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CONVERGENCE OF ADAPTIVE FEM FOR SOME ELLIPTIC
OBSTACLE PROBLEM WITH INHOMOGENEOUS DIRICHLET
DATA

MICHAEL FEISCHL, MARCUS PAGE, AND DIRK PRAETORIUS

Abstract. In this work, we show the convergence of adaptive lowest-order FEM (AFEM) for an
elliptic obstacle problem with non-homogeneous Dirichlet data, where the obstacle x is restricted
only by x € H2(Q2). The adaptive loop is steered by some residual based error estimator introduced
in BRAESS, CARSTENSEN & HOPPE (2007) that is extended to control oscillations of the Dirichlet
data, as well. In the spirit of CASCON ET AL. (2008), we show that a weighted sum of energy
error, estimator, and Dirichlet oscillations satisfies a contraction property up to certain vanishing
energy contributions. This result extends the analysis of BRAESS, CARSTENSEN & HOPPE (2007)
and PAGE & PRAETORIUS (2013) to the case of non-homogeneous Dirichlet data as well as certain
non-affine obstacles and introduces some energy estimates to overcome the lack of nestedness of
the discrete spaces.
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1. Introduction

1.1. Comments on prior work. Adaptive finite element methods based
on various types of a posteriori error estimators are a famous tool in science and
engineering and are used to deal with a wide range of problems. As far as elliptic
boundary value problems are concerned, convergence and even quasi-optimality of
the adaptive scheme is well understood and analyzed, see e.g. [5, 16, 19, 29, 30, 37,
38].

In recent years the analysis has been extended and adapted to cover more general
applications, such as the p-Laplacian [40], mixed methods [13], non-conforming
elements [14], and obstacle problems. The latter is a classic introductory example
to study variational inequalities which represent a whole class of problems that often
arise in physical and economical context. One major application is the oscillation of
a membrane that must stay above a certain obstacle. Other examples are filtration
in porous media or the Stefan problem (i.e. melting solids), in both of which non-
homogeneous Dirichlet data play an important role. Also in the financial world,
obstacle problems arise, e.g. in the valuation of the American put option [34], where
one has to deal with various non-affine obstacles. For a broader understanding of
these problems, we refer to [21] and the references therein. The great applicability in
many scientific areas thus make numerical analysis and mathematical understanding
of the obstacle problem both, interesting and important. As far as a posteriori
error analysis is concerned, we refer to [6, 8, 9, 17, 26, 31, 39]. Convergence of
an adaptive method for elliptic obstacle problems with globally affine obstacle was
proven in [10, 33]. Both of these works, however, considered homogeneous Dirichlet
boundary data and affine obstacles only.
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In [11], the authors generalized the analysis of [10] to general H!(Q)-obstacles.
Convergence of the proposed method is, however, only proved up to some consisten-
cy errors, and the analysis relies on homogeneous Dirichlet conditions. Moreover,
some steps in the analysis are somewhat unclear, as the reliability proof depends
on certain estimates which are not explained or properly cited.

1.2. Contributions of current work. We treat the case of a general obstacle
x € H%(Q). By a simple transformation and allowing non-homogeneous Dirichlet
data (Prop. 4), this can, however, be reduced to the case of a constant zero-obstacle.
Since our analysis works for general globally affine obstacles, even without the
reduction step, we consider affine obstacles and non-homogeneous Dirichlet data
in the following. We follow the ideas from [33], i.e. adaptive P1-FEM for some
elliptic obstacle problem with globally affine obstacle. Contrary to [10, 11, 33],
however, we allow non-homogeneous Dirichlet boundary data g € H*(I"), which are
approximated by some g, via nodal interpolation within each step of the adaptive
loop. In contrast to the aforementioned works, we thus do not have nestedness of
the discrete ansatz sets, which is a crucial ingredient of the prior convergence proofs.
In the spirit of [16] and in analogy to [33], we show that our adaptive algorithm,
steered by some estimator oy, guarantees that the combined error quantity

(1) Ap = J(Us) — T (ug) +7 0 + \apx}
is a contraction up to some vanishing perturbations ay — 0, i.e.
(2) App1 < KA+ ay,

with 0 < v,k < 1,A > 0, and ay > 0. The data oscillations on the Dirichlet bound-
ary are controlled by the term apx,, and the quantity u, denotes the continuous
solution subject to discrete boundary data gy, which is introduced to circumvent
the lack of nestedness of the discrete spaces. Convergence then follows from a weak
reliability estimate of gy, namely

(3) 0r —0 = H’UJ—UgHHl(Q) —>O,

S Ay — 0 as £ — oo. We point out that our convergence proof makes
use of the so called estimator reduction and is thus fairly independent of the mesh-
refinement strategy. This is an improvement over the earlier works [10, 11] which
rely on the discrete local efficiency of the underlying estimator and therefore require
mesh-refinement strategies which guarantee the so-called interior node property.

since oy <

1.3. Outline of current work. In Section 2, we formulate the continuous
model problem and recall its unique solvability. In Section 3, the same is done
for the discretized problem. Section 4 is a collection of the main results of this
paper. Here, we introduce the error estimator gy, which is a generalization of the
corresponding estimators from [10, 33]. We then state its weak reliability (Theorem
7) and our version of the adaptive algorithm (Algorithm 9). Finally (Theorem
10), we state that the sequence of discrete solutions indeed converges towards the
continuous solution u € H'(£2). The subsequent Sections 5-7 are then devoted to
the proofs of the aforementioned results and numerical illustrations.

2. Model Problem

2.1. Problem formulation. We consider an elliptic obstacle problem in R?
on a bounded Lipschitz domain Q with polygonal boundary I' := 02. An obstacle
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on (2 is defined by the smooth function y € H?(2). Moreover, we consider inho-
mogeneous Dirichlet data g € H'/?(I") and thus additionally require y < g almost
everywhere on I'. As is usually done in practice, to define a local error estimator,
we assume additional regularity g € H'(T') in Section 4.2. By

(4) A:={ve H(Q) : v>yxae inQ vlp=gae onT},

we denote the set of admissible functions. For given f € L?(f2), we consider the
energy functional

(5) Tw) = 5tv, vh ~ ()

with the bilinear form

(6) ((u,v))z/Vu-Vvd:v for all u,v € H'()
Q

and with the L?-scalar product

(7) (f,v)z/vad:v.

By || - [I, we denote the energy norm on HE(Q) induced by (-, -). The obstacle
problem then reads as follows: Find u € A such that

8 = mi .

