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Abstract. In this paper, we present and analyze a single interval Legendre-Gauss
spectral collocation method for solving the second order nonlinear delay differential
equations with variable delays. We also propose a novel algorithm for the single
interval scheme and apply it to the multiple interval scheme for more efficient im-
plementation. Numerical examples are provided to illustrate the high accuracy of
the proposed methods.
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1. Introduction

Delay differential equations (DDEs) constitute basic mathematical models for real
phenomena, for instance in engineering, chemical process, economics and biological
systems. Over the past few decades, rapid progress has been made in numerical meth-
ods for various DDEs, see, for example, [2, 3,6,33] for an overview. Many numerical
schemes mainly based on the Taylor’s expansions or quadrature formulas introduced
for initial value problems of ordinary differential equations (ODEs) have also been fre-
quently used for numerical solutions of DDEs (cf. [7,16,17,20]).

As we know, spectral methods are widely used in numerical solutions of partial
differential equations (cf. [4,5,8,10-12,24,25]), which have become powerful tools
for solving many kinds of differential equations arising in various fields of engineer-
ing and science. Among many types of spectral methods that are more applicable and
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frequently used are collocation methods. In recent years, spectral collocation methods
have become increasingly popular in numerical solutions of initial value problems of
ODEs and DDEs due to their high-order accuracy and easy implementation. For in-
stance, Guo et al. developed several Legendre-Gauss-type spectral collocation methods
for initial value problems of ODEs (cf. [13-15,26]); Kanyamee and Zhang [19] investi-
gated the Legendre/Chebyshev-Gauss-Lobatto spectral collocation method for solving
Hamiltonian dynamical systems; Ito et al. [18] proposed a Legendre-tau method for
linear DDEs with one constant delay; Ali et al. [1] developed a Legendre collocation
method for linear DDEs with vanishing proportional delays; Wei and Chen [28, 29]
studied Legendre collocation methods for linear Volterra integro-differential equations
and linear Volterra integro-differential equations with pantograph delay. Actually, due
to the nature of the DDEs and the behavior of the solutions, it is a difficult task to de-
sign efficient codes for the numerical solutions of DDEs, particularly, for the nonlinear
DDEs. Very recently, we note that Wang et al. [27,30] presented Legendre-Gauss-type
spectral collocation methods for solving first order nonlinear DDEs. However, to the
best of our knowledge, there are few discussions on the numerical methods for second
order nonlinear DDEs.

The aim of this paper is to develop a Legendre-Gauss spectral collocation method
for solving the second order nonlinear DDE with variable delay:
U'(t)=f(U@),U'(t),V(t), W(t),t), 0<t<T, 1
Ut = olt). U'(E) = 1), t<o o

where V(t) = U(t — 0(¢)),W(t) = U'(t — 6(t)), f, e are given functions and the delay
variable 6(t) > 0.

We first propose a single interval Legendre-Gauss spectral collocation scheme for
problem (1.1) motivated by [15,27], and design a novel algorithm by full utilizing
properties of the Legendre polynomials. Roughly speaking, we expand the numerical
solution by a truncated shifted Legendre polynomial series, and collocate the numerical
scheme at the Legendre-Gauss points to determine the expansion coefficients. For more
efficient implementation, we also introduce a multiple interval Legendre-Gauss spectral
collocation scheme. These approaches we present here have several striking features:

e The single interval Legendre-Gauss collocation scheme can be implemented easily
and efficiently for nonlinear problems due to the proposed novel algorithm (see
Subsection 2.2).

e The multiple interval Legendre-Gauss collocation scheme enable us to solve the
resultant system efficiently and economically. Specifically, if T" is large, we can
divide the solution interval (0,7") into subintervals and solve the subsystems suc-
cessively. Moreover, the resultant system for the expansion coefficients of the
numerical solution with a modest number of unknowns can be solved quickly.

e In actual computation, we only need to store the expansion coefficients of the
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numerical solution in the related “delay” subintervals to recover the solution in
the current subinterval, which saves a lot of work.

Some numerical examples are given to confirm the theoretical results. It is shown
that the proposed single/multiple interval Legendre-Gauss collocation scheme and the
algorithm are numerically stable and possess the desired spectral accuracy.

The rest of this paper is arranged as follows. In Section 2, we introduce the sin-
gle interval Legendre-Gauss spectral collocation method and design an algorithm for
it. The error analysis is also given for the single interval scheme. In Section 3, we
propose the multiple interval scheme for more efficient implementation. In Section 4,
we present some numerical experiments to demonstrate the theoretical results. We end
with some concluding remarks in Section 5.

2. Single interval Legendre-Gauss collocation method

In this section, we shall introduce and analyze a single interval Legendre-Gauss
collocation method for the DDE (1.1), based on the Legendre-Gauss interpolation.
2.1. Preliminaries

Let L;(z),z € [-1,1] be the standard Legendre polynomial of degree /. It can be
defined as the normalized eigenfunction of the singular Strum-Liouville problem

(1 —2H)L)(x)) + 11+ 1) Ly(z) =0, ze[-1,1], 1>0. 2.1)
The shifted Legendre polynomial Ly ;(t) is defined by (cf. [13])

2t
Ly(t) = Ll(f . 1), tel0,T], 1=0,1,2---.
Particularly,
2t 6t> 6t
LT70(t) = 1, LT71(t) = T — 1, LT72(t) = ﬁ — ? + 1, (223)
o /2t 3 3t 3
Using the properties of the standard Legendre polynomials we can get (cf. [13])
2t
1+ I)LTJ_,_l(t) — (21 + 1)<T — 1) LTJ(t) + ZLTJ_l(t) =0, [>1, (2.3)
and 2(20 4 1)
+
L) = Lpyy () = === La(t), 12 1, 24)

Obviously, the set of Ly, (t) forms a complete L?(0, T)-orthogonal system, namely,

T

. 2.5
2 + 1517m7 ( )

T
/0 Lt (t)LT’m (t)dt
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where d; ,, is the Kronecker symbol. Hence for any v € L?(0,T), there holds

.. 241 (T
o(t) =D alra(t), %= [ (O Lra(0)dr. (2.6)
1=0 0
Moreover, by (2.1) we have
RN (l+1)T
Ly () Ly T — t)dt = ———01m, [,m>1. 2.7)
0 ’ ’ 2041

