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Abstract The aim of this paper is to discuss the existence and uniqueness of
solutions for the porous medium equation

ut − (um)xx = µ(x) in (x, t) ∈ R× (0,+∞)

with initial condition

u(x, 0) = u0(x) x ∈ (−∞,+∞),

where µ(x) is a nonnegative finite Radon measure, u0 ∈ L1(R)∩L∞(R) is a nonnegative
function, and m > 1, and R ≡ (−∞,+∞).
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1. Introduction

In this paper we consider the porous medium equation

ut − (um)xx = µ(x) in Q (1.1)

with initial condition
u(x, 0) = u0(x) x ∈ R, (1.2)

where µ(x) is a nonnegative finite Radon measure, u0 ∈ L1(R)) ∩ L∞(R)) is a nonneg-
ative function, m > 1,Q ≡ R× (0,+∞).

We denote
M0 ≡ ||u0||L∞(R) + 1, M1 ≡

∫

R
dµ
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in this paper.
Clearly, the Cauchy problem (1.1)–(1.2) has no classical solutions in general. There-

fore we consider its weak solutions.
Definition 1.1 A nonnegtive function u : Q 7−→ R is said to be a solution of (1.1)

if u satisfies the following conditions [H1] and [H2]:
[H1] For all T ∈ (0,+∞), we have

u ∈ L∞(0, T ;L1(R)) ∩BVt(QT \Qs),

and
u(·, t) ∈ Cα(R) ∀t ∈ (0, T )

with s ∈ (0, T ), where QT ≡ R× (0, T ).
[H2] For any φ ∈ C∞

0 (QT ), we have
∫ ∫

QT

(−uφt − umφxx)dxdt =
∫ ∫

QT

φ(x, t)µ(x)dxdt.

Definition 1.2 A nonnegative function u : Q 7−→ (0,+∞) is said to be a solution
of (1.1)-(1.2) if u is a solution of (1.1) and satisfies the initial condition (1.2) in the
following sense:

ess lim
t→0+

∫

R
ψ(x)u(x, t)dx =

∫

R
ψ(x)u0(x)dx, ∀ψ ∈ C∞

0 (R).

Our main results are the following theorems.
Theorem 1.1 The Cauchy problem (1.1)–(1.2) has a unique a solution u = u(x, t)

satisfying

u(x, t) ≤ C

tm−δ
∀(x, t) ∈ QT

for all δ ∈ (0, 1), where C is a positive constant depending only on δ, m, M0 and M1.
Such kind of results has been obtained by a number of authours, for example, see

[1–11].
Remark 1.1 The proof of the existence in Theorem 1.1 is different from that of

[1–8],it is based some BV estimates. In particular, the uniqueness in Theorem 1.1 is
very intereting and is also different from that of [9–11].

In addition, we have
Theorem 1.2 Assume that u is the solution of (1.1)-(1.2). Then we have

|u(x1, t)− u(x2, t)| ≤ C|x1 − x2|β

for all xi ∈ R(i = 1, 2) and all t ∈ (τ, +∞),where β ∈ (0, 1) and C > 0 are some
positive constants depending only on τ , M0 and M1.

The proofs of Theorem 1.1–1.2 are completed in Section 3–5. In proving process we
shall use some uniform estimates in Section 2.
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2. Some Estimates of Approximate Solutions

In order to discuss the existence of solutions for the Cauchy Problem (1.1)-(1.2),
we consider the following equations of the form

ut − (um)xx = µε(x) in Q (2.1)

with initial condition
u(x, 0) = u0ε(x) (2.2)

where µε = jε ∗ (µ(x) + ε), u0ε(x) = jε ∗ u0(x) + ε, and

jε(x) =
1
ε
j

(
x

ε

)
, 0 < ε < 1, (2.3)

j(x) =





δ0exp

{
x2

x2 − 1

}
, |x| < 1,

0, |x| ≥ 1.

(2.4)

δ0

∫ +∞

−∞
j(x)dx = 1. (2.5)

It is well known that the Cauchy problem (2.1)-(2.2) has a unique nonnegative
bounded solution uε ∈ C∞(QT ) with uε ≥ ε in QT for all T ∈ (0,+∞).

In addition, we have the following estimates on uε.
Lemma 2.1 We have

∂uε

∂t
≥ −kuε

t
, (2.6)

where k =
1

m− 1
.

Remark 2.1 Such estimates have been obtained by a number of authors, for
some quasilinear degenerate pralolic equations or quasilinear hyperbolic equations, see
[12-20].

Proof of Lemma 2.1 Denote

uεr(x, t) = r
1

m−1 uε(x, rt), ∀r ∈
(

1
2
, 1

)
.

By (1.1) we compute

(uεr)t − (um
εr)xx = r

m
m−1 µε(x) ≤ µε(x), ∀r ∈

(
1
2
, 1

)
, (2.7)

uεr(x, 0) = r
1

m−1 u0ε(x) ≤ u0ε(x), ∀x ∈ R. (2.8)

Applying the comparison principle and (2.1)-(2.2) with (2.7)-(2.8),we obtain

uεr(x, t) ≤ uε(x, t), ∀(x, t) ∈ Q.
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By the definition of uεr we have

r
1

m−1 uε(x, rt) ≤ uε(x, t), ∀(x, t) ∈ Q,

which implies that

uε(x, t)− uε(x, rt)
t− rt

≥ r
1

m−1 − 1
t(1− r)

uε(x, t), ∀(x, t) ∈ Q,∀r ∈
(

1
2
, 1

)

Letting r → 1−,we get
∂uε

∂t
≥ −kuε

t
.