(8) J(u) min J(v)

2.2. Unique solvability. For the sake of completeness and to collect the main
arguments needed below, we recall the proof that the obstacle problem (8) admits
a unique solution. We stress that the following argument holds for any measurable
obstacle y with meaningful trace x|r. Our restriction to smooth obstacles y €
H?(Q) is needed only for the equivalent reformulation in Section 2.3.

Proposition 1. For given data (x, g, f) € H*(Q) x HY/?(T') x L*(R2), the obstacle
problem (8) admits a unique solution u € A which is equivalently characterized by
the variational inequality

9) (u,v—u)=(f,v—u)
for allv e A. O

The following two lemmata provide the essential ingredients to prove Proposi-
tion 1. We start with a well-known abstract result, cf. e.g. [7, Section 2.4-2.6].

Lemma 2. Let H be a Hilbert space with scalar product (-, -) and K C H be a
closed, convexr, and non-empty subset. Then, for given L € H*, the variational
problem

(10) J(w)=minJ(v) with T()= 3{v, v}~ (L, v)

has a unique solution u € IC, where (-, -) denotes the dual pairing between H and
H*. In addition, this solution is equivalently characterized by the variational in-
equality

(11) (u,v—u) > (L,v—u)
for allv e K. O
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To apply Lemma 2, we observe that the obstacle problem (8) can be shifted
into a setting with homogeneous Dirichlet data and H = Hg (). This involves a
standard lifting operator £ : H'/2(I') — H'(Q), see e.g. [27, Theorem 3.37], with
the properties

(12) (Lv)lr =v and |[[Lv||g1o) < Ch H’UHH1/2(F) for all v € Hl/Q(I‘),

where the constant C7 > 0 depends only on €.

With elementary algebraic manipulations, see e.g. [25, Section I1.6], one obtains
the following well-known link between the obstacle problem (8) and the abstract
minimization problem (10) from Lemma 2.

Lemma 3. Let g € HY(Q) be an arbitrary extension of g € HY/*(T), e.g., § = Lg.
Forue Aandu—g=1u€ K :={v € HYQ) : v>x—7}, the following statements
are equivalent:

(i) u solves the obstacle problem (8).
(i) u satisfies (u, v —u) > (f,v —u) for all v € A.
(iii) @ satisfies {(u, v —u) > (f,v—u)— (g, v—u) for allv € K. O

We thus conclude that the continuous obstacle problem
13 = mi
(13a) J(u) = min J (v),
with the set of admissible functions
(13b) A:={ve H(Q) : v>yxae inQ vp=gae onT},
admits a unique solution. Moreover, standard arguments show that this solution

does not depend on the special choice of g.

2.3. Reduction to problem with zero obstacle. The following proposition
allows us to restrict the considered problem (13) with H?(f2)-obstacle to the case
where the obstacle y is even zero. This provides the formulation which can be
treated by our adaptive method below.

Proposition 4. For some smooth obstacle x € H*(Q)), the obstacle problem (13)
with data (x, g, f) is equivalent to the obstacle problem with data (0, g9—x|r, f+AX).
Ifu € HY(Q) solves the obstacle problem with data (0,9 — X|r, f + Ax), u=1u + x
is the unique solution with respect to the data (x,g, f).

Proof. The solution u € A of the obstacle problem with data (x, g, f) is charac-
terized by

(u,v—u) > (f,v—u)

forallve A= {ve H(Q) : v>xae. in Qov|r = g}. Substitution @ :=u — x
and v := v — x shows that this is equivalent to

(@, v—a) > (f,o—10)— (x,v—a) forallveA,

where A := {t € H'(Q) : & >0 ae. in Q,vp = g — x|r}. Finally, integration by
parts with w := 0 — u € H}(Q) proves

_<<X75_ﬂ>>:—/QVX-deac:/QAxwd:v.

This concludes the proof. O
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2.4. Model problem. According to the observation of Proposition 4, we may
restrict to the case x = 0 in the following. Having obtained a FE approximation
Uy of u for the zero obstacle case, we may simply consider U, := Uy + x to obtain
an approximation of the original problem with obstacle x € H?(f2). Note that the
overall error is then equivalent to the error of the reduced obstacle problem since

lu—Ullaro) = llu —x = Ue + xlla1(0) = |t — ﬁé”Hl(Q)'

Since our analysis directly covers affine obstacles, we shall, however, allow that x
is globally affine rather than simply zero on Q. Put explicitly, we consider Prob-
lem (13) with respect to the data (x, g, f) € P1(Q) x HY(T') x L?(2), i.e. we may
avoid the reformulation of Proposition 4 in this particular case. As mentioned
above, we again emphasize the assumed additional regularity g € H*(T).

3. Galerkin Discretization

3.1. Problem formulation. For the numerical solution of (13) by means
of an adaptive finite element method, we consider conforming and in the sense of
Ciarlet regular triangulations 7; of 2 and denote the standard P1-FEM space of
globally continuous and piecewise affine functions by S*(7;). Note that a discrete
function V, € S'(7;) cannot satisfy the inhomogeneous Dirichlet conditions g in
general. We therefore have to approximate g ~ g, € S'(T¢|r), where the space
SYTelr) == {Vilr : Vi € 8'(T¢)} denotes the space of globally continuous and
piecewise affine functions on the boundary I'. For this discretization, we assume
additional regularity g € H*(I') and consider the approximation g, € S*(T|r)
which is derived by nodal interpolation of the boundary data. Note that nodal
interpolation is well-defined since the Sobolev inequality on the 1D manifold T’
predicts the continuous inclusion H'(I') € C(I'). Altogether, the set of discrete
admissible functions A is given by

(14a) Ao ={V,eSYT) : Vi>xinQ, V, =gonT},
and the discrete minimization problem reads: Find U, € Ay such that

(14b) J(Ur) = min J (V).

Remark 5. Note that x < g € H'(I') C C(T'), implies that x(z) < g(2) = ge(2) for
all nodes z € T'. Since x is affine, we conclude x < ge on I' for the nodal interpolant
g0 € SH(Telr)-

3.2. Notation. From now on, A, denotes the set of nodes of the regular
triangulation 7;. The set of all interior edges E = T+ NT~ for certain elements
T+, T~ € Ty is denoted by £?. The set of all edges of T; is denoted by &. In
particular, &|r = & = &\&;* contains all boundary edges and provides some
partition of T'.