Using some classical properties of the Jacobi polynomials, we can deduce that

(1+2)(+ DIl —1)T
20 +1 Lms

T
/ L)L, (T — t)?dt = I,m > 2. (2.8)
0
Let té-v ,0 < j < N be the nodes of the standard Legendre-Gauss interpolation on
the standard interval (—1,1), and ij ,0 < 5 < N be the corresponding Christoffel

numbers. Accordingly, the nodes of the shifted Legendre-Gauss interpolation on the

interval (0,7) are the zeros of Ly n41(t), denoted by t¥j, 0 < j < N. It can be easily
verify that t:]}’,j = %(té-v +1) and wéﬁ{j = %wJN for0 < j < N.
Denote by Py (0,7) the set of polynomials of degree not exceeding N. By the prop-

erty of the standard Legendre-Gauss quadrature, we obtain for any ¢ € Pon1(0,7)
(cf. [13D),

T 1 N N
/0 o(t)dt = g/_1¢(§(t+1)>dt = g;)wjv¢<%(t§y+1)> = jgowﬁﬁ(t%). (2.9)

Next, let (u,v)7 and ||v||r be the inner product and norm of the space L?(0,T), respec-
tively, i.e.,

T 1
wor = [ ultpovit, ol = (0,0
0
The discrete inner product and the discrete norm are defined as

N

1
N N N 3
(u,v)1,N = E wr ju(ty ;)o(tr ), [ollz,n = (v,0)F N
=0

For any ¢1) € Pon+1(0,T) and ¢ € Py (0,T), we have by (2.9) that (cf. [13])
(&, 9)r = (9, ¥)T N, lellr = [lellr,n- (2.10)

The shifted Legendre-Gauss interpolation operator I yv(t) : C(0,7) — Pn(0,T) is
defined as
IrNv(th ;) = v(t] ), 0<j<N.
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By (2.10), there holds for any ¢ € Px41(0,7T) that
(Ir,nv, @) = (IT,nv, d)T.N = (v, d)T N (2.11)

Note that the shifted Legendre-Gauss interpolation I yv(t) can be expanded as

N
Ipyo(t) = TLr(t). (2.12)
=0

We can infer from (2.6) and (2.11) that

241 2 + 1

U T(IT,NU,LT,l)T =—7

For any ¢ € Pn4+1(0,7), let

(v, L7y)7,N- (2.13)

N+1 N
W(t) =Y lr,(t) and  Ipne(t) =D Lr(t). (2.14)
1=0 =0

Then, it can be verified that (cf. [13])
=1, O0<I<N. (2.15)
Moreover, for any ¢ € Py41(0,7) there holds (cf. (2.10) of [13])
¢llr,n < |18l (2.16)

The discrete norm of the higher order polynomial can be bounded by the continuous
norm, as stated below.

Lemma 2.1. For any ¢ € Pn12(0,T), there holds

lllr.n < AnllYlr, (2.17)

where

_ Ly 2N +5
N 2(N +2)2(2N + 1)

Proof. Let (u,v) and ||v|| be the inner product and norm of the space L?(—1, 1), and
let (u,v)y and ||v|| v be the discrete inner product and norm of the space L?(—1,1). We
set p(z) = (L (z + 1)) with z € [-1,1], then ¢ € Py2(—1,1). We first show that

lelln < anllell- (2.18)

Let Iny € Pn(—1,1) be the standard Legendre-Gauss interpolation on the interval
(—1,1), we can write

N N+2
Ing(x) =Y @li(x),  ¢lz) =) ali(x). 2.19)
1=0 =0
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Obviously,

. 2l+1 20+1

o= 5 ——Unp, L) = 5 — (e, L))n=¢;, 0<I<N-1. (2.20)

Noting the fact Ly1(t; N)y=0, 0 <j < N, and the recurrence relation

2n+3 n+1

Lyyo(x) = o xLpy1(x) — —y 2Ln(ac),n >0,
we have
PN = 2N2+ 1(IN(P7LN) = 2N2+ 1(IN<,0, Ln)n = 2N2+ 1(907LN)N
2N2+ ! < ZE% oL+ PnLN + Ony1Lnr + P2 Lnto, LN> .
-2 + 1( NLN + PNi2Lln2, LN)N
2N+ ( xi;(ﬁN—i—ZLNaLN)N
o +1( ﬁ;@NH)(LN,LmN
= ON — N T 2<PN+2 (2.21)

Hence, using (2.20) and (2.21) we thus obtain for any € > 0,

N N-1

2 _ 2 2 N+1 2
Ivoll? = 2 _ 2 7<A A )
vl §2l+1(’pl Z2l+1(’pl+2N+1 PN TN gt
_i 2 o ANAD oo 2N +1)2
T 117 T BN+ )N 4 2) NN T ON T )(IV 4 2)2 P2

N
2 2(N +1) 19 2(N + 1)2 9
it N D) N PR+ Gy g o

N-1
_ 2 (1+ (N—i—l)) 2 32
20 +1 e(N+2)/2N +17N
(N +1)(2N +5) N+1y 2
<€+ > Prryo
(N +2)(2N + 1) N +2/2N 57
N+1 (N+1)(2N +5) N+1 )
< 1 . 2.22
< max { +e(N+2)’(N+2)(2N+1)(E N+2)}H | (2.22)

N+1 (N+1)(2N+5)< N+1>

1 =
TN+ T NroeN+ D\ T N2/
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and solve ¢ from this equation, then by a direct calculation we have

N+1 1. V1+4(N +1)2(N +2)2(2N + 1)(2N +5) + 1
e(N+2) 2(N +2)2(2N + 1)
<1+2(N+1)(N+2)(2N+3)+1
= 2(N +2)2(2N + 1)
2N +5

SN T 22eN 1) (223)

1+

From (2.22) and (2.23) we deduce that

/ N+ 1 2N + 5

lellny = lInelln = [[Inell,

Since

which together with (2.24) yields (2.18). Finally, a simple variable transformation of
(2.18) leads to (2.17). O

Let H"(0,T") be the usual Sobolev space, and denote by ||- ||,z and |- |, 7 its norm and
semi-norm, respectively. For simplicity of statement, we sometimes use the notations
9,U and 02U instead of U’ and U”, respectively. In view of (5.4.33) and (5.4.34) of [8],
the following estimates are valid.

