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Abstract. We consider the convergence theory of adaptive multigrid methods for second-
order elliptic problems and Maxwell’s equations. The multigrid algorithm only performs
pointwise Gauss-Seidel relaxations on new degrees of freedom and their “immediate”
neighbors. In the context of lowest order conforming finite element approximations, we
present a unified proof for the convergence of adaptive multigrid V-cycle algorithms.
The theory applies to any hierarchical tetrahedral meshes with uniformly bounded
shape-regularity measures. The convergence rates for both problems are uniform with
respect to the number of mesh levels and the number of degrees of freedom. We demon-
strate our convergence theory by two numerical experiments.
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1. Introduction

In this paper, we study the uniform convergence theory of the adaptive multigrid
method for two model problems

—Autu=f in Q, 1.n
u=20 on T, (1.2)
and
curlcurlu+u=f in Q, (1.3)
uxn=0 on T, (1.4
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where QC R? is a Lipschitz polyhedron with boundary I' = 39, n is the unit outer normal
of T', and f € L2(Q), f € (L?(Q))3. Problem (1.1)-(1.2) and (1.3)-(1.4) are key model
problems for the study of numerical methods for second-order elliptic boundary value
problems and quasi-magnetostatic boundary value problems, respectively.

Linear H é (£2)-conforming finite elements and lowest-order H y(curl, Q2)-conforming edge
elements provide natural finite element trial spaces for the Galerkin discretizations of
(1.1)-(1.2) and (1.3)-(1.4), respectively. Here we study optimal iterative solvers for the
resulting discrete problems. We remark that optimal approximation entails the use of
adaptive finite element methods based on a posteriori error estimates, see [6, 10,29, 31]
for H'(£2)-elliptic problems and [5,11,26,39] for H(curl, Q)-elliptic problems. In this case
we can expect the optimal asymptotic convergence rate

u— |10, < CNTYE <CN 3, (1.5)
H(Q) h h

> Hu - uh”H(curl,Q)

on families of finite element meshes arising from adaptive refinement. Here, u;, and u;, are
the finite element solutions approximating u and u respectively, and N, is the number of
elements. An optimal solver delivers a satisfactory approximation of the discrete solution
with a number of operations proportional to N;. In finite element settings, this objec-
tive is usually achieved by using geometric multigrid methods, whose convergence theory
and optimality on family of uniformly refined meshes have been well established for both
H!(Q)-elliptic problems [33,34,36,37] and H(curl, Q)-elliptic problems [1,15,17].

To keep the optimal computational cost on locally refined meshes, one must adopt
the local multigrid policy [3,22,32], which confines relaxations to degrees of freedom on
new elements of each mesh level. Clearly this policy makes the computational cost of the
local multigrid method proportional to the number of all elements appearing in the local
refinement process, and thus proportional to the number of degrees of freedom on the
finest mesh. The local multigrid policy with hybrid relaxations for Maxwell’s equations
are studied in [4,11,19,28]. They show that the local multgird method is very efficient
and robust for low-frequency problems on various non-convex domains, and is a good
preconditioner for time-harmonic Maxwell’s equations [11].

Suppose one seeks for the discrete solution u; of (1.1)-(1.2) or (1.3)-(1.4) in finite
dimensional Hilbert space V;,. For a given partition & of Q, V}, is usually taken as the
finite element space defined over &,. The multigrid method for solving u; is designed
upon some multilevel decomposition of V}, over a sequence of conforming meshes

T =T =T =,

Here J, is a quasi-uniform mesh with small number of elements and “J;_; < J;” means
that &; is obtained by refining some or all elements in &;_;. The sequence of meshes
{7 }szo can be constructed either by adaptive refinement strategies starting from the initial
mesh J, (see, e.g., [11,32]), or by some coarsening strategies starting from the final mesh
T; (see, e.g., [19,35]). Recently, Xu, Chen, and Nochetto [35] present a unified framework
for the uniform convergence of multilevel methods for H!(Q)-, H(curl, Q)-, H(div,Q)-
elliptic problems. In [19], Hiptmair and Zheng presented the uniform convergence of the
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multigrid method for H(curl, Q)-elliptic problems on meshes with and without hanging
nodes.

