J. Partial Diff. Eqgs.
20(2007), 71-79 Vol.20 No.1

GLOBAL NONEXISTENCE OF THE SOLUTIONS FOR A
NONLINEAR WAVE EQUATION WITH THE Q-LAPLACIAN
OPERATOR*

Gao Hongjun and Zhang Hui
(Department of Mathematics and Institute of Mathematics, Nanjing Normal University,
Nanjing 210097, Jiangsu, China.)
(E-mail: gaohj@njnu.edu.cn(H. Gao); alpha59@163.com)
Dedicated to Prof. Boling Guo for his 70th Birthday
(Received Jul. 7, 2006)

Abstract We study the global nonexistence of the solutions of the nonlinear g-
Laplacian wave equation

uy — Agu + (—A) %y, = \u|p_2u,

where 0 < a <1, 2 < g < p. We obtain that the solution blows up in finite time if the
initial energy is negative. Meanwhile, we also get the solution blows up in finite time
with suitable positive initial energy under some conditions.
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1. Introduction
We study the initial boundary value problem

up — Agu + (—A) %y = [ulP~2u, x € Q,t>0,
u(z,t) =0, x €00t >0, (1.1)
u(z,0) = up(x), ut(x,0) = ui(x), x € Q.

o0
Here 2 < g < p, — Z e (|8x1 |7~ 2 72)» and Q is a bounded domain in R",n >

1, with smooth boundary 3(2 For this problem H. Gao and T. F. Ma [1] had obtained
the global existence of the solution when ¢ > p and with small initial data when ¢ < p.

*This work is supported in part by NSF of China No.10571087, SRFDP(No. 20050319001), Natural
Science Foundation of Jiangsu Province BK2006523, Natural Science Foundation of Jiangsu Education
Commission No. 05KJB110063 and the Teaching and Research Award Program for Outstanding Young
Teachers in Nanjing Normal University(2005-2008).



72 Gao Hongjun and Zhang Hui Vol.20

When ¢ = 2, with the linear damping term(a = 0), H. Levine([2, 3]) had proved the
solution blows up in the finite time with negative initial energy. When ¢ = 2, and the
damping term is given by |us|"u;, here r > 0, many authors had studied the existence
and uniqueness of the global solution and the blowup of the solution, see [4-6]. Our
objective is to study the global nonexistence for this kind of equations with ¢ < p under
a weaker damping term. For negative initial energy, we use the energy method with
some modifications to [7] and [8], and obtain the global nonexistence for (1.1). For
positive initial energy, we use the concavity technique developed by Levine [3] to get
the global nonexistence for (1.1), this method can also be found in P. Pucci and J.
Serrin [9].

The damping term we consider here is different from [10]. Since for an arbitrary
0 < a <1, the condition (3d) in [10] does not always hold. For the model we consider
here, by [10] we know V = L%*(Q), W = LP(f) correspondingly for our case, and
W' = LP (Q), here 1% =1- }D > 1, and

Qt,v) = (~A),
D(t.0) = [ (Q(t.0).v)do = |(-2) 0l

By Sobolev imbedding W2# () < W®2(Q)(see [11]) with

we have

I(=2)*0] < ClH(=A)"0]l 2,

here C' is a constant. The above inequality just is (3d) in [10] with §(¢) being constant
and m = m’ = 2. We know the condition (x) does not always hold for any given
0 < o <1 and for all p satisfying the condition (2.2) in the sequel, that is (3d) in [10]
does not always hold for arbitrary 0 < a < 1. But our results hold for any 0 < a < 1
and all p satisfying the condition (2.2).

Here we use standard notations. We often write u(¢) instead w(t,z) and ()
instead w(t,z). The norm in L9(Q) is denoted by || - ||, and in W, 9(Q) we use the

n
norm [|uf|{ , = Zl [, 13-
For Convenile_nce, we recall some of the basic properties of the operators used here.
The degenerate operator —A, is unbounded, monotone and hemicontinuous from I/VO1 9(Q)
to W, Lp (), where ¢=! + p~! = 1. The power for the Laplacian operator is defined

(0.)
by (—A)%u = z%A?(u,@j)wj, where 0 < A\; < A2 < A3 < ... and @1, 2, p3.... are
j:

respectively the sequence of the eigenvalues and eigenfunctions of —A in H}(Q2). Then

[ull pi=ayey = I(=A)%ull2,  Vue D((=A)%)
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and for ¢ > 2, 0<a <1, Wy%Q) — D((—A)2) — L3(Q).