Lemma 2.2. For any u € H"(0,T') with integer 1 < r < N + 1, there hold

| Ir.vu — ul|r < TN ~"|ul 7, (2.25)
10 (Ir,nu — )| < T "N 2" Jul, (2.26)
|02 (Iryvu — )| < T" 72N Jul, . (2.27)

2.2. The single interval collocation scheme

In this subsection, we shall construct a single interval Legendre-Gauss spectral col-
location scheme for the delay differential equation (1.1). For this purpose, we denote
by Ay = {t§) : 0 <k < N} C (0,T) the grid set. The single interval collocation
scheme is to find u™ () € Pn42(0,T), such that

{aguNa):f(uN(t),atuN() oM (1), w <t>7> vieAy, (2.28)

t
JuM(0) = U(0) = ¢(0),  9u™(0) = 8,U(0) = dyp(0),

with the delay term

N JuN(E=6(t), VteAy,
v = {cp(t—e(t)), Vte Ay, (2:29)
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and

wh (t) =

{atuN(t —0(t)), VteAl, (2.30)

Oip(t —0(t),  VteAy,

where
Ay ={teAn:t<0t)}, Ay={teAy:t>0(t)}.

For convenience, we set o (t) = u™ (t — 0(t)) and W (t) = 9,u'N (t — 6(t)), then the
collocation scheme (2.28)-(2.30) can be rewritten as: find uV(t) € Pn,42(0,T) such
that u™V(0) = ¢(0), d;u¥ (0) = 9,(0) and

N N ~N ~N 1
S (1) — {f(uNos), O (8), 0N (1), W (2), 1), VEEAN 4
f(’LL (t)a atuN(t)v (,0(75 - 9“))7 8t90(t - H(t))v t)7 Vite A?\f
We have from (2.28) that
RulN () = Ir n f(uN (1), ™ (), N (1), w™ (1), 1). (2.32)
Next, let
N+2
uN(t) = gLyt (2.33)
k=0
Clearly
N+2
O™ (t) = > WO Ly (). (2.34)
k=1
Let
N ~
I f (u™ (2), 0™ (), 0™ (8), W™ (8),8) = Y FuL (1) (2.35)

k=0

Using (2.13) and (2.10) we find for0 < k < N,

2% +1

T
_2%k+1

T
2k +1
T

(IT,Nf(qu atuN7 UNv wN7 ')7 LT,k)T

fi

(f(qu atqu UN) wNv ')7 LT,k)T,N

N
ZWJTv,jf(UN(tJJY,j)a atUN(tzj\“[,j)a UN(tIJY,j)v wN(tIJY,j)v t%j)LTJf(t%j)- (2.36)

=0
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Collecting (2.32)-(2.35), (2.2) and (2.4), we thus obtain (cf. [31])
N+2 N L
=Y WO Lrp(t) =Y frlrk(t) = fo+ ALra(t) + Z SiLrk(t)
= k=0 k=2
N 2 N =
> 7 T T T T
= fo+ fil7Ta(t) + 3 kZ:; Y atLTk—l—l(t) 3 kZZQ T 1atLT,k 1(t)
S Tfy TFn_
= fo+ fil7Ta(t) + ﬁ@e r.N+1(t) + 2(2]J:ZN_11)atLT,N(t)
Z fk 1 at ot Z fk+1 3t a(®)
—_ﬂi_ ;E&L
T 202N + 1)atLT’N+1(t) T3eN 1) HLr.N ()
N1 = ~
T Jr—1 Jr+1
Ty ; <2k: —1 2k+ 3>atLTv’“(t)
Nt1
= Y fu0iLra(t), (2.37)
k=1
where
;o Tfy ;o Tfn-1 ;T Fra _ Fe
e = 22N +1)" "N T 22N 1)’ k=3 <2k:— 1 2k+3> (2.38)

for1<k<N-—-1.

Moreover, using (2.37), (2.2) and (2.4), a direct computation yields (cf. [32])

N+2

N+1
Z k07 Lra(t) = > fu0iLri(t)
k=1
i i N+l
= f10:L11(t) + f20iL72(t) + Z JrOe L (1)
k=3
N4l 7 N+1
~ T T
= A0 Lra(t) + foOiLro(t) + 5 2_: %fi 182 T+ (t) = 5 2:: 32 L j-1(t)
Tf Tf
= HOLra(®) + FadLralt) + g rgs i Lrveat) + 5ne 50 L ()
N— g N+1 7
Z f Z fk 2
+t3 ;:: (t) - 5 Z 2k+15t Lt j-1(t)

k=3
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TN+t o Tfy 9
— _“JINFL g2p )4+ ——IN__52r, ¢
202N +3) * T’N+2()+2(2N+1) e Lo ()
N ~ ~
T fk—l fk-i—l 2
- —_ Ly (t).
+2kzz2<2k—l 2k+3>at Tk(t)

From (2.8) we know that {87 L7 x(t) }x>2 are mutually orthogonal polynomials. Hence,
comparing the expansion coefficients in terms of 97 L1 x(t), the above formula leads to

~ Tfn+1 - T f Ty fya Fra
_ __ 1IN _ - 2.3
INE2ToN 13y N T opN 1) Y 2(2k—1 2/<:+3) (2.39)
for 2 < k < N. Inserting (2.38) into (2.39) we find that
T2 ~
UNio = 2.
NG T EN T aEN 1) (2.40a)
~ T2 ~
= _ > .
UN+1 4(2N+1)(2]\[_1)J"'N , N=1, (2.40b)
T2 ~ T2 ~
N = - N >2 2.40
N 4(2N—1)(2N—3)fN 2 2(2N+3)(2N—1)fN’ = (2.400)
T2 -~ T2 -~
UN_1 = . ., N>3 2.40d
N 4(2N—3)(2N—5)fN s 2(2N+1)(2N—3)fN L V23, (240d)
N T2 -~ T2 -~
TG T VYo Ty S L TO T R S L
T2 ~
2<k<N—2 2.40
+4(2k:+5)(2k:+3)fk+2’ == ’ (2:40e)

where {fk}ffzo is given by (2.36). Next, substituting ¢ = 0 into (2.34) and noting the
fact 9, L7,x(0) = +(—1)*"1k(k + 1), we have by (2.28) that

N+2
> (=D k(k + 1) (2.41)
k=2

~ T 1

Furthermore, taking ¢ = 0 in (2.33), a combination of (2.28), (2.41) and the fact
LTJC(O) = (—1)k yields

N+2 T 1 N+2
o =U(0) = > (- =U(0) + F0U0) + 5 S (=DF(k = 1)(k + 2. (2.42)
k=1 k=2

In actual computation, an iterative process can be used to obtain the expansion

coefficients {ﬂk}]k\foz, as stated below. This algorithm is much easier, simpler and faster

to implement.
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Algorithm 2.1
1: Compute the values of vV (t) and w™ (¢) for t € A};

2: Provide an initial guess for the coefficients {ay }r 7

3: Compute the values of f(u (tTJ),atu (tN,J), (tTJ),wN(t:]}f’j),tﬁj), 0<j <N by (2.33)
and (2.34);

4: Compute the coefficients {fk}g o by (2.36);
5. Compute the coefficients {ay} o by (2.40)-(2.42);

6: Renew the data of u™¥(t) and d;u® (t) for t € Ax by (2.33) and (2.34), and the data of vV (¢)
and w¥ (t) for t € A}V by (2.29) and (2.30);

7: Repeat steps 3-6.
8: Compute u™¥(T) = ZNH ur by (2.33).

