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Abstract. The block-by-block method, proposed by Linz for a kind of Volterra integral
equations with nonsingular kernels, and extended by Kumar and Agrawal to a class
of initial value problems of fractional differential equations (FDEs) with Caputo deriva-
tives, is an efficient and stable scheme. We analytically prove and numerically verify that
this method is convergent with order at least 3 for any fractional order index a > 0.
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1. Introduction

Fractional calculus [13, 14], almost as old as the familiar integer-order calculus, is
now winning more and more scientific applications owing to its “memory" and “heredity"
principle in a variety of areas, such as viscoelasticity [2], anomalous diffusion [3], control
theory [15], finance [8, 16, 17] and hydrology [1,18]. A recent panoramic view of the
fractional calculus can be seen in [19].

Similarly to the integer-order differential equations, it is usually difficult to obtain the
analytical solution for a fractional differential equation (FDE). So there has been a grow-
ing interest to develop numerical approaches in solving the FDEs. However, the theoretical
studies of fractional numerical methods, including stability analysis and error estimation,
are quite challenging due to the nonlocal property of fractional operators [5,7,12]. In this
context, Diethelm et al [5,7] took advantage of the fact that some kinds of FDEs can be
formulated as Volterra integral equations of the second kind, then derived the fractional
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Adams-Bashforth-Moulton method from the classical case. Significantly, they gave conver-
gence analysis, i.e., for any a > 0 the described method is convergent with order at least
one if the analytical solution y(t) is twice continuously differentiable. In addition, Lin and
Liu [12] developed a kind of linear multistep methods for fractional initial value problems
based on Lubich’s high-order approximations [10] to fractional derivatives and integrals.
And they proved the consistence, convergence and stability of these methods. Neverthe-
less, the unavoidable shortcoming in these linear multistep methods is that one needs to
spend much time in computing the starting weights.

In 2006, Kumar and Agrawal [9] also utilized the equivalent Volterra integral equation
in [5] and extended the block-by-block method proposed by Linz [11] to some kinds of
FDEs. Numerical examples have shown the efficiency and stability of this scheme, i.e., for a
kind of FDEs the performance is better than that of Diethlm’s Adams method [7]. However,
it’s a pity that the error estimate and convergence order analysis of this scheme was ne-
glected. In the present paper, we will derive error estimate and precise convergence order
of the block-by-block method under certain assumptions, and test the order via numerical
experiments.

This paper is organized as follows. In Section 2, in order to facilitate the theoretical
analysis, the block-by-block method is rewritten. We give in Section 3 some preparations
and useful lemmas. The error estimate and convergence order analysis are given in Section
4. Numerical experiments are carried out in Section 5, which verify the theoretical results
obtained in Section 4. Final section is the concluding remarks.

2. Block-by-block method
We consider the following nonlinear FDE
Diy(t)=f(t,y(t)), 0<t<T, n—-1<a<n 2.1)
subject to the initial conditions:
y®) =¢, k=0,1,--+,n—1. (2.2)

In (2.1), DY denotes the Caputo derivative of order a, defined by

Dly(t):= l"(n—a)JO(t T) Ton dr.

Assume that  :=[0,T] X [¢cy — A,co + A] with some A > 0 and f(t,y) € C(Q2). Further-
more, let f fulfill a Lipschitz condition with respect to the second variable on 2, namely

|f(t,.)’)—f(t,z)| < L|y—2|

for some constant L > 0. According to [6], there exists a unique solution y(t) on [0, T]
for the initial value problem (IVP) (2.1-2.2).
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As also mentioned in [6], if f(t,y) is continuous, IVP (2.1-2.2) is equivalent to the
following Volterra integral equation of the second kind

1 t
y(t)=g(t)+ —J (t—1)* (7, y(1))dr, (2.3)
I'(a) ),
where
n—1 tk
g(t) := kZ(:)CkE-

Kumar and Agrawal [9] have extended the block-by-block method [11] for a kind of
Volterra integral equations with nonsingular kernels to Eq.(2.3) in which the integral ker-
nel is singular for 0 < a < 1. For convenience of analysis, we will rewrite this method in
the sequel.