We recall that S*(7;) = {V; € C(Q) : Vi|r affine for all T € T;} denotes the
conforming P1-finite element space. Moreover, S§(7T¢) = S*(T¢) N Hj(Q) = {V; €
81(72) : Vgh‘* = 0}

3.3. Unique solvability. In this section, we recall that the discrete obstacle
problem (14) admits a unique solution which is again characterized by a variational
inequality.
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F1GURE 1. For each triangle T' € T, there is one fixed reference
edge, indicated by the double line (left, top). Refinement of T is
done by bisecting the reference edge, where its midpoint becomes
a new node. The reference edges of the son triangles are opposite
to this newest vertex (left, bottom). To avoid hanging nodes, one
proceeds as follows: We assume that certain edges of T', but at
least the reference edge, are marked for refinement (top). Using
iterated newest vertex bisection, the element is then split into 2,
3, or 4 son triangles (bottom).

Proposition 6. The discrete obstacle problem (14) admits a unique solution U, €
Ap, which is equivalently characterized by the variational inequality

(15) (Ue, Ve =Ue) = (f, Ve = Up)
for all V, € Ay. O

The proof of Proposition 6 is obtained as in the continuous case. It relies on the
fact that discrete boundary data g, € S'(7¢|r) can be lifted to a discrete function
Ge € SY(Ty) with ge|r = ge. The proof of the latter is a consequence of (and even
equivalent to, see [18]) the existence of the Scott-Zhang quasi-interpolation operator
Py : HY(Q) — S'(T;), see [36], which is a linear and continuous projection onto

SY(Te), i.e

(16) P} =P and ||Pw|mq) < Collvlm(a), forallve H'(Q),
that preserves discrete boundary conditions, i.e.

(17) (P)|r =v|pr  for all v € HY(Q) with v|r € SY(To|r).

The constant Co > 0 depends only on the shape regularity constant o(7;) and on
the diameter of 2. Moreover, P, has a local first-order approximation property
which is, however, not used throughout.

4. Adaptive Mesh-Refining Algorithm and Main Results

4.1. Newest vertex bisection. For the mesh-refinement, we use newest-
vertex bisection. Assume that M, C & is a set of edges which have to be refined.
The refinement rules are shown in Figure 1, and the reader is also referred to [38,
Chapter 5]. We stress a certain decay of the mesh-widths:

e Marked edges E € My are split into two edges E',E” € &p4q of half
length, i.e. new nodes z € Ny1\ Ny are always midpoints of refined edges

E e 5g\5g+1.
e If at least one edge F of an element T' € T, is marked, T is refined into up
to four son elements 7" € Tp41 with area |T'|/4 < |T"| < |T'|/2, cf. Figure 1.
Moreover, given an initial mesh 7y, newest vertex bisection only leads to at most
4 - #7To similarity classes of triangles. In particular, the generated meshes are
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uniformly shape regular

diam(T)?
18 S Te) < ith Te) = max ————.
(18) JQEU( ¢) <oo with o(T¢) = max 7|

Furthermore, the number of different shapes of e.g. node patches that can occur, is
finite. These observations will be necessary in the scaling arguments below.

4.2. Weakly reliable error estimator. Let u € A denote the continuous
solution of (13) and U, € A, be the discrete solution of (14) for some fixed triangu-
lation Ty. To steer the adaptive mesh-refinement, we use some residual-based error
estimator

(19) 07 = > (m(B)* +osci(E)?) + Y (apx,(E)? + osce(E)?)
Ee£ Eeg}
which has essentially been introduced in [10] for homogeneous Dirichlet data g = 0.
First, n¢(E)? denotes the weighted L2-norms of the normal jump
(20) n(E)* := hg ||[0aUd |72 for E € &

with hp = diam(FE) the length of E and [-] the jump over an interior edge E =
THNT~ € &*. Second, for interior edges, oscy(E)? denotes the data oscillations of

f

(21) osce(E)? = Qe |f = forplliz, ) for E €&

over the patch Qy g = T UT ™ associated with F, where the corresponding integral
mean of f is denoted by fq, , = (1/|Q¢ E|) fﬂe .,/ dz. Third, for boundary edges
E €&l and T € Ty the unique element with E C 9T N T, g, involves the weighted
element residuals

(22) osc(F)? := |T|Hf|\%2(T) for £ €&} .

Finally and in order to control the approximation of the nonhomogeneous Dirichlet
data g by its nodal interpolant g;, we apply an idea from [4] and use

(23) apx,(E)? = hell(g - 90) gy for E € €7,

where (-)" denotes the arclength derivative. Here, we exploit the additional regu-
larity assumption g € H(T'), see Section 2.4.

To state a reliability result for the proposed error estimator gy, we need to intro-
duce a continuous auxiliary problem, which considers the continuous case subject
to the discretized boundary data. Given the discrete Dirichlet data g, € S*(7¢|r),
we define

(24a) A ={ve € HY(Q) : vy > x a.e. in Q, v|r = g¢ a.e. on T'}.
Applying Proposition 1 for the data (x, ge, f), we see that the auxiliary problem
(24b) J(ug) = min J(vy)

v €A}

admits a unique solution u, € Aj. The following theorem now states weak reliability
of g, in the sense that oo — 0 implies [|u — U||g1(q) — 0 as £ — oo. The proof is
given in Section 5 below.

Theorem 7. With ug € A} the solution of the auxiliary problem (24), the error
estimator op from (19) satisfies

1 N
(25) §|||W —Ull> < T(Ue) — T (ue) < C3 07,
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with

(26) or = > (me(B)* +osce(E)®) + > ose(E)?,
Eegd Eeg}

as well as

(27) lu = Uell a0y < llu— uell +v2C5 o,

where the constant Cs > 0 depends only on o(T;) and on 2. Moreover, there holds
(28) 00 =20 = u—Ullg) == 0.

Remark 8. We stress that the reliability estimate (25) depends on x being affine
and the use of newest vertex bisection in the sense that only finitely many shapes of
node patches and edge patches can occur. For red-green-blue refinement [38, Chap-
ter 5|, the equivalence of edge and node oscillations is open. The entire analysis,
however, even applies for a coarser error estimator, where edge oscillations are
bounded in terms of the element residuals ||hf||12(7)-

4.3. Convergent adaptive mesh-refining algorithm. We can now state
our version of the adaptive algorithm in the usual form:

|Solve| — |Estimate| — |Mark| — |Refine|

Throughout, we assume that the Galerkin solution U, € S'(7;) is computed exactly.
For the marking step, we use the strategy proposed by Dorfler [19].