2.3. Error analysis

In this subsection, we shall analyze the convergence of the single interval colloca-
tion scheme (2.28). For this purpose, we set

EN(t) = uN(t) — IrNU(t).

Let
Gy (t) = IrNOFU(t) — O NU (). (2.43)

Due to (1.1) and definition of the interpolation operator I v, there holds
I NOFU(t) = I f(U(1),0U (1), V(8), W (1), 1) = F(U (), 0U(t), V (1), W(t), 1)
for all ¢ € Ay, which together with (2.43) implies that
RIrnU(t) = fFU®),0U(t),V(t), W(t),t) — GP,(t), VteAy.

Thus, we obtain

O Ir NU(t)
o f(U(t)v atU(t)v V(t)’ W(t)’t) - GCZZ\“T,l(t)v te A}V’ (2 44)
| FU®),8U @), 0t — 0(1)), Dot — 0(t)), 1) — G (1), te Ay '
Further, we denote
i (% £, A U(<t)>’wfjvv <(t>)’t)N< £).1) AL
N _ eI NU(E), 07 (¢ 0 ,t), t e s
Gralt) = (1) D0 (). (2~ 0(0).Dplt —10)).) (245
F@™N (), 01 NU (), p(t — 0(t)), Orp(t — 0(1)), 1), t € AR,
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l f(?f](vf(t)’%NaUI( e o e ) Al
B —fUrnN I N , t),w” (t),t), te Ay,
CTa) = (1) 0 (), (0 — 0(0), elt — 00011 (240
( —f(IrnU(t), 0 I NU (), o(t — (1)), pp(t — 0(1)), 1), t €AY,
( f(IT(,NU( )(a)tITNU( )( 5 (fv)é?N(fv)ét)) ). X
_J —fUrnNUQR), IrnOU t t), te AL,
LA =N (0 xU(), DnnU(). 2t — (8. Dplt— 6(2).1) @47
_f(IT,NU(t)vlT,NatU( )7(10( 9( ))7815(10( (t)),t), te A?V?
f(Ir NU), Ir NOU (t), 0N (), 0N (£), 1)
GP5(t) = { — fIr,NU @), IrnOU(t), Ir NV (t), 0N (1), ), t € AL, (2.48)
0, t e A%,

)
— fIrNU®), IrnO U (8), Ir NV (8), I nW (B),8), T € Ay, (2.49)

f(IT,NU(t),ITW@tU(t) ITNV( ),U)N(t),t
Gre(t) {
0, te Ay

Subtracting (2.44) from (2.31) yields

6
FEN(t) =Y GF,;(t), teAYyUAy={tf,: 0<k< N},
et (2.50)

EN(0) =U(0) — IrnU(0), O.EN(0) = 0,U(0) — 8 Ir,nU(0).

We now multiply the first formula of (2.50) by 20, E™ (¢}, )wy,, and sum the re-
sulting equation for 0 < k£ < N to obtain

6
20BN, 0fEN)r v =AY, (2.51)
7j=1

where Ag}f’j = 2(6tEN,G¥’j)T7N. Since 0, EN € Py.1(0,T) and 0?EN € Pn(0,T), we
use (2.10) to assert that (O, EN,02EN )y n = (0:EN,0}EN)r. Thus, by using integra-
tion by parts, (2.51) reads

|8, EN(T ZAT i+ 10 EN(0))2. (2.52)
7j=1

Noting that G%l € Pn(0,T), using (2.10) we find for any £ > 0,
1
AZ1| = 20, BY, GT 1N = [20BY, Gra)r| < ello BN |7 + —[GTall  (2.53)

Inserting the above inequality into (2.52) gives

6
1
QBN <37 A, + 0BV I+ ZIGH I + 10N (0) (2.59
=2
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Since for any v € H'(0,T) (see p. 279 of [13]),

max |v(t)] < T2 |v|r + T2 ||8w]|7, (2.55)
te[0,7

The above inequality together with (2.26) and (2.27) yields for 0 < ¢ < T that

0Ly NU(t) — U ()] < T2 0y(Ir.xU — U)|l + T2 |0} (Ir,nU — Ul
Ul (2.56)
which implies that

10.EN (0)] = [8,U(0) — 8 I yU(0)] < T" 2 N2~ |U|, 7. (2.57)
Further, with the aid of (2.55), (2.25) and (2.26), we obtain for 0 < ¢ < T that

\IrNU(t) = Ut)| < T2 |{IpnU = Ullg + T2||0y(IrnU — U)|7
< eI EN:|Ul . (2.58)

which implies that
|EN(0)] = |U(0) — Ir yU(0)| < ¢TI 2N 2" |Ul, 1. (2.59)
Lemma 2.3. IfU € H"(0,T) with integer 3 <r < N + 1, then
IGN |l < ¢T" N2 |U], 1. (2.60)

Proof. Utilizing (2.25) with 92U and r — 2 instead of u and r, respectively, we have
for any integer 3 < r < N + 3,

| Ir nO2U — 02U ||r < cT"2N*"|U|,.1, (2.61)
which together with (2.27) yields for any integer 3 < r < N + 1,
7
IGF 1 llr < | Ir NOFU = 07U |7 + |07 (U = Ir NU)||7 < ¢T" N2 |Ul, 1.

This ends the proof. O

We now consider several typical f and analyze the numerical errors. Hereafter,
[ denotes a certain positive number less than 1, and ¢(e) denotes a positive constant
depends on ¢.

