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1. Introduction

The coupled KdV system
u, — a (u,,, + Buu,) — 2bpp, =0,
{v, + v, +cup, =0
arises in physics™ ¥, which describes the interaction of two long waves with different

bz b

dispersion relations. It has been proved that system (1. 1) has two- and three-soliton
solutions if there is a special relation between the dispersion relations of the two long
Waves.

In the present work we shall show existence and unigueness of global solutions
satisfying the periodic initial-value conditions

i = ¢
) Ule + 2D, D Uiz, &) 1. 2
Uiz, O) =U,(x)
~or the initial value condition
Ulx. 0 =U,(2) (1. 3)

for the coupled system (1. 1) in the domain QF = { |z <<oo. 0t="7T), whereT >0,
Utz t) = (ulz, ), wiz, ), U fz) = (g () . s (2D )

We shall obtain the solution to the periodic problem (1. 1), (1. 2) as a limit of
solutions to the perturbed system

{u, = — &M, T alu,,, + 6un) 3 2hoy,

By == T BWygee T Yoy T CHB,

(1. 4)

with periodic condition (1. 2). The difficult part of our development, as in all previous
work on the KdV and its generalizations, is in obtaining a priori estimates for the norms
of solutions to the perturbed problem. In the final section we will also state theorems for
the initial-value problermn ¢1. 1), (1.3 analogous to the periodic initial-value problem (1.
M el
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2. The Existence Theorem for the Perturbed Problem

Let us consider the periodic initial-value problem (1. 43, (1. 2). To solve the problem
we linearize system (1. 4) and obtain

Lemma 1 ILet U, € H(— D, D) and f € L,(Q;) be periodic with respect to x unth
period 2D, where f= (f, ), Qr= {(x. 8): — D<<z<D, 0=t <1T), then the linear
parabolic system

J[ﬂ: = + ati,.. +F, . 1
o I Ea P o ,
with the periodic initial-value condition(1. 2) has one and only ome solution U (z, ) and
IR Lowr:mi—n oyt || U w1 g =C Ul srno + |l £l RERY
(20 2y

where O, is a constant. ;

Proof From the theory on parabolic partial differential equation, we can obtain the
existence of solutions to the periodic initial-value problem (2. 1), (1. 2).

In order to get the estimation, we take the inner produet of (2. 1) and U/, then
integrate the resuliant relation over rectangular domain ¢,, we have

fzc¢, & | .L{—ﬂ. a2 U | Eafﬂ,} < [T i,ta,}
+ £l Ep + [ Tl L,(—b. )
Ey the Gronwall inequality, there is
U1 Garscinion = O[3, oot 17l o)

Then taking the inner product of system (2. 1) and vector I/ and integrating the resultant

relation over @,, we obtain the expression
il

Il UI: { = 'E:' El :.-j{—.ﬂ,.ﬂ‘} +E ” E'ira:::: " i_tiﬂr:l £ El E'F&r: H ;-'t{"nrﬂ:' _I_? |I 'f “ I‘j':-':'l}

from which we have
2 1 3

H (L “ Lo {8 Ti Ly (— D, 103 + 2 " U pras ” J?.;{Q.] = ” U es ” 23{—4:-. 0y T = " 3 ” J'-,t{'.}_
Besides, using system (2. 1) and the above results, we can also get the estimation for
I Tl £, - Se the inequality ¢2. 2) holds, which ensures the unigueness of solution.

~ Corollary Let DiD\f(z, ) € L, (Q), U, & H**+2 (D D) for A= 0and k=0,

then for the solution U to the problem (2. 1), (1. 2). we have
DU € L. (0. T: HY(—D, D)) NWH@p
and the inequalily analogous fo the inequality (2. 2) holds.
Using lemma 1, we can show the following result:
Lemma 2 [Let a<-120, be=0, U,(x) € H*(— D, D) be periodic with period 2D. Then
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the periodic imtinl-value problem (1. 4), (1. 2) has at least one generalized global solufion.

