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1. Introduction

This paper is concerned with the traveling wave fronts of the following nonlinear
degenerate equation with non-divergence form

∂u

∂t
= um4u + unf(u), x ∈ RN , t ∈ R+, (1.1)

where m ≥ 1, n > 0 and f is continuously differentiable. Such an equation is quite
different from the well-known porous medium equation with an absorption

∂u

∂t
= ∆up + uqf(u), (p > 1, q > 0) (1.2)

although it can be transformed into an equation like (1.1), with the exponent m =
p− 1

p
which falls into the interval (0, 1). During the past decades, the equations whose prin-
cipal parts are in divergence form, like (1.2), have been deeply investigated. However,
as far as we know, there are only a few works devoted to the equations whose principal
parts are not in divergence form like (1.1). Among the earliest works in this respect, it
is worthy to mention the work [1] by Allen, who did discuss such kind of equation with
m = 1 in one dimensional case, modeling the diffusive process for biological species. It
was Friedman and McLeod [2] who studied the blow-up properties of solutions for the
equation with m = 2, n = 3 in multi-dimensional case. We may also mention the work
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[3] by Passo, where the basic existence, uniqueness and the properties of solutions are
investigated in detail for the case m = 1. Recently, Wang, Wang and Xie [4] studied
the equation for any m > 1 with n = m + 1, and discussed the global existence and
blow-up properties of solutions. Furthermore, we point out that Bertsch has obtained
several important results on the similar equations like (1.1) or (1.2), see [5–7].

In this paper, we are much interested in the discussion of the traveling wave solutions
of the equation (1.1) with m ≥ 1 and n > 0. For the same question about the degenerate
or non-degenerate diffusion equations whose principal parts are in divergence form, we
refer to [8–13]. First, we introduce the following

Definition A function u(z) ∈ C(R) with z = γ · x + t for some 0 6= γ ∈ RN is
called a traveling wave front of the equation (1.1) if there exist −∞ ≤ zl < zr ≤ +∞
such that

(i) u(z) ∈ C2(zl, zr) and satisfies

u′ = |γ|2umu′′ + unf(u), ∀z ∈ (zl, zr);

(ii) u(zl) = θl, u(zr) = θr, where θl and θr are zero or the zero points of f(u);
(iii) u(z) is strictly monotone in the interval (zl, zr), u(z) = θl for z ∈ (−∞, zl) and

u(z) = θr for z ∈ (zr,+∞);
(iv) If u(zl) < u(zr), then u′(zr) = 0, while if u(zl) > u(zr), then u′(zl) = 0.
Furthermore, if u′+(zl) = u′−(zr) = 0, we call u(z) a smooth traveling wave front,

where u′+ and u′− denote the right and the left derivative of u.
To discuss the traveling wave fronts, let us first change the form of the equation.

Let p = u′ and c =
1
|γ|2

, the wave speed. Then for z ∈ {z ∈ (zl, zr) : u(z) > 0}, we get

that {
u′ = p,

p′ = cu−mp− cun−mf(u).
(1.3)

As we did for the equation whose principal part is in divergence form, we consider
the following two typical cases

f(1) = 0, f ′(1) < 0, and f(s) > 0 for s ∈ [0, 1), (H1)

and

f(0) < 0, f(1) = 0, f ′(1) < 0, f(u) < 0 for s ∈ (0, a) and f(s) > 0 for s ∈ (a, 1),
(H2)

where a is a given number in (0, 1). First, in Section 2 we discuss the case for f

satisfying (H1). Different from the equation (1.2), see [14], there is no minimal wave
speed for the solutions of the equation (1.1). In other words, for any c, there always
exists a traveling wave front with the wave speed c for equation (1.1). Then in Section
3, we study the case with f changing sign, namely, the case for f satisfying (H2). As it
was shown in [15], there exists one and only one wave speed c∗ such that the equation
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(1.2) has smooth traveling wave fronts. However, for the equation (1.1), we will show
that the wave speed might not be existent in general. We have found a sufficient and
necessary condition on f , namely,∫ 1

0
sn−mf(s)ds < 0,

for the existence of the unique wave speed, see the details in Section 3. After establishing
the existence, the last section is devoted to the regularity of the traveling wave solutions,
namely, the finiteness of zl and zr.