Thus the proof is completed.
Lemma 2.2 We have

∫

R
(uε(x, t)−M0)+dx ≤ TM1

for all t ∈ (0, T ).
Proof Choose a number of functions ξR ∈ C∞

0 (R) with R > 2 such that

ξR = 1 in (−R, R); ξR = 0 in R \ (−2R, 2R),

0 ≤ ξR ≤ 1, |ξ′R| ≤
C

R
, |ξ′′R| ≤

C

R2
in R. (2.9)

We multiply (2.1) by
ξR(uε −M0)m

+

(uε −M0)m
+ + η

(0 < η < 1) and integrate over in QT to obtain

∫ ∫

QT

uεt·
ξR(uε −M0)m

+

(uε −M0)m
+ + η

dxdt−
∫ ∫

QT

um
ε )xx ·

ξR(uε −M0)m
+

(uε −M0)m
+ + η

dxdt

=
∫ ∫

QT

µε(x) · ξR(uε −M0)m
+

(uε −M0)m
+ + η

dxdt. (2.10)

We compute
∫ ∫

QT

uεt·
ξR(uε −M0)m

+

(uε −M0)m
+ + η

dxdt

=
∫ ∫

QT

∂

∂t

(
ξR

∫ (uε−M0)+

0

smds

sm + η

)
dxdt

=
∫

R
ξR

(∫ (uε(x,T )−M0)+

0

smds

sm + η

)
dx−

∫

R
ξR

(∫ (u0ε(x)−M0)+

0

smds

sm + η

)
dx

=
∫

R
ξR

(∫ (uε(x,T )−M0)+

0

smds

sm + η

)
dx
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which implies that

∫ ∫

QT

uεt ·
ξR(uε −M0)m

+

(uε −M0)m
+ + η

dxdt =
∫

R
ξR

(∫ (uε(x,T )−M0)+

0

smds

sm + η

)
dx. (2.11)

In addition, we have

−
∫ ∫

QT

(um
ε )xx ·

ξR(uε −M0)m
+

(uε −M0)m
+ + η

dxdt

=
∫ ∫

QT

mum−1
ε uεx

(
ξR(uε −M0)m

+

(uε −M0)m
+ + η

)

x

dxdt

=
∫ ∫

QT

mum−1
ε uεx

(
ηξR[(uε −M0)m

+ ]x
[(uε −M0)m

+ + η]2

)
dxdt

+
∫ ∫

QT

mum−1
ε uεx

(
ξRx(uε −M0)m

+

(uε −M0)m
+ + η

)
dxdt

=
∫ ∫

QT

ηξR ·m(uε −M0)m−1
+ ·mum−1

ε · |[(uε −M0)+]x|2
[(uε −M0)m

+ + η]2
dxdt

+
∫ ∫

QT

ξRx
∂

∂x

(∫ uε

0

msm−1(s−M0)m
+

(s−M0)m
+ + η

ds

)
dxdt

≥−
∫ ∫

QT

ξRxx

(∫ uε

0

msm−1(s−M0)m
+

(s−M0)m
+ + η

ds

)
dxdt

≥−
CT ||uε||mL∞(QT )

R
,

which implies that

−
∫ ∫

QT

(um
ε )xx ·

ξR(uε −M0)m
+

(uε −M0)m
+ + η

dxdt ≥ −
CT ||uε||mL∞(QT )

R
, (2.12)

where C is a positive constant depending only on m.
Clearly, we have

∫ ∫

QT

ξR
(uε −M0)m

+

(uε −M0)m
+ + η

µε(x)dxdt ≤ T

∫

R
dµ(x). (2.13)

Combining (2.12)-(2.13) with (2.11) we get

∫

R
ξR

(∫ (uε(x,T )−M0)+

0

sm

sm + η

)
dx ≤

CT ||uε||mL∞(QT )

R
+ T

∫

R
dµ(x).
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Letting η → +0 and R → +∞ we have
∫

R
(uε(x, T )−M0)+dx ≤ T

∫

R
dµ(x)

for all T ∈ (0,+∞). Thus the proof is completed.
Theorem 2.1 Assume that uε is the solution of (1.1)-(1.2). Then we have

uε(x, t) ≤ γ1

tm−δ
∀(x, t) ∈ QT

for all δ ∈ (0, 1), where γ1 is a constant depending only on δ, m, T , M0 and M1.
Proof For any δ ∈ (0, 1), we can find a number α ∈ (0, 1/m) such that

mα = δ.

Clearly, we have
m(1− α) > m− 1. (2.14)

Assume that
M∗ = sup

(x,t)∈QT

[t1/[m(1−α)]uε(x, t)].

Therefore, there exists a point (x∗, t∗) ∈ QT such that

uε(x∗, t∗) = M∗ − 1. (2.15)

Denote
ηR(x) = ξR(x− x∗)

for all x ∈ R and all R ≥ 1,where ξR is defined by (2.9).
By Lemma 2.1 and (2.1) we get

−(um
ε )xx ≤ kuε

t
+ µε. (2.16)

We multiply (2.16) by
ηRumα

ε

umα
ε + 1

(0 < α < 1/m) and integrate over R× (s, t) to obtain

−
∫ t

s

∫

R
(um

ε )xx
ηRumα

ε

umα
ε + 1

dxdτ ≤
∫ t

s

∫

R
kuε

τ

ηRumα
ε

umα
ε + 1

dxdτ +
∫ t

s

∫

R
µε

ηRumα
ε

umα
ε + 1

dxdτ.