Proof We use the Leray-Schauder fixed point theorem to prove. Let B= L_

(0. T:H'(—D. D)) be the base space. Denote Z= L0, T:H*—D D))

[1 W3 " (Qg) . For any function I = (i, #) , we define a two-dimensional vector-valued

function I = (u, ») to be the generalized solution to the linear parabolic system
{u, = = £y, AU, Bra@d, 4+ 2rbod,

I,I‘! bt Ei"j‘l:’.l' T z':':.':.': = {:.Tﬁﬁl'

(2. 3)

with the periodic initial-value problem (1. 2) . where 0 = r =0 1 is a parameter. From

| 7358, || e iﬂasgrp[ﬁl“ & 0l £, e

=¢. &l L. 00, T:L (—D, 0} || & “ Lot T:ly (=0, D)) I 7. ” Ly (@}
<clols
Il raaa, || yop T [ redd, || L =C. 1T || 3
where €, is a constant, we can see that the right hand side of (2. 3) is quadratically
integrable over ¢, . Hence from Lemma 1 the periodic initial-value problem (2. 3), (L. 2
has a unigue generalized solution U (z, &) € Z for every 0<"r<=C"1, This defines an
operator T B—+Z C Bforany 0<»<_1,
It is easy to show that the operator 7., is continuous.
For any T€ B U=TU¢& L.(0.T; H*(— D, D)) | Wic0, T; L*(— D, D)) . For
any ¢, &, € [0, '], using the interpolation formulas we have

!
_f;f:ﬂﬂ]uf:, b —ulx, ) | <O [lud-, & —ul-, ¢ | i.:n:—n.r.l} :
; |l e, ) —ul., ¢t | :f:(—ﬂ.ﬁ']
_Dsgp Ju, (z, t) —u, (z, )| =C, ut+, £) —ul-, &) | ;':{—u.m 5
e, e —ndi i

From the following inﬁ:gral relation

“+r - o i
J iz, &) —wu(z 1)) Yy = -J- { J u, (x, h) dk) *dx

—Lr

=t — | o Hull i L fiL,(—D. 003
we get
Hﬁsgf:ﬂiu{z'.- £y —ulx ) | <O |ta— |-
+ |l l w’fnﬁ" L, (—8. 0)) | Iz AR T AR (=D, DY)
up lw (&) —u(z, 6) | e ft,—t, |V ] x|l ll-l-f;‘{u_i":.t.tt--ﬂﬂ.ﬂ}} g

|| u “ :_.:u T HY =D DY)

For function v, there are same estimates. Hence [ (z, £) and U, (z. #) are Hélder
continuous with respect to ¢ with the order 3 /8% and 1 /8 respectively. Besides, the
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imbedding mapping from H*(— D, D) to H'(— D, I is compact, so the imbedding
mapping from space Z to B is also compact. Therefore the operators T, are completely
continuous for every O0=r="1. It can be seen that for any bounded set M T B, the
continuity of T, with respect to parameter 0 = =1 iz uniform for M B. It is obvious
that I',B is a fixed function.

In order to obtain the generalized solution to the periodic initial-value pmhlam (1.
4), (1. 2), it is sufficient to verify the uniform boundedness of all possible sx::lutmns to

the periodic initial-value condition (1. 2) of the nenlinear parabolic system

Uy = — Eu,.,, + au,,, + Grauu, + 2broy,
(2. 43

W =T EWyggy T Vg - CTUY;
With respect to parameter 0 =Zr =Z 1 . Taking the scalar product of system (2. 4) and vector
leu, 2by) and integrating the resultant relatior over domain @, (0 <Ct<_T) , we have

o o
j {cu*(z, ) 4+ 2bp*(x, ) dr — f (cui 4 2bod) dx
—p —n

0
+ 2 _[ (eus, + 2803 ) dz =0
—0
from which we obtain

(2 eatdT:Ly—non T 2 || U, |l i‘.,m,;
=c ],

o, ny

Besides, from the nonlinear parabolic system (2, 4) we derive the following relations

a fl
a7 f %ufix—!—ej-

Fi

uide = Jar _[ T T £

o — 0 —_0 —
5 .
s 2by J- #{pv.., + Jvv,) dx i A
—0

d J‘ e I. 5 n o

i u.dr + & j pidz = — or j r T (2
d¢ ) _p 2 s o

g 0 irl n

Fr) J up'dr = — ¢ J Uy, 0 82 — 2& J- UDD, o AT

—-p —p ==

o i
—2(1 4+ J vy, dr — Ga j Up v, AT

Fe) -0

. n
-1~ ﬁﬂrj wi pdx

S5
= j utppdr, (3%
—B
d- i n n
e Duar.f:ﬁ' = — 3¢ J uu, __dz + 3a J‘ ute___dx
— — 0 —_
! i
| -+ Bbr -r- upp_da. L B
—mo
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Making a linear combination of the four relation formulas to eliminate three terms