2. The Case f > 0

In this section, we investigate the increasing traveling wave fronts under assumption
(H1). In this case, θl = 0, θr = 1. It is easy to see that u(z) is the increasing and
smooth traveling wave front if and only if u(z) satisfies that

dp

du
= cu−m − cun−mf(u)

p
,

p(0) = p(1) = 0,

p(u) > 0, u ∈ (0, 1).

(2.1)

Lemma 2.1 (Comparison) Let β > α ≥ 0, c1, c2 > 0 and pi(u)(i = 1, 2) be the
solutions of 

dpi

du
+

ciu
n−mf(u)

pi
= ciu

−m, u ∈ (α, β),

pi(β) = βi.

If p1(u)p2(u) > 0 in (α, β) and there exists δ > 0 such that f(u) ≥ 0 for u ∈ (β− δ, β),
then

(i) If c1 = c2 and β1 = β2, then p1(u) = p2(u) for u ∈ (α, β);
(ii) If c1 > c2 and

√
c2β1 ≤

√
c1β2, then

√
c2p1(u) <

√
c1p2(u) for u ∈ (α, β).

Proof From the ordinary differential equations which p1 and p2 satisfy, we see
that

d(
√

c2p1 −
√

c1p2)
du

−
√

c1c2u
n−mf(u)

p1p2
(
√

c2p1 −
√

c1p2) = (c1
√

c2 − c2
√

c1) u−m.

Let

G(u) = (
√

c2p1 −
√

c1p2) exp
{
−

∫ u

β−δ

√
c1c2s

n−mf(s)
p1(s)p2(s)

ds

}
, u ∈ (α, β).

We get that

dG(u)
du

= (c1
√

c2 − c2
√

c1) u−mexp
{
−

∫ u

β−δ

√
c1c2s

n−mf(s)
p1(s)p2(s)

ds

}
.
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Since p1(u)p2(u) > 0 in (α, β) and f(u) ≥ 0 for u ∈ (β − δ, β),

0 ≤ exp
{
−

∫ β

β−δ

√
c1c2s

n−mf(s)
p1(s)p2(s)

ds

}
≤ 1.

(i) If c1 = c2 and β1 = β2, then

lim
u→β−

G(u) = 0,
dG(u)

du
= 0, u ∈ (α, β).

Thus G(u) ≡ 0 for u ∈ (α, β). So p1(u) = p2(u) for u ∈ (α, β).
(ii) If c1 > c2 > 0 and

√
c2β1 ≤

√
c1β2, then

lim
u→β−

G(u) ≤ 0,
dG(u)

du
> 0, u ∈ (α, β).

Thus G(u) < 0 for u ∈ (α, β). So
√

c2p1(u) <
√

c1p2(u) for u ∈ (α, β). The proof is
complete.

Theorem 2.1 Under assumption (H1), for all c > 0, the problem (2.1) admits at
least one solution, namely, (1.1) admits at least one increasing and smooth traveling
wave front.

Proof From f ′(1) < 0, we see that (1, 0) is a saddle point of the system (1.3) and
the two eigenvalues are δ± =

c

2
(1±

√
1− 4f ′(1)). Set D = {(u, p) : 0 < u < 1, p > 0}.

For all c > 0, from the Liapunov disturbance theorem, we see that there exists a path
curve Γc of (1.3), exiting from point (1, 0) with slope δ− < 0 and entering into region
D. Since f(u) > 0 for u ∈ (0, 1), Γc does not intersect with the u-axis when u ∈ (0, 1).

Now we show that Γc crosses the point (0, 0), namely, (2.1) is solvable. Otherwise,

there would be some A > 0 such that p(u) > A for all u ∈ (0,
1
2
]. Let a = max

0≤u≤1
f(u)

and δ = min

{
1
2
,

(
A

2a

)1/n
}

. Then for u ∈ (0, δ],

dp

du
= cu−m

(
1− unf(u)

p

)
> cu−m

(
1− δna

A

)
≥ c

2
u−m,

and consequently,

p(u) = p(δ)−
∫ δ

u

dp(s)
ds

ds < p(δ)− c

2

∫ δ

u
s−mds, u ∈ (0, δ].