(2.17)
We compute

−
∫ t

s

∫

R
(um

ε )xx
ηRumα

ε

umα
ε + 1

dxdτ

=
∫ t

s

∫

R
(um

ε )x

[
ηRumα

ε

umα
ε + 1

]

x

dxdτ
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=
∫ t

s

∫

R
ηR

(umα
ε )x(um

ε )x

(umα
ε + 1)2

dxdτ +
∫ t

s

∫

R
(um

ε )x
η
′
Rumα

ε

umα
ε + 1

dxdτ

=
4α

(1− α)2

∫ t

s

∫

R
ηR

u2mα
ε

(umα
ε + 1)2

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

dxdτ

+
∫ t

s

∫

R
η
′
R

∂

∂x

(∫ um
ε

0

sα

sα + 1
ds

)
dxdτ

=
4α

(1− α)2

∫ t

s

∫

R
ηR

u2mα
ε

(umα
ε + 1)2

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

dxdτ

−
∫ t

s

∫

R
η
′′
R

(∫ um
ε

0

sα

sα + 1
ds

)
dxdτ

≥ 4α

(1− α)2

∫ t

s

∫

R
ηR

u2mα
ε

(umα
ε + 1)2

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

dxdτ −
∫ t

s

∫

R
|η′′R|um

ε dxdτ,

which implies that

−
∫ t

s

∫

R
(um

ε )xx
ηRumα

ε

umα
ε + 1

dxdτ

≤ 4α

(1− α)2

∫ t

s

∫

R
ηR

u2mα
ε

(umα
ε + 1)2

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

dxdτ +
∫ t

s

∫

R
|η′′R|um

ε dxdτ. (2.18)

Denote
IR = (x∗ − 2R, x∗ + 2R). (2.19)

By (2.19) and (2.14), we compute

∫ t

s

∫

R
|η′′R|um

ε dxdτ =
∫ t

s

∫

R
|η′′R|τ1/(m(1−α))uε|m−1 · τ−(m−1)/(m(1−α))uεdxdτ

≤ s−(m−1)/(m(1−α))Mm−1
∗

∫ t

s

∫

R
|η′′R|uεdxdτ

≤ s−1Mm−1
∗

∫ t

s

∫

R
|η′′R|uεdxdτ

= s−1Mm−1
∗

∫ t

s

∫

IR∩{uε>M0}
|η′′R|uεdxdτ

+ s−1Mm−1
∗

∫ t

s

∫

IR∩{uε≤M0}
|η′′R|uεdxdτ

= s−1Mm−1
∗

∫ t

s

∫

IR∩{uε>M0}
|η′′R|(uε −M0)dxdτ
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+ s−1Mm−1
∗

∫ t

s

∫

IR∩{uε>M0}
|η′′R|M0dxdτ

+ s−1Mm−1
∗

∫ t

s

∫

IR∩{uε≤M0}
|η′′R|uεdxdτ

≤ CM1TMm−1∗ (t− s)
sR2

+
CM0M

m−1∗ (t− s)
sR

which implies that
∫ t

s

∫

R
|η′′R|um

ε dxdτ ≤ CMm−1∗ (t− s)
sR2

+
CMm−1∗ (t− s)

sR
, (2.20)

where C is a positive constant depending only on m,T ,M0 and M1. Combining (2.18)-
(2.19) with (2.20) we get

−
∫ t

s

∫

R
(um

ε )xx
ηRumα

ε

umα
ε + 1

dxdτ

≥ 4α

(1− α)2

∫ t

s

∫

R
ηR

u2mα
ε

(umα
ε + 1)2

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

dxdτ − CMm−1∗ (t− s)
sR

(2.21)

for all R ≥ 2,where C is a positive constant depending only on m,T ,M0 and M1.
We have

∫ t

s

∫

R
kuε

τ

ηRumα
ε

umα
ε + 1

dxdτ

≤k

s

∫ t

s

∫

R
ηR(uε −M0)+dxdτ +

k

s

∫ t

s

∫

R
ηRM0dxdτ

≤CRs−1(t− s) (2.22)

for all R ≥ 2, where C is a positive contant depending only on m,T ,M0 and M1. On
the other hand, we also have

∫ t

s

∫

R
µε

ηRumα
ε

umα
ε + 1

dxdτ ≤ M1(t− s). (2.23)

Combining (2.21)-(2.23) with (2.17) we conclude that

1
t− s

∫ t

s

∫

R
ηRu2mα

ε

(umα
ε + 1)2

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

dxdτ ] ≤ (1− α)2

4α

[
CMm−1∗

sR
+ CRs−1 + M1

]

for all s, t such that 0 < s < t < T . Let s ↑ t and obtain

∫

R
ηRu2mα

ε

(umα
ε + 1)2

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

(x, t)dx ≤ CR(1− α)2

αt

[
Mm−1
∗ + 1

]
(2.24)

for all t ∈ (0, T ) and all R ≥ 2.
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On the other hand, we also have

∫

R
ηRu2mα

ε

(umα
ε + 1)2

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

(x, t)dx

≥
∫

R ∩ {uε > 1}
ηRu2mα

ε

(umα
ε + 1)2

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

(x, t)dx

≥1
2

∫

R ∩ {uε > 1} ηR

∣∣∣∣
[
u

m(1−α)
2

ε

]

x

∣∣∣∣
2

(x, t)dx

=
1
2

∫

R ∩ {uε > 1} ηR

∣∣∣∣
[
(u

m(1−α)
2

ε − 1)+
]

x

∣∣∣∣
2

(x, t)dx

=
1
2

∫

R
ηR

∣∣∣∣
[
(u

m(1−α)
2

ε − 1)+
]

x

∣∣∣∣
2

(x, t)dx

By (2.24), we get

∫

R
ηR(x)

∣∣∣∣
[
(u

m(1−α)
2

ε (x, t)− 1)+
]

x

∣∣∣∣
2

dx ≤ Ct−1(Mm−1
∗ + 1)

and then
∫

R
tξR(x)

∣∣∣∣
[
(u

m(1−α)
2

ε (x + x∗, t)− 1)+
]

x

∣∣∣∣
2

dx ≤ C(Mm−1
∗ + 1) (2.25)

for all t ∈ (0, T ) and α ∈ (0, 1/m),where C is a positive constant depending only on
R,α,m,M0 and M1.