2. Global Nonexistence of the Solution for (1.1)

The purpose of this paper is to study the global nonexistence of the solution for the
problem (1.1). First, we make some preparations.
Assume 0 < o < 1 and the p, q satisfy the condition

2<qg<p< &L 7
2<qg<p, for n <gq.

for n > gq,
(2.1)

Lemma 1(Local existence) Let the condition (2.1) hold, for any initial data (ug,u1) €
W&’Q(Q) x L2(2), if T is small enough, then there exists a weak solution u of (1.1) which
satisfies

w e Lo((0,T); We'(Q), o' € L™((0,T); L*(Q)) [ | L*((0,T); D((—A)2)).

By the method of [1], using Galerkin method, we can get the proof.
For the weak solution, we define energy as following:

E(t) = gllull3 + ¢lullf g — Hllulp- (2.2)

We suppose the following weak conservation law holds
t w9
+ [ I8 tulid < B), te .1 (2.3)
0

Our main results are the following two theorems.

Theorem 1 Let the conditions (2.1) and (2.3) hold, for any initial data (up,u1) €
W&’Q(Q) x L2(2), if E(0) <0, then the solution of (1.1) blows up at finite time Ty (Ty
can be seen in the proof) in the LP norm.

Theorem 2 Let the conditions (2.1) and (2.3) hold, for any initial data (up,u1) €
Wol’q(ﬂ) x L?(Q), and with suitable positive initial energy, namely 0 < FE(0) < d,
lluollg > z1(d is the mazimum of function Q(z) = %zq - %?ZP,Q(Zl) =d and C3 is the
Sobolev constant in ||ull, < Csllul|1,q), if the solution of (1.1) which satisfies

we C([0,T);Wy(Q), o' €C([0,T);L*(Q)(L*((0,T); D((-A)*?)),

then the solution of (1) can not exist globally.
Proof of Theorem 1 Using E(0) < 0 and (2.3), we have

E(t) < E(0) < 0. (2.4)
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Let
H(t) = g(=B(0) + (5 + Dlll3 + =5l (2.5)

Now, we introduce F'(t) = 3||ul|3 for any solution u, then differentiate F(t) with respect
to t we have

F’(t):/guutdx. (2.6)

Since u is a solution of (1.1), by (2.5) and (2.6) we obtain

Ft) = /Q (g + ud)do
= [+ St = A e

= H(®) + 2l - /Q (= A) usuda. (2.7)

By (2.1) and (2.4) we get

1 1
6||U||‘f,q = Z;IIUHI’? (2.8)

Using (2.7) and (2.8) we have
F(0) = 1)+ 2l - /Q (—A) usuda. (2.9)

Before estimating | [,(—A)*uudz|, we claim that there exists a constant Cy satisfying
1(=A)>ulls < Cilull1q- (2.10)

In fact the inequality above can be obtained from the imbedding I/VO1 Q) — D((-A)2)
and HUHD((,A)%) = [[(=A)2ull.
We claim that there exists a constant Cy satisfying

q
2

lully ;> < Ca(=E(1))" 7, 0<p<1. (2.11)

q

In fact, by (2.1) and (2.4) we have %Hqu > —E(t), namely
lully = p(=E(#))- (2.12)

Since 1 < p < -2 we have W19(Q) — LP(Q), so that there exists a constant Cj

n—q’
satisfying
[ull, < CsllullLg: (2.13)

By (2.12) and (2.13) we get

(Csllull1,q)P = p(—E(1)),
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since 22—_;’ < 0, we obtain

2— 2—¢q

20 =
Gy Nl < (~B@) .

q=2
Let Co =C32 , B = %Eigﬁ. It is easy to verify that % < B < 1, thus the claim above
is proved.