Noticing that m ≥ 1, we see that lim
u→0+

p(u) = −∞, which contradicts the fact that Γc

does not intersect with the u-axis when u ∈ (0, 1). So Γc crosses the point (0, 0). The
proof is complete.

3. The Case With f Changing Sign

In this section, we discuss the case with f changing sign, namely, the case for f
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satisfying (H2). Under this assumption, we investigate the increasing traveling wave
fronts of (1.1) with θl = 0, θr = 1 or θl = a, θr = 1 and the decreasing traveling wave
fronts of (1.1) with θl = 1, θr = 0 or θl = 1, θr = a.

We first investigate the increasing traveling wave fronts of (1.1) with θl = 0, θr = 1
or θl = a, θr = 1. It is easy to see that u(z) is the increasing and smooth traveling
wave front with θl = 0, θr = 1 if and only if u(z) satisfies (2.1). The following theorem
shows that there is no increasing and smooth traveling wave front of (1.1) with θl = 0,
θr = 1.

Theorem 3.1 Under assumption (H2), for any c > 0, (2.1) admits no solution,
namely, there is no increasing and smooth traveling wave front of (1.1) with θl = 0,
θr = 1.

Proof We prove the result by contradiction. Let p(u) be a solution of (2.1) for
some c > 0. Then for u ∈ (0, a],

dp

du
= cu−m

(
1− unf(u)

p

)
≥ cu−m,

which implies by integration

p(u) = p(a)−
∫ a

u

dp(s)
ds

ds < p(a)− c

∫ a

u
s−mds, u ∈ (0, a].

By virtue of m ≥ 1, we see that lim
u→0+

p(u) = −∞, which contradicts that p(0) = 0. So

there is no solution of (2.1) for any c > 0. The proof is complete.
From the proof of Theorem 3.1 we see that p(u) intersects with the u-axis when

u ∈ (0, 1). Since f(u) > 0 for u ∈ (a, 1), p(u) does not intersect with the u-axis when
u ∈ (a, 1). Thus p(u) intersects with the u-axis when u ∈ (0, a]. So we have the
following theorem.

Theorem 3.2 Under assumption (H2), for all c > 0, (1.1) admits at least one
increasing traveling wave front u(z) with θl = a, θr = 1, and u′+(zl) ≥ 0, u′−(zr) = 0.

Next we investigate decreasing traveling wave fronts of (1.1) with θl = 1, θr = 0 or
θl = 1, θr = a. It is easy to see that u(z) is the decreasing and smooth traveling wave
front with θl = 1, θr = 0 if and only if u(z) satisfies that

dp

du
= cu−m − cun−mf(u)

p
,

p(0) = p(1) = 0,

p(u) < 0, u ∈ (0, 1).

(3.1)

From f ′(1) < 0, we see that (1, 0) is a saddle point of the system (1.3) and the two
eigenvalues are δ± =

c

2
(1±

√
1− 4f ′(1)). For all c > 0, from the Liapunov disturbance

theorem, we see that there exists a path curve Γc of (1.3), exiting from the point (1, 0)
with slope δ+ > 0 and entering into the region E = {(u, p) : 0 < u < 1, p < 0}. We
have the following lemmas about Γc.
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Lemma 3.1 Let Γc be the path curve of (1.3) exiting from (1, 0) and entering into
E and p(u) be the corresponding solution. Then for sufficiently large c > 0, Γc does
not intersect with the u-axis when u ∈ [0, 1) and lim

u→0+
p(u) = −∞.

Proof For u ∈ [a, 1),

dp

du
= cu−m

(
1− unf(u)

p

)
≥ cu−m.

Thus

p(a) = −
∫ 1

a

dp(s)
ds

ds ≤ −c

∫ 1

a
s−mds.

Let A = max
0≤u≤a

{−f(u)} and δ =
2A∫ 1

a
s−mds

. Then for c > δ and u ∈ (0, a],

1− unf(u)

−c

∫ 1

a
s−mds

> 1− −A

−δ

∫ 1

a
s−mds

=
1
2
.