Using (2.15) we compute

M
m(1−α)/2
∗ ≤

(
t
1/[m(1−α)]
∗ uε(x∗, t∗) + 1

)m(1−α)/2

≤C
(
t
1/2
∗ um(1−α)/2

ε (x∗, t∗) + 1
)

≤C
{
t
1/2
∗ [(um(1−α)/2

ε (x∗, t∗)− 1)+ + 1] + 1
}

≤C
{
t
1/2
∗ (um(1−α)/2

ε (x∗, t∗)− 1)+ + 1
}

=C
{
t
1/2
∗ ξR(0)(um(1−α)/2

ε (x∗, t∗)− 1)+ + 1
}

=C

{∫ 0

−2R

∂

∂x

(
t
1/2
∗ ξR(x)(um(1−α)/2

ε (x + x∗, t∗)− 1)+
)

dx + 1
}

=C

{
1 +

∫ 0

−2R
t
1/2
∗ ξR(x)

∂

∂x

(
(um(1−α)/2

ε (x + x∗, t∗)− 1)+
)

dx
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+
∫ 0

−2R
t
1/2
∗ ξ′R(x)

(
(um(1−α)/2

ε (x + x∗, t∗)− 1)+
)

dx

}

≤C



1 + t

1/2
∗

[∫ 0

−2R
ξR(x)

∣∣∣∣
∂

∂x

(
(um(1−α)/2

ε (x + x∗, t∗)− 1)+
)∣∣∣∣

2

dx

]1/2

·
(∫ 0

−2R
ξR(x)dx

)1/2

+
∫ 0

−2R
t
1/2
∗ |ξ′R(x)|(um(1−α)/2

ε (x + x∗, t∗)dx

}

≤C

{
1 + [C(Mm−1

∗ + 1)]1/2 ·R1/2+
∫ 0

−2R
t
1/2
∗ |ξ′R(x)|um(1−α)/2

ε (x + x∗, t∗)dx

}

≤C

{
1 + M

(m−1)/2
∗ +

∫ 0

−2R
t
1/2
∗ |ξ′R(x)|um(1−α)/2

ε (x + x∗, t∗)dx

}
,

which implies that

M
m(1−α)/2
∗ ≤ C

{
1 + M

(m−1)/2
∗ +

∫ 0

−2R
t
1/2
∗ |ξ′R(x)|um(1−α)/2

ε (x + x∗, t∗)dx

}
, (2.26)

where C is a positive constant depending only on R,α, T , m,M0 and M1.
On the other hand, for m(1− α)/2 < 1, we have

∫ 0

−2R
t
1/2
∗ |ξ′R(x)|um(1−α)/2

ε (x + x∗, t∗)dx

≤CR−1
∫ 0

−2R
um(1−α)/2

ε (x + x∗, t∗)dx

≤C

(∫ 0

−2R
uε(x + x∗, t∗)dx

)2/[m(1−α)] (∫ 0

−2R
dx

)1−2/[m(1−α)]

≤C

(∫ 0

−2R
uε(x + x∗, t∗)dx

)2/[m(1−α)]

≤C

(∫ 0

−2R
(uε(x + x∗, t∗)−M0)+dx +

∫ 0

−2R
M0dx

)2/[m(1−α)]

≤C,

which implies that

∫ 0

−2R
t
1/2
∗ |ξ′R(x)|(um(1−α)/2

ε (x + x∗, t∗)dx ≤ C (2.27)

for m(1 − α)/2 < 1, where C is a positive constant depending only on R,α, m,T ,M0

and M1.
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For m(1− α)/2 ≥ 1, we have

∫ 0

−2R
|ξ′R(x)|u

m(1−α)
2

ε (x + x∗, t∗)dx

≤M
m(1−α)/2−1
∗

∫ 0

−2R
|ξ′R(x)|uε(x + x∗, t∗)dx +

∫ 0

−2R
|ξ′R(x)|M0dy

≤C
(
1 + M

m(1−α)/2−1
∗

)
,

which implies that

∫ 0

−2R
|ξ′R(x)|u

m(1−α)
2

ε (x + x∗, t∗)dx ≤ C
(
1 + M

m(1−α)/2−1
∗

)
(2.28)

for m(1 − α)/2 ≥ 1, where C is a positive constant depending only on R,α, m,T ,M0

and M1.
By (2.27) and (2.28), we obtain

∫ 0

−2R
|ξ′R(x)|u

m(1−α)
2

ε (x + x∗, t∗)dx ≤ C
(
1 + M

(m(1−α)/2−1)+∗
)

, (2.29)

where C is a positive constant depending only on R,α, m,T ,M0 and M1.
By (2.26) and (2.29), we get

M
m(1−α)/2
∗ ≤ C

{
1 + M

(m−1)/2
∗ + C(1 + M

(m(1−α)/2−1)+∗ )
}

,

where C is a positive constant depending only on R,α, m,T ,M0 and M1. Applying
Young inequality we conclude that

M∗ ≤ C,

where C is a positive constant depending only on R,α, m,T ,M0 and M1. Thus the
proof is completed.

Theorem 2.2 Assume that uε is the solution of (1.1)-(1.2). For any R ∈
(0,+∞), we have

|uε(x1, t)− uε(x2, t)| ≤ γ2|x1 − x2|β

for all (x1, t) ∈ (−R, R) × (τ, T ) and all (x2, t) ∈ (−R, R) × (τ, T ), where γ2 and
β ∈ (0, 1) are some positive constants depending only on τ , T , R,m,M0 and M1.

Proof We multiply (2.16) by ξRuα
ε (x, t) (0 < α < 1) and integrate over R to

obtain

−
∫

R
(um

ε )xx · ξRuα
ε (x, t)dx ≤

∫

R
kt−1uε · ξRuα

ε (x, t)dx +
∫

R
µε · ξRuα

ε (x, t)dx (2.30)

for all t ∈ (τ, T ).
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By Theorem 2.1, we compute

−
∫

R
(um

ε )xx · ξRuα
ε (x, t)dx

=
∫

R
(um

ε )x(ξRuα
ε (x, t))xdx

=
∫

R
ξR(um

ε )x(uα
ε (x, t))xdx +

∫

R
ξ′R(um

ε )xuα
ε (x, t)dx

=
4mα

(m + α)2

∫

R
ξR|(u(m+α)/2

ε )x|2dx +
∫

R
ξ′R

(∫ uε(x,t)

0
msm+α−1ds

)
dx

≥ 4mα

(m + α)2

∫

R
ξR|(u(m+α)/2

ε )x|2dx− C,

which implies that

−
∫

R
(um

ε )xx · ξRuα
ε (x, t)dx ≥ 4mα

(m + α)2

∫

R
ξR|(u(m+α)/2

ε )x|2dx− C (2.31)

for all t ∈ (τ, T ), where C is a positive constant depending only on τ , T , R,m,M0 and
M1.