First divide the interval [0, T] into 2N parts with stepsize h = T/(2N), and set t; =
jh(j =0,1,---,2N). The numerical solution of Eq.(2.3) at the point ¢; is denoted by y;.

Let g; = g(t;) and f; = f (¢}, y;).

Now assume that y;(j = 0,1,---,2m), the approximations of y(¢;)(j = 0,1,---,2m),
are obtained. In order to get the numerical solutions y,,,.; and y,,.5, the block-by-
block method presented by Kumar and Agrawal can be described as follows, for m =
0,1,---,N—1,

m—1
2m+2 2m+2 2m+2
Yom+2 = &2m+2 t Z [Wk[,om ]fzk + Wk[,lm ]f2k+1 + Wk[,zm ]f2k+2] (2.4a)
k=0
2m+2 2m+2 2m+2
+ Wn[q,(r)n ]me + Wn[qin ]f2m+1 + W,TEQ” ]f2m+2,
m—1
2m+1 2m+1 2m+1
Yom+1 = gam+1 Z [Wk[,om o+ Wk[,lm o+ Wk[,zm ]f2k+2] (2.4b)
k=0
2m+1 2m+1 2m+1
+ an’g)n ]me + Wn[qin ]f2m+1 + Wn[lﬁn ]f2m+2,
where fori =0,1,2,
(2m2] 1 Eok+2
m —
Wk’l. = m f (tomea —T)° 1q5k’i(’r)d’r, k=0,1,---m, (2.5)
Lok
(omt1] 1 Lok+2
m —
Wk’l. = mj (tomer — T)° 1¢k’i(1)d1, k=0,1,--- ,m—1. (2.6)
Lok
I e [2m+1] . _ .
n Eq.(2.4b), if k=m, W~ (i=0,1,2) are defined as

3 3 1
[2m+1] . _ [2m+1] . _ [2m+1] ._
W = dom +5d W = 7%+t T domsn, W, = —gdomi1 (27)

1
2m+5’

with
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t m
dop 1= L 2 H(tz 11— T WY ne(t)dr,
m l—-(a) tz m m,
1 t2m+l B
d2m+% = m ftz (tampr — T)° 1¢m,1(7)d7,

tom
domr = — | (tamss = Ty a(2)dT.
m+ l—-(a) " m+ m,

Functions ¢ ;(t) (i =0, 1,2) are quadratic Lagrange interpolating polynomials associated
with points tyy, tori1 and tor, 5, precisely,

¢k,0(t) = 2k+12h2 2k+2 ) ¢k,1(t) = Zk_hz 2k+2 ,
(t — to)(t — togs1)
¢k’2(t) = 2k 2h2 2k+1 )

Similarly, v, ;(t) (i = 0,1,2) are Lagrange interpolating polynomials associated with

tyms1 and to,y 1. From (2.5)-(2.7), it is known that Wk[fmﬂ] and Wk[zimﬂ]
2 > >
can be explicitly calculated.

For simplicity, we reduce Eq.(2.4) to

points to,,,

2m
Yom+2 = omt2 +h? Z w2m+2—jfj +h%w1 foms1 +h* 0o fomsa,
o (2.8)
2m .
Yom+1 = Gam+1 +h* D @omio—ifj + @1 fams1 + Do fomsas
j=0
where
wo 1= WE&"HJ /h%,  @opyr = WnEZ_TT]i-;Z] /h%, k=0,1,---,m;
Wok = W1£12_rrli—,"_22] /ha + Wn[qz—nli—-tzl],o/ha; k=1,2,---,m;

2m+2
Wom42 = Wo[,om I/ne,

and @; is defined similarly just by replacing the Wk[’zl.mﬂ]

wim (=01, ,2m +2).

In the remainder of this paper, we will be devoted to convergence analysis of the block-
by-block method under the assumptions D%y(t) € C*[0,T] and fy(x,y) € C(Q). There-
fore, it is necessary to relate the smoothness properties of a given function to smoothness
properties of its Caputo derivatives.

in the definition of wj with

Lemma 2.1. ([7]) For any a > 0, y(t) € c3t1el[0, T], we have

2 yk+lal) ()

Dey(t)=>]

[a]—a+k
k:or(fa1—a+k+1)t + ¢ (t)
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with some function ¢(t) € C3[0, T].