In [35], Xu and Chen and Nochetto proposed a space decomposition via successive
coarsening of compatible patches of 7}, such that

e every mesh J; is decomposed into compatible patches, each of which consists of the
elements sharing one common refinement edge,

e all compatible patches of &; are coarsened by removing their refinement edges to
generate a coarse mesh J;_1,

wherel =L,L —1,---,1. The finite element space is decomposed as follows
L
vV, = V0+Z Z Span{b},
1=1 by
b1

where V) is the finite element space on J;, and b is the nodal basis function of V;. They
also present coarsening algorithm and local multigrid algorithm for implementations. In
[19], Hiptmair and Zheng proposed a different coarsening strategy to construct the mesh
hierarchy {91}le0- Given 7, and 7;, 7 is so defined that the elements in ; \ J;_; are
obtained by the same number of subdivisions of elements in &, 0 < [ < L. Similarly the
finite element space is split into

L
VL=VO+Z Z Span{b,},

=1 0€2(\%-1)

where 2(7;\7,_,) is the set of degrees of freedom on Z;\7;_; and b, is the nodal basis
function of V; belonging to . Numerical experiments in [19,35] show that their multigrid
algorithms are very efficient and converge uniformly with respect to L and N;. But some
assumptions on the initial mesh J, and the fine mesh J, are required to guarantee that
compatible patches of J; do exist (for [35]) or that J; is conforming (for [19]).

The multigrid algorithm based on adaptively refined meshes (adaptive MG) is easy to
implement, since the mesh hierarchy {,%}ZLZO is readily obtained and the stiffness, pro-
longation, and restriction matrices have been computed on all previous levels. It is more
preferable when solving problems with local singularities by adaptive finite element meth-
ods. In [32], Wu and Chen proved the uniform convergence of adaptive MG for two-
dimensional H!(Q)-elliptic problems. To the best of our knowledge, the adaptive MG —
the multilevel meshes for MG are just the adaptively refined meshes — is still absent for
Maxwell’s equations in literatures.

The purpose of this paper is to present a unified proof for the uniform convergence
of adaptive multigrid methods for (1.1)-(1.2) and (1.3)-(1.4). Here we would like to
emphasize the novelty of our paper compared with [19,35] as follows:
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1. our theory applies to the local MG on any hierarchy of conforming meshes, particu-
larly, “the adaptive multigrid method” which uses the sequence of meshes generated
by adaptive finite element method with a posteriori error estimates; while the refer-
ences [19, 35] utilize “the coarsening process to produce new multilevel meshes”, and
the coarsening process is sometimes restrictive and uneasy in three dimensions;

2. the proofs in [19,35] mainly make use of a close relationship between MG-smoothing
patches and uniform meshes; while we propose a new scale-separation technique for
finite element basis functions in the proofs.

The layout of the paper is as follows. In section 2 we introduce the weak formulations
of (1.1)-(1.2), (1.3)—(1.4) and their finite element approximations. Some useful results on
finite element spaces are also presented for the study of multilevel decompositions of finite
element functions. In section 3 we introduce local multigrid from the perspective of mul-
tilevel successive subspace decomposition. In section 4 we study the uniform convergence
of local multigrid method in H'(Q2). A key step is to study the multilevel decomposition
of the linear Lagrangian finite element space. In section 5 we study the uniform conver-
gence of local multigrid method in H(curl, 2). The key tools are a discrete Helmholtz-type
decomposition of the edge element space and local multigrid theories for H'(2)-elliptic
problems. In section 6, we establish the so-called strengthened Cauchy-Schwartz equalities
for both H'(£2)-elliptic problems and H(curl, 2)-elliptic problems. In section 7 we present
two numerical experiments to demonstrate our theories and the competitive performance
of adaptive multigrid methods.

2. Finite element spaces

We start by introducing some notation and Hilbert spaces used in this paper. Let L2(£2)
be the usual Hilbert space of square integrable functions equipped with the following inner
product and norm:

(u, v):= J u(x)v(x)dx and [jullp 2y = (1, w2,
Q

All through this paper, we use boldfaced notations for vectors, such as L2(Q2) := (L2())®
and so on. Define H'(Q) := {v € L2(Q2) : Vv € L?(Q)} which is equipped with the following
semi-norm and norm

1/2
uliri oy = IVullzgay and  lallgey = (Ml + i)

and let Hcl)(Q) be the subspace of H'(£2) whose functions have zero traces on 9. The
following Hilbert spaces are used in the paper

H(curl, Q) := {V IS LZ(Q) : curlv e LZ(Q)},

Hy(curl, Q) := {ve H(curLQ):vxn=0 on 89},
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which are equipped with the following norm:

Wlteaton = (V12 + lleurtviZe g, )
A weak formulation of (1.1)-(1.2) reads: Find u € Hy (), such that
a,(u,v)=(f,v), Vv EH&(Q), (2.1)
and a weak formulation of (1.3)-(1.4) reads: Find u € H(curl, ©2), such that
a,(u,v) =(f,v), VveHg(curl,Q), (2.2)

where the bilinear forms a;: H'(Q) x H}(Q) — R and a,: H(curl, Q) x H(curl, Q) — R are
defined as follows

a;(u,v) :=(Vu, Vv) + (u,v), Yu,veH(Q),
a,(u,v) := (curlu,curlv) + (u,v), Vu,veH(curl,Q).