Therefore, for c > δ, p(u) is increasing in (0, 1) and for u ∈ (0, a],

dp

du
= cu−m

(
1− unf(u)

p

)
≥ c

2
u−m.

Thus
p(u) = p(a)−

∫ a

u

dp(s)
ds

ds < p(a)− c

2

∫ a

u
s−mds, u ∈ (0, a].

Noticing that m ≥ 1, we see that lim
u→0+

p(u) = −∞. The proof is complete.

Lemma 3.2 Let Γc be the path curve of (1.3) exiting from (1, 0) and entering into
E and p(u) be the corresponding solution.

(i) If
∫ 1

0
sn−mf(s)ds ≥ 0, then for any c > 0, Γc does not intersect with the u-axis

when u ∈ [0, 1) and lim
u→0+

p(u) = −∞.

(ii) If
∫ 1

0
sn−mf(s)ds < 0, then for sufficiently small c > 0, Γc intersects with the

u-axis when u ∈ [0, 1).
Proof We prove the two results respectively.

(i) Assume that
∫ 1

0
sn−mf(s)ds ≥ 0. Since p(u) < 0 for u ∈ (0, 1) and

dp

du
= cu−m

(
1− unf(u)

p

)
> −cun−mf(u)

p
, u ∈ (0, 1),

we get that
dp2

du
= 2p

dp

du
< −2cun−mf(u), u ∈ (0, 1).
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Noticing that p(1) = 0, we see that for u ∈ [0, 1),

p2(u) > 2c

∫ 1

u
sn−mf(s)ds.

Since
∫ 1

0
sn−mf(s)ds ≥ 0 and f(u) < 0 for u ∈ [0, a), we see that for all u ∈ [0, 1),

p2(u) > 0, namely, p(u) < 0. So Γc does not intersect with the u-axis when u ∈ [0, 1).
Now we show that lim

u→0+
p(u) = −∞. From the above discussion, we see that there

exists A > 0 such that p(u) < −A for all u ∈ [0, a]. Let B = max
0≤u≤a/2

{−f(u)} and

δ = min

{(
A

2B

)1/n

,
a

2

}
. Then for u ∈ (0, δ],

1− unf(u)
p

> 1− −δnB

−A
≥ 1

2
.

Thus for u ∈ (0, δ],
dp

du
= cu−m

(
1− unf(u)

p

)
≥ c

2
u−m.

So

p(u) = p(δ)−
∫ δ

u

dp(s)
ds

ds < p(δ)− c

2

∫ a

u
s−mds, u ∈ (0, δ].

Noticing that m ≥ 1, we see that lim
u→0+

p(u) = −∞.

(ii) Assume that
∫ 1

0
sn−mf(s)ds < 0. Let p0(u) be the solution of (1.3) with respect

to c = c0, where c0 is sufficiently large such that Γc0 does not intersect with the u-axis
when u ∈ [0, 1). From Lemma 2.1 we see that for c < c0,

√
c0p(u) >

√
cp0(u). Since

p(u) < 0 for u ∈ (0, 1), we get that

dp2

du
= 2p

dp

du
= 2cu−mp(u)−2cun−mf(u) >

2c
√

c
√

c0
u−mp0(u)−2cun−mf(u), u ∈ (0, 1).

Noticing that p(1) = 0, we see that for u ∈ [0, 1),

p2(u) < 2c

∫ 1

u
sn−mf(s)ds− 2c

√
c

√
c0

∫ 1

u
s−mp0(s)ds.

Since
∫ 1

0
sn−mf(s)ds < 0, it is easy to see that for sufficiently small c > 0, Γc must

intersect with the u-axis when u ∈ [0, 1). The proof is complete.
Theorem 3.3 Suppose that f satisfies (H2).

(i) If
∫ 1

0
sn−mf(s)ds ≥ 0, then for any c > 0, (3.1) admits no solution, namely,

there is no decreasing and smooth traveling wave front of (1.1) with θl = 1, θr = 0.



No.1 Traveling wave fronts of a degenerate parabolic equation with ... 69

(ii) If
∫ 1

0
sn−mf(s)ds < 0, then there exists a unique c∗ > 0 such that (3.1) admits

at least one solution, namely (1.1) admits at least one decreasing and smooth traveling
wave front with θl = 1, θr = 0 if and only if c = c∗.