Case I. Consider (2.31) with the linear variable delay:

0(t) =\, 0<A<L. (2.62)
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We assume that f(z1, 29, 23, 24, t) satisfies the following Lipschitz conditions with
respect to z1, 29, z3 and z4, respectively. Namely, there exist real numbers ~1, v2, 73, 74 >
0 such that

|f(21, 20, 23, 24, t) — f (21, 22, 23, 24, 1)| < 1|21 — 21, (2.63)
|f (21, 22, 23, 24, t) — f (21, 2, 23, 24, )| < 2|22 — 23], (2.64)
| f (21, 22, 23, 24, 1) — f(21, 22, 23, 24, t)| < 3|23 — 23], (2.65)
|f (21, 22, 23, 24, 1) — [ (21, 22, 23, 24, t)| < yalza — 2. (2.66)

Clearly, in this case, A?V = (). From (2.64) and (2.16) we obtain
G llrn < A2lldu(w™ = IrNU)lmn = 22|10 EY 7.5 < Y2l 0B |7 (2.67)
Using (2.63) and (2.17) we have
1GTsllrn < illu® = IrnUllry = nllENlry < v ENlr- (2.68)
From (2.64), (2.10), (2.25) and (2.26) we infer that

HG¥4”T7N < Y||0r,NU — It nOU |1 n = 2|0 Ir,NU — I7 NOU |7
<Y (10:(Ir,nU = U)|l7 + |6,U — Ir nO:U || 1)
< ITINET|U (2.69)

Moreover, using (2.65), (2.17) and (2.25) we get

1GY sy < 8™ = IrnView < v wlloY — InnViir
<y (|7 = Ve + |V = IrnV] 1)

< w1 =N 3U = | + TN |Ur
1 1
< w1 =N 2| EN|lr + 378 (1 = N2 |U = IpNUl|7 + T"N 7" |Ulp 1
< 3N (L= N) 72| EN |7 + TN U7 (2.70)

Similarly, using (2.66), (2.16), (2.25) and (2.26) we get
IGFslrn < qall@™ = Inw Wiz n < qull@™ = Ir x Wiz
<y (ll@" = Wiz + W = IrxW||7)
< %L = N2 110U — u™) |l + 741 = )72 |00 ~ IrndU |z
< (1= N2 OB |7+ ya(l = )72 8U — IrwU)||r + TN |U
< (L= N2 0N |7 + TN (U 2.71)

We now turn to the estimation of A% j for 2 < j < 6. Thanks to (2.16) and (2.67)
we deduce that

AT ol = 20BN, GTo)rn| < 200 BN |l | GTsllmy < 20ll0BY 7. (2.72)
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Combine (2.16) and (2.68) we infer that
1
|AY 5| = 120 EN, GF 3)rn| < 2010 EN | on |G 3llnn < el o BN |7 + EHG%IIQT,N
242
< ¢||0: EN||Z + %HENH?T. (2.73)

Next, we use (2.16) and (2.69) to get

|AY 4 = 1200, EN, GF ) ron| < 2010 EN o N |G 4l
< el EN|F + c(e)T* > N*=2"|U|2 1. (2.74)

Moreover, using (2.16) and (2.70) we obtain
1
|AY 5| = 1200 BN, G 5)r.v| < 2010 BV lr NG sl < el EN G + = 1GF5ll7

€
295 (1 =N~
9

< el|o.BNI7 + IEN 7 + c(e)T* N~* U . (2.75)

Similarly, using (2.16) and (2.71) we have

1
AT 6l = 1200, EY, G 6)rn| < 210 EN I N |G sllrn < el BN |7 + EHG’.IA“T,G”%N

295(1 =)
g

~1
<eloEN|F + 10 EV 7 + c(e)T* N2 U7 . (2.76)

Now, we are ready to present one of the main results of this section.
Theorem 2.1. Assume that the conditions (2.62)-(2.66) hold. If U € H"(0,T) with
integer 3 < r < N + 1, and for certain € > 0, there hold

1
373 + 672741 = A) 7% + 595 (1 = A) !
9

(272 +6c + >T <B<1, 2.77)

and
0% (17 + 6nm(1 - N 7F 4530 - 07

. - —T°<f<l  (278)
375 4 67274(1 —A) 72 + 595 (1 — A)~ )T)

E(l — (272 + 6 +

g
Then
|U = uN||p < cgT" 2N |Uly.1, (2.79)
10:(U — )| < egT™ 2N |Ul, 1, (2.80)
and
U(T) = u™(T)| < csT""N2 " |Ul,.1, (2.81)

0,U(T) — 0pu™ (T)| < cgT" 2N 2" |U],. . (2.82)
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In par ticular,
Ult N Hl < T,_lNZ_T» i 2.83
tI[[]Oa7X} | ( ) —Uu ( )| 63] 2 |L | A ( )
Ul(t) — N ) < " 2Nz " r, T .84
tn%gfx} ]E?t (t) — Owu ( )] < cgl 2 ]li\ : (2.84)

where cg is a positive constant depending only on f.
Proof. We first inserting (2.60) and (2.57) into (2.54) to obtain that

BN (T)?
< 26: AT+ e|OEN G + c(e)T* N> |U Ry + T >N |U 2 1. (2.85)
j=2
Next, plugging (2.72)-(2.76) into (2.85) we get that
0, BN (1)
<(5e+ 23+ 2’&(16— )‘)_1>”8tENH% N (’y%’v?v + 27%3%(1 - A)‘1>”ENH2T

+ C(E)T2T_4N7_2T‘U’%7T + C(E)T2T_2N3_2T‘U’%7T + CT2T_3N7_2T’U‘%7T
+ ()T N~ |U |2 1

221_)\—1 2.2 2221_)\—1
73 ( - ) >”8tENH%+(717N+ 7331\/( ) >”ENH%

< (5&7 + 279 +
+c(e)(NT+ T°N3 + TNT + TYHT* N> |U[2 1. (2.86)
We now estimate the lower bound of |3; EV (T)|2. Obviously, for 0 <t < T,
BN (1) = |0, (T)? — /tT 050, BN (5))%ds < |0 EY (T)* + 2|0, B™ ||| 07 EY |-
Integrating the above inequality with respect to ¢ over the interval (0,7") gives
0. N7 < T EY(T) | + 2T |18, B || [|07EY || 7
< TIQEN ()P + <710 [ + 6BV 3. 2.87)
Since OEEN,G%’J € Pn(0,T), we use (2.10), (2.50), (2.60) and (2.67)-(2.71) to de-
duce that
6
107 EN |10 = 07 EN |lmn < D NGF 1w
j=
< (2 + (1 = N DGE || + (nyw +3yn (1 = N 72BN |7
4 TN Ul + T 2N |U g + TN |Ulyp
< (2 + (1 = N 2)GEN ||z + (v +syv (1= A) 72BN ||
+o(T* + N2 + TN 2N""|U|, 1. (2.88)

—_

D=
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Putting (2.88) into (2.87), a direct calculation shows that
N |2 N 2 3T —1\2 N |2
0N < TIOEN(T) + (T + (2 + (1 = N)7H)2) .2V}

3T _1
+ ?(’Yl’YN + v (1= A)72)?| EN|F

+e(e)(T? + N2 + TN2)’ T 3N-2|U |2,
which implies that

1 3 _1
BBV 2 (=2 = 202+ (1= N)73)2) [0.E™ |
9
3 _1
— Z(nww + (L = A) 2)2| BN |3

—c(e)(T? + N7 + TN2 T *N~2|U|? .

