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SCHRÖDINGER-BOUSSINESQ EQUATIONS IN Hs(Rd)

Han Yongqian
( Institute of Applied Physics and Computational Mathematics,

P.O. Box 8009-28, Beijing 100088)
(E-mail: han yongqian@mail.iapcm.ac.cn)

(Received May. 13, 2004; revised Aug. 26 2004)

Abstract In this paper, the local well posedness and global well posedness of solu-
tions for the initial value problem (IVP) of nonlinear Schrödinger-Boussinesq equations
is considered in Hs(Rd) by resorting Besov spaces, where real number s ≥ 0.

Key Words Schrödinger-Boussinesq equation; global solutions in Besov spaces.
2000 MR Subject Classification 35Q35, 35K45.
Chinese Library Classification O175.29.

1. Introduction

We consider the existence and uniqueness of the local solutions and global solu-
tions for the following initial value problem (IVP) of nonlinear Schrödinger-Boussinesq
equations

iεt + ∆ε− nε−A|ε|pε = 0, (1.1)

ntt −∆(n−∆n + BnK+1 + |ε|2) = 0, x ∈ Rd, t ∈ R, (1.2)

ε(x, 0) = ε0(x), n(x, 0) = n0(x), nt(x, 0) = ∆φ0(x), x ∈ Rd, (1.3)

where A and B are constants, K is a positive integer, real number p > 0; ε and ε0 are
complex functions; n, n0 and φ0 are real functions; ∆ is Laplacian operator in Rd.

The nonlinear Schrödinger (NLS) equation models a wide range of physical phe-
nomena including self-focusing of optical beams in nonlinear media, propagation of
Langmuir waves in plasmas, etc. (see [1] and the references therein). Boussinesq equa-
tion as a model of long waves is derived in the studies of the propagation of long waves
on the surface of shallow water[2], the nonlinear string [3] and the shape-memory al-
loys[4], etc. The nonlinear Schrödinger-Boussinesq equations (1.1)(1.2) is considered as
a model of interactions between short and intermediate long waves, which is derived
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in describing the dynamics of Langmuir soliton formation and interaction in a plasma
[5-7] and diatomic lattice system [8], etc.

The Solitary wave solutions and integrability of nonlinear Schrödinger-Boussinesq
equations has been considered by several authors, see [5, 6, 9] and the references therein.
In [10] Guo established the existence and uniqueness of global solution for IVP (1.1)–
(1.3) in Hk (integer k ≥ 4) with d = 1 and A = 0. In [11] the existence and uniqueness of
global solution for Cauchy problem of dissipative Schrödinger-Boussinesq equations in
Hk (integer k ≥ 4) with d = 3 is proved by Guo and Shen. For damped and dissipative
Schrödinger-Boussinesq equations with initial boundary value, the existence of global
attractors and the finiteness of the Hausdorff and the fractal dimensions of the attractor
is established by Guo and Chen ([12], d=1) and Li and Chen ([13], d ≤ 3), respectively.

In this paper, the local well-posedness in Hs, the conservation of energy and the
global well-posedness in Hs (real number s ≥ 1 and d = 1, 2, 3) of IVP (1.1)–(1.3) is
proved.

Definition 1(admissible pair) The pair (q, r) is admissible if
2
q

= d(
1
2
− 1

r
);

2 ≤ r ≤ ∞ for d = 1, 2 ≤ r ≤ ∞ for d = 2, 2 ≤ r <
2d

d− 2
for d ≥ 3.

Definition 2(condition P (m)) For a positive integer m, it is called that p satisfies
the condition P (m) if either p is an even integer, or p is not an even integer and
p + 1 > m.

The main theorems of this paper are stated as follows.

Theorem 1 Suppose that ε0, n0, φ0 ∈ Hs(Rd), 0 ≤ s <
d

2
, K is an integer, p

satisfies the condition P ([s] + 1), 0 < p, K ≤ 4
d− 2s

; then for any admissible pair

(q, r), there exists T = T (ε0, n0, φ0) > 0 and a unique solution (ε, n) of IVP (1.1)–(1.3)
such that

ε, n, (−∆)−1nt ∈ Lq
(
0, T ;Bs

r,2(R
d)

)
∩ C

(
[0, T ];Hs(Rd)

)

Moreover, this solution has the following additional properties.

(I) Let p, K <
4

d− 2s
. If ε0j , n0j , φ0j are sequences in Hs(Rd) with (ε0j , n0j , φ0j)

→ (ε0, n0, φ0), then there exists T̃ = T̃ (ε0, n0, φ0) ∈ (0, T ], such that the solutions
(εj , nj) → (ε, n) and (−∆)−1∂tnj → (−∆)−1nt in Lq

(
0, T̃ ;Lr(Rd)

)
, where (εj , nj)

are solutions of IVP (1.1)–(1.3) with (ε0, n0, φ0) replaced by (ε0j , n0j , φ0j). If s ≥
1, then (εj , nj) → (ε, n) and (−∆)−1∂tnj → (−∆)−1nt in C

(
[0, T̃ ];Hs−1(Rd)

)
∩

Lq
(
0, T̃ ;Bs−1

r,2

)
. Moreover, if p satisfies the condition P ([s] + 2), then (εj , nj) →

(ε, n) and (−∆)−1∂tnj → (−∆)−1nt in C
(
[0, T̃ ];Hs(Rd)

)
∩ Lq

(
0, T̃ ;Bs

r,2

)
.

(II) There exists T ? = T ?(ε0, n0, φ0) > 0 such that the solution ε, n, (−∆)−1nt ∈
C

(
[0, T ?);Hs(Rd)

)
∩ Lq

loc

(
0, T ?;Bs

r,2(R
d)

)
. If T ? < ∞, then

lim
t→T ?

{
‖(−∆)

s
2 ε(·, t)‖L2 + ‖(−∆)

s
2 n(·, t)‖L2 + ‖(−∆)

s−2
2 nt(·, t)‖L2

}
= +∞.
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Theorem 2 Suppose that ε0, n0, φ0 ∈ Hs(Rd), s ≥ d
2 , K is an integer, p satisfies

the condition P ([s] + 1), 0 < p, K < ∞; then for any admissible pair (q, r), there exists
T = T (ε0, n0, φ0) > 0 and a unique solution (ε, n) of IVP (1.1)–(1.3) such that

ε, n, (−∆)−1nt ∈ Lq
(
0, T ;Bs

r,2(R
d)

)
∩ C

(
[0, T ];Hs(Rd)

)

Moreover, this solution has the following additional properties.
(I) If ε0j , n0j , φ0j are sequences in Hs(Rd) with (ε0j , n0j , φ0j) → (ε0, n0, φ0), then

there exists T̃ = T̃ (ε0, n0, φ0) ∈ (0, T ], such that the solutions (εj , nj) → (ε, n) and
(−∆)−1∂tnj → (−∆)−1nt in Lq(0, T̃ ;Lr(Rd)), where (εj , nj) are solutions of IVP
(1.1)–(1.3) with (ε0, n0, φ0) replaced by (ε0j , n0j , φ0j). If s ≥ 1, then (εj , nj) → (ε, n)
and (−∆)−1∂tnj → (−∆)−1nt in C([0, T̃ ];Hs−1(Rd)) ∩ Lq(0, T̃ ;Bs−1

r,2 ). Moreover, if p

satisfies the condition P ([s] + 2), then (εj , nj) → (ε, n) and (−∆)−1∂tnj → (−∆)−1nt

in C([0, T̃ ];Hs(Rd)) ∩ Lq(0, T̃ ;Bs
r,2).

(II) There exists T ? = T ?(ε0, n0, φ0) > 0 such that the solution ε, n, (−∆)−1nt ∈
C([0, T ?);Hs(Rd)) ∩ Lq

loc
(0, T ?;Bs

r,2(R
d)). If T ? < ∞, then

lim
t→T ?

{
‖(−∆)

s
2 ε(·, t)‖L2 + ‖(−∆)

s
2 n(·, t)‖L2 + ‖(−∆)

s−2
2 nt(·, t)‖L2

}
= +∞.

Theorem 3 Suppose that s and K are integers.
(I) Let 0 ≤ s < d

2 , 0 < p, K ≤ 4
d−2s , P ([s] + 1) be replaced by P (s) and P ([s] + 2)

be replaced by P (s + 1), then all the conclusions of Theorem 1 are valid if Besov space
Bs

r,2 is replaced by Sobolev space Hs
r .