Algorithm 9. Fiz an adaptivity parameter 0 < 0 < 1, let Ty, with £ = 0 be the
initial triangulation, and fix a reference edge for each element T € Ty. For each
(=0,1,2,... do:
(i) Compute discrete solution Uy € Ay.
(ii) Compute n,(E)?, osce(E)?, and apx,(E)? for all E € &.
)

(iii) Determine set My C & of minimal cardinality, which satisfies

(29) 07 < Y (m(E)?+osc®?)+ Y (apx,(E)? + osci(E)?).
EEEFNM, E€ELNM,

(iv) Mark all edges E € My for refinement and obtain new mesh Tpy1 by newest
vertex bisection.
(v) Increase counter £ — €+ 1 and iterate. O

The following theorem states our main convergence results.

Theorem 10. Algorithm 9 guarantees the existence of constants 0 < k,v < 1 and
A > 0 and a sequence ap > 0 with lim «y = 0 such that the combined error quantity

f—o0
(30) Ag = J(Ur) = T (w) + 707 + Xapx; > 0
satisfies contraction up to the zero sequence ay, i.e.
(31) Api1 <kAp+ap forall l € N.
In particular, this implies
(32) 0= fim Ac= lim or = lim u—Uelrr o)

as well as convergence of the energies

(33) I(w) = lim T(ur) = lim T(Up).
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5. Proof of Theorem 7 (Weak Reliability of Error Estimator)

5.1. Stability of continuous problem. For the finite element discretiza-
tion, we have to replace the continuous Dirichlet data g € H'/?(I") by appropriate
discrete functions gy. To make this procedure feasible, we have to prove that the
solution of the obstacle problem (13) depends continuously on the given data.

In the following, let H be a Hilbert space with scalar product (-, -) and IC, K} C
‘H be closed, convex, and non-empty subsets of . We say, that Kj converges to K
in the sense of Mosco [28] if and only if

(34) Vo e K3 € K :  vg — v strongly in H as £ — oo
and
(35) Vo e HVu, €K : (v —vweaklyin H = wveK).

Put explicitly, we say that the set K converges towards the set K if every v € K
is the limit of a sequence v, € K, and if the limit v of any converging sequence
ve € K} is automatically in K. The set K is thus somewhat the collection of all
limits of the converging sequences from Kj. We can now state an abstract stability
result of Mosco:

Lemma 11 ([28, Theorem A]). Assume the sets KC, K} satisfy (34)-(35). Let
L,Ly € H* be functionals and assume Ly — L in H* as £ — oo. Finally, let u € K
and ug € K be the unique solutions of (10) with respect to the data (K,L) and
(K7, Le), respectively. Then there holds strong convergence

(36) ug — u in H as £ — oo,
i.e. the solution of the variational problem (10) depends continuously on the given

data. O

Remark 12. We remark that we have stated [28, Theorem A] only in a simplified
form. In general, the preceding lemma of Mosco includes the approzimation of the
bilinear form (-, -) as well, and it also holds for nonlinear variational inequalities,
where the underlying operators Ag, A : H — H*, e.g. Av:= (v, -), are assumed to
be Lipschitz continuous and strictly monotone with constants independent of €.

We are now in the position to show that the solution u € A of the obstacle
problem (13) continuously depends on the boundary data g € H'/2(T).

Proposition 13. Recall that uy € Aj denotes the solution of the auxiliary prob-
lem (24). Provided convergence g¢ — g in H'/?(T') of the Dirichlet data, there also
holds convergence ug — u in HY(Q) of the (continuous) solutions as { — .

Proof. As in the proof of Proposition 1, we define the sets
K={TecH}Q) : v>x—Lg} and K;={0,€ H}(Q) : U > x — Lge}.

We stress that both sets are convex, closed, and non-empty subsets of Hg (). As
usual, let H=1(Q) := H(Q)* denote the dual space of Hg(£2). With respect to the
abstract notation, we have L, L, € H () with

<L,’17>:(f,f17)—<<£g,5>> and <Lla,ﬁ>:(faf6)_<<£gfa’ﬁ>>
Note that this implies
{— 00
IL = Lellg-1(0) < 1£9 = Lgellm @y S 119 = gell g2y —— 0.
Next, we prove that } — I in the sense of Mosco (34)—(35).



238 M. FEISCHL, M. PAGE AND D. PRAETORIUS

To verify (34), let v € K be arbitrary. Define
vi=v+Lge A
and let w, € H'(Q) be the unique solution of the (linear) auxiliary problem
Awy =0in Q with Dirichlet conditions wy =gy — g on .
In the next step, we consider
Ty :=v+w, € H'(Q).

Then, there holds T,|r = g¢ as well as

_ ¢
v = Bell () = llwell ) S llge — gll ey —— 0.
Since the maximum of H!-functions belongs to H!, we obtain
ve := max{x, T} € H*(Q).

By definition, there holds v, > x almost everywhere in €2 as well as v¢|r = g; since
Uelr = ge > x|r almost everywhere on T', see Remark 5. Altogether, this proves
ve € Ag. Moreover, since the function max{y, -} : H'(Q) — H*(Q) is well-defined
and continuous (see e.g. [22, Chapter II, Corollary 2.1]), there holds

v =max{x,v} = lim max{y, T} = lim v, in H*(Q).
£— 00 {—00
Finally, we observe
~ {— 00 ~ . 1
v =v—Lge ——v—Lg=vin H (Q)

and vy € ’Cz(

To verify (35), let vy € K} and assume that the weak limit v, — v € HJ () exists
as £ — oo. According to the Rellich compactness theorem, there is a subsequence
(ve,,) which converges strongly to v in L?(2). According to the Weyl theorem,
we may thus extract a further subsequence (U[kj) which converges to v pointwise
almost everywhere in ). Moreover, by continuity of the lifting operator, there
holds Eggkj — Lg in HY(Q) as j — oo. Since this implies L?-convergence and
again according to the Weyl theorem, we may choose a subsequence (ﬁggkj_ ) which
converges to Lg pointwise almost everywhere in 2. Altogether, the estimate

Ve, 2 X Eggkj_ a.e. in O
and monotonicity of the pointwise limit imply
v>x—Lg a.e in

whence v € K.