o [ I
J utn_ dr, J‘ TEI T E J. v, 0 . W obtain
— & - -1

: 0

i (-ﬂ + 1 E +3b L] b'?"'!!ﬂ't— {a + l}‘i"‘ﬂa}iﬁ' S ':ﬂ- + 1:'-5' J ﬂfn:i:r
—n

di 2 ==
n

o tr)
e E{rig j ﬂflld:r - bre J‘ :r:;t-’i'iiﬂ —+ 2&re J‘ UL g0 0T

b o =0 —

o

wlu,, dx — Gabr® J uu, v'dz

o

o

+ 3+ 1)re J‘

=0
o

+ 2br*{c — 3a — 3) J u'py, dT 2. 0

n
For the terms which contain e , using the interpolation formulas we obtain

o
| br J’ My pa? 0 | ﬂ-—{m—]—lm f ﬂumix—l—ﬁ-— J vl dz) .+ C,

w1

n

o : o
| 2br J- UDD, ;0T | £%{(a—]—lh J- L,JI—FEF J‘_ﬂﬂ:”drj + €,

o o

n £
L u!’!llirl i "_" { {:'I:l _I_ .!.:I' J :::ﬂ!ﬂf —I" El_ -[ ﬂ:niiﬂ _I_ ﬂl.
o —

o

|3¢a 4 1~ J

—

For the last two terms in the equality (2. 5), we have

o o 7] : o :
I uipp ds << C, Uidz, j uu p'dr = C, Udx

o o

By all the above estimates, the formula (2. 5) can be turned into

'ti Efﬂ+l 1 E'E:' 'z_ el l} Ea)dﬁ
¥ J-_ng 5 e bruy fa+ 1)r

<0 J. Uidz + €,

where (', is a constant independent of » and ¢ . Integrating th¢ mequaht}f over ED T with

respect to £ we have

: firl
J (ﬂ_gl “—|—Eb 2 e Brup® — {a—}—l)rua)imﬂ{?l j_gﬂ:d£+gl
s I

using the interpolation formula and Gronwall inequality to calculate, we obtain
IR Lo (0 T Loy = D D) <K,

where K, is a constant depending only on a, b, ¢ and initial value U, . This shows that the
solutions to the pr;:nhl_e.m ¢2. 4y, (1. 2)is uniformly bounded in B for 0 =<—r == 1 . Therefore
the periodic initial-value problem (1. 4). ( 1. 21 has at least one solution in B and hence in
Z.

The lemma is proved.

Corollary  Let U, (z) belong to H*®T2+*(— D, D) for k=0 and h=0. Under the
conditions in Lemma 2, for the solutions U (xz, 1) to the periodic inifial-value problem (1. 43, (1.
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2), there are D.DVU (x, &) € Z .
3. The a Priori Estimates -

In order to obtain a solution to the problem (1. 4), (1. 2) by taking the limit of
solutions U, (z, ¢) with e tending to zero, it is necessary . to get the estimates for the norms
of solutions to the problem (1. 4), (1. 2) and for the estimates to be independent of 2 .

As a consequence of the proof of Lemma 2, we have the following lemma:

Lemma 3 Under the conditions in Lemma 2, the generalized solubions U, lo the periodic
inifial-value problem (1. 4), (1. 2) admit the uniform estimates

v, || L {6 T:H (=D, D)) +’~f'/: | Ve |l L0 =K,
1T e, 0p <K,
where K| i3 a constant independent of e, D and T .
Lemma 4 Let —1<"a<T0, be=>0, U, &€ H*(— D, D) be periodic with period 2D .
For the solutions U, to the problem (1. 4), (1. 2) there 15 the follouing nequality