(II) Let s ≥ d
2 , 0 < p, K < ∞, P ([s] + 1) be replaced by P (s) and P ([s] + 2) be

replaced by P (s + 1), then all the conclusions of Theorem 2 are valid if Besov space
Bs

r,2 is replaced by Sobolev space Hs
r .

Theorem 4 Let integer m ≥ 1, p satisfy the condition P (J) where J = max{2,m},

1 ≤ d ≤ 3, B > 0, K is an even integer, (1.4)

0 < p, K <

{
∞, d = 1, 2,

4, d = 3,
max{p− 4

d
, 0}A ≥ 0 (1.5)

and ε0, n0, φ0 ∈ Hm. Then for any T ∈ (0,∞), there exists a unique solution (ε, n)
of IVP (1.1)–(1.3) such that ε, n, (−∆)−1nt ∈ C([0, T ];Hm(Rd)) ∩Lq(0, T ;Hm

r (Rd)),
where (q, r) is any admissible pair. Moreover, for all t ∈ [0, T ], we get that ‖ε(·, t)‖L2 =
‖ε0‖L2,

E(t) =
∫

Rd

{
|∇ε|2+n|ε|2+

2A

p + 2
|ε|p+2+

1
2

(
|(−∆)−

1
2 nt|2+n2+|∇n|2+

2B

K + 2
nK+2

)}
dx

= E(0),

‖ε(·, t)‖H1 + ‖(−∆)−1nt(·, t)‖H1 + ‖n(·, t)‖H1 ≤ C(T, ‖ε0‖H1 , ‖n0‖H1 , ‖φ0‖H1).
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Theorem 5 Suppose that real number s ≥ 1, ε0, n0, φ0 ∈ Hs, d, B, K, p, A

satisfy the conditions (1.4)(1.5), p satisfies the condition P ([s] + 1) and (q, r) is any
admissible pair. Then for any 0 < T < ∞ there exists a unique solution (ε, n) of IVP
(1.1)–(1.3) such that

ε, n, (−∆)−1nt ∈ Lq(0, T ;Bs
r,2(R

d)) ∩ C([0, T ];Hs(Rd)).

Remark Consider Cauchy problem of the following generalized Boussinesq equa-
tion

utt −∆(u−∆u + BuK+1) = 0, x ∈ Rd, t ∈ R, (1.6)

u(x, 0) = u0(x), ut(x, 0) = ∆u1(x), x ∈ Rd, (1.7)

where B is a constant and K is an integer, the local well-posedness and global well-
posedness have been investigated by several authors [14-18, etc.]. As the corollary of the
Theorem 1–5, we obtain that the problem (1.6)(1.7) is local well-posed in Hs(Rd) with

real s ∈ [0,∞) and 0 < K

{
≤ 4

d−2s , 0 ≤ s < d
2

< ∞, s ≥ d
2

, and global well-posed in Hs(Rd)

with real s ∈ [1,∞), 1 ≤ d ≤ 3, B > 0, K is even integer and 2 ≤ K <

{
∞, d = 1, 2
4, d = 3

.

This results improve partially the results of [16, 18] by removing the condition which
the initial data is sufficiently small.

Throughout this paper, we will have occasion to use a variety of function spaces;
Lebesgue space Lr = Lr(Rd); Sobolev spaces Hs = Hs(Rd),Hs

r = Hs
r (Rd); homoge-

neous Sobolev spaces Ḣs = Ḣs(Rd) = (−∆)−s/2L2(Rd), Ḣs
r = Ḣs

r (Rd) = (−∆)−s/2

Lr(Rd); Besov spaces Bs
r,b = Bs

r,b(R
d); homogeneous Besov spaces Ḃs

r,b = Ḃs
r,b(R

d);
and the spaces Lq(0, T ;X) and C([0, T ];X), the norm of space Lq(0, T ;X) denotes by
‖ · ‖Lq

T X , where X is one of the spaces just mentioned. In order to simplify the exposi-
tion, different positive constants might be denoted by the same letter C; if necessary, by
C(·, ·) denote the constant depending only on the quantities appearing in parenthesis.
For any number r ≥ 1, its dual number is r′ = r

r−1 .
The plan of this paper is as follows. In section 2, we give Lq(0, T ; Lr(Rd)) estimates

for the inhomogeneous linear Schrödinger equation and Boussinesq equation. In section
3, we show the local well-posed results of IVP (1.1)–(1.3). In Section 4, we show the
global well-posed results of IVP (1.1)–(1.3).

2. Estimates of Linear Equation

Resorting Besov spaces to study the well-posedness of Cauchy problem for coupled
NLS-Boussinesq equation rely on a delicate balance between estimates of the linear
Schrödinger equation and the linear Boussinesq equation and estimates for the nonlinear
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term. A large amount of work has been devoted to time-space estimates of evolution,
see [19, 20] and the references therein. In this section, we give the necessary estimates
for the linear Schrödinger equation and the linear Boussinesq equation.

First, we consider the linear Schrödinger equation

iεt + ∆ε = g, ε(x, 0) = ε0(x). (2.1)

The solution of (2.1) is ε = S(t)ε0 − i
∫ t
0 S(t− τ)g(τ)dτ , where S(t) is a unitary group,

and S(t)ε0 = C0
∫
Rd ei<x,ξ>−i|ξ|2tε̂0(ξ)dξ. Let us set SI(g) =

∫ t
0 S(t− τ)g(τ)dτ .

Now, we consider the linear Boussinesq equation

utt + ∆2u = ∆g, u(x, 0) = u0(x), ut(x, 0) = ∆u1(x). (2.2)

The solution of (2.2) is

u = Bc(t)u0 + Bs(t)∆u1 +
∫ t

0
Bs(t− τ)∆g(τ)dτ,

where Bc(t) and Bs(t) are semigroups,

Bc(t)n = C0

∫

Rd
ei<x,ξ>cos(t|ξ|2)n̂(ξ)dξ,

Bs(t)n = C0

∫

Rd
ei<x,ξ> sin(t|ξ|2)

|ξ|2 n̂(ξ)dξ.

Since
cos(t|ξ|2) =

1
2
(eit|ξ|2 + e−it|ξ|2), sin(t|ξ|2) =

1
2i

(eit|ξ|2 − e−it|ξ|2),

we have

Bc(t)ψ =
1
2
(S(t) + S(−t))ψ and Bs(t)∆ψ = − 1

2i
(S(t)− S(−t))ψ.

Let us set

BSI(g) =
∫ t

0
Bs(t− τ)∆g(τ)dτ.

Due to [19, 20] and the references therein, we have the following lemma.
Lemma 2.1 Let (q, r) and (γ, ρ) be any admissible pairs.
(I) If ψ ∈ L2(Rd), then S(·)ψ, Bc(·)ψ, Bs(·)∆ψ ∈ Lq(0,∞;Lr); there exists a

constant C such that

‖S(·)ψ‖Lq
∞Lr + ‖Bc(·)ψ‖Lq

∞Lr + ‖Bs(·)∆ψ‖Lq
∞Lr ≤ C‖ψ‖L2 , ∀ψ ∈ L2. (2.3)

(II) If ψ ∈ Ḣs, s ∈ R, then S(·)ψ, Bc(·)ψ, Bs(·)∆ψ ∈ Lq(0,∞; Ḃs
r,2); there exists

a constant C such that

‖S(·)ψ‖Lq
∞Ḃs

r,2
+ ‖Bc(·)ψ‖Lq

∞Ḃs
r,2

+ ‖Bs(·)∆ψ‖Lq
∞Ḃs

r,2
≤ C‖ψ‖Ḣs , ∀ψ ∈ Ḣs.(2.4)
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(III) If g ∈ Lγ′(0, T ;Lρ′), then SI(g), BSI(g) ∈ Lq(0, T ;Lr) ∩ C([0, T ];L2); there
exists a constant C, independent of T , such that

‖SI(g)‖Lq
T Lr + ‖BSI(g)‖Lq

T Lr ≤ C‖g‖
Lγ′

T Lρ′ , ∀g ∈ Lγ′(0, T ;Lρ′). (2.5)

(IV) If g ∈ Lγ′(0, T ; Ḃs
ρ′,2), s ∈ R, then SI(g), BSI(g) ∈ Lq(0, T ; Ḃs

r,2)∩C([0, T ]; Ḣs);
there exists a constant C, independent of T , such that

‖SI(g)‖Lq
T Ḃs

r,2
+ ‖BSI(g)‖Lq

T Ḃs
r,2
≤ C‖g‖

Lγ′
T Ḃs

ρ′,2
, ∀g ∈ Lγ′(0, T ; Ḃs

ρ′,2). (2.6)

3. Local Solution

In this section, we study the local well-posedness for IVP (1.1)–(1.3). First we
establish some estimates of nonlinear terms in Besov spaces. We define ρ(J) as follows.