Now, we may apply Lemma 11 to see that the unique solutions u € K and
Uy € K of the minimization problems (10) with respect to the data (K, L) and
(K7, L), respectively, guarantee

~ ~ 4
||u — uE”Hl(Q) ﬂ 0

With Lemma 3, there holds v = u + Lg as well as uy = uy + Lgy. Altogether, we
thus obtain
~ ~ {— 00
v —wellmroy Sl — el mr) + 119 = gell gz —=0

and conclude the proof. O
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5.2. Some elementary preliminaries. The next result is an elementary
lemma for variational inequalities, see e.g. [33, Proposition 2].

Lemma 14. Suppose that A is a convex subset of H*(Q) and f € L*(Q). Let
U € A be the solution of the variational inequality

(37) (U, V-=U)>(f,V-=U) foralV e A
Then, for all W € A, there holds

(39) S~ Wi < 7(%) - I (),

i.e. the difference in the H'-seminorm is controlled in terms of the energy. 0

5.3. Proof of Theorem 7. We start with estimate (25), where the lower
estimate clearly holds due to Lemma 14. We thus only need to show the upper
estimate. To that end, we define oy € H~1(Q2) by

(o0, v) = (f,v) — (ue, v) forall v € Hi(Q).
Since wu¢|p = Ug|p, we may argue as in the proof of [10, Theorem 1] to see
llue = Uell* + {oe , ue — Ue) < 07,

where the hidden constant depends only on the shape regularity constant o(7;). A
direct calculation finally shows

T (Ue) = T (ue) = %((Ug, Ue) = (f,Ur) = (%<<W , Ue) — (fauw)

+ (Que, ue = Ue) — (f,ue — Up) + {00, ue — Uyp))
1
= e = U + (o e — U,
whence J(Up) — J (us) < 07

Next we prove (27). According to the Rellich compactness theorem and the
triangle inequality, there holds

v = Uellgr oy = lu = Uell + llg — gell s>y
< lw = well + llue = Uell + g = gell 172 r-
From (25), we infer
llue = Uell* < 07 < o
From [4, Lemma 2.2], we additionally infer that
llg — gl||§_11/2(r‘) S Z asz(E)2 < Q?a
Eeg}

and the constant depends only on I' and the local mesh ratio of EE = T¢|r, whence
on Q and o(7;). The combination of the last three estimates yields (27). More-
over, according to the last estimate, the convergence g, — 0 implies g» — ¢ in
H'2(T') as £ — co. According to the stability result from Proposition 13, this
yields convergence uy — u in H(£2), and we also conclude the proof of (28). O
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6. Proof of Theorem 10 (Convergence of AFEM)

The idea of our convergence proof is roughly sketched as follows: Dérfler mark-
ing (29) yields that g is contractive up to ||[Ugyr1 — U], see Section 6.1. Since
there seems to be no estimate for this term to be available (recall nonconformity
Ay € Apt1), we introduce a discrete auxiliary problem with solution Uy ¢ which
allows to control

IWerr = Uell < 101 = Uerell + U410 = Ul
in terms of the energy J (Us) — J (Uss1,¢), see Section 6.3. In Section 6.4, we finally
follow the concept of [16] to prove Theorem 10.

6.1. Estimator reduction. The following contraction estimate is called esti-
mator reduction in [3, 16].

Proposition 15. Suppose that the set My C & satisfies (29) and that marked
edges are refined as stated in Section 4.1. Then, there holds

(39) 011 < a0 + CallUps1 = Uel?

with some contraction constant q¢ € (0,1) which depends only on 6 € (0,1). The
constant Cy > 0 additionally depends only on the initial mesh Ty.

Since the proof of Proposition 15 follows along the lines of the proof of [33,
Proposition 3], we only sketch it for brevity.

Sketch of proof. First, the Young inequality proves for arbitrary 6 > 0
(40)

0741 < Z oscyt1(E Z apxy (£

E'e€&ppa E'eEl

241
+(1+8) > he 10Ul iy + 1+ Y he l0nUert — U2z
E"e&ﬁrl E’€5§Z+1
A scaling argument allows to estimate the last term by
(41) Y e l0aUent = Uz < C U1 = Ul
Eegl |

and the constant C' > 0 depends only on o (7). Next, one investigates the reduction
of the other three terms if the mesh is refined locally: According to [33, Lemma 5],

it holds that
(42) > e llonUdllieen < D ne(E)? - > m(E)

E'eER EcEp Ee&lnM,

N =

Next, [33, Lemma 6] resp. [32, Lemma 3.9.6] yields

(43) Z osci1(E Z osci(E)* — Z Z osce(E)?.
E/65g+1 Ee€&y Ec&EnNM,

Moreover, it is part of the proof of [2, Theorem 5.4] that

(44) > apx (B < ) apx(E > apx(E)*.

E'€El,, Eecg] Ee&fnM,

l\D|P—‘



CONVERGENCE OF AFEM FOR OBSTACLE PROBLEM 241

Combining the estimates (40)—(44) and using the Dorfler marking (29), we easily
obtain

0711 < (L+0)(1—0/4) 0f + (1 + 6~ )C|Uesr — Ul

Finally, we may choose § > 0 sufficiently small to guarantee ¢ := (146)(1—6/4) < 1
to end up with (39). O

Remark 16. In the conforming case Ay C Agy1, it is easily seen that the sequence
Uy of discrete solutions tends to some limit Uy, which is the unique Galerkin so-
lution with respect to the closure of ;- As, see [32, Lemma 3.3.8]. Therefore,

limg ||Ups1 — Ue|| = 0, and elementary calculus predicts that (39) already implies
limy oo = 0, ¢f. e.g. [3, Proposition 1.2]. Then, Theorem 7 would conclude that
limg [|u — Upllgriy = 0, i.e. u = Uss. — Now that Ay £ Agy1, we did neither

succeed to prove that the a priori limit Uy, exists nor the much weaker claim that

limg |||Ug+1 — Ug||| =0.

6.2. Some a priori convergence results. In the adaptive algorithm, the mesh
Te41 is obtained by local refinement of elements in 7y, see Section 4.1. Consequently,
the discrete spaces S*(7;) are nested, i.e.,

(45) SYT)) € SY(Tey1) forall €N
and the analogous inclusion also holds for the spaces S'(T¢|r) € S (Tr41|r) on the

boundary. This is exploited in the following lemma which is part of the proof of [1,
Proposition 10].

Lemma 17. The nodal interpolants g, € S*(Ty|r) of some Dirichlet data g € H'(T')
converge to some a priori limit in H*(T), i.e. there holds
£— 00
(46) 1900 — gell vy —— 0
for a certain element goo € H'(T). O

In the following, we will only use the convergence of gy to goo in H'/? (I") as well as
the uniform boundedness sup ||g¢|| gr1/2(ry < o0 which is an immediate consequence.
LeN

Proposition 18. The sequence u; € Aj of solutions of the continuous auziliary
problem (24) converges to some a priori limit us, € H (), i.c.