Recall the operators curl and V are closely connected in the deRham complex [2]. The
results about (2.1) prove instrumental in the multigrid analysis for discretized versions of
(2.2).

Let 7, be a conforming tetrahedral mesh of Q, that is, each face of a tetrahedron is
either a face of another tetrahedron or contained in dQ. We write h € L*®(Q)) for the
piecewise constant function, which assumes value hy := |[K|™/? in each element K € J,.
The ratio of diam(K) to the radius of the largest ball contained in K is called the shape-
regularity measure pg. The shape-regularity measure of %, is defined by

p(Z) :=max{pg: VK € Z}.

We introduce the Lagrangian finite element space of piecewise linear continuous func-
tions on &,

V(T = {uh €HMQ): ulg €P1(K), VK € 9,1} , (2.3)

where P,,(K) is the space of 3-variable polynomials of degree < m on K. The space of
lowest order H y(curl, Q)-conforming edge finite elements is defined as follows

U7, = {vh eHy(curl,Q): (Vi )(x)=a+bxx, Va,beR3, VK e 9;1} .
The Galerkin approximation to (2.1) reads: Find u; € V(%) such that
a,(up, vi) = (f,vn), Vv, e V(Z), 2.4
and the Galerkin approximation to (2.2) reads: Find u, € U(Z},) such that

a, (up, vi) = (£,v3,), Vv, €eU(Z). (2.5)
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Appropriate global degrees of freedom (d.o.f.) for V(%) and U(%;,) are respectively
given by

vy, — v(p), Vp e N (), v €V(Th), (2.6)

Vp — J Vh - d;, VEe€ g(‘%l)) Vi € U(%); 2.7)
E

where A () is the set of interior vertices of 7, and &(%;,) is the set of interior edges of F,.
Respectively, we denote by bP the nodal basis function of V(Z,) belonging to p € A(,)
and by b’ the edge basis function of U(J},) belonging to E € &(F,).

Now we introduce the nodal interpolation operators .#, : dom(.%,) C Hcl)(Q) — V(%)
and IT;, : dom(II;,) € H(curl, Q) — U(Z,) induced by d.o.f. in (2.6) and (2.7) respectively:

Hy = Z v(p)- b?, Im,v= Z (Jv-ds_’)-bE, (2.8)
pEN(Th) Ecé() YE

where dom(.#,), dom(II;,) are the domains of .#,, I, respectively. Obviously, both .#, and
IT;, are local projections and respect the well-known commuting diagram property (cf. e.g.,
[16, Page 263])

I,oV=Vo.4 ondom(4%). (2.9)

To end this section, we introduce the decomposition of (V(ﬂh))3 from [19] which
reveals one important relationship between the linear Lagrangian finite element space of
vector functions and the lowest-order edge element space.

Lemma 2.1. [19, Lemma 2.2] Let Vo,(%,) := {uy € Hcl)(ﬂ) D Uplg € Py(K), VK € 3} be the
quadratic Lagrangian finite element space and define

Vo(Th) = {vn € Vo) : Fvy =0}
For all ¥, € (V(Z,))® we can find ¥, € V,(%,) such that
v, =M,%;, + V7,
¢ H‘I'h”iz(m = th‘ph”iz(n) + ||V7h||i2(m =C ”‘I'h”iz(n) ’

where the constant C only depends on the shape-regularity p(J).