In addition, by Theorem 2.1, we also have
∫

R
kt−1uε · ξRuα

ε (x, t)dx ≤ C (2.32)

and ∫

R
µε · ξRuα

ε (x, t)dx ≤ C (2.33)

where C is a positive constant depending only on τ , T , R,m, M0 and M1.
Combining (2.31)-(2.33) with (2.30) we obtain

∫

R
ξR|(u(m+α)/2

ε )x|2dx ≤ C (2.34)

for all t ∈ (τ, T ), where C is a positive constant depending only on τ , T , R,m,M0 and
M1.

Choose

α =





1− m

4
if 1 < m < 2

1
2

if m ≥ 2

and have
(m + α)/2 > 1. (2.35)

For (x1, t) ∈ (−R, R) × (τ, T ) and (x2, t) ∈ (−R, R) × (τ, T ), using (2.34), (2.35) we
compute

|uε(x1, t)− uε(x2, t)| ≤|u(m+α)/2
ε (x1, t)− u(m+α)/2

ε (x2, t)|2/(m+α)
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=
∣∣∣∣
∫ x2

x1

[u(m+α)/2
ε (x, t)]xdx

∣∣∣∣
2/(m+α)

≤
∣∣∣∣
∫ x2

x1

|[u(m+α)/2
ε (x, t)]x|2dx

∣∣∣∣
1/(m+α) ∣∣∣∣

∫ x2

x1

1dx

∣∣∣∣
1/(m+α)

≤C |x1 − x2|1/(m+α) ,

which implies that

|uε(x1, t)− uε(x2, t)| ≤ C |x1 − x2|1/(m+α)

for all t ∈ (τ, T ), where C is a positive constant depending only on τ , T , R,m, M0 and
M1. Thus the proof is completed.

Theorem 2.3 Assume that uε is the solution of (1.1)-(1.2). For any R ∈
(0,+∞), and any s ∈ (0, T ) we have

∫ T

s

∫ R

−R
|uεt|dxdt ≤ γ3

where γ3 is a positive constant depending only on R, s, T ,m,M0 and M1.
Proof Applying (2.6) we get

∂

∂t

(
tkuε(x, t)

)
= ktk−1uε + tkuεt ≥ 0. (2.36)

On the other hand, by (2.1),we have

∂

∂t

(
tkuε

)
= tk(um

ε )xx + ktk−1uε + tkµε. (2.37)

We multiply (2.37) by ξR in (2.9) and integrate over in R × (s, T ) (0 < s < T < +∞)
to obtain

∫ T

s

∫

R
ξR

∂

∂t

(
tkuε

)
dxdt =

∫ T

s

∫

R
ξRtk(um

ε )xxdxdt

+
∫ T

s

∫

R
ξRktk−1uεdxdt +

∫ T

s

∫

R
ξRtkµεdxdt. (2.38)

Applying Theorem 2.1 we compute

∫ T

s

∫

R
ξRtk(um

ε )xxdxdt =
∫ T

S

∫

R
ξ
′′
Rtkum

ε dxdt ≤ C, (2.39)

where C is a positive constant depending only on s,T ,R,m,M0 and M1. In addition,
we have ∫ T

s

∫

R
ξRktk−1uεdxdt +

∫ T

s

∫

R
ξRtkµεdxdt ≤ C, (2.40)
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where C is a positive constant depending only on s, T,R m,M0 and M1. Combining
(2.39) and (2.40) with (2.38) we conclude that

∫ T

s

∫

R
ξR

∂

∂t

(
tkuε

)
dxdt ≤ C. (2.41)

Using (2.39) and (2.41) we have
∫ T

s

∫

R
ξR|uεt|dxdt ≤

∫ T

s

∫

R
ξRt−k

∣∣∣∣
∂

∂t

(
tkuε

)
− ktk−1uε

∣∣∣∣ dxdt

≤s−k
∫ T

s

∫

R
ξR

∂

∂t

(
tkuε

)
dxdt + ks−1

∫ T

s

∫

R
ξRuεdxdt

≤Cs−k + Cs−1.

Thus the proof is completed.

3. The Proof of the Existence in Theorem 1.1

In order to prove the existence in Theorem 1.1, we cosider the following problem

ut − (um)xx = µε(x) in Q, (3.1)

u(x, 0) = u0ε(x) for x ∈ R, (3.2)

where µε and u0ε are defined by (2.1)-(2.2).Clearly,the Cauchy problem (3.1)-(3.2) has
a unique nonnegtive bounded smooth solution uε. By Theorem 2.1 - Theorem 2.3,
there exists a subsequent {uεj} of {uε} such that, for any compact subset K ⊂ Q,

uεj → u a.e.in K as εj → 0+. (3.3)

In addition,we also have
u ∈ L∞(0, T ;L1(R)) (3.4)

and
u ∈ L∞(R× (s, T )), u ∈ BVt(R× (s, T )) ∀0 < s < T < +∞, (3.5)

and

u(·, t) ∈ Cβ(R) for some β ∈ (0, 1) ∀t ∈ (s, T ) with 0 < s < T < +∞. (3.6)

For any ϕ ∈ C∞
0 (QT ), we multipy (3.1) by ϕ and integrate over QT to obtain

∫ ∫

QT

ϕuηtdxdt−
∫ ∫

QT

ϕ(um
ε )xxdxdt =

∫ ∫

QT

ϕµε(x)dxdt,

which implies that
∫ ∫

QT

(−uεϕt − ϕxxum
ε )dxdt =

∫ ∫

QT

ϕµε(x)dxdt.
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By (3.3), letting ε = εj → 0+ we have
∫ ∫

QT

(−uϕt − umϕxx)dxdt =
∫ ∫

QT

ϕdµdt.