L—00
(47) [tioe — e pr1.(0) —— 0

for some function us, € H*(Q). In particular, there holds
(48) T (o) = lim T (up).
£—00

Proof. Since convergence in H*(T") implies convergence in L?(T"), the Weyl theo-
rem applies and proves that a subsequence (gp, ) converges to go, pointwise almost
everywhere on I'. Therefore, the limit function g, € H'(T') satisfies goo > x almost
everywhere on I'. In particular, the obstacle problem (13) with ¢ = g, has also a
unique solution u., € H*(T'). Applying the stability result from Proposition 13, we
obtain convergence of uy to us in H(Q) as £ — oo. O

6.3. Discrete energy estimates. The main difficulty which we suffered in
our analysis is that it is not clear that ||[Usry — Upl| resp. J(Ups1) — T (Ue) tend
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to zero as £ — co. We circumvent this question by introducing a discrete auxiliary
problem: Find Upy1,¢ € Art1,0 such that

(49a) JWUesre) = = min  J(Veya).

Vig1€A 11,0
where the admissible set reads
(49b) Agire = {Veg1 €S (Tex1) + Veyr > xin Q, Vg1 =goon I'}.

Applying Proposition 6 to the data (Asy1., ge) instead of (Ag, g¢), we see that the
auxiliary problem (49) admits a unique solution Upt1,s € Apt1,-

Our first lemma is a key ingredient of the upcoming proofs. It states that one
may change the boundary data of a discrete function and control the influence
within Q.

Lemma 19. Let Wy € SY(Tey1) with Wega|r = gey1. Define Wéé+1 € SY(Tes1)

by
Y ~ JWesa(z)  forz € Newi\T,
(50) We(2) = {gg(z) for z€ Npya1 NT.

Then, with the local mesh-width hy € L*°(T) defined by h¢|p = hg, there holds

(51) [[Wesr — WE i) < Cs llhy(ges1 — 90)' 220y < Co lgesr — gell oy,
where Cs,Cg > 0 depend only on Ty and on .

Proof. By definition, we have W/, ; € 8'(Ti41) with W{,,|r = g¢. Moreover,
there holds Wf+1|T = Wega|r for all T € Tyyq \7}5_1. Let T' = conv{zy, 29,23} €
7?;1 and @ : Tret — T be the affine diffeomorphism with reference element Tyor =
conv{(0,0),(0,1),(1,0)}.

The transformation formula and norm equivalence on Pl(Tref) prove

IWerr = Wi llzeery = 1T (W — Wii) © 0l r2(z.0

3
< |2 Z ((Wesr = Wigy) o Dr(25)]

j=1

3
< Q|2 Z |(Wer — W) ()]

j=1
as well as
IVWer = Wi )2y S o(Te) IV (Wegr = W) 0 1) 2

3
S o(Te) D 1(Werr = Wit )(z5)]-

j=1
Now, we consider the nodes z € {21, 22, 23} of the triangle T": For z € A, NT holds
ge(2) = ge+1(z) by definition of the nodal interpolants. Therefore,
(Wepr —WE)(2) =0 ifz€ Np1 NQ)U N NT).
Thus, it only remains to consider nodes z € (Npr1\Ny) NT. In this case (see
Section 4.1), z is the midpoint of a refined edge E, of the unique father T € T,

with T' C f, and there even holds Ez C T'. Let z € Ny be an arbitrary endpoint of
E.. Then,

(Wepr = Wi1)(2) = (941 — 90)(2) =0,
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and the fundamental theorem of calculus, now applied for the arclength derivative,
yields

|(Wesr = W) < | / (9e+1 = 90’ dT| < |2 = 212 |l (ge = ge1) o .-

Combining our observations, we have now shown

1/2
0 1/2 2
Wesr = Wenllanay S D b2 (g0 — ger1) [l 125y = ( > halllge —9£+1)/||L2(§))
Beel Beegl
EcoT EcoT

Finally, note that each edge Ee 5{ belongs only to one element T e Te. Thus, E

can at most be selected by all (but at most four) sons T' € To4q of T, cf. Figure 1.
This observation yields

4 ? 1/2
IWesr = Wil o) = Z IWesr = Wil oy S Z hE/ l[(ge — 9£+1)I|\iz(@)-
TeTh, Eeer

With the local mesh-width function hy € L>°(I"), this estimate reads

1/2
IWesr = Wl S 10 (90 = ges) ey S Nlge — gell ey,

where we have used a local inverse estimate from [15, Proposition 3.1] in the last
step. We stress that the constant depends only on the local mesh-ratio of Tyi1|r,
whence on o(7¢4+1). This concludes the proof. O

With the notation of Lemma 19, we can now formulate an additional convergence
result.

Proposition 20. The sequence of discrete solutions Ugpy1 ¢ € Apt1,0 Satisfies
(52)

T Ues1,0) = T Uesn) + 1T Uesr,0) = T(Uf12)] < Crllgers — gell ey —= 0
with some constant C7 > 0 which only depends on Ty.

To prove Proposition 20, we start with the observation that the energy functional
J(+) is coercive.

Lemma 21. For each sequence wy, € H*()) with changing boundary data we|r =
ge, bounded energy implies uniform boundedness in H(Q), i.e.

(53) sup J(wg) < oo = sup |lwe g1y < oo
¢eN (€N

Proof. Note that triangle inequalities and the Friedrichs inequality yield
lwellL2() < llwe — LgellL2() + |1£LgellL2(0)
S IV(we = Lgo)|l2e) + 1£9¢ll 2 (o)
S IVwel 2 ) + 1£gel (0
S AIVwel[z2) + M

with M = supy [|ge|| gr/2(ry < o0, where we have finally used continuity of £ and
a priori convergence of gy, cf. Lemma 17. Consequently, we obtain

lwell @) S IVwellL2) + M

and therefore

1
J (we) = §HVWH%2(Q> — (frwe) Z (lwell ) = M)? = |1 fll 2@ lwell 1 0 -
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The implication (53) is an immediate consequence. (]

Lemma 22. The sequence of discrete solutions Uy € Ay from Algorithm 9 satisfies

(54) sup |7 (Ue)| < oo as well as  sup ||Us|| g1 (q) < oo.
teN teN

Proof. According to Lemma 21 with w, = Uy, it is sufficient to prove boundedness
of the energy. To that end, we define

Ve = man{Pg,ng — X, 0} + X € Ay,

where max, denotes the nodewise max-function, i.e. max,{v, w} € S'(7;) is defined
by

maxy{v, w}(z) := max{v(z),w(z)} for all z € Ny.