3. Local multigrid methods

In this section we are going to study the local multigrid algorithms for (2.4) and (2.5)
using the abstract multigrid framework. To focus on the main theme, we provide the
abstract framework in Appendix 7. According to Algotithm A.1 and A.2, the multigrid V-
cycle algorithms are completely defined by specifying the multilevel decompositions of the
finite element spaces on the fine mesh.
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3.1. Multigrid V-cycle algorithms in H!(Q2) and H(curl, Q)

Let Iy < I, < -+ < J; be a sequence of nested tetrahedral meshes. For convenience
we simply assume that {91}sz0 are conforming meshes, namely, each J; has no hanging
nodes. Clearly {91}sz0 can be viewed as successive local refinements of a quasi-uniform
mesh 7. Let V() C Hé(ﬂ) be the linear Lagrangian finite element space on &; and
denote by bf be the nodal basis function of V(%;) belonging to vertex p € A(%;). Let
U(J;) € Hy(curl, Q) be the lowest order edge element space on J; and denote by bf the
nodal basis function of U(Z;) belonging to E. Now we have two sequences of nested finite
element spaces

V() cV(A)c---cV(T),  UF)cU(F)c--- CcUTL).

We define the sets of vertices and the sets of edges on which Gauss-Seidel relaxations are
carried out as follows: for 0 <[ <L and J_; =0,

Hi={p e N(I): p ¢ N(Fiy) or peN(F)butb] £b) ), B
8 = {E €&(): E¢ 8(F_,) or E € &(F_,)butbt # bf_l}. (3.2)

It is easy to see that 4] is a subset of A (J; N J;_;), the set of all vertices of 7; \ 7;_;, and
&) is a subset of &(F; N F;_1), the set of all edges of 7} \ F;_;.

Remark 3.1. If we use the bisection algorithm (cf. e.g., [22,24]) for mesh refinements,
] is the set of new vertices and their immediately neighboring vertices (cf. [32]) and &
is the set of new edges and their immediately neighboring edges (see Fig. 1 (right), the
smoothed vertices are labeled with black balls and the smoothed edges are labeled with
thick lines).

Figure 1: Left: A tetrahedron to be refined. Right: The tetrahedron is bisected into two tetrahedrons.
The smoothed vertices are the new vertex and the two endpoints of the refinement edge (two “immedi-
ately neighboring vertices”). The smoothing edges are the four new edges and the old edges of the two
faces which share the refinement edge (“immediate neighboring edges” of the centerlines).
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First we study the local multigrid algorithm for (2.4). To fit the multigrid framework
of (A.1), we set

a(-, ) =a,(,), f=f, H :=V(%), 0<I<L.
The multilevel decomposition of V (7} ) is defined by:
L
V(7)) =V (%) +Z Z Span{bf}. (3.3)
[=1peN

The decomposition agrees with (A.4) if we define H ll = Span{bf } for [ > 0 as the one-
dimensional spaces spanned by nodal basis functions. Thus Algorithm A.2 is actually doing
Gauss-Seidel relaxations on nodes in A4;. The convergence theory of local multigrid for
(2.4) boils down to the estimation of the error propagation operator

EsL =I- BsLAsL’ (34)

where B;; = B; is the multigrid operator defined in Algorithm A.1 and A;;: V(J;) — V(1)
is the discrete differential operator defined by

(ASLV) W) = as(v) W)J VV)W € V(‘%,)'

To study the local multigrid algorithm for (2.5), we adapt the problem to the multigrid
framework of (A.1) by setting

a(-,") = av(.’ 9, f=f H; := U(gl)’ 0<I<IL.

Motivated by [4,11], the multilevel decomposition of U(Z;) incorporates an appropriate
local multilevel decomposition of V(7 ):

L L
U(?L)ZU(%)—FZ Z Span{be}—l—ZZSpan{bf}. (3.5)

=1 peM I=1Ecé
The decomposition agrees with (A.4) if we define H ll := Span {be }, H lJ := Span {b’lE } for
[ > 0. At this stage, Algorithm A.2 performs hybrid local relaxations at nodes in .4 and

edges in &. Similarly, the convergence theory of local multigrid for (2.5) boils down to the
estimation of the error propagation operator

EVL :I_BVLAVL’ (36)

where B,; = B; is the multigrid operator in Algorithm A.1 and A,;: U(Z;) — U(7;) is
defined by

(AVLV) W) = av(va W), VV,W € U(%)'
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3.2. Convergence

The multigrid V-cycle algorithms solving (2.4)-(2.5) are presented in Algorithm A.1
with local smoothing process described by Algorithm A.2. Furthermore, Algorithm A.2
is induced by the multilevel decomposition (3.3) for (2.4) and by the multilevel decom-
position (3.5) for (2.5). The optimality of multigrid methods means that, one multigrid
iteration uses O(N;) computations and reduces the error of the approximate solution by a
factor which is bounded away from 1 and independent of N; and L. Here N; is the number
of d.o.f. on ;. In view of Theorem A.1, it is sufficient to prove that both constants Cg.;,
and C,,4, are independent of L,N;. This is the challenge of asymptotic multigrid analysis
and will be postponed to the following sections of this article.