Proof Conclusion (i) can be obtained directly from Lemma 3.2 (i). Now, we show

the conclusion (ii). Assume that
∫ 1

0
sn−mf(s)ds < 0. Let

F = {c > 0 : Γc intersects with the u-axis when u ∈ [0, 1)},

where Γc is the path curve of (1.3) exiting from (1, 0) and entering into E = {(u, p) :
0 < u < 1, p < 0}. From Lemma 3.1 and Lemma 3.2 (ii) we see that F is bounded
and not empty. Let c∗ = supF . Then c∗ > 0. Let Γ∗ be the path curve of (3.2) with
c∗ exiting from (1, 0) and entering into E and p∗(u) be the corresponding solution of
(1.3).

We first show that c∗ ∈ F . Otherwise, assume that Γ∗ did not intersect with the
u-axis when u ∈ [0, 1). From the proof of Lemma 3.2 (i) we see that lim

u→0+
p∗(u) = −∞.

Let {ci}∞i=1 ⊂ F with ci ↗ c∗ and pi(u) be the corresponding solution of (3.2) with
respect to Γci . Let ui denote the maximal root of pi in [0, 1). By Lemma 2.1 we see
that ui is monotone decreasing. Thus u0 = lim

i→∞
ui ≥ 0. If u0 > 0, then we get that

p∗(u0) = 0 from pi(ui) = 0, which contradicts that Γ∗ did not intersect with the u-axis
when u ∈ [0, 1). Thus u0 = 0, namely, lim

i→∞
ui = 0. From Lemma 2.1 we see that

pi(u)
√

ci
>

pi+1(u)
√

ci+1
, ∀u ∈ (ui, 1).

Thus

0 <
−u−mpi(u)

√
ci

<
−u−mpi+1(u)

√
ci+1

, ∀u ∈ (ui, 1).

From Levy’s Theorem and noticing that lim
i→∞

ui = 0, we get that

lim
i→∞

∫ u

ui

−s−mpi(s)√
ci

ds =
∫ u

0

−s−mp∗(s)√
c∗

ds, ∀u ∈ (0, 1),

namely

lim
i→∞

∫ u

ui

s−mpi(s)ds =
∫ u

0
s−mp∗(s)ds, ∀u ∈ (0, 1).

Noticing that pi(ui) = 0 and

dp2
i

du
= 2pi

dpi

du
= 2ciu

−mpi(u)− 2ciu
n−mf(u), u ∈ (0, 1),

we see that for u ∈ (0, 1),

p2
i (u) = 2ci

(∫ u

ui

s−mpi(s)ds−
∫ u

ui

sn−mf(s)ds

)
.
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Letting i →∞ and noticing that lim
i→∞

ui = 0, we see that for u ∈ (0, 1),

p∗2(u) = 2c∗
(∫ u

0
s−mp∗(s)ds−

∫ u

0
sn−mf(s)ds

)
,

which contradicts that lim
u→0+

p∗(u) = −∞. So c∗ ∈ F , namely, Γ∗ intersects with the

u-axis when u ∈ [0, 1). Let (u∗, p∗(u∗)) be the intersection point.
Next, we show that u∗ = 0. Otherwise, assume that u∗ > 0. From the continuity of

path curve with respect to parameter, we see that for c > c∗ and sufficiently near c∗,
there exist at least two extreme points u1 and u2 of pc(u), the corresponding solution
of (1.3) with respect to Γc, such that 0 < u1 < u∗ < u2 < 1, pc(u2) < pc(u1) < 0,

u1 → u∗ and pc(u1) → p∗(u∗) = 0 as c ↘ c∗. From
dpc(u1)

du
=

dpc(u2)
du

= 0, we see that

pc(u1) = (u1)nf(u1), (3.2)

pc(u2) = (u2)nf(u2). (3.3)

Let c ↘ c∗ in (3.2), we get that p∗(u∗) = (u∗)nf(u∗). Since p∗(u∗) = 0, we see that
f(u∗) = 0. Therefore, u∗ = a. Thus, f(u2) > 0. So pc(u2) > 0 from (3.3), which
contradicts that pc(u) < 0 for u ∈ (0, 1). Therefore, u∗ = 0, namely, p∗(u) is a solution
of (3.1) with c = c∗.