By Definition 1.1 we conclude that u is a solution of (1.1).
In addition, we shall prove that u is a solution of (1.1)–(1.2).
In fact, For any ϕ ∈ C∞

0 (R), we multiply (3.1) by ψ and integrate over Qt to obtain
∫ ∫

Qt

ψuεtdxdτ −
∫ ∫

Qt

ψ (um
ε )xx dxdτ =

∫ ∫

Qt

ψµε(x)dxdτ. (3.7)

We compute ∫ ∫

Qt

ψuηtdxd =
∫

R
ψuε(x, t)dx−

∫

R
ψu0ε(x)dx. (3.8)

By Theorem 2.1 and Lemma 2.2, we have
∣∣∣∣−

∫ ∫

Qt

ψ(um
ε )xxdxdτ

∣∣∣∣

=
∣∣∣∣−

∫ ∫

Qt

ψxxum
ε dxdτ

∣∣∣∣

≤
∫ t

0

∥∥∥ψxxum−1
ε (·, τ)

∥∥∥
L∞(suppψ)

(∫

suppψ
uεdx

)
dτ

≤C

∫ t

0

(
Cτ1/(m−δ)

)m−1
(∫

suppψ
(uε(x, τ)−M0)+dx +

∫

suppψ
(uεM0dx

)
dτ

≤C

∫ t

0
τ−(m−1)/(m−δ)dτ

≤Ct(1−δ)/(m−δ) (3.9)

for all δ ∈ (0, 1). In addition, we also have
∫ ∫

Qt

ψµε(x)dxdτ ≤ Ct. (3.10)

Combining (3.8)-(3.10) with (3.7) we conclude that
∣∣∣∣
∫

R
ψuε(x, t)dx−

∫

R
ψu0ε(x)dx

∣∣∣∣ ≤ Ct + Ct(1−δ)/(m−δ).

Letting ε = εj → 0+ and t → 0+ we get

lim
t→0+

∫

R
ψu(x, t)dx =

∫

R
ψu0(x)dx.

By Definition 1.2, the proof is completed.



50 Yuan Hongjun and Jin Yang Vol.18

4. The Proof of the Uniqueness in Theorem 1.1

In this section we shall prove the uniqueness in Theorem 1.1.
We assume that u and v are the solutions of (1.1)-(1.2).
We define

A(x, t) =





um(x, t)− vm(x, t)
u(x, t)− v(x, t)

if u(x, t) 6= v(x, t)

0, otherwise

and
Aε(x, t) = A(x, t) + ε, 0 < ε < 1

and
Aε,ρ(x, t) = (Jρ ∗Aε)(x, t), 0 < ρ < 1,

where Jρ is defined by

Jρ ∈ C∞(R× R),
∫

R

∫

R
Jρ(x, t)dxdt = 1

with
suppJρ ⊂ {(x, t) : |x| < ρ, |t| < ρ}.

Clearly, we have
ε ≤ Aε,ρ(x, t) ≤ M

for all (x, t) ∈ R×(s, T ), where M is a positive constant depending only on ||u||
L∞(R× (s, T ))

and ||v||
L∞(R× (s, T )).

For θ ∈ C∞
0 (R) with |θ| ≤ 1, we choose a positive number R such that

θ ∈ C∞
0 (BR−1),

where BR ≡ {x : |x| < R} with R > 0.
Now consider the following equations

∂ψ

∂t
+ Aε,ρ∆ψ = 0 (4.1)

in BR × (0, T ) with the following initial-boundary values

ψ(x, t) = 0 ∀(x, t) ∈ ∂BR × (0, T ) (4.2)

and
ψ(x, T ) = θ(x)e−|x| x ∈ BR. (4.3)

It is known that the problem (4.1)-(4.3) has a unique smooth solution ψε,ρ . In
order to prove the uniqueness in Theorem 1.1 we need the following lemmas.
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Lemma 4.1 The solution ψε,ρ of (4.1)-(4.3) satisfies the following inequalities

|ψε,ρ(x, t)| ≤ 1 (4.4)

for all (x, t) ∈ BR × (0, T ), and
∫

BR

|∇ψε,ρ(x, t)|2dx ≤ C (4.5)

for all t ∈ (0, T ), and ∫ T

0

∫

BR

Aε,ρ(∆ψε,ρ)2dxdt ≤ C0, (4.6)

where C0 is a positive constant depending only on θ.
Proof The inequality (4.4) follows from the maximum principle. In order to

prove (4.5) and (4.6) we multiply (4.1) by ∆ψε,ρ and integrate in BR× (t, T ) to obtain
∫ T

t

∫

BR

{
(∆ψε,ρ)(ψε,ρ)t + Aε,ρ[∆ψε,ρ]2

}
dxdτ = 0

for all t ∈ (0, T ).
We compute

∫ T

t

∫

BR

(∆ψε,ρ)(ψε,ρ)tdxdτ = −1
2

∫

BR

|∇(θe−|x|)|2dx +
1
2

∫

BR

|∇ψε,ρ|2dx

and then have

1
2

∫

BR

|∇ψε,ρ|2dx +
∫ T

t

∫

BR

Aε,ρ[∆ψε,ρ]2dxdτ =
1
2

∫

BR

|∇(θe−|x|)|2dx,

which implies (4.5) and (4.6). Thus the proof is completed.
Lemma 4.2 The solution ψε,ρ of (4.1)-(4.3) satisfies

ψε,ρ(x, t)| ≤ C1e
−|x| (4.7)

for all (x, t) ∈ BR × (s, T ) with s ∈ (0, T ), where C1 is a positive constant depending
only on θ and N(s, T ), and

N(s, T ) = ||u||
L∞(R× (s, T )) + ||v||

L∞(R× (s, T )).