Remark. By above lemma, for y(t) € ¢3*1*1[0,T], D%y(t) € ¢3[0,T] if and only if
y(Tab(o) = y(+laD(g) = y2+2D)(0) = 0. These conditions seem to be quite stringent
and limit the application of block-by-block method. Notice that there exist such kinds of
functions as the most simple one y(t) = t, which satisfy D*y(t) € C3[0,T] but y(t) ¢
c3tlelro, 1.

3. Preliminary lemmas

In our subsequent analysis in Section 4, the following lemmas are needed.

Lemma 3.1. Let

ap = (k+ )" + k41 4+ (k + %) - + 6ko£+2 _a(_kk;r Dl
+12(k+1)0‘+3+k0‘+3—2(k+%)0‘+3 o)
(a+2)(a+3) '
Then for a > 0, we have
iakz o(m%*), m>2. (3.2)
k=0

Proof. For k > 2, we have
B 1 a+1 1 a+1 6ka+2 1 a+2
=k 14 = 1+(1+ = 1—(1+ -
U ( +k) + +(+2k) }+a+2{ (Jrk) }

12ka+3 1 a+3 1 a+3
-_ 1+ - 1—-211
T et @t [( +k) + ( +2k) }

= katl -3++Eoo:(2j+1)(a+1)---(a+1—j+1) 6k 2 EX (a+2)--(a+2—j+1)
B j12k) at2 4 ik

~

=1

12k X2 -2)(a+3)---(a+3—-j+1)

- (a+2)(a+3) = j127ki
=ka+1+z.o(j_1)(j_2)2j+(j_'1)(].4-4)((1—}—1)---(?-}-2_-]')
=2 (+1DG+2)2 itk
- (ak‘l‘ 1(1) Zk—J .

When 0 < a < 1, it is easy to check that for any k > 2, { b; )j =0,1,--- } is an alternate series with

1 1
bo=1¢>0, bl——z(a—1)<0, by = ggla—(@=2)>0
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and { b;l } j=0,1,--- } monotonically approaches 0. Hence it deduces that the infinity series of the
last term of (3.3) converges and

a+1a b a+1)ab
( kl—a) (bo + _l) < ay < ( kl_)a 2 s (3.43)
S (a+1Daby < (a+1)ab; 4L ™ (a+ 1)abg
Z e + Z o < Z a; < Z I (3.4b)
k=2 k=2 k=2 k=2
Consequently,
L L 2 (a+1Dab
Zak ZZak +0(1) :Zﬁ [1+O(1)] +0(1)
k=0 k=2 k=2
(a+1)
=(a+1)bym*[1+0(1)] = m*[1+4o0(1)]. (3.5)

16

Note that for a =0,
3 1 3
ak=3k+§+3[k2—(k+1)2] +2 [(k+1)3+k3—2(k+§) } =0;

and for a =1,

1)? 1\* 1
a=(k+1)*+k*+ (k+§) +2 [k3—(k+1)3] +(k+1)*+k* -2 (k+ E) =3
When n — 1 < a < n for some integer n > 2, it can be checked that for any k > 2, b,
-+, b,_; are positive, and {bj)j =n-— 1,n,---} is an alternate series and {lbj||j =n-1,n,---
monotonically approaches 0. According to the similar analysis dealing with the case 0 < a < 1, we
can also obtain for a > 1, the result (3.2) holds. This completes the proof. O

Lemma 3.2. For a > 0 and j > 2, the following statements hold
wi=0(j*"), wj=0(j*"), (3.6)

where w; and @ ; are defined in Eq.(2.8).

