-Carleson measure if

lim sup M:o.
h=0gci00m) P

Definition 3.1. Let y be a positive measure on ID, and let 0 < p,a <oco and 0 <s <oo. Then
pisan (F(p,ap—2,s);p)-Carleson measure if there is a constant K >0, so that

1 @) dn() <KL a2
forall fe F(p,ap—2,s).
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Akeroyd and Fulmer in [1], Akeroyd and Ghatage in [2] were able to obtain a char-
acterization of closed range composition operators on the Bergman space A? without the
use of Nevanlinna type counting functions. But as Zorboska showed in [23] a full char-
acterization of closed range of composition operators on the Hardy space requires the
Nevanlinna counting function; similarly Tjani showed in [16] that Nevanlinna counting
functions are needed for the characterization of closed range composition operators on
Besov type spaces.

In order for us to obtain a full characterization of when Cy is closed range on F(p,ap—
2,s) we will have to use Nevanlinna type counting functions:

Definition 3.2. The counting function for the F(p,ap—2,s) spaces is

Np s (@) = Z {!47 IP=2(1=[z2) 72 (1= la(2) [*)°}, 3.1)
e

forwe¢p(ID),2<p<oo,0<a<coand 0<s<oo.

The above counting functions come up in the change of variables formula in the re-
spective spaces as follows:
For feF(p,ap—2,5),2<p<oco,0<a<o0,0<s<o0and ap+s>1,

1o g2y =55 o) IP (1= 2721 gD
=sup [ F (@) PP (- g2 dAR). 62

aclD

By making a non-univalent change of variables as done in [8,15] we see that
ICof I 2.9 =52 |1 @)1 Npas()dA ). (3.3)

LetaeD, feF(p,ap—2,s). We know that for every z€D, 1—|¢,(z)|*> <2¢°(z,a) (see [5]).
Then

€00 W2 =599 [ 7 (a2 Il (2) P (1= =21l a(2) P aA()

5161“}; |f (9a(2))I7194(2)[" (1= 12*)"" 28 (z,a)d A(z)

oap— / e 1 ’
<2sup [ | (@) (1[0 )17 2l gi(w) P(logw) dA(w)

o — 1 ’
<2l sup [ g1l P (1~ o) 2 (tog o ) dAle)
aeD/D ’w’
1 S
s p ! ap(1_ 2\-2 -
<2203 () 1) 2 (log o ) dA (o)
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Recall that
1-[w?)-2(1 c/— 1 d/dA <cC.
J =) 2 (log ) : (g) JRZIGE
Thus by Lemma 2.1:

e If0<u<1 then

1ol @1+ (T )Mt~ (1121 ) SO SCU

o Ifax=1forall p’,%—#%:l, then

1
Y

1ol @Il ~1 7O <C | g+ (l087=72) | Il

e If a>1 then
1o f by, < @1+ (T ) €110, )~ (T ) 1O

< [1+ (1_E’2)a+<11;ZI>} £ 115,

Remark 3.1. For each €D, C,, is a bounded linear onto operator on F(p,ap—2,s). There-
fore Cy,0p = CyCy, is closed range if and only if Cy is closed range. Let bp.s:= {f €
F(p,ap—2,5): f(0) =0}. If $(0) =0 then by, s is an invariant subspace of F(p,ap—2,s).
Moreover since F(p,ap—2,s) is the direct sum of b, s and a one dimensional subspace,
Cy is closed range on by 4 s if and only if it is closed range on F(p,ap—2,s). If ¢(0) #0, let
Y= Pp(0) 09 Then ¢(0) =0 and Cy =CyCy,, is closed range on F(p,ap—2,s) if and only
if Cy is Closed range on by 4 s. It follows that in order to prove that Cy is closed range on
F(p,ap—2,s), for any p>1 and 0 <« < oo, we may assume that ¢(0) =0 and show that
Cy is closed range on by, 4 s. Moreover if Cy is closed range on F(p,ap—2,s) then, since we
may assume that ¢(0) =0, Cy is closed range on by 4 s.

Now we consider the restriction of Cy to F(p,ap—2,s). Then Cy is a bounded operator
if and only if there is a positive constant K such that

14 p

for all f € F(p,ap—2,s) or, equivalently by (3.3),

sup [ 1F'()|"Nyas (9 0)AA) <KIF Iy
ac



222 M. A. Bakhit / Anal. Theory Appl., 32 (2016), pp. 215-231

forall feF(p,ap—2,s).