” Ht!l ﬂ Lh{ﬂ.‘!'?ﬁri{-'ﬂ-ﬂ'” + v & ” Ij""' H Ly (g0 EEI
where K, i3 a constant, independent of e, D and T .
Proof Using system (1. 4), by lengthy computation we obtain

i n 1 o o
=7, Euf,-:i’r 4 J- ur dxr = 15a J w i dx
—n —b -0
o
+ 2b J u (oo, + S, + 10,0, de (Ap
_E -
ii L l n s} -
E J‘ Euf;dz + £ _[ uf:::'!i:r S G J. ﬂﬂ'y:.“:dI ':"‘i'i:]'
—D -0 =p
I:i o o ..I'J
i J uplde = — ¢ J u,,nz:-f:im — 28 J UV, Uz recBT
! =D —n —pB
T o il o A
2+ 1) UL, Vypeelt — B UY, ¥, 0T + Ba U, v 4T
- — —
o
+ 24 j poldr (A,
J=n
d- 1 FD n n
H ﬂ,_.;!.i'l{ii — J. ﬂ'i'i.i',“im -— 2E J. w:x”urfﬂfj
- -D —D
3 o
—%, 2 J U f{ﬂ '+" 1} [ + fﬁﬂ: + 2_} Vet rar + {lﬂﬂ: _'I"- ]—} T-:':'zj-;':':l:a:::I dx
- [}
] o
-+ Ga J v? (uu,) . dr — 2¢ -J' i, vy, dx ' LAY
= [ — i
d & i : i
EE uu:'.:i'z e I. u:rrtu:‘ii — 2e J- ﬂuf“li’f!.i:ii
—b o =0 —B



e 0 el
—+ 3a J- w ut dz -+ 25 I w u- dx 4 2b J‘ urpy dx

o o ]
+ 45 -[ un, (vv,) Az (A
—p

We make a linear combination of the five formulas to climinate

o D D D
2
J‘ TR TTE T L 8 J TETRET I J up, v 4z and J uus dz,

ful f. o o
namely, multiply the formulas 4, A, A, 4,and 4,bya+ 1. — Gb/ac, 3b/a, band — 5 (a
+ 1) respectively and sum up the products, then obtain

o
z (E—JE Lz, — 3200 o+ bu0* — 5@+ D) uui}.ﬁm =
— 0

fid o FE
— {a + 11.' & J 'i'.ﬁ:_,:xllzﬁ: + 'E_h J‘ '?.i':,_-:_gd-'r = %E J- t:fuzzr:dx

£
— 5 G ¥

B = 2 4
S J UV, Vypns B8 — b2 J‘ u op'dx — 2be j U, DV 120
a —p —p -0
o gy ™
+5a+1)¢ j u,tde + 10¢a 4 1) £ _[ el
-0 —D

- n — &

fa EE’E i e
+ 184 J- uu_vidr + — J‘ vridx + 3ab J‘ 2 (") 1B

D o o
— 2¢b _[ upp_y dr — 30 (a4 1) J wilde — 10 ¢a + 10 b J v, U BT
—D = —D
. ;
— 10+ 105 J uu, (o) A (31D
—b
Using the interpolating inequality, we have
D D
b UV, VyrasaCT L(@+D J Uppe T
g J-p 14 —-D
n
) E I ﬂ:::rdrj + ﬂrl
aa-lk -
£ sy el ) o )
b ﬁ_ﬂu, pidxr =, lfl( (a-+1) j_nu,,u-ir = J‘_nﬂ“"ii -+ 5
& .1 20 B2 = B
=28 J-_Du::t"”uniﬂ: :.‘-:-ﬁ( (a "':I_' 1) -J-_-I:}u.-u'.lri":f$ T EII_'f'-. _ﬂﬂ,-n.,{gﬂ.'-) -+ €, \

st | wud {“1’( g [ —EJ- i *“-’)+G
_uu;u,,“ i_ld o _]_p“"" S o lbaees i

0@+ | wpsdz<z(@+D el i) e
i) wDU?ﬂrﬂrb =13 11 s _u'ut-f:_; ac s TIEE L

E'EJE o I
=== J :w;d-':t-'ﬂ{?l( I ﬂf‘,ri:r:"i—l)

o =il

irl 0 o
3ab J‘ pi(u®) L dx < I'.'?l( J Uedr + 1 ) — 2¢bh J UL U, AT
— 1

== I}
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= G’l( J-_:Uf;:im +1 )

oD

i
30 (a + 1) uu,dxiﬂ’( J -u'f,dr-l-l)

o == ¥ -
ron

D
10 (a -+ 1) poatdr < E,( -[ u? dai - 1)