Therefore, in view of (2.86) and (2.90), there holds

1 372 4+ 6 1—A)"2 45721 —))""!
(——272—65— V3 + 67274 )72 + 574 ( )
T €
2

gl ~3 B
S?N<4'Y% +67173(1 = A)72 +5935(1 - ) 1) 15717
+e(e)(NT+ T2N? + TNT + THT* AN~ |U 2,

)IoEN |3

or equivalently,

1
373 +67274(1 —A) 72 + 575 (1 — A) ! )7
g

(1 — (272 + 6 +

2 1
< (49 + 6mrs(1 = )72 + 5950 =) )TIEV

+c(e)(N"+T’N> + TN + THT* > N~*'|U |},

Yo EN

On the other hand, it is easy to verify that

(BN @) < [EY ) + 2| EY |70, EY |17

165

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

Integrating the above estimate with respect to ¢ over the interval (0,7"), we get that

IEY 17 < TIEY(0) + 2T EY |7 | 0:E™ ||

1
<TIEN )] + SIEYE + 27210 B |17

which implies
IBYF < 27BN (0)* + 4778, B™ 7.

(2.94)

(2.95)
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For convenience, we set

313 +6707a(1 = N) 72 + 593(1 A>—1>T

dre Aoy =1 — (27’2 + 6 + -

and

2
by
AT e\ 72,74

Inserting (2.92) and (2.59) into (2.95) gives

1 _
dr e A 28y = 1 (4’)’% +67173(1 = A)72 + 57?%(1 - ) 1>T3-

N2
dT7E,)\7'Yl7'YZ Y3574, YN ||E HT
SCT2TN3—2T|U|2’T

-1
+ C(E)dTvav)‘v'yZ Y4

which together with (2.77) and (2.78) implies that

(NT+T2N3* + TN+ THT* N~ |U |2, (2.96)

HENH?F < C(g)dil&)\ﬁfl7“/27“/3,’74,’YNdi1€7>\,’Y2,’Y4(N7 + T°N° + TN' + T4)T2T_1N_2T|U|%T
< egT 'NT2U 2 7. (2.97)
Therefore, a combination of (2.97) and (2.25) yields
U = uN|lr < |U = Ir Ul + |EV|lr < cT"N~" Ul + esT" 2N |Uly
< cgT" 2N2 (U], (2.98)

which completes the proof of (2.79).
Next, we have by (2.92) and (2.97) that

10, EN|2 < egT3NT-2r|UJ2 . (2.99)
This along with (2.26) yields
10:(U = u™) |7 < 10:(U = IrnU)||7 + |0 EN |7 < csT" ENE"|Ul,p,  (2.100)

which implies (2.80).
Furthermore, using (2.55), (2.97) and (2.99), we thus obtain

\EN(T)| < T2 |EN || + T2 |0,EN || < egT" " N2 |U|, 1. (2.101)
A combination of (2.58) and (2.101) implies
U(T) — u™(T)| < |IpnU(T) — U(T)| + |EN(T)| < e T 'N2 " |U}pr. (2.102)
Therefore, inserting (2.97) and (2.99) into (2.86) leads to

0, EN(T)| < egT" 2N |U |, 1, (2.103)
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which together with (2.56) implies
0,U(T) — 0pu™ (T)| < cgT"2N2"|U],. . (2.104)
Moreover, using (2.55), (2.79) and (2.80) we deduce that

max [U(t) —u (8)] < T2 U = uV|lp + T2|0y(U — w7
te[0,T
< egT" N |U . (2.105)
Inserting (2.97) and (2.99) into (2.88) yields
102EN |7 < ¢T" 2N~ |U|, 1. (2.106)
This along with (2.27) implies
102U — u™)|l7 < cgT" 2N~ |U|,.1. (2.107)
Finally, using (2.55), (2.80) and (2.107) we deduce that

max [OU(1) = 0™ (O] < T30 = w)lr + THGFW — w1
te|o,

< egT" 2N |U . (2.108)

This completes the proof. O

Remark 2.1. The conditions (2.77) and (2.78) are necessary for the proof, but they
should not be essential. Actually, some numerical experiments show that the scheme is
still convergent, even if the conditions (2.77) and (2.78) do not hold.

Case II. Assume that the delay function satisfies:
t—0(t) <0, telo,T)]. (2.109)
Moveover, f(z1, 22, 23, 24, t) satisfies the Lipschitz conditions (2.63) and (2.64).

Theorem 2.2. Let U € H"(0,T) with integer 3 < r < N + 1. If the conditions (2.109),
(2.63) and (2.64) hold, and for certain € > 0, there hold

3 2
(272+45+%>T§6< 1, (2.110)
and

169§7%

5(1 — (272 +4e+ 3—?)T>

T3 <p<l1. (2.111)
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Then
U = uN |z < esT""2N2"|U |, (2.112)
16U — u™)||7 < cgT™ 2 N2 " |Uly1, (2.113)
and
U(T) — uN(T)| < csT" N |Ul,.1, (2.114)
0,U(T) — 0u™(T)| < cgT" 2N |Ulp.1. (2.115)
In particular,
Jmax [U(1) — uN ()| < es T N2 |Ul,.1, (2.116)
e (U (1)~ O ()] < egT" 2N |U |, 1, (2.117)

where cg is a positive constant depending only on f3.

Proof. Obviously, in this case, Ay, = 0. Then GJ;(t) = G's(t) = 0 and A, =
A% ¢ = 0. Moreover, the estimates (2.67)-(2.69) still hold. Consequently, the estimates
(2.72)-(2.74) are also valid.