In view of (3.4) above we see that C, is a bounded operator on F(p,ap—2,s) if and
only if the measure N, . s(¢,w)dA(w) is a (F(p,ap—2,s),p)-Carleson measure. Now we
give a characterization of the compact composition operator on F(p,ap—2,s) spaces in
terms of p-Carleson measures.

Theorem 3.1. Let 0 < p,ax <0 and 1 <s < oco. The following are equivalent:

(1) pisa (F(p,ap—2,s),p)—Carleson measure,
(2) There is a constant K> 0 such that u(S(h,0)) <Kh*? for all he (0,1), and all 6 €[0,271),
(3) There is a constant C >0, for all a €D, such that

sup [ |} (z)[Pdu(z) <C.
aeD/D

The implication (2) < (3) is proved by Arazy, Fisher and Peetre (see [4, Theorem 13]).
The equivalence of (1) and (2) was given by El-Sayed Ahmed and Bakhit (see [8, Theorem
2.1]).

4 Reverse Carleson inequality for F(p,q,s)

Other than Cima, Thomson and Wogen’s paper [7], the very first paper on closed range
composition operators, all subsequent papers on the subject use a reverse type Carleson
condition due to Luecking, see [11] and [12]. It is a condition on a subset of the unit disk
that controls how large and how small is the intersection of the set with pseudohyperbolic
disks or with Carleson type sets.

Definition 4.1. A set H C ID satisfies the reverse Carleson condition if there is a constant
K>0so that A(HNS(h,0))>Kh? forall 0<6 <2 and 0<h< 1.

Luecking in [12] showed that H C ID satisfies the reverse Carleson condition if and
only if

LI @IFa-lzR)rdAR < [ F@P (- P A),

for all f € A}, « > —1. Moreover he showed that pseudohyperbolic disks can be used in
place of the Carleson type sets S(h,0).

The main theorem on [12] can be extended to some (f,s)-weighted Bergman type
spaces without much difficulty. In particular we have the following theorem.

Theorem 4.1. Let 0<p,s<co, B> —1and HCD. Then the following are equivalent.
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(1) For f € AZ,S, there is a constant C > 0 such that

/D @) (1-[z)Pg*(z,a)dA(z) < C/HIf(Z) [P (1= |2*)Pg* (z,)dA(2).

(2) Forall D(a,r) and a €D, there is a constant K> 0 such that

A(HND(a,r))>KA(HND).

Proof. For the implication (1) = (2). Let proved by Luecking in [12].
For z=re, let E1(w) ={z:|z—w|<1—|w|}. Let XE, (w) be the characteristic function of
E;i(w) evaluated at z, we can write

XE;(w) (Z) < XD(a,r) (Z)

The crucial properties of the weight function ¥(z) = (1— |z|?)?(—log|z|)* are the follow-
ing:

¥(a) < Cinf{¥(z):z€D(a,r)}
and
¥(ga(2)) = (1— ()P (—log () )
:(“‘—'“P))ﬁ<l—|z|2>ﬁgs<z,a>.

|1—az|?
It implies that
L1 @) ¥ (w)aA @)
<¢ [ VEPYE( [ 5pimmipen@iAw@) ) d4G),

where G is the set defined as:

€

G:{welD:]f(w)|<W/El(w)]f|d/1}, £>0.

Asin [12], we have that

LI EP 0P EadAG <C [ |fE)F 1-kP Pezaal)
H

This completes the proof of (2) = (1). O
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If we let B=ap—2 in Theorem 4.1, we have that H C ID satisfies the reverse Carleson
condition if and only if

[ @I A-EP 2 @adAE <C | If@IF - 2 EadA:),

forall f e Aap 2e Ap+s>1.
Moreover if =g, Theorem 4.1 show that H C ID satisfies the reverse Carleson condi-
tion if and only if

| IF@PA=2RYg @a)dAR) <C [ If@)F (1-[2R)g (za)dA(),

forall f e Aq s q+s>—1
Let2< p<oo, —2<g<oo and 0<s<oo. Since {f': f €b, 4} = Al s, a set HCID satisfies
the reverse Carleson condition if and only if there exists a positive constant C so that for

all feF(p,q,9)
/H!f’(z)l”(l— |22)7(1=|@a(2) [*)*dA(2) > ClIf Il , o)

Let2<p<oo, —2<g< o0 and 0 <s < co. For any holomorphic self-map ¢ of the unit disk
D define 1, 45(¢,2z,a) on D by

¢’ (2)[(1 rzrq>"2< ~1ga(x)2)72 1)
(1=[p(2) )72 (1= |ga(@(2))2) 7

For € >0, we write Ge¢(¢) = ¢(D.), where De={z€D: |1, 4 s($,z,a)| >€}. If ¢,(0) =a and
P =@,o¢ then

Tp,q,s(P,z,a) =

Tp,q.s (1,[7,2,51) =Tpq,s (¢Izla)l

and G¢(¢) satisfies the reverse Carleson condition if and only if G¢«() does, for some
€*>0.