= [

-
- P

B
10¢a + 1) uu, (p%) . dz £{5'1( J_ﬂ Uedx 41 )

o — I

where €, is a constant depending only on a. b, ¢ and U/, . From all the above inequalities

we can simplify formula (3. 1) to

ij (“_'—1’ 35‘4—3!} *—Iub::,,::’—ﬁfa-blhuuf)dm
T e

o o
+e(2EL M= [ Cotaa)<o | vnas+D
iy g —n =

Integrating the last inequality with respect to ¢ over domain [0, '] and then using the
Gronwall inequality, we get

[ ey S [ Py

where K, is a constant depending ona, b ¢ and || Uy || y2(—p. o

Corollary  Under the conditions of Lemma 4, the solutions U, to the problem (1. 4. (1. 2)
Sakisfy |

| U ll £ to = K<

where K; is a constant independent of e, D and T .

Lemma 5 If —1<<a<<0, be=>0, U, & H'(— D, D) (k=8 is periodic with period
2D, then there are mequalities

100 o mmsngenom + 102 |l f0p SC k=3 4 ) (3. 2)
g whm"e C, are constants independent of £ and I

Proof We show it by induction axioms. From Lemma 3 anu:l 4 the inequality (3. 2)

holds as k=2 . Suppose that inequality (3. 2) holds as k={n — 1 then we prove the

- conclusion as ¥ = x . From system (1. 4) we obtain

i = o 7
-7 Suhdr = —& J‘ ub+:dxr + Ga -I- it a1 dT
dg Zh E —I =
o
+ 2b J U nrp o rdas - E J Uy fgr.ﬂ e —i - gluspa=i) d (B
—B i -

i i 1 = I - F J i ﬂ!
== - —_ — n — " :i"+1 a
7, J_D 5 v onid T £ j_ﬂv, +ada — ¢ __Dﬂv v

2 o
+ ng J. u’:'ﬂr't}:"l't_':i;z " ; (B2)

o] bt
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d n i)
i J. toe—1 (%) o—rdz = ¢ J tnta (37 odz

o i —n
n ; n
4+ 2e J U, (pw,a) o—adz 4 2 (a 4 1) J UpnpUpn+ 1
-D —
: = o _ o :
+5 Eq:‘ J‘ U v ipa—idz == 3a J (u®) o (0P a—rdx
=il =0 —
o
+ 2¢c J- s (upw,) »—adx (B,
s e ;

where ¢/ (j=1,2,3,4:i=0, 1, 2 ..... n) are constants depending on g, b, ¢ and = only.
n

Combining the three formulas to eliminate the term J‘ upp+1de and calculating the
=

combination equality by the interpolation formulas, we obtain

i = :
X J ({a + 1) ule 4 v — 2bu,a—1 (0% a=1) dx
-0

o &

n
+ a4+ 1) e J- 1:=:-+=&T.1-' E El( HE-.;I::: —[— 1)

—n = i

uintade -+ & J‘

From the inc:quzﬂity we obtain the inequality (3. 2) as &k = » . By induction the lemma is
true.
~ Corollary Let —1<Ca-<<0, be>=0, Uyz) € H*T'(— D, D) be periodic with period
20 . Then we have
| Ve | oo nrin,—p oy < K,
where n 15 a nonnegative integer, K, are constants, independent of & and D.

4. Solutions to the Problem (1. 1), (1. 2)

Definition A two-dimensional vector function Uz, &) € L,(0, & H'(— D, D)) is called
a weak solution to the periodic initial-value problem (1. 1), (1. 2), if for any test function
Wiz t) = (wx, ), Wolz, 8)) € WE? | there are
T b
J. j (e~ aw,, u, + Baw e, + 2bw,pe,) dedt
] =

L)

-+ wy (z, ) us{z)de =10 _ {4, 1)

-0

T o
J J' (wge — wy v, — cwun,) dedi
o —D

3 f wy(z, Dy (xide=0 4. 2)
—p

where W (z, t) is periodic with respect to © with period 2D and W (X, T) =0,
Lemma 7  If the conditions in Lemma 2 hold, then the solutions U, (z, £) to the problem (1.
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4), (1. 2) satisfy
é"‘f{]i"r |I 'Hu{ w20 F) Il H™% —b Iy iffi (4. I

where the constant K| iz independent of &, D and T.