1
ρ(J)

=





d+sJ
d(J+2) , 0 ≤ s < d

2

1
2

(
1
2 + max

{
1
2 − 1

d , 1
2 − 2

(J+2)d , 1
J+2

})
, s ≥ d

2 ,
. (3.1)

Lemma 3.1 Let J be an integer, ρ = ρ(J), v ∈ Bs
ρ,2, s ∈ R+, ρ(J) be defined in

(3.1).

(I) Suppose that 0 ≤ s <
d

2
, 0 < J ≤ 4

d− 2s
, then ‖vJ+1‖Ḃs

ρ′,2
≤ C‖v‖J+1

Ḃs
ρ,2

. (3.2)

(II) Suppose that s ≥ d

2
, 0 < J < ∞, then ‖vJ+1‖Bs

ρ′,2
≤ C‖v‖K+1

Bs
ρ,2

. (3.3)

Proof Estimate (3.2) has been obtained in Theorem 3.1 of [19]. Only estimates
(3.3) must be proved. Let m = [s] + 1. By the proof of Theorem 3.1 of [19], we have

‖vJ+1‖Ḃs
ρ′,2

≤ C

min{m,K+1}∑

k=1

‖v‖J+1−k
Lρ?

∑

j1+···+jk=m, jq≥1

k∏

q=1

‖v‖
Ḃ

s/bq

ρq,2bq

.

where

1
bq

=
jq

m
,

1
ρq

=
1
ρ?

+
1
bq

(
1
ρ
− 1

ρ?

)
,

1
ρ?

=
1
J

(
1− 2

ρ

)
, q = 1, · · · , k.

If s ≥ d

2
, then

1
ρ
≥ 1

ρ?
=

1
J

(
1− 2

ρ

)
>

1
ρ
− s

d
,

1
ρq
− s

bqd
>

1
ρ
− s

d
.

By the imbedding theorems of Besov spaces (see [19, 21]), we have

Bs
ρ,2 ⊂ B

s/bq

ρq ,2bq
, Bs

ρ,2 ⊂ Hs
ρ ⊂ Lρ?
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Thus
‖vJ+1‖Bs

ρ′,2
= ‖vJ+1‖Lρ′ + ‖vJ+1‖Ḃs

ρ′,2
≤ C‖v‖J+1

Bs
ρ,2

,

where we have used the fact

‖vJ+1‖Lρ′ ≤ ‖v‖J
Lρ?‖v‖Lρ .

This lemma is proved.
Remark 3.1 Throughout this paper, if the nonlinear function f(v) = vJ+1 is

replaced by nonlinear function F (v) = |v|pv ∈ Cm, all estimates such as (3.2)–(3.7)
(4.13) (4.18) still hold, where m = [s] + 1, J is a positive integer, p is a real number.

Lemma 3.2 Let J be an integer, ρ = ρ(J), 2
γ = d

(
1
2 − 1

ρ

)
, nl ∈ Lγ(0, T ;Bs

ρ,2),
s ∈ R+, l = 1, 2, ρ(J) be defined in (3.1), (q, r) be any admissible pair.

(I) Suppose that 0 ≤ s < d
2 , 0 < J ≤ 4

d−2s , then there exists a constant C such that

‖SI(nJ+1
1 )−SI(nJ+1

2 )‖Lq
T Lr ≤ CT

1−J+2
γ

{
‖n1‖J

Lγ
T Ḃs

ρ,2
+‖n2‖J

Lγ
T Ḃs

ρ,2

}
‖n1−n2‖Lγ

T Lρ , (3.4)

‖SI(nJ+1
1 )‖Lq

T Ḃs
r,2
≤ CT

1−J+2
γ ‖n1‖J+1

Lγ
T Ḃs

ρ,2

, (3.5)

(II) Suppose that s ≥ d
2 , 0 < J < ∞, then there exists a constant C such that

‖SI(nJ+1
1 )−SI(nJ+1

2 )‖Lq
T Lr ≤ CT

1−J+2
γ

{
‖n1‖J

Lγ
T Bs

ρ,2
+‖n2‖J

Lγ
T Bs

ρ,2

}
‖n1−n2‖Lγ

T Lρ , (3.6)

‖SI(nJ+1
1 )‖Lq

T Bs
r,2
≤ CT

1−J+2
γ ‖n1‖J+1

Lγ
T Bs

ρ,2
. (3.7)

Proof First we establish estimate (3.4) (3.6). From Lemma 2.1, we see that

‖SI(nJ+1
1 )− SI(nJ+1

2 )‖Lq
T Lr ≤ C‖nJ+1

1 − nJ+1
2 ‖

Lγ′
T Lρ′

≤ C
{
‖nJ

1 (n1 − n2)‖Lγ′
T Lρ′ + ‖nJ

2 (n1 − n2)‖Lγ′
T Lρ′

}
.

By using the imbedding theorems of Besov spaces and Hölder’s inequality, it follows
that

‖nJ
1 (n1 − n2)‖Lγ′

T Lρ′ ≤ C
( ∫ T

0
‖n1‖Jγ′

Lρ?‖n1 − n2‖γ′
Lρdt

)1/γ′

≤
{

C
( ∫ T

0
‖n1‖Jγ′

Ḃs
ρ,2
‖n1 − n2‖γ′

Lρdt
)1/γ′

≤ CT 1− J+2
γ ‖n1‖J

Lγ
T

Ḃs
ρ,2
‖n1 − n2‖Lγ

T
Lρ , 0 ≤ s <

d

2
,

C
( ∫ T

0
‖n1‖Jγ′

Bs
ρ,2
‖n1 − n2‖γ′

Lρdt
)1/γ′

≤ CT 1− J+2
γ ‖n1‖J

Lγ
T

Bs
ρ,2
‖n1 − n2‖Lγ

T
Lρ , s ≥ d

2
.

Using the same argument we have

‖nJ
2 (n1 − n2)‖Lγ′

T Lρ′ ≤
{

CT
1−J+2

γ ‖n2‖J
Lγ

T Ḃs
ρ,2

‖n1 − n2‖Lγ
T Lρ , 0 ≤ s <

d

2
,

CT
1−J+2

γ ‖n2‖J
Lγ

T Bs
ρ,2
‖n1 − n2‖Lγ

T Lρ , s ≥ d

2
.
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This proves (3.4) (3.6). From Lemma 2.1 and Lemma 3.1, we see that

‖SI(nJ+1
1 )‖Lq

T Ḃs
r,2
≤ C‖nJ+1

1 ‖
Lγ′

T Ḃs
ρ′,2

≤ C
( ∫ T

0
‖n1‖(J+1)γ′

Ḃs
ρ,2

dt
)1/γ′ ≤ CT

1−J+2
γ ‖n1‖J+1

Lγ
T Ḃs

ρ,2

, 0 ≤ s <
d

2
,

‖SI(nJ+1
1 )‖Lq

T Bs
r,2
≤ C‖nJ+1

1 ‖
Lγ′

T Bs
ρ′,2

≤ C
( ∫ T

0
‖n1‖(J+1)γ′

Bs
ρ,2

dt
)1/γ′ ≤ CT

1−J+2
γ ‖n1‖J+1

Lγ
T Bs

ρ,2
, s ≥ d

2
,

where we have also used Hölder’s inequality. Thus, (3.5) (3.7) is proved. This lemma
is proved.

Proof of Theorem 1 We split n into its positive and negative frequency parts
according to n± = n± i(−∆)−1nt. Then (1.1)–(1.3) can be rewritten as

iεt + ∆ε− (
n+ + n−

2
)ε−A|ε|pε = 0, (3.8)

(i∂t ±∆)n± ∓ {n+ + n−
2

+ B(
n+ + n−

2
)K+1 + |ε|2} = 0, (3.9)

ε(x, 0) = ε0(x), n±(x, 0) = n0 ∓ iφ0 = ñ±, x ∈ Rd. (3.10)

Problem (3.8)–(3.10) is rewritten in a standard way as the integral equation

ε = S(t)ε0 − i

∫ t

0
S(t− t′){(n+ + n−

2
)ε + A|ε|pε}dt′, (3.11)

n± = S(±t)ñ± ∓ i

∫ t

0
S(±(t− t′)){n+ + n−

2
+ B(

n+ + n−
2

)K+1 + |ε|2}dt′. (3.12)

Solving the equations (3.11)(3.12) by contraction mapping argument solves IVP (1.1)–
(1.3).