Finally, the uniqueness of c∗ can be obtained from the proof of Lemma 2.1. The
proof is complete.

From Lemma 2.1, Lemma 3.1, Lemma 3.2 and Theorem 3.3, we get the following
theorem.

Theorem 3.4 Let f satisfy (H2) and c∗ be given in Theorem 3.3.

(i) If
∫ 1

0
sn−mf(s)ds ≥ 0, then for all c > 0, (1.1) admits at least one decreasing

and non-smooth traveling wave front u(z) with θl = 1, θr = 0, and u′+(zl) = 0 ,u′−(zr) =
−∞.

(ii) If
∫ 1

0
sn−mf(s)ds < 0, then for c > c∗, (1.1) admits at least one decreasing and

non-smooth wave front u(z) with θl = 1, θr = 0, and u′+(zl) = 0, u′−(zr) = −∞. While
for 0 < c < c∗, (1.1) admits at least one decreasing wave front u(z) with θl = 1, θr = a,
and u′+(zl) = 0, −∞ < u′−(zr) ≤ 0.

4. Regularity

Now, we turn to the discussion of the regularity of the traveling wave fronts, namely,
for the increasing traveling wave fronts, investigate the finiteness of zl, and for the
decreasing traveling wave fronts, investigate the finiteness of zr.

We first have
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Theorem 4.1 Let u(z) be the increasing and smooth traveling wave front of (1.1)
with f satisfying (H1).

(i) If 0 < n < 1, then zl > −∞.
(ii) If n ≥ 1, then zl = −∞.
Proof We prove the two results respectively.
(i) Assume that 0 < n < 1. Since p(0) = 0 and p(u) > 0 for u ∈ (0, 1), there exists

ε ∈ (0, 1) such that
dp

du

∣∣∣∣
u=ε

> 0. Let A = min
0≤u≤ε

f(u). For any fixed u1 ∈ (0, ε), if

dp

du

∣∣∣∣
u=u1

≥ 0, then from the equation in (2.1),

p(u1) ≥ un
1f(u1) ≥ Aun

1 .

If
dp

du

∣∣∣∣
u=u1

< 0, we set u2 = sup
{

v ∈ (u1, ε) :
dp

du

∣∣∣∣
u=s

< 0,∀s ∈ (u1, v)
}

and deduce

that u1 < u2 < ε,
dp

du

∣∣∣∣
u=u2

= 0 and
dp

du
< 0 for all u ∈ (u1, u2). Thus

p(u1) > p(u2) = un
2f(u2) ≥ Aun

2 > Aun
1 .

Therefore
du

dz
= p(u) ≥ Aun, ∀u ∈ (0, ε).

Integrating the above inequality from z1 to z2 with zl < z1 < z2 < zr and noticing that
0 < n < 1, we see that

z2 − z1 ≤
∫ u(z2)

u(z1)

1
Aun

du ≤
∫ 1

0

1
Aun

du =
1

A(1− n)
.

Due to the arbitrariness of z1, we conclude that zl > −∞.
(ii) Assume that n ≥ 1. Let B = max

0≤u≤1
f(u). Since p(0) = 0, there exists 0 <

b < min
{ c

4B
, 1

}
such that p(u) <

c

2
for all u ∈ (0, b]. Let q(u) =

c

2b
u. Then

p(b) <
c

2
= q(b). We declare that p(u) < q(u) for all u ∈ (0, b]. Otherwise, let

u0 = sup{u ∈ (0, b) : p(u) = q(u)}. Then 0 < u0 < b, p(u0) = q(u0) and p(u) < q(u)
for all u ∈ (u0, b]. However,

dp

du

∣∣∣∣
u=u0

= cu−m
0

(
1− un

0f(u0)
q(u0)

)
= cu−m

0

(
1− 2bun−1

0 f(u0)
c

)
> cb−m

(
1− 2bB

c

)
> cb−1

(
1− 2cB

4cB

)
=

c

2b
=

dq

du

∣∣∣∣
u=u0

,

which contradicts the fact that p(u0) = q(u0) and p(u) < q(u) for all u ∈ (u0, b]. So

du

dz
= p(u) < q(u) =

c

2b
u, ∀u ∈ (0, b].
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Integrating the above inequality from z1 to z2 with zl < z1 < z2 < zr, we see that

z2 − z1 ≥
∫ u(z2)

u(z1)

2b

cu
du.