Proposition 4.1. Let 2<p<oo, —2<g< 00, 0<s< o0 and let ¢ be any holomorphic self-map
of D. Assume that Cy:F(p,q,5) —F(p,q,s) is abounded operator. If there exists an >0 so
that Ge(¢) satisfies the reverse Carleson condition then Cy: F(p,q,5) — F(p,q,s) is closed
range.

Proof. First suppose that ¢(0) =0. Let f € F(p,q,s) and f(0) =0. Then
1foplE s / (@)1 ()P (1=1z*)T (1~ |pa(2) [*)*d A(z)
>eP” 2/ f'(¢ ~|¢@) )71~ 19a(9(2)) P)*|¢' (2) PAA(2).



M. A. Bakhit / Anal. Theory Appl., 32 (2016), pp. 215-231 225

By making a non-univalent change of variables as done in [15, page 186], we have
1follF(pge) = 6”’2/6 " [f (@) P (1= [w]*)T (1= | pa(w)[*)* N2 (¢, w) dA(w).

Since G¢(¢) satisfies the reverse Carleson condition and using the obvious fact that for
w € Ge(¢P), Nooo(¢p,w)>1, we see that

I op ey 2€" / F @) (L= [w*)! (1~ |ga(w) *) dA(w)

>C [[1f (@) (1= [0P) (1= s (w) P dA(w) 42)
Therefore Cy is closed range on by ;s and by Remark 3.1, Cy is also closed range on
F(p.q,s). O

Theorem 4.2. Let 2<p<co, —2<g<00,0<s < oo and let ¢ be any holomorphic self-map of
ID. Then Cy:F(p,q,5) —F(p,q,s) is closed range if and only if there exists an € >0 so that G¢(¢)
satisfies the reverse Carleson condition.

Proof. First we may assume that ¢(0) =0, and Cy:F(p,q,s) — F(p,q,s) is closed range. If
there does not exist an € >0 such that G (¢) satisfies the reverse Carleson condition then
we can find a sequence (fi) in F(p,q,s) with f;(0)=0and || fx||r(p,¢s) =1 for all k, and

lim | @) (1= 21T (1—[@a(2)]?)*dA(z) =0. (4.3)
%(4’)

k—ro0

By (3.2) we have
1eod 200 = ep/ LG9 ()P (1 2P)(1— | ga(2) P dA(z)

+sup | Ifk(¢(2))!p!<l>’(2)|”(1— |2[*)1(1—|@a(2) *)°d A(2)

aeD
=hL+D.

Thus by making a non-univalent change of variables as done in [15] and the Schwarz-Pick
Lemma, since ¢ is boundedly valent, we obtain that

hsup [ IR QP 0= 0= P aA
Silelg b !f/(sb(Z))l”(l—|<P(Z)|2)‘7(1—!¢a(¢(2))|2)51¢'(2)lsz(Z)
=sup |f/ (@) [P (1= [w]*)T (1~ o (w) [*)*Nao0 (¢, w)d A(w)
acD G%( )

<Csup ()!f’(ZU)I”(l—!ZU!Z)q(l—|¢a(W)|2)SdA(W)~

aeDY G
k
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Thus by (4.3) we get
lim I; =0. (4.4)

k—o0

We also observe that

[, =sup b-o, fe(@@)IP1¢" ()P (1= [21*)7 (1~ |@a(2) *)dA(2)

aclD
sup/ £ (@(2)) P1¢' (2) 1P (1= (2) ) (1~ | pa(9(2)) [*)*d A(2).