Proof. Here we prove w; = 0 (ja_l); the proof of @; = 0 (ja_l) is similar. Without loss of
generality, we only need to prove

W[2m+2]
k, -
a1k = — 57— = 0 ((2m +1-2K)*) (3.7)

the other results can be obtained by using the same method. According to the definition of Wk[21m+2]’
it results in
[2m+2]
Wia 1 tzm(t _ e (1 —ty)(T = f2k+z)dT 3.8)
ha r(a) 0 2m+2 —h2+a .
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After some operations, the right side of (3.8) becomes

235

-1 Lokt2
RO f (Camez = T T2 = (Lo + tos) T + orlopin]d T
ok
-1 [ 22m+2 —2k)***  2(2m — 2k)*t@
=——— | —2(2m+2 — 2k)*"* — 2(2m — 2k)!** -
Fla+2) | (2m + ) (2m ) 24+a 24+a
—onlta 1 1 (T+2)% (1-2)*e
:L _(1+_)1+a_(1__)1+a+n n _ n
Ia+2) n n 2+a 2+a
_=2n'te T 2 2\ 1 2 2\ 1
—m _(1+(Z)(Z 5—5 ¥+(1+a)a(a—1)(a—2) E—Z F
2 2 1 6 2 2 1
+Q+a)a---(a—4) = 8l $+(1+a)a---(a—) o1 3 $+---
4no1 1 1 1 1)1
= ——— -D@a-2)({—-=|=
I'(a) [(2! 3!)+(a Na )(4! 5!)n2
1 1 1 6 1 1 1
+(a—1)---(a—4) a7 F+(a—1)---(a—) 3 o) ET
=0(n*™), (3.9)
where n = 2m + 1 — 2k. This completes the proof. O

Lemma 3.3. (Gronwall Inequality) Let C; > 0O independent h > 0, C, > 0, and {z,} satisfy the

inequality
n—1

70 Sh“Cy Y (= )* Mgyl + Gy, =
j=0

with 0 < a < 1. Then
(2] < CoE, (GiT()T?),
where E, denotes the Mittag-Leffler function defined as

00

E (x):= Z

k=0

xk

I'ak+1)’
In particular, when a = 1, the inequality (3.11) results in
|Zn| S CZeClT)

The proof of this lemma can be found in [4].

nh <T.

0,1,"‘,71_1, nhST, (310)
nh<T, (3.11)
a>0.

(3.12)

4. Convergence analysis

The objective of this section is to analyze the block-by-block method (2.4) or (2.8). First, we

derive the error estimate.

Theorem 4.1. For a > 0, the truncation error order of the block-by-block method (2.4) is at least 3.
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Proof. It is known that the error of quadratic Lagrange interpolating polynomial is

f(B)(gk: y(&x))

6 (t =ty )(t = top1 J(t — topin), & € (tog, togsa)-

Notice that f(t, y(t)) is three times continuously differentiable, so there exists a constant C such

that
[F 3, y ()
6
Then the truncation error of the first formula of Eq.(2.4) is

<c, telo,T].

m 1 Cok+2 3) ’
Z (@) J (tomya — T)a_lw&' — 0 )(T = top 1 )(T = topin)dT
k=0 or

C m Lok+2
<= ZJ (tomia —T)* |(T =t )(T — top1 )T — t2k+2)| dr. (4.1)
I'(a) ¢

Let estimate the integrals on the right-hand side of (4.1):

1 m Lokt2
m ZJ (tomiz — T)e ! )(T — to )T =ty )(T — t2k+2)) dt

k=0 vt
2a+2ha+3 m 1 a+1 ka+2 _ (k+ 1)a+2
- k 1 a+1 ka+1 k _ 6
F(a+2)k2=0:{( T +( +2) * a+2
(k+1)%3 k3 -2 (k+ 1)
+12
(a+2)(a+3)
2a+2ha+3 m
=) q. 4.2)
Ia+2) par
According to Lemma 3.1, we have
WY q =R 0([hm]*) = B*o(T*) = 0(h*). (4.3)
k=0

Consequently the order of error is at least 3. The error analysis for Eq.(2.4b) has the same conclu-
sion at the expense of more additional work. O

Remark. In fact, instead of using complicated Lemma 3.1, one can obtain Theorem 4.1 from
formula (4.1) directly. The reason why we established Lemma 3.1 is that based on the method of
proving this lemma, one can explicitly explain why the numerical convergence order often demon-
strate as 3+ a with 0 < a < 1 and 4 with a > 1 in many numerical experiments. Actually, when the
right hand side function f(t,y(t)) of Eq.(2.1) is three-time continuously differentiable, then the
values of f®)(t, y(t)) do not occur fierce changes on a small interval. Thus the truncation error of
formula (2.4) may be approximately represented as

Cl m Lokta
(t — )T =t )T =t )T = typan)dT
T () ;LM 2m+2 2% 2%k+1 2%k+2

_M N a’ 4.4
6I'(a+2) & ko ‘
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where C; is a value of f®)(¢t, y(t)) at a certain point and

, (k + 1)3+a _ k3+a (k + 1)2+a + k2+a
a, =12 —
2+a)3+a) 2+a

+ (k + 1)1+a _ k1+a.