Proof Let I/ (z) belong to space H'(— D, D), V tx) = (v,(z), v,(z)) , then
o

D o
F J- l5-’|1"::'5'I'r"':"| g'ﬂi J- vu!:utdml -+ I"::I J- ﬂunﬂrdxl
—p —p

—i

o

voids| e 6a j vt | O | ps o wisions.

5 o

+ |28 j
-0

E ” Y f| Hiq—p, m %ﬂ', " ty |i HE =D, D}

where the constants appearing here are independent of 2, T and D. With the same

computation, there is
| vmdel <l vall oo
Hence estimate (4. 3) holds.
Lemma & [lnder the conditions in Lemma 7. there are
FTC, t - —TC, & | o mpor == K ALV®
N Uz+dz, 3 —utz ) | O e e P
twhere the constants K|, K, are independent of ¢ and D .

Proof We have .
lug-, ¢4+ A8 —ug *, b I L (=0, B

2
SCillute, t4+40 —ucCe, O W fpmllu. t4+40 —ule, 0 || 12, .,
ECL “ L i[ Lo i T:HY (=D B3 " Ty ” ;fi(u.rzh""t—n.ﬂ]uﬂglh
<< K, 4tV

fautzt+dz, ) —uez =3 | Lmm =C, [l = | E_;W.T:H’{—E.DH

I} 1f4
sup ( J‘ (ulzx 4+ Az, £) — uz, E‘J}iuim)
PSS T -0

N :
=0z || u || Lo (0. T:H¢—b, D)) ﬂ-ﬁfzﬂﬂflh
where K, and K, are independent of &, D and T . For function » there are the same

estimates. So we have got the lemma.
Theorem 1 Let it be supposed that the conditions in Lemma 2 are true. Then the periodic

mitial-value problem (1. 1), (1. 2) has at least one global weak solution U (x, t) and
U 6 € Lo (0, T; H'(—D, D)) N ¢T3 (@)

Proof The set of two-dimensional vector wvalued solutions U, (z, &) (¢ = 0) to the
problem (1. 4), (1. 2) is uniformly bounded in the functional space L. (0, T; H'(—
D, D)) or €<z ) (&r) . Hence we can select a subseguence iU, (. £ } from {U, (z. ¢) }
and exists I/ (z. £) . such that as i tends to infinite, &—0, the subsequence {U, (z, ©) }
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converges to U/ (z, £) uniformly in ¢ (3=% 54 ¢or 4 =0 and converges weakly to U (z, £)

in L, (0, T; H'(— D, D)) for 1 < g<_co. Moreover for any t& [0, T],. {H*r o A
converges uniformly to I/ (z, £) with respect to x . Hence

Uz, t) € Lo(0, T: H'(— D, Dy) N3 o)

From Lemma 2 there are

i o
-[; J- fr (wuu*‘ T Bt aeat e - QW gty 2 1 Eﬂwluefﬂ,r,
e -
T 2bwp, v dadt b | wi e D (z)de =0
7 o =
T n
_L j_ﬂ {wuim i Billlaye il ; Worellow cu:rul‘,wt} drdf

o
=T ]’pi_-:r‘;{ﬁ, 0) vy (z) dz = 0

where W (z, t) = (w, (2, &), w,(z. £)) , WE WA (3,) is periodic with respect to z with
period 2D . Let £ tend to infinite, the limit of the two' integral relations is the integral
equalities (4. 1), (4. 2). This shows that I/ ¢z, ) is a weak solution of the pericdic initial-
value problern (1. 13, (1. 2).

Such proof as is used in Lamma 7 gives

Lemma § Let —1<Ta<I0,5c>>0, U,(z) € H'(— D, D) be periodic with period 2D .
Then for the solutions U, to the periodic initiai-value groblem (1. 4}, (1. 2) there stands

R Logtat: 8 Vr—p, b1} =K,

where K, is o constant independent of & and D.