Let T > 0, F1 > 0 are constants to be selected later, and

E1 = E1(T, F1) =
{
(ε, n+, n−)

∣∣∣ ε ∈ ∩2
j=1L

γj (0, T ;Bs
ρj ,2), n± ∈ ∩j=0,1,3L

γj (0, T ;Bs
ρj ,2),

2∑

j=1

‖ε‖
L

γj
T Ḃs

ρj,2
+

∑

j=0,1,3

(‖n+‖L
γj
T Ḃs

ρj,2
+ ‖n−‖L

γj
T Ḃs

ρj,2
) ≤ F1

}
,

where ρ0 = ρ(0) = 2, ρ1 = ρ(1), ρ2 = ρ(p), ρ3 = ρ(K), 2
γj

= d(1
2 − 1

ρj
) (j = 0, 1, 2, 3)

and ρ(J) is defined by (3.1). It is obvious that (γj , ρj) (j = 0, 1, 2, 3) are admissible
pairs. Note that by Lemma 2.1, E1 is never empty. Endowed with the metric

dist(
→
u,

→
v ) =

∑

j=1,2

‖u1 − v1‖L
γj
T Lρj +

∑

j=0,1,3

∑

l=2,3

‖ul − vl‖L
γj
T Lρj ,
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where
→
u= (u1, u2, u3),

→
v= (v1, v2, v3). E1 is a complete metric space. Indeed, since

Lq(0, T ; Ḃs
r,2) is reflexive, the closed ball of radius F1 is weakly compact. We wish to find

conditions on T and F1 which imply that the map M : (ε, n+, n−) → (Mε,Mn+,Mn−),
give by

Mε = S(t)ε0 − i

∫ t

0
S(t− t′){(n+ + n−

2
)ε + A|ε|pε}dt′,

Mn± = S(±t)ñ± ∓ i

∫ t

0
S(±(t− t′)){n+ + n−

2
+ B(

n+ + n−
2

)K+1 + |ε|2}dt′,

is a strict contraction on E1.
For (ε, n+, n−) ∈ E1, from Lemma 2.1 and Lemma 3.2 we have

2∑

j=1

‖Mε‖
L

γj
T Ḃs

ρj,2
+

∑

j=0,1,3

(‖Mn+‖L
γj
T Ḃs

ρj,2
+ ‖Mn−‖L

γj
T Ḃs

ρj,2
)

≤ C{‖ε0‖Ḣs + ‖n0‖Ḣs + ‖φ0‖Ḣs}+ CT
1− 3

γ1 (‖ε‖L
γ1
T Ḃs

ρ1,2
+

∑

j=+,−
‖nj‖L

γ1
T Ḃs

ρ1,2
)2

+CT (
∑

j=+,−
‖nj‖L

γ0
T Ḃs

ρ0,2
) + CT

1− p+2
γ2 ‖ε‖p+1

L
γ2
T Ḃs

ρ2,2

+ CT
1−K+2

γ3 (
∑

j=+,−
‖nj‖K+1

L
γ3
T Ḃs

ρ3,2

).

Let us take F1 = 2C{‖ε0‖Ḣs + ‖n0‖Ḣs + ‖φ0‖Ḣs}. Notice that 1 − 3
γ1

, 1 − p+2
γ2

and
1− K+2

γ3
≥ 0 and limT→0 ‖ · ‖L

γj
T Ḃs

ρj,2
= 0. Thus, there exists T1 > 0, such that for any

T ∈ (0, T1] and (ε, n+, n−) ∈ E1 we have

CT
1− 3

γ1 (‖ε‖L
γ1
T Ḃs

ρ1,2
+‖n+‖L

γ1
T Ḃs

ρ1,2
+‖n−‖L

γ1
T Ḃs

ρ1,2
)2 +CT (‖n+‖L

γ0
T Ḃs

ρ0,2
+‖n−‖L

γ0
T Ḃs

ρ0,2
)

+CT
1− p+2

γ2 ‖ε‖p+1

L
γ2
T Ḃs

ρ2,2

+ CT
1−K+2

γ3 (‖n+‖K+1
L

γ3
T Ḃs

ρ3,2

+ ‖n−‖K+1
L

γ3
T Ḃs

ρ3,2

) ≤ 1
2
F1.

This proves M : E1 → E1.
For any (ε1, u+, u−), (ε2, v+, v−) ∈ E1, it follows from Lemma 3.2 that

∑

j=0,1,3

(‖Mu+ −Mv+‖L
γj
T Lρj + ‖Mu− −Mv−‖L

γj
T Lρj ) +

2∑

j=1

‖Mε1 −Mε2‖L
γj
T Lρj

≤ CT
{ ∑

j=+,−
‖uj − vj‖L

γ0
T Lρ0 + T

− p+2
γ2

( 2∑

j=1

‖εj‖p

L
γ2
T Ḃs

ρ2,2

)
‖ε1 − ε2‖L

γ2
T Lρ2

+ T
− 3

γ1

( 2∑

j=1

‖εj‖L
γ1
T Ḃs

ρ1,2
+

∑

j=+,−
‖uj‖L

γ1
T Ḃs

ρ1,2

+
∑

j=+,−
‖vj‖L

γ1
T Ḃs

ρ1,2

)(
‖ε1 − ε2‖L

γ1
T Lρ1 +

∑

j=+,−
‖uj − vj‖L

γ1
T Lρ1

)

+ T
−K+2

γ3

( ∑

j=+,−
‖uj‖K

L
γ3
T Ḃs

ρ3,2
+

∑

j=+,−
‖vj‖K

L
γ3
T Ḃs

ρ3,2

)( ∑

j=+,−
‖uj − vj‖L

γ3
T Lρ3

)}
.
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Then there exists T2 ∈ (0, T1], such that for any T ∈ (0, T2] we have

∑

j=0,1,3

(‖Mu+ −Mv+‖L
γj
T Lρj + ‖Mu− −Mv−‖L

γj
T Lρj ) +

2∑

j=1

‖Mε1 −Mε2‖L
γj
T Lρj

≤ 1
2

∑

j=0,1,3

(‖u+ − v+‖L
γj
T Lρj + ‖u− − v−‖L

γj
T Lρj ) +

1
2

2∑

j=1

‖ε1 − ε2‖L
γj
T Lρj . (3.13)

So M : E1 → E1 is strict contraction; there exists a unique fixed point (ε, n+, n−) (of
M) ∈ E1. From Lemma 2.1, ε and n± ∈ C([0, T ]; Ḣs). For any admissible pair (q, r),
from Lemma 2.1 and Lemma 3.2, it follows that

‖ε±‖Lq
T Ḃs

r,2
+ ‖n±‖Lq

T Ḃs
r,2
≤ C{‖ε0‖Ḣs + ‖n0‖Ḣs + ‖φ0‖Ḣs}+ CT{

∑

j=+,−
‖nj‖L

γ0
T Ḃs

ρ0,2
}

+CT
1− 3

γ1 (‖ε‖L
γ1
T Ḃs

ρ1,2
+

∑

j=+,−
‖nj‖L

γ1
T Ḃs

ρ1,2
)2 + CT

1− p+2
γ2 ‖ε‖p+1

L
γ2
T Ḃs

ρ2,2

+CT
1−K+2

γ3 {
∑

j=+,−
‖nj‖K+1

L
γ3
T Ḃs

ρ3,2

} ≤ F1, ∀T ∈ (0, T2]. (3.14)

From (ε0j , n0j , φ0j) → (ε0, n0, φ0) (j →∞) in Hs(Rd)×Hs(Rd)×Hs(Rd), it follows
that ∀α ∈ (0, 1), ∃J(α) > 0, such that if j > J(α), then ‖ε0j − ε0‖Hs + ‖n0j − n0‖Hs +
‖φ0j − φ0‖Hs < α. Now, we take F1 = 2C{‖ε0‖Ḣs + ‖n0‖Ḣs + ‖φ0‖Ḣs + 3} in the
definition of E1; and define Mj : (ε, n+, n−) −→ (Mjε,Mjn+,Mjn−) as follows.