We first inserting (2.60) and (2.57) into (2.54) to obtain that

0, EN(T)?
4
<Y AF +el|OEN G 4 ()T TINTUR p + T AN UR . (2.118)
j=2

Next, we putting (2.72)-(2.74) into (2.118) yields

2.2
GEN(T)P < (32 + 232) |0, EV 5+ X BV
+c(e)(N"+ T*N> + TN T *N~"|U 2 1. (2.119)
Since 8?EN,G¥1 € Pn(0,T), we can use (2.10), (2.50), (2.60) and (2.67)-(2.69) to
deduce that

4
N N N
107 EN [l = 1107 EN |l < Y IIGE I n
=1

< lOEN |7 + AN IIEN | + (N2 + TN2)T"2N""|Ul,r.  (2.120)

Inserting (2.120) into (2.87), a direct calculation shows that

372 3viy3 T
10BN 7 < TIEN (1) + T (= + 22 ) 28N | + == BV
+e(e)(NZ + TN2)2 T 3N-2|U |2, (2.121)
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which implies that

1 32 3~2~2
O EN(T)? > (7 — e — 220,V |3 — LN BN 2,
T 5 5
— c(e)(NZ + TN2)? TN~ |U 2. (2.122)

Therefore, in view of (2.119) and (2.122), there holds

1 33
(7 202 —4e = ) 0BV |3

4 2.2
<IN N2 4 @) (N7 + TN + TN = N2 |02 (2.123)

or equivalently,

373 N2

4343 T

g%HENH% +e(e)(NT + TN + TNT)TZ 3N~ |U 2. (2.124)
For convenience, we set

313

33 167§} T
9

drerqy, =1— (272 +4e + oy
€3 AY2

)T and  drexqy oy =1 —

Plugging (2.124) and (2.59) into (2.95), we find

d 1B 17
T,e, A\ 71,72, VN T
ST N> |UR p + c(e)dpt o, (NT+ T?N? + TNOT* T IN"¥ U2, (2.125)

which together with (2.110) and (2.111) implies that

1EM I < cO)d7e gy o my T epne T+ TN+ TNOTINTHU L
< egT* T INT2UL . (2.126)

Therefore, a combination of (2.126) and (2.25) yields
U —uN | < U = IryUllz + | BN |z < TN~ |Ulg + ¢T3N |Ulr
< cgT" 2N |Ul, 1. (2.127)

This ends the proof of (2.112).
Next, we have by (2.124) and (2.126) that

H@tENH?F < cBT2T’_3N7_2T|U|27T. (2.128)
This along with (2.26) yields

10:(U = u™)|z < 10U = Ir NU)llr + 0B |7 < cgT" 72N |Ulr,  (2129)
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which implies (2.113).
Furthermore, by virtue of (2.55), (2.126) and (2.128), there holds

\EN(T)| < T2 ||EN||g + T2 |0,EN || < egT" N2~ |U|, 1. (2.130)
A combination of (2.58) and (2.130) implies
U(T) — u™(T)| < |IrnU(T) = U(T)| + |EN(T)| < esT" N2 " |U}p.r. (2.131)
Moreover, inserting (2.126) and (2.128) into (2.119) leads to
0,EN(T)| < egT" N2~ |U|, 1, (2.132)
which together with (2.56) implies
0,U(T) — 0pu™ (T)| < esT"2N2~"|U],. . (2.133)
Moreover, using (2.55), (2.112) and (2.113) we deduce that
e [U(?) - u® (t)|
<T3|U = uN g + T2 )0, (U — w7 < esT" "N~ |U], 1. (2.134)
Putting (2.126) and (2.128) into (2.120) gives
|O2EN |p < ¢T" 2N 3" |U], 1. (2.135)
This along with (2.27) implies
102U — u™) ¢ < esT" 2N |U . (2.136)

Finally, using (2.55), (2.113) and (2.136) we get (2.117). O

Remark 2.2. From Theorems 2.1 and 2.2, it can be seen that the errors ||U — vV ||z,
\U(T) — u™N(T)], |0:(U — u™)||r and |0,U(T) — 0yu™(T)| decay rapidly as N and r
increase. The convergence rate is O(N %_’"), which implies that the scheme (2.28)
possesses the spectral accuracy.

Remark 2.3. If fﬁ{tif € L*>(0,7),3 <r < N+ 1, we deduce from Theorems 2.1 and 2.2
that

U
—uN||p < egT"NZ" 2.13
10 = uTllr < esT" N> Le=(0,1)’ (2.137)
U
N < r—1prL—r .
10,(U = u)llr < T N7 =2 e (2.138)
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d'U

_ < r—:arl—r .
U(T) = uN(T)] < e 2 N2 | =2 oy (2.139)
OU(T) — 0™ (T)| < ey N[ LY (2.140)

g t s dt" llLe=(0,1) '

Particularly, if % <T < 1,wetaker =N +1in (2.137)-(2.140) to get that

U —uN|p = OTN=2),  |UT) - (T)| = OTN2), (2.141)
10, (U — ™) |7 = O(T2N=3),  [9,U(T) — 9,u™ (T)| = O(T?N3). (2.142)

3. Multiple interval Legendre-Gauss collocation method

In the previous section, we introduced the single interval Legendre-Gauss collo-
cation method for the DDE (1.1). However, in actual computation, it is not efficient
to resolve the scheme (2.31) for large T with very large mode N. It is naturally to
divide the interval (0,7’ into a finite number of subintervals and solve the equations
subsequently on each subinterval economically.

Let M and N,,, 1 < m < M be any positive integers. We first divide the interval
(0,T] into M subintervals (T;,,—1,T:,], 1 < m < M, such that the set of T}, includes
all breaking points, where To = 0 and Ty; = T. Let 7y, = Ty — Trne1, 1 < m < M.
We shall use u™ (t) € Py, 12(0,7,) to approximate the solution U in the subinterval
(Ton—1,Tim)-

By replacing 7" and N by 7y and N; in (2.31) and all other formulas in Subsec-
tion 2.2, we can derive an alternative algorithm, with which we get the numerical
solution u)' (t) € Pn,42(0,71). Then we evaluate the numerical solutions um () €
Pn,,+2(0,7m), 2 < m < M, step by step. Finally, the global numerical solution of (1.1)
is given by

uN(T a4t =ulm@t),  0<t<7, 1<m<M. (3.1)

Let tNmk and w " 0 < k < Ny, be the nodes and the corresponding Christoffel
numbers of the sh1fted Legendre-Gauss interpolation on the interval (0, 7,,,). We set

AN _{tN7’kaTm 1+tNm — 0Ty 1+tNm)§0, 0<k<N,},
and
Ny = {0 | Ty 407 =0Ty +2m) € (Tj1, Ty, 0< k< Ny}, 1< j<m.