Thus another appeal to the non-univalent change of variables as done in [15] and since ¢
is boundedly valent

L<Chm SUP/ |fe(@)[P(1=[w*) (1~ |ga(w) ) d A(w)

SC%,
and
lim [ =0. (4.5)
Therefore by (4.4) and (4.5) we see that || fi o<p||p ) 0, as k — oo, for some sequence

(fi) €F(p,q,s) with fi(0)=0and [| fe[p(p,q,5)=1-
This contradicts that Cy is closed range on F(p,q,s) and one direction follows. The
converse follows by Proposition 4.1. O

In [3] Akeroyd, Ghatage and Tjani proved that Cy is closed range on Bloch space if
and only if there exists an € >0 so that G.(¢) satisfies the reverse Carleson condition.
In [16] Tjani proved that Cy is closed range on Bloch space B then it is also closed range
in Besov space By, p > 2. Thus by Proposition 4.1 if Cy is closed range on Bloch space B
then it is also closed range on F(p,q,s), p > 2. Jovovic and MacCluer proved in [10] that
if Cy is bounded on Dirichlet space D and ¢(ID) satisfies the reverse Carleson condition
then Cy is closed range on D. It is clear that if for some € >0, G¢(¢) satisfies the reverse
Carleson condition then so does ¢(ID). Thus by Proposition 4.1, we obtain the following
corollary:

Corollary 4.1. For2<p <o, —2<q< 00, 0<s< o0, suppose that Cy is a bounded operator
on F(p,q,s).If Cy is closed range on Bloch space B then it is also closed range on F(p,q,s).

Moreover by Theorem 4.2 we obtain the following corollary:

Corollary 4.2. Let2<p<oo, —2<g<00,0<s< 00, and ¢ be aboundedly valen holomorphic
self-map of ID. Then Cy is closed range on Bloch space B if and only if it is also closed
range on F(p,q,s).
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5 Reverse Carleson inequality for F(p,ap—2,s)

Let2<p<oo,0<a<ooand 0<s<oo.Since {f":f€byas} :Azp—z,s/ a set H C D satisfies

the reverse Carleson condition if and only if there exists a positive constant C so that for
all feF(p,ap—2,s)

LIF @Ay 2(1|a(2) PYAAE) > ClF I 0y oy

For any holomorphic self-map ¢ of the unit disk ID define 7,4 s(¢,z,a) on D by

ap—2 s

! — |z P2 (1— 22
T (r2,7) = ¢'(2)|(1 !ZJP_)z (1—l9a(2)[%) - (5.1)

(1=1p(2)[?) 7= (1= ga((2))P) 72

For € >0, we write He(¢) =¢(Ac), where Ac ={z€DD: |14 5($,z,a)| >€}. If 9,(0) =a and
P =@,o¢ then

Tp,ac,s (wlzla) - Tp,als ((P,Z,ﬂ),
and H.(¢) satisfies the reverse Carleson condition if and only if He+(y) does, for " >0.

Proposition 5.1. Let2<p <oo, 0 <a,s <oo with ap+s>1 and let ¢ be any holomorphic
self-map of ID. Assume that Cy: F(p,ap—2,s) — F(p,ap—2,s) is a bounded operator.
If there exists an € >0 so that He(¢) satisfies the reverse Carleson condition then Cy:
F(p,ap—2,s) = F(p,ap—2,s) is closed range.

Proof. The proof follows the steps of the proof of Proposition 4.1: change the powers in
the integrands from g to ap—2, change G¢(¢) to He(¢); finally change D, with A.. O

Theorem 5.1. Let 2<p <oo, 0<w,s < oo with ap+s>1 and let ¢ be any holomorphic self-map
of D. Then Cy:F(p,ap—2,5) — F(p,ap—2,s) is closed range if and only if there exists an € >0
so that He(¢) satisfies the reverse Carleson condition.

Proof. The proof follows the steps of the proof of Theorem 4.2: change the powers in the
integrands from g to ap—2, change G¢(¢) to He(¢p); finally change D, with A.. O

Thus by Proposition 5.1 and Theorem 5.1 we obtain the following corollary:

Corollary 5.1. For 2<p <o, 0 <a,s < oo with ap+s>1. Suppose that Cy is a bounded
operator on F(p,ap—2,s). If Cy is closed range on a-Bloch space B* then it is also closed
range on F(p,ap—2,s).