Mjε = S(t)ε0j − i

∫ t

0
S(t− t′){(n+ + n−

2
)ε + A|ε|pε}dt′,

Mjn± = S(±t)ñ±,j ∓ i

∫ t

0
S(±(t− t′)){n+ + n−

2
+ B(

n+ + n−
2

)K+1 + |ε|2}dt′,

where ñ±,j = n0j∓ iφ0j . ∀j > J(α), using the same argument, there exists T̂2 ∈ (0, T2),
T̂2 is independent of j, and a unique solution εj , n±,j ∈ Lq(0, T̂2;Bs

r,2) ∩ C([0, T̂2];Hs)
for IVP (1.1)–(1.3) with (ε0, n0, φ0) replaced by (ε0j , n0j , φ0j). By the same arguments
as in the proof of (3.13), there exists T̃ = T̃ (n0, φ0) ∈ (0, T̂2] such that

2∑

l=1

‖εj − ε‖L
γl
T̃

Lρl +
∑

l=0,1,3

(‖n+,j − n+‖L
γl
T̃

Lρl + ‖n−,j − n−‖L
γl
T̃

Lρl )

≤ C{‖ε0j − ε0‖L2 + ‖n0j − n0‖L2 + ‖φ0j − φ0‖L2} −→ 0, j −→∞. (3.15)

For any admissible pair (q, r), by using the same arguments as in the proof of (3.14)(3.15),
let j →∞, we have

‖εj−ε‖Lq

T̃
Lr +

∑

l=+,−
‖nl,j−nl‖Lq

T̃
Lr ≤ C{‖ε0j−ε0‖L2 +‖n0j−n0‖L2 +‖φ0j−φ0‖L2} → 0,
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‖εj−ε‖Lq

T̃
Ḃs

r,2
+

∑

l=+,−
‖nl,j−nl‖Lq

T̃
Ḃs

r,2
≤ C{‖ε0j−ε0‖Ḣs+‖n0j−n0‖Ḣs+‖φ0j−φ0‖Ḣs} → 0.

Since n = n++n−
2 and (−∆)−1nt = n+−n−

2i , this is the proof of part (I) for the theorem.
Using the same arguments as in the proof of Theorem 1.1 in [19], part (II) can be

proved.
Proof of Theorem 2 Using the same arguments of the proof of Theorem 1 with

homogeneous Sobolev spaces and homogeneous Besov spaces replaced by Sobolev spaces
and Besov spaces respectively (for example, Ḣs

r repaced by Hs
r , Ḃs

r,2 repaced by Bs
r,2),

this theorem can be proved.
Proof of Theorem 3 Using the same arguments of the proof of Theorem 1 and

Theorem2 with Besov spaces replaced by Sobolev spaces, this theorem can be proved.

4. Global Solution

In this section, we discuss the existence and uniqueness of global solution for IVP
(1.1)–(1.3).

Lemma 4.1 For IVP (1.1)–(1.3), suppose that the solutions ε, n, (−∆)−1nt ∈
C([0, T ]; H2), then

‖ε(·, t)‖2
L2 = ‖ε0‖2

L2 , ∀t ∈ [0, T ]. (4.1)

E(t) =
∫

Rd
{|∇ε|2 + n|ε|2 +

2A

p + 2
|ε|p+2 +

1
2
(|Λ−1nt|2 + n2 + |∇n|2 +

2B

K + 2
nK+2)}dx

= E(0), ∀t ∈ [0, T ]. (4.2)

Moreover, if ε0, n0, φ0 ∈ H1(Rd), and d, B, K, p, A satisfy the conditions
(1.4)(1.5), then, ∀t ∈ [0, T ] we have

‖ε(·, t)‖H1 + ‖Λ−2nt(·, t)‖H1 + ‖n(·, t)‖H1 ≤ C(T, ‖ε0‖H1 , ‖n0‖H1 , ‖φ0‖H1),(4.3)

where Λ̂sϕ = |ξ|sϕ̂(ξ), ∀ϕ ∈ S(Rd), s ∈ R.

Proof The proof of (4.1)(4.2) follows the same lines as the proof of Lemma 1 and
Lemma 2 in [11]. We write equations (1.1)(1.2) as the system of equations

iεt + ∆ε− nε−A|ε|pε = 0, (4.4)

nt −∆v = 0, (4.5)

vt − n−BnK+1 + ∆n− |ε|2 = 0. (4.6)

Thus, we have

E(t) =
∫

Rd
{|∇ε|2 + n|ε|2 +

2A

p + 2
|ε|p+2 +

1
2
(|∇v|2 + n2 + |∇n|2 +

2B

K + 2
nK+2)}dx.
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Using (4.4)–(4.6), it follows from straightforward calculation that d
dtE(t) = 0. From

the hypotheses and the embedding theorems of Sobolev spaces, one has that

‖ε0‖Lp+2 ≤ C‖ε0‖H1 , ‖n0‖LK+2 ≤ C‖n0‖H1 ,

∣∣∣
∫

n0|ε0|2 dx
∣∣∣ ≤ ‖n0‖L2‖ε0‖2

L4 ≤ C‖n0‖L2‖ε0‖2
H1

Thus, we have

|E(0)| ≤ C
(
‖ε0‖2

H1 + ‖n0‖2
H1 + ‖φ0‖2

H1 + ‖n0‖K+2
H1 + ‖ε0‖p+2

H1 + ‖n0‖H1‖ε0‖2
H1

)
. (4.7)

From Cauchy’s inequality and Gagliardo-Nirenberg’s inequality it follows that

∣∣∣
∫

Rd
n|ε|2dx

∣∣∣ ≤ B

2(K + 2)
‖n(·, t)‖K+2

LK+2 + C‖ε(·, t)‖2(K+2)/(K+1)

L2(K+2)/(K+1)

≤ B

2(K + 2)
‖n(·, t)‖K+2

LK+2 + C‖∇ε(·, t)‖d/(K+1)
L2 ‖ε(·, t)‖(2K+4−d)/(K+1)

L2

≤ B

2(K + 2)
‖n(·, t)‖K+2

LK+2 +
1
4
‖∇ε(·, t)‖2

L2 + C. (4.8)

If 0 < p < 4
d , by the same arguments we see that

2|A|
p + 2

∫

Rd
|ε|p+2dx ≤ C‖∇ε(·, t)‖pd/2

L2 ‖ε(·, t)‖(2p+4−pd)/2
L2 ≤ 1

4
‖∇ε(·, t)‖2

L2 + C. (4.9)

From the hypotheses and (4.7)–(4.9), we have

‖∇ε(·, t)‖2
L2 + ‖∇n(·, t)‖2

L2 + ‖n(·, t)‖2
L2 + ‖∇v(·, t)‖2

L2 + ‖n(·, t)‖K+2
LK+2

≤ C(‖ε0‖H1 , ‖n0‖H1 , ‖φ0‖H1), ∀t ∈ [0, T ]. (4.10)

Take inner product of (4.6) with 2v, we see that

d

dt
‖v(·, t)‖2

L2 = 2
∫

Rd
(n + BnK+1 −∆n + |ε|2)v dx

≤ C
{
‖n(·, t)‖2

L2 + ‖n(·, t)‖2(K+1)

L2(K+1) + ‖∇n(·, t)‖L2‖∇v(·, t)‖L2

+ ‖ε(·, t)‖4
L4

}
+ ‖v(·, t)‖2

L2 .

From (4.10) and Gagliardo-Nirenberg’s inequality we have

‖ε(·, t)‖4
L4 ≤ C‖∇ε(·, t)‖d

L2‖ε(·, t)‖4−d
L2 ≤ C,

‖n(·, t)‖L2(K+1) ≤ C‖∇n(·, t)‖θ
L2‖n(·, t)‖1−θ

LK+2 ≤ C,
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where 1
2K+2 =

(
1
2 − 1

d

)
θ + (1− θ) 1

K+2 , 0 < θ ≤ 1. Thus, we get

d

dt
‖v(·, t)‖2

L2 ≤ C + 2‖v(·, t)‖2
L2 , ∀t ∈ [0, T ].

Using Gronwall’s inequality we have

‖v(·, t)‖2
L2 ≤ Ce2T , t ∈ [0, T ]. (4.11)

From (4.10)(4.11), (4.3) is verified. This completes the proof of this lemma.