We consider the function W, := max,{P;Lgs — x,0}. Note that, by definition,
[We(2)] < |(PeLge—x)(2)] for all z € Np. According to a standard scaling argument
and P;Lg, — x € S*(Ty), we infer, for all T € Ty,

WellLzry S 1PeLge — xllp2¢ry  as well as  [|[VWel[L2(ry S IV(PeLge — X) | L2(r)
due to the nodewise estimate. From this, we obtain a constant C' > 0 with
IVellzrr ) S 1PeLge — xlar o) + Xl ar@) S Ngell gy + Ixllar @) < C < oo

since supy [|gel| g1/2(ry < oo and the operator norm of P, depends only on o(7y).
Therefore,

1
J(Ue) < TVe) = 5 [IVVilliz) = (£, V) S CC+ [ flz2@) < o0

yields sup J(Uy) < oo and concludes the proof. 0
LeN

Proof of Proposition 20. According to Lemma 22, we have M := sup, ||U|| g1 (q) <
oo. With the aid of Lemma 19, we obtain

(55)
1
T (Uer.e) < T(Uf) = 51U P = (£, U)

1 2
<3 (NUexrll + NUe1 = Uesall)® = (f, Uesr) + Il 2y |Ue 1 — Uesall 2 ey
1
=JUes1) + §|||Uzze+1—Uz+1|||2 A WU U1 = Uesall + 121U+ = Uesa ll 2o

1
< T WUer) + 3 Ci llge — 9l+1||§11/2(r) + Co (M + [ fll 2 () Nlgerr — gell gz iy
whence
TUes1,0) = TUer1) S llge = geillipe oy + lgeer — gell e ry-

Estimate (55) now reveals sup, J(Ust1,¢) < 00, whence supy ||Ury1,ell 1) < 00
according to Lemma 21 with wy = Upy1e. Arguing as in (55) with the ansatz
I (Uet1) < T (UL ) shows

T Ues1) = TUesr,0) S llge = gerllinz oy + lgesr = gell e ry-

The combination of the last two inequalities yields

{— 00

T (Ues1) = T Uerr,0)| S llge = gesrllipse oy + lgers = gell oy — 0.
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Finally, we recall J (Ug41,¢) < J(Uf, ). Then, the above calculation also yields

\T(Ui1) = TWUerr.0)l = T(Uy1) — T Uesae)
= [TUi1) = TWUen)] + [TUes1) = T (Uegr)]
{— 00

S llge — 9e+1||§{1/2(r) + ll9e+1 = gell grr2 0y —— 0.

This concludes the proof. 0

We are now ready to prove that the sequence U, € A; of discrete solutions
generated by Algorithm 9 indeed converges towards the exact solution u € A.

6.4. Proof of Theorem 10. With the help of Lemma 19 and Lemma 14
applied twice for U, € Agy1,¢, and Uf+1 € Ay41,0, we obtain
M\ Uiir = U < Ui = U 2 4 |Ues1,e — Uel?
5 et = Uell® < 041 = Upsrell”™ + g1, = Ul
<2|[Ues1 = Ugll? + 201Uf 41 = Uer el + 2 [T (U2) = T (Uesr,0)]
<2C2|hy"*(ge41 — 90) 1120y + 4 [T (Ufy1) = T Uesa,0)]
+2[T(Ue) = T (Ues1,0)].

Recall that Ay q = [J(Ug+1) - j(ue+1)] + 'ygfﬂ + /\apr_H. We now use the last
estimate to see

(T (Ues1) = T (uesr)] = [T(Ur) = T (we)] + [T (we) — T (wes1)]
+ [TWUes1) = TUegr,0)] + [T (Uesr,e) — T (U)]
< [TWUe) = T(we)] + [T (we) — T (wesr))
+ [T (W) = T Uesr.0)] + CElihy*(ges1 = 90) ey

1
= 7 1Uera = Ul +2 [T (Ui1) = T (Uesre)]-
Note that according to Proposition 18 and Proposition 20 it holds that
ap =T () = T (uegr)| + | T Ues1) = T Uegr,0)| + 2| T Ufy) = T Uesae)|

tends to zero as £ — oo. Next, we recall that on the 1D manifold I', the derivative
gy of the nodal interpolant is the elementwise best approximation of the derivative
¢’ by piecewise constants, i.e.

1/2 1/2 1/2
(56)  Ilhy'?(g — ger1) I2aqry + 1y *(gess — 90 [Zary = 10y (g = 90)'I22(ry

according to the elementwise Pythagoras theorem. So far and with A\ = C2, we
thus have derived

Apyr < [T(Ue) — T (w)] + 70741 + Aapxiyq + A ||h;/2(92+1 - QZ)IH%z(F)
1
-1 IUe1 = Uell? + au,
1
< [T(Ue) = T (ue)] + 70741 + Napxi — 7 IWesr = Uell? + ax,

where we have used the Pythagoras theorem in the second step.
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Next, the estimator reduction of Proposition 15 applies and provides constants
0<g<1andCy >0 with

1
Avir < [T(U) = T (we)] +790f + Aapxd + (101 = 7 ) [Vess = Uel* +

< [j(Uz) - j(w)] + vqo? + Napx? + ay
provided the constant 0 < v < 1 is chosen sufficiently small.

Next, from Theorem 7, we infer C5 2 [7 (Uy) — T (ur)] < o?.
We plug this estimate into the last one and use the fact that apxz < gé to see

Apyy < (1 —7eC5?) [T (U) = T (we)] + (g +2¢) 0f + (1 — ev)Aapx; + o
< KA+ ay,

with k 1= max{l—’yé‘C;Q ,q+2e,1—~e}. For0 < 2e <1—¢q, weobtain0 < k < 1
and conclude the proof of the contraction property (31).

The application of Lemma 14 for A, C A} yields J(u;) < J(U;) and hence
Ay > 0. Together with ay > 0 and ay — 0, elementary calculus yields Ay — 0 as
¢ — o0, cf. [3, Proposition 1.2]. From 0 < g, < Ay, we obtain limy gy = 0, and the
weak reliability of g, stated in Theorem 7 concludes the proof of (32). O

AN
"‘»\‘»‘\‘»\w

FIGURE 2. Galerkin solution Ug on adaptively generated mesh 7g
with N = 4.159 elements for § = 0.8.