Thecrem 2 If the conditions in Lemma 9 hold, then the periodic initial-value problem (1.
1), (1. 2) has o wnigque gencralized global solution U (x, £) and

Ue L. (0, T; H—D, Dy WL, T: L*(— D, ﬂ.‘:}

Hence U, U, and U,, are Hélder continuous in Gy -

Proof The set of the generalized solutions U, (e > 0) is uniformly bounded in
L0, T HY{— D. D3 ) or WL D, ‘.'!" H~'(—D. D) . We have

sup U (x, &) — U (a, ts = U, &) —UCLs, ) || 2 H {kn m

v g
]

* - =+
y B — UL g |ﬁar?‘ﬂ4}__{:’|a:,.-t|* £

== Dl o 22

so U, U, and U,,, are Halder continuous in r:l-::rmam 2+ . Hence we can select a subseguence

(U, (. )} from {U,(x, &) } and there exists a two-dimensional vector wvalued function

Uz, t) such that asi—oo, &0, U,.U,.and U, _ are uniformly convergent to U, U,

and U/, , respectively in ., U, and U, . are weakly convergent to U, and U, respectively
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in space L (0, T; H(— D, D)) for 1<g<"oco. Hence U(z, &) € L.(0.T;H® (—
D.DV) . Let Wiz &) = (w, (z, t), w,(z, )) be periodic with period 2 with respect to z .

For the solutions L'r., , we have

i n
J. -J‘ ful‘: + ‘eiut'.un — 4 f“d.:'il + Eﬂelut‘rj o Eb'u"'t?.‘,} widxdﬁ
i o
[ s e e o, widt = 0 4. 9
a = ¥ g

From Lemma 5, ~f & || U, suus || £, i5 uniformly bounded with respect toe . Leti—>co.
From integral inequality (4. 4) we obtain
¥ fig
J J ( (u, — a {u,,, + Gun,) — 2bvw,)w, +
-] e [

Tt (ot veee - cup,) wy) dadt = 0 : 4. 5
This means that U (z, £) is a generalized global solution to the problem (1. 2), (1. 1).
Let it be supposed that the problem (1. 1), (1. 2) has two solutions U (z, ¢) and
Tz, t) .Denote Q=U—0, g, =u—4a, q,=v — # . Then @ satisfies

1 i iF
J J (g — agy, — Ba (@,q, + ug,,) — 2b (v,q,+ 6¢,,) ) wdzdi + J‘ I ; (Gs Tt Faraa
[ ] s [ ) —

+c (w9, + 9.0 ) wdzdt = 0 (4. 6)
Taking W to be (g, g, , € 0. go, ). (4. 0) and (Bg, ©g,) . we obtain

lgc-. o || Le—nm=0C || @ I Ly T Ca Il g |l !L,,u'.',} (4. )

¢4, 83

| gete. & | izr—n.m =a el E,{cr. e it —0 )
| gz C=. &) | izn;—n_m = el Ly (0t e—0, 0]

¢ o .
-+ 25 J J G | L apedLdE (4. 9
] =0

i i ful i il
J‘ 0g g fhx = J J g, 8xdt 4= (a -+ 1) J‘ J- ﬂt.:qul;-m-:imda
—p 0 —D o -

¢ D g2 "l
-+ J J ({(2a — 1) v, + Bauw) ¢4, + (Badu, — b, — cuv) §,9x
a w1

+aﬁ::'|?2'?lr f-‘ﬂ!-’;l?.—f- 15' +Ebﬂ!-’,§"ﬂh] dadt 4. 100

respectively, where the constants appearing are independent of ¢ and D). We make the

linear combination uﬁ{d 100 + (4. 8) 4 ¢4. 9) and obtain
EI!? u_ { ] T
Il Q,f s, ) || Ly (=D, T a + T ﬂﬂ?iq#i_ca ﬂ Q | Ll[ﬂ.irH’{—ﬂ. Dy}
sy i
+= | J J‘ B, g Axde | (4= 11

From inequality (4. 6), we also have
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¢ & : ¢ n
l. J T g Adzdf = — J- -J- (F,ee + c30,) qqdxdi (4. 12)
] il a1

R o

From formulas (4. 11}, (4. 12), we get the following relation
e.c.. v | Ly—o.0y C | @, 0 | L (=D, D)
o e 49 ” ¢ EI 2.1{-1 :H'¢—p, D)

Tal-_fing tne sum of (4. 13) and (C,+ 1) (4. 7) we get

o ; s ’ fi]
j Q%z, & +Qi(x, )Y dz<ZC, f _J’ (Q@*+ @) dxdt
=0 a =

(4. 13)

- from which we abtain

o
j @+ Qb dz = 0

0

Hence the periodic initial-value problem (1. 1), (1. 2) has only one solution.
Therefore the theorem has been proved.
Theorem 3  If the conditions tn Theorem 2 hold, then as & tends to zero, there are