The multiple interval Legendre-Gauss collocatlon scheme for (1.1) is to find /Y™ (¢) €
PN, +2(0, T ), such that

OFubim (t) = f(ulym (£), Oubr (£), 5 (8), W (8), Ton1 + 1), € ANy 5> 0,
Otu N’”( ) = fudm (@), 0ulim (), o(Tn1 +t — 0(T—1 + 1)),

(T +t—0(Tp—1+1t)), Trn—1 + t), tGANm,
uNm(0) = u " (Tnet), Ol (0) = Dl (Tnr),s 2<m< M,

(3.2)
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where
(1) = uN (Tt +t = 0Ty + 1) = ) (Tt — Tjo1 +t — (Tt + 1))
and
@, (t) = Bpu™N (Tt +t = (Tt +1)) = Oyt (Tye1 — Tjo1 +t — O(Tip1 + 1))
Let Uy, (t) = U(Ty—1 + t) for 0 < t < 7,,,. Due to (1.1) we find that

OFUn (t) = (U (1), U (£), VL (£), Wih(£), T + 1), t €N, § >0,
anm(t) JUn(t), 0:Un(t), o(Trn—1 +t — 0(Trn—1 + 1)),

Orp(Tr—1 +t — 0Tt + 1), Trn—1 + 1), te Ay
Upn(0) = Up—1(Tm-1),  0:Um(0) = 8:Upn_1(Tim_1), 2<m < M,
U1(0) = U(0) = ¢(0), 3U1(0) = 8,U(0) = dip(0),

(3.3)
where

VI#)=UTpr1+t— 0T +1) =Uj(Typ1 — Tjo1 +t — (1 + 1))
and
Wi (t) = U (Typ—1 +t—0(Trn_1 +1) = OU;j(Ty1 — Tj—1 +t — 0(Ty1 +1)).

In view of (3.2) and (3.3), we can infer that the local numerical solution u%m(t)
is actually an approximation to the local exact solution U,,(t), with the approximate

initial data um (0) = w7 (Tn—1) and ™ (0) = ™" (Ty1).-

4. Numerical results

In this section, we present some numerical examples to illustrate the performance
of our methods. Let u™¥(¢) be the global numerical solution and denote the pointwise
error

Err(t) = |U(t) — u™ (t)]. (4.1)

For convenience, we shall use uniform time step-size 7,,, = 7 and uniform mode N,, =
N in the test of multiple interval collocation scheme. Throughout this paper, we take
the initial guess iy = 0,0 <k < N + 2.

4.1. Linear variable delay (Case I)

Consider a linear DDE with constant coefficients:
U"(t) = U(t) + 107(t) — U (L) + L0/() + et 4 3¢5, 0<t<T, 4.2
Uo)=1, U(0)=-1, '
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where the exact solution U (t) = e~ .

We first test the single interval scheme for problem (4.2) at different 7', the point-
wise errors are shown in Fig. 1, It can be seen that the numerical errors decay expo-
nentially as N increases. Moreover, we observe that our algorithm is still valid even if
the conditions of Theorem 2.1 may not satisfied for large T. We next test the multiple

interval scheme at 7' = 5 with different step-size 7. Fig. 2 shows that the numerical
errors decay exponentially.

log, , Err(T)

2 3 4 5 6 7 8 9 10 11 12

log, , Err(T)

1 2 3 4 5 6 7 8 9 10

Figure 2: Multiple interval scheme for problem (4.2) at T' = 5.

4.2. Nonlinear variable delay (Case I)

Consider a nonlinear DDE with variable coefficients:
U"(t) = sin(t)U(t) + cos(t)U'(t)

+sin(3)(U(3))? = (U'(3))* +9(t), 0<t<T, (4.3)
U@0)=0, U'(0)=1,
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where g(t) = —1 — sin(t) — sin®(}) + cos®(%), and the exact solution u(t) = sin(¢).

The numerical errors obtained by using the single interval scheme at different 7" are
shown in Fig. 3. It can be seen that the numerical errors decay exponentially. Moreovet,
we observe that our algorithm is still valid even if the conditions of Theorem 2.1 may
not satisfied. The numerical errors at 7 = 5 by using the multiple interval scheme
with different 7 are shown in Fig. 4. It is again shows that the numerical errors decay
exponentially.

Iog10 Err(T)

1 2 3 4 5 6 7 8 9 10 11 12

Figure 3: Single interval scheme for problem (4.3) at different 7.

——1=1
- -O-1=0.5 |
—-1=0.25

1 2 3 4 5 6 7 8 9 10
N

Figure 4: Multiple interval scheme for problem (4.3) at T = 5.

4.3. Linear constant delay (Case II)

Consider a linear DDE with constant coefficients (cf. [9]):

U'ty=-U'(t) -U(t—-1)+1, 0 2
{ ()=-U'()-Ut-1+1 0<t<2 s

Ut)y=1, U(0)=—1, ~1<t<0,
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where the solution is given by

{e‘t, 0<t<l,

Ut) =
) “B4tt+et+(1+t)e D 1<t<2

(4.5)
and there is a discontinuous change of U"(t) at t = 1.
In Fig. 5, we plot the numerical errors at T = 2 by using the multiple interval

method with different 7. It also shows the exponentially converge of the numerical
scheme.

—-—-1=1
- -O-1=0.5{{
——1=0.1]

Iog10 Err(T)

Figure 5: Multiple interval scheme for problem (4.4) at T' = 2.

4.4. Nonlinear constant delay (Case II)

Consider a nonlinear DDE which describes the propagation of a delayed impulse in
an electric circuit (cf. [21,23]):

{ U"(t) = —a1U(t) — agU'(t) — asU'(t — ) + b(U'(t — a))?, 0<t<T,

(4.6)
U(0) =0.5, U'(t) = 2w cos(207t), —a<t<0,

where a1 = 100,a9 = 10,a3 = 25,b = 0.05 and o = 0.1.

In Fig. 6, we plot the numerical solutions of (4.6) for ¢ € [0, 5] by using the multiple
interval method with 7 = 0.01, N = 10. It can be observed that after a short tran-
sient period the solution describes an almost periodic oscillation with nearly constant
amplitude.

We next consider a reference solution at ¢ = 10 with U(10) = —0.5735841564 (cf.
[22]). In Fig. 7, we plot the numerical errors at 7' = 10 with uniform 7 and N. It can
be seen that the numerical errors decay exponentially.

5. Concluding remarks

In this paper, we have presented and analyzed a single interval Legendre-Gauss
spectral collocation method for the second order nonlinear DDEs. We have also de-
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il

2 3 4 5
t

Figure 6: Numerical solution of problem (4.6) with 7 = 0.01, N = 10.

——1=0.1
-0-1=0.05
—0-1=0.01]]

-1

1 2 3 4 5 6 7N8 9 10 11 12 13 14

Figure 7: Multiple interval scheme for problem (4.6) at 7' = 10.

signed an efficient algorithm for the single interval scheme. For more efficient imple-
mentation, we have further proposed a multiple interval Legendre-Gauss collocation
method, which can provide us much flexibility in regard to variable time steps and
local approximation orders. The numerical results demonstrated the efficiency of the
suggested algorithm and confirmed the well-known exponential convergence property
of spectral methods.
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