Using (2.4), (2.10), (2.11) and Holder inequality, we have

\ / <—A>autudt\ < (=AY Sl (=A) Sl
< O1[(=A) 2 ugll2f|ull1,q

3 =g 18
= Cill(=A) 2 uellaf[ully ¢ lullF

1 CRTAIL: q 1-3
< G I(=A) 2wz + 2ejulli lull,
c,C (- a
< G ()09 (-8 B3
+2:C1Cafull{ ,(—E(0)) "7 (2.14)
Choose ¢ such that
2:C1Cy(—E(0))"1F) = 24, (2.15)
that is b4
= o (B )P >0
and let o0
102
= .1
01 5 (2.16)
then (2.14) becomes
] < 00 BO )Rl + Pl
So we have
F'(t) = H(t) = 01(—=E(0) "D (=8) 2 w3, (2.17)
Now we define
G(t) = (=B(1)” + por ' F'(1), (2.18)
then from (2.3), (2.8) and (2.18)
G'(t) = B(—E()) """ (=E'(t)) + 56 ' F" (1)
> 07 H(t) > (26,) " H(t) > 0 (2.19)

and there exists a tg > 0, such that G(t) > G(to) > 0, for t > ¢y, where we can take

tg =0, if G(O) = (*E(O))ﬁ + ﬂell/ uourdxr > 0. (220)
Q
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Using Hoder inequality, we get

'/ uurde
Q

where Cj is the imbedding constant for L?(Q) «— L%(Q) By Young inequality we

—1
< el G 2B llully < Callulallul,,

have

GOV < 4{(-E(t)) + (07 [F(2)[V7)}
< 4{(~E(8)) + (Ca87 )Y P[]y 7] 1%y
< A{(—E(t) + lue3 + (Ca671)? P70 |y /20Dy, (2.21)

In fact it is easy to verify that 2;—_1 < p. By (2.12) we can get |ull, > [p(—E(0))]'/? >
(—E(0))/? > 0, hence
(=E(0)"|ul, = 1. (2.22)

By (2.21) and (2.22), we have
GO H(=E®)+ fuel3 + (Cabr > PV ul [}/ OV [(—E(0) 7P [ul|, P~ 20~}

<Ha(=E0)+ (G + Dlludl3 + (Co07 YD (=BO) = ulf}.  (228)

Using (2.5) we get
p—q
1) = 2l

Letting 05 = 4max{1, 2 (C,07 )% 29~D(~E(0))?"47 } we obtain
G(t)Y/P < 0,H(1). (2.24)
Hence
OGP = (1=1/B)G(1)" VPG (1) < —(1 - B)(266:65) . (2.25)
Assume (2.20) holds, then
Gt)' VP — G(0)' P = 9 {G(t) P,
Using (2.25) we have
G(t) > {G(0)' /8 — (1 — B)(28610,) 1t} /=0, (2.26)
hence there exists a T' > 0, such that

T < Ty = 26010:(1 — 3)~LG(0)—1/8



No.1 Global nonexistence of the solutions for a nonlinear wave equation with ... 77

and
lim G(t) = +oc. (2.27)
t—»T(;
By (2.1) and (2.4), we get
1 1
—E(t) + QHW\Ig < EIIUII£- (2.28)

Combining (2.5), (2.23) with (2.28), we have there exists a constant C5 satisfying
G(t)5 < Cslull, (2.20)
hence from (2.27) and (2.29), we obtain

lim [Jullf = +oo.