10—, 1l o, =0hH

; L h__i' : :
| @=0)ulsap =0T, a=1, 2

Proof Let Z, =y, —u, Zy=vp,—v, Z= (Z, %) .From integral relation (4. 5)

and system (1. 1) we have

: Jr‘ : j._: &y + ey, — aZ,,,, — Ba (w2, +uZ )

— 2 (0. Lyt 02 ) Yo, By evpne + T,

+e (&, +uZ)) w) dedt = 0
A Iﬂllé!hy computation analogous to the proof of the uniqueness in Theorem 2 provides
the following inequality

" L, £ H }"1{._'”' o E{jx JI Z H i,{ﬂ::ﬂ‘:—n. oy}

_ -+ e’ ( H U, H :, 1@, e H I‘r:;‘ ” Ly -:cr{}:'

where €, is a constant, independent of 2, D . From Lemma 5,
el Vs ll Zyap + 2 8 Ve I 3
is unifermly bounded with respect to » . Hence there are
V20 serinicmoo <€ and 2| ,_q, =0eh

Then using the interpolation formula, we hawve
g . R T 23 /2
fZa¢s, & I Loot—=0,0) T | ZCs, 0 | w2 ¢.. o | H¥{—p, O)
- Therefore

gL
! Zo | Eo e — U fﬁéh_'i) . k=1, 2)
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Also the classical solution to the periodic initial-value problem (1. 2), (1. 1) is
obtained by the limiting process of the solutions to the perturbed problem ¢1. 4). (1. 2) as
e—0, :

Theorem 4  If the conditions in Theorem 2 hold, U,(z) € H*(— D, D) (k =4, 5, 6,
o) 18 20 -periodic, then the periodic initielvalue sroblem (1. 1), (1. 2) has one and only one
classtcal global solution U (z, £) and’ .

Uiz, 8 € L, (0, T; H'(—D, Dy) MWL, T: H = *(— D, D))

5. Solutions to the Initial-value Problem

The all priori estimates stated above of the generalized solutions to the perturbed
system (1. 4) under the periodic initial-value conditions (1. 2) is independent of not only
£ but also D . Considering the usual approach of the solutions U, to the perturbed periodic
initial value problemn (1. 4), (1. 2) as D converges to infinite as given in [4, 5] ete, we
can get the following results.

Theorem 5 Let —1<Ta~<Z0, be>>0, Uy{x) belong to space H(R) . Ther the initial
value problem (1. 1), (1. 3) has a unique generalized global solution U (x, £) and

Uiz, ) € Lo (0. T; H'(R)) NW2 (0, T: Ly(R)

Theorem B Under the conditions in Theorem 5, for the solutions U, to the perturbed initial
value problem (1. 4), (1. 2) and the solution U to the initinl value groblem (1. 1), (1.3}, wé
have :

| —u, | Eotapy =0 (e%) :
[t
| W—=Upull o e, =06" * ), (k=1 2

Theorem 7 Leta—+ 10, be=>0, U,(x) € H* (R} . For the initil value problem (1.
1), (1. 3), there exists at least one weak solufion.

Theorem 8  Suppose that system (1. 1) satisfies — 1 <"a=<20,be>=0, U.,(2) €
H'(R) (n == 4) . Then the problem (1.1), (1. 3) has one and only one classical soliticn U (z, t)
and i

Ui iy Lo (0T HXOR e Wil 0s o Fe= (RY)

References

1) Hirota R. and Satsuma J. . Soliton solution of a coupled KdV equation, Phys. Leil.
LSA (18811, 1—9, 407—408.
2] Chowdhury Q. R. and Mukherjee R., On the compiete integrability of the }iimtail
26



Satsuma system, J. Phys. A:Math Gen., 17 (1984), 231 —234.

3] Hirota R. and Satsuma I. . J. Phys. Soe. Jpn. , 51, 3390 (1982).

C4] Zhou Yulin & Guo Bolin, The periodic boundary problems and initial value
problems for the systems of the generalized KdV type of higher order, J. Math.
(Chinese) 27: 2 (1984), 154—176.

C5] Zhou Yulin & Guo Boling, A class of general systems of KdV type (1), Acta Math.
Appl. Sindca, 1:2 (1984), 153— 162.

(6] Bona J. L. and Smith R., The initial-value problem for the KdV equations, Phil,
Trans. Roy. Soc. London, A278 (1985), 555—601.

30