Using similar method for proving Lemma 3.1, one can know the series Z;’;O a; is convergent for

O0<a<1,and
m

Za,’c =0(m*™) for a>1.
k=0

Thus we know the reason that some numerical convergence order approach 3+ a with0 <a <1
and 4 with a > 1.

Finally, we state the main result of this paper, i.e., the convergence order of the block-by-block
method is at least 3. Thus this method can provide enough accuracy in practical computation.

Theorem 4.2. The block-by-block scheme (2.8) for Eq.(2.1) is convergent. Moreover,
leal = 1y(t) = yul = O(h°) for n=1,2,---. (4.5)
Proof. According to the mean value theorem, there exists L; holding that
Fley(&))— f(t5,y;) =Li(y(t;) —y;)=Lje;, j=0,1,---,2N,

where e; = y(t;) — y;. In terms of f(t, y) satisfying Lipschitz condition and f, (x, y) € C(£2), then
|L;| < L. Thanks to Lemma 3.2, there exists a constant C satisfying

max{|wol, |w; ], [@gl, l@ [} < €, max{lwjl,lal} <Cj*7Y, j=2,---,2m+2.

Note that

2m

Y(tomia) =8(tamin) +h° Z Womya—if (£, y(t;)) +h* w1 f (tamer, Y (tomin))
=0

+h*wof (tamsas ¥ (tamia)) + O(R),

2m

Y(tami1) =8(tamiq) +h° Z Domia—if (), y(t;)) +h @ f (tami1, Y (Eamir))
=0

+h*@of (tomyar ¥ (tomia)) + O(R3),

and

2m
Yom+2 =8am+2 T h® Z Womya—if (t;, ;) +h* @1 f (tamir> Yome1)
=0

+h%wof (tamtas Yam+2)s

2m

Yom+1 =8&2m+1 +ha2w2m+2—jf(tjsyj) +h*@ 1 f (toms1s Yome1)
[

+h%@of (tams2s Yomta)-
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We then obtain

2m
2m+2 = 2m+2—j+~j%j 152m+1%2m+1 0+2m+2%2m+2 >
e h* > w L.e;+h%w,L e + h%wyL e +o(h®)
7o (4.6)

2m
— La a a 3
eomi1 =h* D, Domia—jLjej +h*@ Loy yieamyr + h*@oLopiaeomin + O(R).
Jj=0

Consequently,

2m
legmial < LCR® Y (2m+2—j)* te;| + LCh*|egmiq| + LCh%|egi0] + O(R?),
j=0
4.7)

2m
legmir| < LCh® Y (2m+2—j)* ;| + LCh*|egpmiq| + LCh%|egyin] + O ().
j=0

Set |€9i11| = |€9i42] = max{|es; 1], lesiq|} for i =0,1,--- ,m, and note that |ey| = |ey| = 0. For the
sufficient small h and any a > 0, there exists a constant Cz such that

1<(1-2LChY)™ ' <C;.
For 0 < a <1, the inequalities in (4.7) lead to
2m
leamer| < LCh* Y (2m +1= )% ej| + 2LCh gy | + O (), (4.8)
=0
After further transformation and by Lemma 3.3, we obtain
lami1] < O(R°)EL(CLCT(a)T?) = 0(h%). (4.9
For a > 1, from (4.7) we get
2m
lezmsn] S LCT IR |ej| + 2LCh% ey | + O(h).
=0
With a similar treatment for 0 < a < 1, it deduces that
l€gmir| < O(h2)eSLCT" = o(Rh®). (4.10)

Therefore the block-by-block method (2.8) is convergent with order 3. O

5. Numerical experiments

In this section, we verify the convergence order by numerical experiments.
Example 1. Consider the following equations where y(t) € ¢3*1%1[0,1] and D%y(t) e C?[0,1]