Letting z1 → zl, we conclude that zl = −∞. The proof is complete.
Now, we turn to the discussion of the case with f changing sign. We have
Theorem 4.2 Let u(z) be the decreasing and smooth traveling wave front of (1.1)

with f satisfying (H2) corresponding to c∗, determined in Theorem 3.3.
(i) If 0 < n < 1, then zr < +∞.
(ii) If n ≥ 1, then zr = +∞.
Proof We prove the two results respectively.

(i) Assume that 0 < n < 1. Let A = min
0≤u≤a/2

{−f(u)}, ε = min

{
a

2
,

(
2c∗

nA

)1/(n+m−1)
}

and q(u) = −A

2
un. We declare that p(u) < q(u) for all u ∈ (0, ε). Otherwise, there

would exist u0 ∈ (0, ε) such that p(u0) ≥ q(u0). Then

dp

du

∣∣∣∣
u=u0

= c∗u−m
0

(
1− un

0f(u0)
p(u0)

)
≤ c∗u−m

0

1− Aun
0

A

2
un

0

 ≤ −c∗u−m
0 .

Since 0 < u0 < ε, it follows that

dq

du

∣∣∣∣
u=u0

= −nA

2
un−1

0 > −c∗u−m
0 ≥ dp

du

∣∣∣∣
u=u0

.

Let u1 = inf{u ∈ [0, u0] : p(u) ≥ q(u)}. If u1 > 0, then from the above discuss,

dq

du

∣∣∣∣
u=u1

>
dp

du

∣∣∣∣
u=u1

,

which contradicts that u1 = inf{u ∈ [0, u0) : p(u) ≥ q(u)}. Therefore u1 = 0, namely
for all u ∈ (0, u0],

p(u) ≥ q(u).

Thus
dq

du
>

dp

du
, ∀u ∈ (0, u0].

Therefore, p(0) > q(0) = 0, which contradicts that p(0) = 0. So

du

dz
= p(u) < q(u) = −A

2
un, ∀u ∈ (0, ε].

Let z1 ∈ (zl, zr) such that u(z1) = ε. Then u(z) ∈ (0, ε] for all z ∈ [z1, zr). Integrating
the above inequality from z1 to z2 with zl < z1 < z2 < zr and noticing that 0 < n < 1,
we see that

z2 − z1 ≤
∫ u(z2)

u(z1)

−2
Aun

du ≤
∫ 1

0

2
Aun

du =
2

A(1− n)
.
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Due to the arbitrariness of z2, we conclude that zr < +∞.
(ii) Assume that n ≥ 1. Let B = max

0≤u≤a
{−f(u)} > 0 and fix u1 ∈ (0, a). If

dq

du

∣∣∣∣
u=u1

≤ 0, then

p(u1) ≥ un
1f(u1) ≥ −Bun

1 .

If
dq

du

∣∣∣∣
u=u1

> 0, let u2 = inf
{

u ∈ (0, u1) :
dq

du

∣∣∣∣
u=s

> 0,∀s ∈ (u, u1)
}

. Then
dq

du

∣∣∣∣
u=u2

=

0 and
dp

du
> 0 for all u ∈ (u2, u1). Since p(0) = 0 and p(u) < 0 for u ∈ (0, 1), we see

that 0 < u2 < u1. Thus

p(u1) > p(u2) = un
2f(u2) ≥ −Bun

2 > −Bun
1 .

Therefore
du

dz
= p(u) ≥ −Bun, ∀u ∈ (0, a).

Integrating the above inequality from z1 to z2 with zl < z1 < z2 < zr, we see that

z2 − z1 ≥
∫ u(z2)

u(z1)

−1
Bun

du.

Letting z2 → zr and noticing that u(zr) = 0 and n ≥ 1, we conclude that zr = +∞.
The proof is complete.
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