Proof We consider the following functions

w±(x, t) = ∓ψε,ρ(x, t) + e1−|x|+ν(T−t),

where ν > 0 will be determined later.
From (4.1)-(4.3) and Lemma 4.1, we have

w±(x, t) ≥ 0
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on |x| = 1 and |x| = R, and

w±(x, T ) = ∓θe−|x| + e1−|x|+ν(T−T ) ≥ 0,

and

∂w±

∂t
+ Aε,ρ∆w± =

∂e1−|x| + ν(T − t)
∂t

+ Aε,ρ∆e1−|x| + ν(T − t)

=e1−|x| + ν(T − t) {Aε,ρ − ν} .

Therefore, we can choose ν depending only on N(s, T ) such that

∂w±

∂t
+ Aε,ρ∆w± < 0

for all (x, t) ∈ {(−R,−1) × (s, T )} ∩ {(1, R) × (s, T )} with s ∈ (0, T ). Applying com-
parison principle, we have

w±(x, t) ≥ 0

for all (x, t) ∈ {(−R,−1)×(s, T )}∩{(1, R)×(s, T )} with s ∈ (0, T ). This implies (4.7).
Thus the proof is completed.

Lemma 4.3 The solution ψε,ρ of (4.1)-(4.3) satisfies

|∇ψε,ρ(x, t)| ≤ C2e
−R (4.8)

for all (x, t) ∈ ∂BR × (s, T ) with s ∈ (0, T ), where C1 is a positive constant depending
only on θ and N(s, T ).

Proof We consider the functions

z±(x, t) = ∓ψε,ρ(x, t) + K1e
−R[eK2(|x|−R) − 1]

for all (x, t) ∈ {(−R,−1)× (0, T )} ∩ {(1, R)× (0, T )}.
Clearly, we have

z±(x, t) = 0

for |x| = R, and

z±(x, T ) = ∓θe−|x| + K1e
−R[eK2(|x|−R) − 1] < 0

for x ∈ BR \BR−1.
Using Lemma 4.2 we can choose K1 and K2 large enough such that

z±(x, t) = ∓ψε,ρ(x, t) + K1e
−R[e−K2 − 1] < 0

for |x| = R− 1. Clearly,

∂z±

∂t
+ Aε,ρ∆z± = K1e

−R · eK2(|x|−R)Aε,ρK
2
2 > 0
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for R− 1 ≤ |x| ≤ R. Therefore, by maximum principle, we have

z±(x, t) ≤ 0

for all (x, t) ∈ [(−R,−(R− 1))× (s, T )] ∩ [(R− 1, R)× (s, T )] with s ∈ (0, T ), and

∂z±

∂x
≥ 0

on ∂BR × (s, T ) with s ∈ (0, T ). This implies

∓∂z±

∂x
≥ −K1K2e

−R

on ∂BR × (s, T ) with s ∈ (0, T ). Thus the proof is completed.
Proof of the uniqueness in Theorem 1.1 We choose ηα ∈ C∞

0 (BR) such that

0 ≤ ηα(x, t) ≤ 1 ∀(x, t) ∈ BR; ηα(x, t) = 1 ∀(x, t) ∈ BR−α

and
|∇ηα(x, t)| ≤ Cα−1, |∆ηα(x, t)| ≤ Cα−2

for all x ∈ BR, where 0 < α < R and C is a positive constant independent of R and α.
Using Definition 1.1 we get

∫

BR

ηαψε,ρu(x, t)dx =
∫

BR

ηαψε,ρu(x, s)dx +
∫ t

s

∫

BR

ηα[ψε,ρ]tu(x, τ)dxdτ

+
∫ t

s

∫

BR

um∆[ηαψε,ρ]dxdτ (4.9)

and
∫

BR

ηαψε,ρv(x, t)dx =
∫

BR

ηαψε,ρv(x, s)dx +
∫ t

s

∫

BR

ηα[ψε,ρ]tv(x, τ)dxdτ

+
∫ t

s

∫

BR

vm∆[ηαψε,ρ]dxdτ (4.10)

for a. e. s, t with 0 < s < t < T , where ψε,ρ is a solution of (4.1)-(4.3).
By (4.9) and (4.10), we have
∫

BR

ηαψε,ρ(u(x, t)− v(x, t))dx

=
∫

BR

ηαψε,ρ(u(x, t)− v(x, s))dx +
∫ t

s

∫

BR

ηα[ψε,ρ]t(u(x, τ)− v(x, τ))dxdτ

+
∫ t

s

∫

BR

(um − vm)∆[ηαψε,ρ]dxdτ
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for a. e. s, t with 0 < s < t < T . By (4.1), we have
∫

BR

ηαψε,ρ(u(x, t)− v(x, t))dx

=
∫

BR

ηαψε,ρ(u(x, t)− v(x, s))dx

+
∫ t

s

∫

BR

ηα[(um − vm)−Aε,ρ(u− v)]∆ψε,ρdxdτ

+
∫ t

s

∫

BR

(um − vm)[2∇ηα∇ψε,ρ + ψε,ρ∆ηα]dxdτ

for a. e. s, t with 0 < s < t < T . In addition, we also have
∫

BR

ηαθe−|x|(u(x, T )− v(x, T ))dx

=
∫

BR

ηαψε,ρ(u(x, s)− v(x, s))dx

+
∫ t

s

∫

BR

ηα[(um − vm)−Aε,ρ(u− v)]∆ψε,ρdxdτ

+
∫ T

s

∫

BR

(um − vm)[2∇ηα∇ψε,ρ + ψε,ρ∆ηα]dxdτ (4.11)