7. Numerical Experiments

We consider numerical examples, one of which has also been treated in [10].
The mesh in each step is adaptively generated by Algorithm 9. For the solution
at each level, we use the primal-dual active set strategy from [23]. The numerical
results for example 1 are quite similar to those in [10]. We stress, however, that
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10 T T T T T
10° | 9
10k 4
1072 .
10*3 | ~ . 1’ . B
—8— /&; (unif.) O(N-3/%) < \\
—e— g, (unif) X
ol —k— apx, (unif.) SO |
—— /&7 (adap.) T
—0— o/ (adap.)
apx, (adap.)
10‘5 | | | | |
10" 10> 10° 10* 10° 10° 10’

FIGURE 3. Numerical results for uniform and adaptive mesh-
refinement with 6 = 0.8, where /g¢, o/, and apx, are plotted over
the number of elements N = #7;.

our approach includes the adaptive resolution of the Dirichlet data and, contrary
o [10], the upcoming examples are thus covered by theory.

7.1. Example 1. We consider the obstacle problem with constant obstacle
X = 0 on the square  := (—1.5,1.5)? and a constant force f = —2. The Dirichlet
boundary data g € H'(T") are given by the trace of the exact solution

2
e %—ln(r)—%, r>1
0, else,

where r = |z| and || denotes the Euclidean norm on R?. The solution is visualized in
Figure 2. We compare uniform and adaptive mesh-refinement, where the adaptivity
parameter 6 varies between 0.4 and 0.8. The convergence history for uniform and
adaptive refinement with 6 = 0.8 is plotted in Figure 3, where the error is given in
the energy functional, i.e.

(57) ee =T (Ur) = T (u)|

and the Dirichlet data oscillations apx, are defined by (23). Note that due to
Theorem 10, the adaptive algorithm drives the error and thus also the energy ¢, to
zero, whence it makes sense to plot these physically relevant terms. All quantities
are plotted over the number of elements N = #7, of the given triangulation.
Due to high regularity of the exact solution, there are no significant benefits of
adaptive refinement. We observe, however, that error and error estimator, as well as
Dirichlet oscillations show optimal convergence behaviour O(N~'/2) and O(N ~3/4)
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10
10° | E
107k g
107°F J
—8— yniform
—k— 0 = 0.4
——0 =10.6
—#— 0 =0.8
10_3 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6 7
10 10 10 10 10 10 10

FIGURE 4. Numerical results for \/g¢ for uniform and adaptive
mesh-refinement with 6 € {0.4,0.6,0.8}, plotted over the number
of elements N = #7;.

FIGURE 5. Adaptively generated meshes 75 (left) and Ti1 (right)
with N = 678 and N = 34.024 elements, respectively, for § = 0.6.

respectively. Also, the curves of g, and ,/e¢ are parallel, which experimentally
confirms classical reliability and efficiency of the underlying estimator o, in the
sense of |lu — Ug| g1 () =~ o

Figure 4 compares different values of # and we can see that each choice of 0 €
{0.4,0.6,0.8} leads to optimal convergence, i.e. the curves basically coincide.
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Finally, Figure 5 shows the adaptively generated meshes after 5 and 11 iterations.
As expected, refinement basically takes place in the inactive zone, i.e. elements
where the discrete solution U, does not touch the obstacle.

FIGURE 6. Galerkin solution Ujg on adaptively generated mesh
Tio with N = 8.870 elements for 6 = 0.6.

7.2. Example 2. In this example, we consider the obstacle problem for a

non-affine H%(§)) obstacle
. {i [sin (5(z + (1 —7/10))) +1] 2 < -1,

10 L*
0 else.

on the L-shaped domain Q := (—2,2)2\[-2,0). The right hand side is given in

polar coordinates by
F(ryp) = = sin(2¢/3) (d/dr(n)(r) /r + d* [dr 7. (r))

4 . .
=377 2d/dr(m)(r)sin(2¢/3) = 72(r),
where d/dr denotes the radial derivative. Moreover, 7 := 2(r — 1/4) and
L, 0,

Y(r) =4 —
07

T
67 + 157 — 10/ +1, 0 <1,

VAN A

T
L

=3

1, else.

)
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10 T T T

| —— o (unﬁ’.)’ ~..
—8&— /g, (unif.) R
—%*— apx, (unif.) RN ]
107 —+— o, (adap.) ONT3/4) T~o ;
—e— ,/z; (adap.) ) ]
apx, (adap.)

10

4

10 10

FIGURE 7. Numerical results for uniform and adaptive mesh-
refinement with § = 0.4, where /¢, 0¢, and apx, are plotted over
the number of elements N = #7;.

The Dirichlet data g € H'/ 2(T') are given by the trace of the obstacle x. Since
the exact solution for this problem is unknown, the Galerkin solution on a uniform
mesh with approximately N = #7, = 1.500.000 elements has been used as reference
solution. The non-affine obstacle was treated by means of Proposition 4. Again, we
compare uniform and adaptive mesh-refinement for different adaptivity parameters
0 between 0.4 and 0.8. Figure 7 shows the convergence history for § = 0.4 plotted
over the number of elements N = #7,. As before, adaptive refinement leads to the
optimal convergence rates O(N~'/2) and O(N~3/%) for \/g; and apx,, respectively.
Due to the corner singularity of the exact solution at 0, we observe that uniform
mesh-refinement leads to a suboptimal convergence behaviour.

Figure 8 compares the error for uniform and adaptive mesh refinement, where
the adaptivity parameter § varies between 0.4 and 0.8. Again, we observe that each
adaptive strategy leads to optimal convergence rates, whereas the convergence rate
for uniform refinement is suboptimal.

In Figure 9, the adaptively generated meshes after 13 and 18 iterations are
visualized. As before, refinement is basically restricted to the inactive zone.
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10 T T T
~
~
~
~
107 1
~
~
-2 —1/2y T~
10 " O(N ) So |
—&— uniform
—A*—0 =04 <
~
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F1GURE 8. Numerical results for ,/z, for uniform and adaptive

mesh-refinement with 6 € {0.4,0.6,0.8}, plotted over the number
of elements N = #7;.

FIGURE 9. Adaptively generated meshes 713 (left) and Tis (right)

with N = 4.104 and N = 33.310 elements, respectively, for § = 0.6.
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