—4o

Thus the proof of Theorem 1 has completed.
Before the prove of Theorem 2, we make some preparations. We define the poly-

nomial Q by
1 Cy
Qz) = gzq — —=22P (2.30)
here Cj is the Sobolev imbedding constant for W9(Q) « LP(Q). Then
Q' (2) =297t — O 1, (2.31)

We know @Q'(z) have only one zero point, that is zq = Cg/ @~P) Hence Q(z) is strictly
increasing in [0, z1) and strictly decreasing in (21, +00).
Let 1 1 w
d=Q(z1)=(-—-)Cy" >0. (2.32)
q p
Lemma 2 Suppose u is a local solution of the problem (1.1) and the condition of

Theorem 2 holds, then there exists zg, zg > z1, satisfies
lu®)lhg > 20, VEe[0,T). (2.33
Proof of Lemma 2 By (2.2), (2.30) and Sobolev inequality we get

1 1 1 ¥
E(t) = 6||U||‘f,q - Z;HUIIQ > —ullf, - ?3||U||If,q = Q(llull1,4), for any £ >0, (2.34)

hence
Q(z1) =d > E(0) > Q([[u(0)]|1,¢)- (2.35)

By continuity of @, |luollq > 21 and (2.35), there exists zg, 21 < 20 < [|u(0)]1,4,
satisfying Q(zo) = E(0). We first prove that ||u(t)||1,4 can not be located in (21, 2o).
Otherwise, we assume there exists tg € [0,T) satisfying ||u(to)|1,4 € (21, 20), then

E(to) > Q([lu(0)[l1,4) = Q(20) = E(0).
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This is a contradiction with E(t) < E(0). By |u(0)|l1,4 > 21 and the continuation of
E(t) and v in Wol’q(Q) on [0,T), we have ||u(t)||1,4 > 21 for all £ > 0. So by the above
discussion, Lemma 2 has been proved.

Proof of Theorem 2 By contradiction arguments, we assume the solution sat-
isfying the condition of Theorem 2 exists globally. Let

[N]1)

u, (=8)Fu)dr+(Ty—t)((—A) 2u(0), (=A)2u(0))+ 1 (t+t0)?,

N1

Fio) = )+ [ (-2
here to, Ty, B1 are constants to be given later.
FI(8) = 20, u1) + ((~8) 3, (—A)3u) — (=) 3u(0), (~2) Fu(0)) + 261 (¢ + to)
= 2(u,uy) + 2 /Ot((—A)Z‘u, (=A)2uy)dr 4 2631 (t + to), (2.36)
since u is a solution of the problem(1.1) and using (2.36), we have
SF(0) = () + (o) + (~2) B, (~8) ) +
= (ue,we) + [Jullpy — [lullf, + B

= (4 D)+ [ (=8 Fun (A Furar + (= Dulf, ~pE©) + 5,

2
+(§ —1)z5 —pE(0) — gﬂl, (2.37)

> (14 D) ((urw) + 5] +p /0 (-3 ur, (~A)Suy)dr

by choosing 3; such that £3; = (%—1)z8—pE(0) > (g—l)zf—pd =0, [ has been fixed.
Then

t
FI(t) = (p+ 2)[(ue, we) + 1] + 210/ ((=A)2ur, (—A)2u,)dr,
0

choose tg large enough such that F’(0) = 2(ug, u1) + 2061to > 0. Hence Vt € [0, Tp], we
have F(0), F'(0), F"(0) > 0. Set
t

A= (u,u) + / ((—=A)2u, (~A)2u)dr + B1(t + to)?,
0

t
B3P, C=(uu)+ [ (-8) ur (-8)Fuir +
0

Fl/
we have A < F, C < T

Hence V(£,1) € R?, t € [0,Tp], we get
A€+ 2BEn + O = (§u + nue, Eu + nuy)
t
n / (E(-A)Sut n(=A) S, €(—A) S u+ n(—A)Fu)dr
0

+B1(£(t +to) +m)* > 0.
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Then A = (2B)? — 4AC <0, hence (3 F")? — FZ% < 0, namely
FF"— (a+1)(F)? >0

here o = %. So [F~%(t)]” > 0 holds for every t € [0,Tp], that F~(¢) is a concavity
function. We could obtain the blowup time 7} in the standard way (see [3]), where
T, < a’;(,%). Then we reach a contradiction with our assumption, so Theorem 2 has

been proved.

Remark About F”(t) in the proof, it is formal calculation, we can make it rigorous
by the approach of H. A. Levine and J. Serrin [10].
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