for a. e. s, t with 0 < s < t < T .
By Lemma 4.1, we compute
∫ T

s

∫

BR

ηα[(um − vm)−Aε,ρ(u− v)]∆ψε,ρdxdτ

=
∫ T

s

∫

BR

ηα(u− v)(Aε −Aε,ρ)∆ψε,ρdxdτ

− ε

∫ T

s

∫

BR

ηα(u− v)∆ψε,ρdxdτ

≤
{∫ T

s

∫

BR

[ηα(u− v)∆ψε,ρ]2dxdτ

}1/2

·
{∫ T

s

∫

BR

|Aε −Aε,ρ|2dxdτ

}1/2

+ ε

∫ T

s

{∫

BR

|ηα(u− v)|2dxdτ

}1/2

·
∫ T

s

{∫

BR

|∆ψε,ρ|2dxdτ

}1/2

≤Cε−1/2

{∫ T

s

∫

BR

|Aε −Aε,ρ|2dxdτ

}1/2

+ Cε1/2,

which implies that
∫ T

s

∫

BR

ηα [(um − vm)−Aε,ρ(u− v)]∆ψε,ρdxdτ

≤C3ε
−1/2

{∫ T

s

∫

BR

|Aε −Aε,ρ|2dxdτ

}1/2

+ C3ε
1/2, (4.12)
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where C3 is a positive constant independent of ε and ρ.
Using Lemma 4.3 we compute
∫ T

s

∫

BR

(um − vm) [2∇ηα∇ψε,ρ + ψε,ρ∆ηα] dxdτ

=
∫ T

s

∫

BR

(um − vm)[2∇ηα∇ψε,ρ]dxdτ +
∫ T

s

∫

BR

(um − vm)[ψε,ρ∆ηα]dxdτ

≤Cα−1
∫ T

s

∫

BR\BR−α

|∇ψε,ρ|dxdτ + Cα−2
∫ T

s

∫

BR\BR−1

|ψε,ρ|dxdτ

≤C sup
(x,t)∈[BR\BR−1]×(s,T )

|∇ψε,ρ|+ Cα−1 sup
(x,t)∈[BR\BR−1]×(s,T )

|ψε,ρ|,

which implies that
∫ T

s

∫

BR

(um − vm)[2∇ηα∇ψε,ρ + ψε,ρ∆ηα]dxdτ

≤C4 sup
(x,t)∈[BR\BR−1]×(s,T )

|∇ψε,ρ|+ C4α
−1 sup

(x,t)∈[BR\BR−1]×(s,T )
|ψε,ρ|, (4.13)

where C4 is a positive constant independent of R, ε and ρ. By Lemma 4.1-Lemma 4.3,
there exists a subsequence {ψε,ρi} of {ψε,ρ} such that

ψε,ρi(·, t) → ψε(·, t) (4.14)

as ρi → 0+ in C(BR), where ψε satisfies

|ψε(x, t)| ≤ 1 (x, t) ∈ BR × (0, T ) (4.15)

and ∫

BR

|∇ψε(x, t)|2dx ≤ C0 t ∈ (0, T ). (4.16)

By (4.15) and (4.16), there exists a subsequence {ψεj} of {ψε} such that

ψεj (·, t) → ψR(·, t) (4.17)

as εj → 0+ in C(BR), where ψR satisfies

|ψR(x, t)| ≤ 1 (x, t) ∈ BR × (0, T ) (4.18)

and ∫

BR

|∇ψR(x, t)|2dx ≤ C0 t ∈ (0, T ). (4.19)

By (4.18) and (4.19), there exists a subsequence {ψRk
} of {ψ} such that

ψRk
(·, t) → ψ(·, t) (4.20)



56 Yuan Hongjun and Jin Yang Vol.18

as Rk → +∞ in Cloc(R), where ψ satisfies

|ψ(x, t)| ≤ 1 (x, t) ∈ R× (0, T ) (4.21)

and ∫

R
|∇ψ(x, t)|2dx ≤ C0 t ∈ (0, T ). (4.22)

Combining (4.12)-(4.13) with (4.11) we conclude that
∫

BR

ηαψε,ρ(u(x, t)− v(x, t))dx

=
∫

BR

ηαψε,ρ(u(x, s)− v(x, s))dx

+ C3ε
−1/2

{∫ T

s

∫

BR

|Aε −Aε,ρ|2dxdτ

}1/2

+ C3ε
1/2

+ C4 sup
(x,t)∈[BR\BR−1]×(s,T )

|∇ψε,ρ|+ C4α
−1 sup

(x,t)∈[BR\BR−1]×(s,T )
|ψε,ρ|.

Letting ρ = ρi → 0+ and ε = εj → 0+ and using (4.14) and (4.17), we get
∫

BR

θe−|x|(u(x, T )− v(x, T ))dx ≤
∫

BR

ψR(u(x, s)− v(x, s))dx

≤C4e
−R + C4e

−R.

Letting R = Rk → +∞ and using (4.20) we get
∫

R
θe−|x|(u(x, T )− v(x, T ))dx ≤

∫

R
ψ(u(x, s)− v(x, s))dx.

Leting s → 0+ we have
∫

R
θe−|x|(u(x, T )− v(x, T ))dx ≤ 0

for all θ ∈ C∞
0 (R) with |θ| ≤ 1. This implies that

∫

R
e−|x||u(x, T )− v(x, T )|dx ≤ 0

for a.e. T ∈ (0,+∞). Therefore, we have

u(x, t) = v(x, t)

for a. e. (x, t) ∈ QT . Thus the proof is completed.
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5. Proof of Theorem 1.2

In this section we shall prove Theorem 1.2.
Proof of Theorem 1.2 By Theorem 2.2, there exist two positive constants β ∈

(0, 1) and C independent of ε such that

|uε(x1, t)− uε(x2, t)| ≤ C|x1 − x2|β

for all xi ∈ R(i = 1, 2) and all t ∈ (0,+∞). Letting ε = εj → 0+ and using (3.3) we get

|u(x1, t)− u(x2, t)| ≤ C|x1 − x2|β

for all xi ∈ R(i = 1, 2) and all t ∈ (τ, +∞). Thus, by the proof of Theorem 1.1, the
proof is completed.
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