Lemma 4.2 Suppose that 1 ≤ d ≤ 3, positive integer m ≥ 2, J < { ∞, d = 1, 2
4, d = 3

.

Let

ρ = ρ(J),
1

ρ(J)
=

{ d+J
d(J+2) , 1 < d

2
1
2{1

2 + max(1
2 − 1

d , 1
2 − 2

d(J+2) ,
1

J+2)}, 1 ≥ d
2

. (4.12)

Then for any v ∈ Hm
ρ we have

‖DmvJ+1‖Lρ′ ≤ C‖v‖J
Hm−1

ρ
‖Dmv‖Lρ . (4.13)

Proof Let m̄ = min{m,J + 1}. It follows from straightforward calculation that

|DmvJ+1| ≤ C
m̄∑

k=1

|v|J+1−k
∑

j∈Ω(m,k)

k∏

l=1

∣∣∣Djlv
∣∣∣ ,

where Ω(m, k) = {j = (j1, · · · , jk)|j1 + · · · + jk = m, 1 ≤ j1 ≤ · · · ≤ jk}. Let us take
1
bl

= jl
m , 1

ρl
= 1

ρ?
+ 1

bl

(
1
ρ − 1

ρ?

)
, 1

ρ?
= 1

J

(
1− 2

ρ

)
, l = 1, · · · , k. Since 1

ρ?
∈

[
1
ρ − 1

d , 1
ρ

]
,

we have 1
ρl
∈

(
1
ρ − 1

d , 1
ρ

]
(l = 1, · · · , k). It follows from Cauchy’s inequality and the

embedding results for Sobolev spaces that

‖DmvJ+1‖Lρ′ ≤ C
m̄∑

k=1

‖v‖J+1−k
Lρ?

∑

j∈Ω(m,k)

k∏

l=1

∥∥∥Djlv
∥∥∥

Lρl

≤ C‖v‖J
H1

ρ1
‖Dmv‖Lρ +

m̄∑

k=2

‖v‖J+1−k
H1

ρ

∑

j∈Ω(m,k)

k−1∏

l=1

∥∥∥Djlv
∥∥∥

H1
ρ

∥∥∥Djkv
∥∥∥

H1
ρ

≤ C‖u‖J
Hm−1

ρ
‖Dmv‖Lρ .

Lemma 4.3 Suppose that d, B, K, p, A satisfy the conditions (1.4)(1.5). Let
integer m ≥ 2, p satisfies the condition P (m), ε0, n0, φ0 ∈ Hm and (ε, n) be the so-
lution of IVP (1.1)–(1.3). If there exists 0 < T < ∞ such that ε, n, (−∆)−1nt ∈
C([0, T ];Hm−1)∩Lq(0, T ;Hm−1

r ), then ε, n, (−∆)−1nt ∈ C([0, T ];Hm)∩Lq(0, T ;Hm
r ),

where (q, r) is any admissible pair.
Proof From Theorem 3, ε0, n0, φ0 ∈ Hm, we see that there exists Tm > 0 and a

unique solution (ε, n) of IVP (1.1)–(1.3) such that ε, n, (−∆)−1nt ∈ C([0, Tm];Hm) ∩
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Lq(0, Tm;Hm
r ). We denote by T ∗m the supremum of all above Tm > 0. Using the same

argument as in the proof of part (II) of Theorem 1, it follows that if T ∗m < ∞, then
there is no solution of IVP (1.1)–(1.3) in C([0, T ∗m];Hm) ∩ Lq(0, T ∗m;Hm

r ). We claim
that T ∗m > T . Thus, this lemma is verified.

In fact, if T ∗m ≤ T , we write (1.1)–(1.3) as the integral equations

u = S(t)ε(Tθ)− iSI(uv + A|u|pu), (4.14)

v = Bc(t)n(Tθ) + Bs(t)nt(Tθ) + BSI(v + BvK+1 + |u|2), (4.15)

where ε0, n0 and ∆φ0 are replaced by ε(Tθ), n(Tθ) and nt(Tθ) respectively; Tθ = T ∗m−θ,
constant θ > 0 to be selected later.

Take ρ0 = ρ(0) = 2, ρ1 = ρ(1), ρ2 = ρ(p), ρ3 = ρ(K) and 2
γj

= d
(

1
2 − 1

ρj

)
(j =

0, 1, 2, 3), where ρ(k) is defined by (4.12). It is obvious that (γj , ρj) (j = 0, 1, 2, 3)
are admissible pairs. Note that there exists a solution u, v, (−∆)−1vt ∈ C([0, T −
Tθ];Hm−1) ∩ Lq(0, T − Tθ;Hm−1

r ) for (4.14)(4.15). Indeed, u(t) = ε(Tθ + t), v(t) =
n(Tθ + t). Thus, ∀T1 ∈ (0, T − Tθ] we have

‖Dmu‖Lq
T1

Lr ≤ C‖Dmε(Tθ)‖L2 + C{‖Dm(uv)‖
L

γ′
1

T1
L

ρ′
1

+ ‖Dm(|u|pu)‖
L

γ′
2

T1
L

ρ′
2
},

‖Dmv‖Lq
T1

Lr) ≤ C(‖Dmn(Tθ)‖L2 + ‖Dm−2nt(Tθ)‖L2) + CT1‖Dmv‖L
γ0
T1

Lρ0

+C{‖DmvK+1‖
L

γ′
3

T1
L

ρ′
3

+ ‖Dm(|u|2)‖
L

γ′
1

T1
L

ρ′
1
}.

Let (q, r) be equal to (γj , ρj) (j = 0, 1, 2, 3) respectively, using Lemma 4.2 or the same
arguments of the proof of Lemma 4.2, and employing Hölder’s inequality, we obtain
that

∑

j=1,2

‖Dmu‖
L

γj
T1

Lρj +
∑

j=0,1,3

‖Dmv‖
L

γj
T1

Lρj ≤ C(1 + ‖Dmε(Tθ)‖L2 + ‖Dmn(Tθ)‖L2

+‖Dm−2nt(Tθ)‖L2) + CT1‖Dmv‖L
γ0
T1

Lρ0 + CT
1− 3

γ1
1

(
‖Dmv‖L

γ1
T1

Lρ1 + ‖Dmu‖L
γ1
T1

Lρ1

)

+CT
1− p+2

γ2
1 ‖Dmu‖L

γ2
T1

Lρ2 + CT
1−K+2

γ3
1 ‖Dmv‖L

γ3
T1

Lρ3 , ∀T1 ≤ T − Tθ,

where constant C is only dependent on T , d, m, A, B, p, K, ‖ε‖
L

γj
T Hm−1

ρj

(j =

1, 2), ‖n‖
L

γj
T Hm−1

ρj

(j = 0, 1, 3); independent of T1, T
∗
m, ‖Dmε(Tθ)‖L2 , ‖Dmn(Tθ)‖L2 ,

‖Dm−2nt(Tθ)‖L2 . Then there exists T̄1 > 0, independent of T ∗m, ‖Dmε(Tθ)‖L2 ,

‖Dmn(Tθ)‖L2 , ‖Dm−2nt(Tθ)‖L2 , such that CT̄1 ≤ 1
2 , CT̄

1− 3
γ1

1 ≤ 1
2 , CT̄

1− p+2
γ2

1 ≤ 1
2 ,

CT̄
1−K+2

γ3
1 ≤ 1

2 .
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In the case T ∗m = T , let θ = T̄1
2 and T1 = T̄1

2 , we have
∑

j=1,2

‖Dmu‖
L

γj
T1

Lρj +
∑

j=0,1,3

‖Dmv‖
L

γj
T1

Lρj ≤ C1, ‖Dmu‖Lq
T1

Lr + ‖Dmv‖Lq
T1

Lr ≤ C1.

Thus, there exists a solution ε̃, ñ ∈ C([0, T ∗m];Hm)∩Lq(0, T ∗m;Hm
r ) for IVP (1.1)–(1.3).

Indeed,

(ε̃(t), ñ(t)) =

{
(ε(t), n(t)), 0 ≤ t ≤ T ∗m − T̄1

2

(u(t− T ∗m + T̄1
2 ), v(t− T ∗m + T̄1

2 )), T ∗m − T̄1
2 < t ≤ T ∗m

.