Corollary 5.2. For 2 < p < o0, 0 < a,s < oo with ap+s >1 and ¢ be a boundedly valen
holomorphic self-map of ID. Then Cy is closed range on a-Bloch space B* if and only if it
is also closed range on F(p,ap—2,s).
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As was mentioned in the introduction Nevanlinna type counting functions will have
to be used for the case where ¢ is not boundedly valent. Let 2 < p <o, 0 <& < c0. Recall
the counting function for F(p,ap—2,s):

Npas(p,w) = Z {l¢' @ P21z (1 lpa(2) P}
e

Proposition 5.2. For2<p<oo, 0<s,a <oo with ap+s>1. Let C4, be a bounded operator
on F(p,ap—2,s). Then C is closed range on F(p,ap—2,s) if and only if there exists an
€ >0 so that

sup | |f(@)[PNp,as(p,w)dA(w )>€Slel]]}; f@)P (A= [z]) 2 (1= |pa(w)[)°dA(z) (5.2)

for alleAap 26

Proof. By Remark 3.1 without loss of generality we may assume that ¢(0) =0. Then Cy
is closed range on F(p,ap—2,s) if and only if Cy is closed range on by, 4 5. By (3.3) this is
equivalent to

sup [ |f (@) Npas (9, 0)dA(w) Zesup [ [F/(2)7(1=[z2)7 21~ |ga(z) PYdA()

aeD aeD

forall f €by qs. Since {f': f €b, 5} = Al s the conclusion follows. O

Given2<p< oo, 0<s,a <oo with ap+s>1. Let

n,5a)=< w . Npas(4,) €
D.(psin) = {w D o S e

Note that if ¢ is univalent then D¢(p,a,s;a) = Ge.

Proposition 5.3. Let 2 < p < oo, 0 <s,a < co with ap+s > 1. For some r <1, € >0 and
Dc(p,a,s;a) contains an annulus of the form {w:r < |w|<1}.If Cy is a bounded operator
on F(p,ap—2,s), then Cy is closed range on F(p,ap—2,s).

Proof. For each f€ AL and D, ={weD:|w|>r},

sup | |f()[" Npas(pw)dAw)

aeD
>sup |f(@)|"Np,as(¢,w)dA(w)
acD Y De(pas;a)
>esup |f(@)[P(1=[w[?)*~2(1~|ga(w) [*)*d A(w)

aeD De (p,Dé,S;(Z)

>esup | |f(w)[P (1~ [w]*)*" (1~ ga(w)|*)*dA(w)
aeD /Dy

zeCsup | |f(@)]P (1= [w]?)*" (1= | pa(w) [*)*d A (w).

By Proposition 5.2 the result follows. O
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In the case 0 <p <2, 0 <a <1 one can obtain the same conclusion with a weaker
assumption. Note in particular that if 0 < p <2 it is valid for a composition operator Cy

on F(p,q,s).

Proposition 5.4. Let2< p<oo, 0<s,a <oo with ap+s>1. For some r<1 and ¢(ID) contains
an annulus of the form {w:r <|w|<1}. If Cy is a bounded operator on F(p,ap—2,s), then
Cy is closed range on F(p,ap—2,s).

Proof. Suppose that Cy is a bounded operator on F(p,ap—2,s). By Remark 3.1 we may
assume that ¢(0) =0. By the Schwarz-Pick lemma and since p <2

[¢" (@) P2 (1= [2)"P2 = (1= (2)[F)P 2 (1= [z*)*P .
For w e ¢(ID) we have
Np,as(p,w) > (1— ’w,z)p72N2’a_ijzls (p,w).
By Schwarz’s lemma and since 0 <« <1 we conclude that for all w € ¢(ID)

Npas(@w) > (1= [w]) P 72N, p (¢, w).
Thus for each f € A},
sup | |f (@) [P Nps(¢,w)dAw)
Zsup | (@)1 Npas (@ w)dA(w)
Zsup | |f(w)]"(1=[w*)*" 2 (1= |pa(w)*) dA(w)

>Csup | |f(w)[(1—[w]*)*~2(1~|ga(w) *)*dA(w).
aeD/D

By Proposition 5.2 the result follows. O

Proposition 5.5. Let2<p <o, 0<s,a <oo with ap+s>1 and assume that Cy is a bounded
operator on F(p,ap—2,s). If there exists an € > 0 so that D¢(p,a,s;a) satisfies the reverse
Carleson condition, then Cy is closed range on F(p,ap—2,s).

Proof. Suppose that there exists an € >0 so that D¢(p,a,s;a) satisfies the reverse Carleson
condition. Then by Theorem 4.1, we have

/D!f’(Z)I”(l—IZIZ)"(l—!qva(Z)!z)sdA(Z)

=C /De@,a,s;a) F (2) P (1=]2|)(1— | a(2)|?)°dA(z). (5.3)
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Let f e F(p,ap—2,s). Then

sup | |f/(w)[PNp,as(¢,w)dA(w)
aeD/D

>sup | (@) [P Np,a,s(¢,w)dA(w)
acD Y De(p.,s;a)

>esup | () [P (1= [w]*) (1= |ga(w)]?*)°d A(w)
aeD Y De(p,as;a)

>Csup | |f'(w)]P(1~]w*)T(1~|pa(w) *)dA(w).
aeD/D

Thus, by the proof of Proposition 5.2, Cy is closed range on F (pap—2,s). O

Acknowledgments

We wish to express our gratitude to the referee(s) for reading the manuscript so carefully.