- y3(1) (5.1)

with initial condition y(0) = 0 for the case 0 < a < 1 and y(0) = y/(0) =0 for 1 < a < 2. The
exact solution of this equation is given as

y(t) — t4+a‘
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Notice that the function y(t) satisfies the Lemma 2.1 and its remark. The comparisons of numerical
solution and exact solution for @ = 0.5 and a = 1.5 are shown in Fig.1. For this case, we take
stepsize h = 0.05. It can be seen that our numerical results are in excellent agreement with the
exact solution. From Tables 1 and 2, we find that as the stepsize h decreasing, the error is reduced.
For a = 0.5, the numerical convergence order is about 3.5; while @ = 1.5, the convergence order
almost approaches 4. Thus the numerical results are consistent with the theoretical analysis in
Section 4.

12

*  numerical solution for a =0.5
1r exact solution for a=0.5 ®
exact solution for a=1.5

O numerical solution for a =1.5

y(@®

0.2 0.4 0.6 0.8 1

Figure 1: The comparison of numerical solution and exact solution for different a in Example 1.

Table 1: The errors for different stepsize h and a = 0.5 in Example 1.

stepsize h max | y(t) - yi| convergence order
1/10 6.790480279114108e-004
1/20 6.115764018488346e-005 | 3.47290897206878
1/40 5.326621723589220e-006 | 3.52124000532623
1/80 4.578516905606733e-007 | 3.54026857517293
1/160 3.923653379978020e-008 | 3.54461084656701
1/320 | 3.360732248047782e-009 | 3.54535008607147

Example 2. The following equations where y(t) ¢ C3*#1[0,1] and D%y (t) € ¢3[0,1]

ey 40320 o T(5+a/2) 4., 9
D*y(t)_—l"(9—a)t B—F(S—a/z)t + T+
3
+(;t“/2—t4) = [y (]2 (5.2)

subject to the initial conditions y(0) =0,k =0,---,[a] — 1 with 0 < a < 2. The exact solution is
9
y(6) =8 —3c+e2 4 Zta'

From Tables 3 and 4, we know that these numerical results are in good agreement with the theo-
retical analysis.
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Table 2: The errors for different stepsize h and a = 1.5 in Example 1.

stepsize h max | y(t;) - yi| convergence order
1/10 3.925338639648723e-004
1/20 2.535081665921979e-005 | 3.95271299240205
1/40 1.598769163946301e-006 | 3.98699866595346
1/80 9.970496439581922e-008 | 4.00315250268271
1/160 | 6.191967605317927e-009 | 4.00919551060856
1/320 3.851163832280236e-010 | 4.00703152050329

Table 3: The errors for different stepsize h and a = 0.4 in Example 2.

stepsize h max | y (x;) — yi| convergence order
1/10 0.00338693729077
1/20 4.105770707192313e-004 | 3.04425631016298
1/40 4.457995720869024e-005 | 3.20318592336832
1/80 4.585147059199546e-006 | 3.28135532062425
1/160 4.576406376077813e-007 | 3.32468093459055
1/320 4.486848470541816e-008 | 3.35044079896980

Table 4: The errors for different stepsize h and a@ = 1.6 in Example 2.

stepsize h max | y(x;) — yi| convergence order
1/10 0.00186448622110
1/20 1.309261948120866e-004 | 3.83195245959574
1/40 8.614536457729471e-006 | 3.92583679231980
1/80 5.493969965075785e-007 | 3.97085223961853
1/160 3.454578240136286e-008 | 3.99126753153549
1/320 2.160079393132008e-009 | 3.99935334239282

6. Concluding remarks

A block-by-block method, proposed by Kumar and Agrawal for a class of initial value problems
of fractional differential equations with Caputo derivatives, has been rewritten. On this basis, the
error estimate and the proof of convergence are given under the assumptions D%y (t) € C3[0, T]
and f,(x,y) € C(Q). And the convergence order of this scheme is shown to be at least 3. The
numerical examples have verified the theoretical results. It is demonstrated that this block-by-block
method is an effective and convergent numerical scheme in solving a variety of FDEs.
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