It is contradictory.
In the case T ∗m < T , let T1 = min{T̄1, T − T ∗m} and θ = T1

2 , we have
∑

j=1,2

‖Dmu‖
L

γj
T1

Lρj +
∑

j=0,1,3

‖Dmv‖
L

γj
T1

Lρj ≤ C2, ‖Dmu‖Lq
T1

Lr + ‖Dmv‖Lq
T1

Lr ≤ C2.

Thus, there exists a solution ε̃, ñ ∈ C([0, T ∗m + T1
2 ];Hm) ∩ Lq(0, T ∗m + T1

2 ;Hm
r ) for IVP

(1.1)–(1.3). Indeed,

(ε̃(t), ñ(t)) =

{
(ε(t), n(t)), 0 ≤ t ≤ T ∗m − T1

2

(u(t− T ∗m + T1
2 ), v(t− T ∗m + T1

2 )), T ∗m − T1
2 < t ≤ T ∗m + T1

2

.

It is also contradictory. This completes the proof of the lemma.
Proof of Theorem 4 First, we consider the case m = 1. Let series {ε0j}∞j=1,

{n0j}∞j=1 and {φ0j}∞j=1 ⊂ H2 with ε0j → ε0, n0j → n0, φ0j → φ0 (j →∞) in H1, then
from Theorem 3 and Lemma 4.3 it follows that there exists T1 = T1 (ε0, n0, φ0) > 0
and solutions

εj , nj , (−∆)−1njt ∈ C([0, T1];H2) ∩ Lq(0, T1;H2
r )

for IVP (1.1)–(1.3) with (ε0, n0, φ0) replaced by (ε0j , n0j , φ0j), such that

εj → ε, nj → n, (−∆)−1njt → (−∆)−1nt (j →∞)

in C([0, T1];H1(Rd)) ∩ Lq(0, T1;H1
r (Rd)),

where (q, r) is any admissible pair and (ε, n) is the solution of IVP (1.1)–(1.3). For any
T ∈ (0,∞), let T? = min{T1, T}. From Lemma 4.1, it follows that ∀t ∈ [0, T?] we have

∫

Rd
{|∇εj |2 + nj |εj |2 +

2A

p + 2
|εj |p+2 +

1
2
(|Λ−1njt|2 + n2

j + |∇nj |2 +
2B

K + 2
nK+2

j )}dx

=
∫

Rd
{|∇ε0j |2 + n0j |ε0j |2 +

2A

p + 2
|ε0j |p+2}dx

+
1
2

∫

Rd
(|∇φ0j |2 + n2

0j + |∇n0j |2 +
2B

K + 2
nK+2

0j )dx;

‖εj(·, t)‖H1 + ‖Λ−2njt(·, t)‖H1 + ‖nj(·, t)‖H1 ≤ C(T?, ‖ε0j‖H1 , ‖n0j‖H1 , ‖φ0j‖H1).
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Let j →∞, ∀t ∈ [0, T?] we have

E(t) =
∫

Rd
{|∇ε|2 + n|ε|2 +

2A

p + 2
|ε|p+2 +

1
2
(|Λ−1nt|2 + n2 + |∇n|2 +

2B

K + 2
nK+2)}dx

= E(0),

‖ε(·, t)‖H1 + ‖Λ−2nt(·, t)‖H1 + ‖n(·, t)‖H1 ≤ C(T?, ‖ε0‖H1 , ‖n0‖H1 , ‖φ0‖H1).

In the case T1 ≥ T , the theorem is verified. In the case T1 < T , from the proof of
Lemma 4.1 we have

‖ε(·, t)‖H1 + ‖Λ−2nt(·, t)‖H1 + ‖n(·, t)‖H1 ≤ C(T?, ‖ε0‖H1 , ‖n0‖H1 , ‖φ0‖H1)

≤ C(T, ‖ε0‖H1 , ‖n0‖H1 , ‖φ0‖H1), ∀t ∈ [0, T?].

Then we can repeat the above arguments with (ε(x, T1), n(x, T1), nt(x, T1)) instead of
(ε0, n0, ∆φ0). So there exists ∆T1 > 0, dependent on the constant C(T, ‖ε0‖H1 , ‖n0‖H1 ,
‖φ0‖H1), independent of T1, such that ε, n, (−∆)−1nt ∈ C([0, T1 + ∆T1];H1) ∩
Lq(0, T1 + ∆T1;H1

r ) and

‖ε(·, t)‖H1 + ‖Λ−2nt(·, t)‖H1 + ‖n(·, t)‖H1 ≤ C(T?, ‖ε0‖H1 , ‖n0‖H1 , ‖φ0‖H1)

≤ C(T, ‖ε0‖H1 , ‖n0‖H1 , ‖φ0‖H1), ∀0 ≤ t ≤ T? = min{T, T1 + ∆T1}.

It must follows from n-times extensions that T1 +n∆T1 > T . So the theorem is verified
in this case.

Finally, we consider the case m ≥ 2. From Lemma 4.3 and the results which have
been proved in the previous case, the theorem is also verified in this case.

Lemma 4.4 Suppose that 1 ≤ d ≤ 3, real number s ≥ 2, positive integer J <
{ ∞, d = 1, 2

4, d = 3
. Let

ρ = ρ(J),
1

ρ(J)
=

1
2
{1
2

+ max(
1
2
− 2

d(J + 2)
,

1
J + 2

)}, (4.16)

0 < δ ≤ δ0 =
{ 2

J+2 , d = 1, 2
3

J+2 − 1
2 , d = 3

, (4.17)

and [s] = [s + δ]. Then for any v ∈ Ḃs+δ
ρ,2 we have

‖vJ+1‖Ḃs+δ
ρ′,2

≤ C‖v‖J
Bs

ρ,2
(‖v‖Lρ + ‖v‖Ḃs+δ

ρ,2
). (4.18)

Proof Set m = [s] + 1, m̄ = min{m,J + 1}, by the proof of Theorem 3.1 in [19]
we have

‖vJ+1‖Ḃs+δ
ρ′,2

≤ C
m̄∑

k=1

‖v‖J+1−k
Lρ?

∑

j∈Ω(m,k)

k∏

q=1

‖v‖
Ḃ

(s+δ)/bq

ρq,2bq

,
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where Ω(m, k) is defined in the proof of Lemma 4.2; 1
bq

= jq

m (q = 1, · · · , k), 1
ρl

= 1
ρ?

(l = 1, · · · , k − 1), 1
ρk

= 1
ρ , 1

ρ?
= 1

J

(
1− 2

ρ

)
. Since δ ≤ δ0, we have 1

ρq
− s+δ

dbq
> 1

ρ − s
d

(q = 1, · · · , k − 1). In fact, note that

1
m
≤ 1

bq
≤

{
1
2 m is an even integer
1
3 m is an odd integer

(1 ≤ q ≤ k−1), s ≥
{

3 m is an even integer
2 m is an odd integer

,

we have

1
ρ
− s

d
+

s + δ

dbq
≤

{
1
ρ − s

d + s+δ
2d m is an even integer

1
ρ − s

d + s+δ
3d m is an odd integer

≤
{

1
ρ − 3

2d + δ0
2d m is an even integer

1
ρ − 4

3d + δ0
3d m is an odd integer

≤ 0 (1 ≤ q ≤ k − 1).

From 1
ρ?
≤ 1

ρ and the embedding theorems of Besov spaces, it follows that Bs
ρ,2 ⊂

Lρ? , Bs
ρ,2 ⊂ B

(s+δ)/bq

ρq ,2bq
(q = 1, · · · , k − 1), Bs+δ

ρ,2 ⊂ B
(s+δ)/bk

ρk,2bk
. Thus, we have (4.18).

The lemma is proved.
Lemma 4.5 Suppose that d, B, K, p, A satisfy the conditions (1.4)(1.5). Let real

number s ≥ 2, p satisfies the condition P ([s]+1), 0 < δ ≤ δ0 =

{
min{ 2

p+2 , 2
K+2}, d = 1, 2

3
p+2 − 1

2 , d = 3
,

[s] = [s + δ], ε0, n0, φ0 ∈ Hs+δ ⊂ Hs and (ε, n) be the solution of IVP (1.1)–(1.3). If
there exists Ts ∈ (0,∞), such that ε, n, (−∆)−1nt ∈ Lq(0, Ts;Bs

r,2) ∩ C([0, Ts];Hs),
then ε, n, (−∆)−1nt ∈ Lq(0, Ts;Bs+δ

r,2 )∩C([0, Ts];Hs+δ), where (q, r) is any admissible
pair.