References

[1] J. R. Akeroyd and S. Fulmer, Closed-range composition operators on weighted Bergman
spaces, Integr. Equ. Oper. Theory, 72(4) (2012), 103-114.
[2] J. R. Akeroyd and P. Ghatage, Closed-range composition operators on A2, Illinois J. Math.,
52(2) (2008), 533-549.
[3] J. R. Akeroyd, P. G. Ghatage and M. Tjani, Closed-range composition operators on A% and
the Bloch space, Integr. Equ. Oper. Theory, 68(4) (2010), 503-517.
[4] J. Arazy, D. Fisher and ]. Peetre, Mobius invariant function spaces, J. Reine Angew. Math.,
363 (1985), 110-145.
[5] R. Aulaskari, J. Xiao and R. Zhao, On subspaces and subsets of BMOA and UBC, Analysis,
15 (1995), 101-121.
[6] G.R.Chacén, Closed-range composition operators on Dirichet-Type spaces, Complex Anal.
Oper. Theory, 7 (2013), 909-926.
[7] J.A.Cima, J. Thomson and W. Wogen, On some properties of composition operators, Indiana
Univ. Math. J., 24 (1974 /1975), 215-220.
[8] A.El-Sayed Ahmed and M. A. Bakhit, Composition operators on some holomorphic Banach
function spaces, Mathematica Scandinavica, 104(2) (2009), 275-295.
[9] P. Ghatage, D. Zheng and N. Zorboska, Sampling sets and closed range composition opera-
tors on the Bloch space, Proc. Am. Math. Soc., 133(5) (2005), 1371-1377.
[10] M. Jovovic and B. D. MacCluer, Composition operators on Dirichlet spaces, Acta Sci. Math.,
63(12) (1997), 229-247.
[11] D. H. Luecking, Inequalities on Bergman spaces, Illinois J. Math., 25 (1981), 1-11.
[12] D. H. Luecking, Forward and reverse Carleson inequalites for functions in Bergman spaces
and their derivatives, Am. J. Math., 107 (1985), 85-111.
[13] E Pérez-Gonzélez and J. Réttyd, Forelli-Rudin estimates, Carleson measures and F(p,q,s)
functions, J. Math. Anal. Appl., 315 (2006), 394-414.



M. A. Bakhit / Anal. Theory Appl., 32 (2016), pp. 215-231 231

[14] J. Rattyd, On some Complex function spaces and classes, Annales Academiae Scien-
tiarum Fennicae, Series A I, Mathematica. Dissertationes, 124, Helsinki: Suomalainen
Tiedeakatemia, (2001), 1-73.

[15] J. H. Shapiro, Composition Operators and Classical Function Theory, Springer-Verlay, New
York, 1993.

[16] M. Tjani, Closed range composition operators on Besov type spaces, Complex Anal. Oper.
Theory, DOI 10.1007 /s11785-013-0286-6.

[17] W. Yang, Generalized weighted composition operators from the F(p,q,s) space to the Bloch-
type space, Appl. Math. Comput., 218 (2012), 4967-4972.

[18] R. Zhao, On a-Bloch functions and VMOA, Aca. Math. Sci., 16(3) (1996), 349-360.

[19] R. Zhao, On a general family of function spaces, Annales Academiae Scientiarum Fennicae,
Series A I, Mathematica. Dissertationes, 105, Helsinki: Suomalainen Tiedeakatemia, (1996),
1-56.

[20] K. Zhu, Operator Theory in Function Spaces, Second edition, Mathematical Surveys and
Monographs, 138, American Mathematical Society, Providence RI, 2007.

[21] K. Zhu, Analytic Besov spaces, J]. Math. Anal. Appl., 157 (1991), 318-336.

[22] K. Zhu, Bloch type spaces of analytic functions, Rocky Mountain J. Math., 23 (1993), 1143—
1177.

[23] N. Zorboska, Composition operators with closed range, Trans. Am. Math. Soc., 344(2) (1994),
791-801.