Before stating the main theorem of this paper, we make the following assumptions on
the meshes:

(H1) There exists a constant p,,, > 0 independent of {Z;}_, such that p(7}) < Pyax
0<I<L.

(H2) There exist two constants C > 0 and 0 < 6 < 1 independent of [ such that

L

cTlom<hg<com™, m=9(K), VKkel 7, (3.7)
=0

where ¥(K) is called the generation of K and is defined by the number of subdivisions

for generating K from one element K, € 7. For easy understanding, we restrict our

analysis to bisection strategies of the mesh [20]. In this case, 4(K) is defined by the

number of bisections for generating K from K, € J,. The concept “generation” is

also used in [35].

(H3) There exists a constant C > 0 only depending on 60, p,,., such that, for any K € &;_;
and0<I[<I,

hy <Chyg:, YK'CK,K' €.

We remark that (H1)-(H3) are rather mild in practice. In fact, (H1) is a common
assumption in traditional finite element analysis, (H2) estimates the reduction rate of the
diameter of each tetrahedron under successive subdivisions, and (H3) indicates that each
element in Z; is obtained by subdividing one element in &;_; a few times. It is clear that
6 = 271/3 for the popular bisection strategy [20,21]. For other refinement strategies, if we
can define “subdivision of an element” properly in (H2), the extension of the convergence
theory is straightforward. We do not get to the details here.

For any operators O;: Hy() — Hg() and O,: H(curl, Q) — H(curl, 2), we define
the following norms

10511

a; " H v

PEH(Q) H(pHHl(Q) ,

HOV(qb)”H(curl,Q)

¢<€Hy(curl,Q) || ¢ ||H(curl,ﬂ)

a, "

lo.
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Theorem 3.1 (Uniform convergence of local multigrid methods). Let (H1)-(H2) be satis-
fied. Then there exist two constants 6; < 1, &, < 1 which depend on pp,., and 6, but are
independent of the meshes, such that

||I—BsLAsLHaS <6, ||I—BvLAvLHav <65,.

In the following sections we shall establish the stability estimate and the Strengthened
Cauchy-Schwartz inequality in Theorem A.1 for the multilevel decompositions (3.3) and
(3.5). The key ingredient is to prove that the two constants Cyy,, Conp, are independent of
the meshes. Therefore, Theorem 3.1 is concluded from Theorem A.1 and the estimates for

Cstab) Corth .

4. Multilevel decomposition of V(7;)

This section is devoted to the stability estimate for the local multilevel decomposition
(3.3). It also plays a key role in the stability estimate for (3.5) which will be studied in the
next section.

4.1. Local quasi-interpolation operator

Quasi-interpolation operators are projectors onto finite element spaces that have been
devised to accommodate two conflicting goals: locality and boundedness in weak norms
[12,23,25,27]. It is a key tool for the multilevel decomposition of V(). Here we resort
to a Clément-type quasi-interpolation taking into account Dirichlet boundary conditions
[12,25].

Let A(Z,) and &(J;,) be the sets of vertices and edges in Q. Through this paper,
we shall use notions and operators with an overbar for finite element spaces oblivious of
boundary conditions. For example, U(Z;,) € H(curl,Q), V(Z,) € H'(Q) are finite element
spaces without boundary conditions, and the same convention for I, .%,, etc.

For any p € A4 (%,), denote by QP := supp(bP) and define 9hp ={TeZ: TcCQP}.
Let yP V(ﬂhp ) be a piecewise linear function defined as follows:

J YP(x)v(x)dx =v(p), YveV(FP). (4.1)
Qp
Direct calculations show that

1

It is obvious that

<P ||¢p||i2(m) <C, =Y pen =C. (4.3)
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Definition 4.1. The quasi-interpolation operators 2;: L*(Q) — V(%) and 2;: L*(Q) —
V(Z,) are defined as follows:

2u= }: PP (3 )u(x)dx - bP | (4.4)
peEN(T) VPP

Quu= Z PP (x)u(x)dx - bP . (4.5)
peN () V¥

Clearly (4.4) indicates that 2,u = 0 on I'. From (4.1) we know that Q;, and Qh are
projections onto V(Z,) and V(J,) respectively:

Qv=v, VveV(%), and w=w, VYweV(F). (4.6)

Moreover, they satisfy the following local stabilities and approximation properties.