Proof From Theorem 2, ε0, n0 and φ0 ∈ Hs+δ, we see that there exists Ts+δ > 0
and a unique solution (ε, n) of IVP (1.1)–(1.3) such that ε, n, (−∆)−1nt ∈ C([0, Ts+δ];
Hs+δ) ∩ Lq(0, Ts+δ;Bs+δ

r,2 ). We denote by T ∗s+δ the supremum of all above Ts+δ >

0. Using the same arguments as in the proof of part (II) of Theorem 1, it follows
that if T ∗s+δ < ∞, then there is no solution of IVP (1.1)–(1.3) in C([0, T ∗s+δ];H

s+δ) ∩
Lq(0, T ∗s+δ;B

s+δ
r,2 ). We claim that T ∗s+δ > Ts. Thus, this lemma is verified.

In fact, if T ∗s+δ ≤ Ts, we write (1.1)–(1.3) as the integral equation

u = S(t)ε(Tθ)− iSI(uv + A|u|pu), (4.19)

v = Bc(t)n(Tθ) + Bs(t)nt(Tθ) + BSI(v + BvK+1 + |u|2), (4.20)

where ε0, n0 and ∆φ0 are replaced by ε(Tθ), n(Tθ) and nt(Tθ) respectively; Tθ =
T ∗s+δ − θ, constant θ > 0 to be selected later.

Let us take ρ0 = ρ(0) = 2, ρ1 = ρ(1), ρ2 = ρ(p), ρ3 = ρ(K) and 2
γj

= d
(

1
2 − 1

ρj

)
, (j =

0, 1, 2, 3), where ρ(k) is defined by (4.16). It is obvious that (γj , ρj) (j = 0, 1) are
admissible pairs. Note that there exists a solution u, v ∈ C([0, Ts − Tθ];Hs) ∩
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Lq(0, Ts − Tθ;Bs
r,2) for (4.19)(4.20). Indeed, u(t) = ε(Tθ + t), v(t) = n(Tθ + t). Thus,

∀T1 ∈ (0, Ts − Tθ] we have

‖u‖Lq
T1

Ḃs+δ
r,2

≤ C‖ε(·, Tθ)‖Ḣs+δ + C{‖uv‖
L

γ′
1

T1
Ḃs+δ

ρ′
1

,2
)
+ ‖|u|pu‖

L
γ′
2

T1
Ḃs+δ

ρ′
2

,2
)
},

‖v‖Lq
T1

Ḃs+δ
r,2

≤ C
(‖n(·, Tθ)‖Ḣs+δ + ‖nt(·, Tθ)‖Ḣs+δ−2

)

+C{T1‖v‖L
γ0
T1

Ḃs+δ
ρ0,2

+ ‖vK+1‖
L

γ′
3

T1
Ḃs+δ

ρ′
3

,2

+ ‖|u|2‖
L

γ′
1

T1
Ḃs+δ

ρ′
1

,2

}.

Using Lemma 4.4 or the same arguments of the proof of Lemma 4.4, and employing
Hölder’s inequality, ∀T1 ∈ [0, Ts − Tθ] we obtain that

‖u‖Lq
T1

Ḃs+δ
r,2

≤ C
(
1 + ‖ε(·, Tθ)‖Ḣs+δ

)
+ CT

1− 3
γ1

1

(
‖u‖L

γ1
T1

Ḃs+δ
ρ1,2

+ ‖v‖L
γ1
T1

Ḃs+δ
ρ1,2

)

+CT
1− p+2

γ2
1 ‖u‖L

γ2
T1

Ḃs+δ
ρ2,2

,

‖v‖Lq
T1

Ḃs+δ
r,2

≤ C
(
1 + ‖n(·, Tθ)‖Ḣs+δ + ‖nt(·, Tθ)‖Ḣs+δ−2

)

+CT1‖v‖L
γ0
T1

Ḃs+δ
ρ0,2

+ CT
1− 3

γ1
1 ‖v‖L

γ1
T1

Ḃs+δ
ρ1,2

+ CT
1−K+2

γ3
1 ‖v‖L

γ3
T1

Ḃs+δ
ρ3,2

,

where constant C is only dependent on Ts, d,s, A, B, p, K, ‖ε‖
L

γj
TsBs

ρj,2
(j = 1, 2),

‖n‖
L

γj
TsBs

ρj,2
(j = 0, 1, 3); independent of T1, T ∗s+δ, ‖ε(·, Tθ)‖Ḣs+δ , ‖n(·, Tθ)‖Ḣs+δ ,

‖nt(·, Tθ)‖Ḣs+δ−2 . So far using the same arguments of the proof of Lemma 4.3, this
lemma can be verified.

Lemma 4.6 Suppose that d, B, K, p, A satisfy the conditions (1.4)(1.5), real
number s ∈ [1, 2), p satisfies the condition P ([s] + 1). Let 0 < δ < δ0 = min

(
1
2 , 1

K , 1
p

)
,

s + δ ∈ (1, 2), ε0, n0, φ0 ∈ Hs+δ ⊂ Hs and (ε, n) be the solution of IVP (1.1)–(1.3).
If there exists Ts ∈ (0,∞), such that ε, n, (−∆)−1nt ∈ Lq(0, Ts;Bs

r,2) ∩ C([0, Ts];Hs),
then ε, n, (−∆)−1nt ∈ Lq(0, Ts;Bs+δ

r,2 )∩C([0, Ts];Hs+δ), where (q, r) is any admissible
pair.

Proof To prove this lemma by using the same arguments of the proof of Lemma
4.5, it is sufficient to establish some estimates of nonlinear terms which is similar to
(4.18). Note that m = [s] + 1 = 2, for any v ∈ Bs+δ

ρ,2 and positive integer J <{
∞, d = 1, 2
4, d = 3

, we have

‖vJ+1‖Ḃs+δ
ρ′,2

≤ C
( ∫ ∞

0
{t−s−δ sup

|y|≤t
‖

2∑

k=0

(
2
k

)(−1)kvJ+1(·+ ky)‖Lρ′}2 dt

t

) 1
2
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≤ C‖v‖J
Lρ?‖v‖Ḃs+δ

ρ,2
+ C‖v‖J−1

Lρ? ‖v‖Ḃ
(s+δ)/2
ρ11,4

‖v‖
Ḃ

(s+δ)/2
ρ12,4

,

where

ρ = ρ(J),
1

ρ(J)
=





d+sJ
d(J+2) , 0 ≤ s < d

2 ,
1
2

(
1
2 + max

{
1
2 − 1

d , 1
2 − 2

(J+2)d , 1
J+2

})
, s ≥ d

2 ,
;

1
ρ11

=





1
2

(
1
ρ + 1

ρ∗

)
, d = 1, 2

1
ρ∗ + s+δ

2d , d = 3, s ∈ [1, 3
2)

1
2

(
1
ρ + 1

ρ∗

)
, d = 3, s ∈ [32 , 2)

,
1

ρ12
=





1
2

(
1
ρ + 1

ρ∗

)
, d = 1, 2

1
ρ − s+δ

2d , d = 3, s ∈ [1, 3
2)

1
2

(
1
ρ + 1

ρ∗

)
, d = 3, s ∈ [32 , 2)

;

1
ρ∗ = 1

J

(
1− 2

ρ

)
. Since δ < min{1

2 , 1
J }, we have 1

ρ11
− s+δ

2d ≥ 1
ρ − s

d . From 1
ρ∗ ≤

1
ρ , 1

ρ11
≤ 1

ρ , 0 < 1
ρ12

≤ 1
ρ and the embedding theorems of Besov spaces, it follows

that Bs
ρ,2 ⊂ Lρ∗ , Bs

ρ,2 ⊂ B
(s+δ)/2
ρ11,4 , Ḃs+δ

ρ,2 ⊂ Ḃ
(s+δ)/2
ρ12,4 . Thus, we have ‖vJ+1‖Ḃs+δ

ρ′,2
≤

C‖v‖J
Bs

ρ,2

(
‖v‖Bs

ρ,2
+ ‖u‖Ḃs+δ

ρ,2

)
. So far using the same arguments of the proof of Lemma

4.5, the lemma is proved.
Proof of Theorem 5 Using Theorem 1–4, Lemma 4.5 and lemma 4.6, Theorem

5 is proved.
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