Lemma 4.1. There exists a constant C only depending on Q and the shape-regularity p(,)
such that, for any tetrahedron K € &, and face F C 9K,

| 25| < € llullogy » Vue L2(Q), 4.7)
|Qhu|1,K < Clulyq» VueHN(), (4.8)
Ju— QhuHQK < Ch [ul gy » Vue H™Q)NHN(Q), (4.9)
e = 2yul|y ;< ChE? lulgy s VueH™(Q)NHL(Q), (4.10)

where m = 1,2 and Qg := U{IE’ K €, K’ NK # 0}. The above estimates also hold for
2y, by replacing H}(Q) with H(Q).

Proof We only prove the stabilities and error estimates for &;,. The proofs for 2, are
similar and easier.

Pick K € &, with four vertices p;, 1 <i < 4. Note that U?:l 9hp " is quasi-uniform and
K| <|9k| < C|K|. Using (4.1) and (4.3), (4.7) is easily proved:

4 4
2 2 2 112 2 2
| 2ntlg < €D 124 IBPIS < CIKID WP [lg 0o el e < Cllull? g, -
i=1 i=1

In order to tackle the H!-continuity of 25, we use the fact that VV}, C Uj,. Then
2
MCDIFEEDY

pj
J V(2u)-T
1<i<j<4 | p;

2
<Che Y |ew) - 2u)

1<i<j<4

2
Jﬁ%v%—kv%z
K

2

where A; is the barycentric coordinate of K associated with p;, 1 <i < 4.
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() Suppose p;,p; ¢ 9. The definition of £, indicates that

(2yu)(p;) — (2pu)(p;)

=f f wpf(x)wpf(y)[u(x)—u(y)]dydx]
QP Jqpri

1

= f TPP"(X)QPPJ'(J’)J Vu(y+7(x—y))-(x—y)drdydx
QPj Jqpi 0

< diag(QP' UQP)) pri ”lepi) qupj”Lz(gpj) |ul 1 i Py

-1/2
S ChK / |u|H1(QpiUQPj) .

(I) Suppose p; € 9Q and p; ¢ Q. Then IOk N IQ has positive two-dimensional
measure. By (2,u)(p;) =0 and (4.3), we have

(24P ) — (2P,

= |(2y)(p))| = f PPs (o Ju(x )dx
QPj

< CllYPillaaeiyllull2@eiy < € |27~/ diam(§2,) lulg o,
= Ch;:vl/z lulmia,

where in the second inequality we have used scaling arguments and Poincare’s in-
equality due to u =0 on dQ, N 9N

This leads to (4.8).

The quasi-interpolation error estimate (4.9) results from scaling arguments. Pick u €
H?*(Q) N Hy() and let Hu € V() be the nodal interpolation of u. From (4.6) and the
L2-stability of 2;, we have

H(Id - ‘Qh)uHLZ(K)
= [|(d ~ 2)(u — AW)|| 24 < C |Ju = St 2y < CHE Il
Estimate (4.9) for m = 1 follows by scaling arguments and interpolation between the

Sobolev spaces H2() and L2(Qy).
The last estimate can be proved similarly. O

4.2. Local multilevel decomposition

We start by the multilevel splitting of V(Z;) — the finite element space without bound-
ary condition. The multilevel splitting of V(Z;) utilizes the splitting of V(Z;) by re-
moving the contributions from boundary d.o.f.. We denote by £; : L?(Q) — V() and
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2, : L?(Q) — V(7)) the interpolation operators in Definition 4.1 on &;. We examine the
candidate multilevel decompositions
L
Uy = Zﬂz, g := Lolp, U= (L~ &)y, U €V(TL), (4.11)
1=0
L

up = Zul, Ug:=LQouy, U :=(2—2 Ju,, u,€V(T). (4.12)
[=0

Lemma 4.2. Let i1, u; be the splitting components in (4.11) and (4.12) respectively. Then
a(p)=w(p)=0, VpeN(T)NN(F1)satisfying by =b]_,.

Proof. Since u; is defined by removing from i; those basis functions which belong to
boundary vertices, it suffices to prove the lemma only for ;.

Pick any p € A (F)NA(F_,) satisfying bf = b;_,, itis equivalent to prove (2;u;) (p) =

(2;_1uy) (p) from (4.11). By Definition 4.1, we need only prove
f Py (up(x)dx = J Py (0 up(x)dx,
supp(b} ) supp(b?_,)
where 1/)5.’ is the piecewise linear function defined in (4.2) with respect to b¥, j =1—1,1.
This equality holds clearly due to bf = bf_l.
Now we introduce the so-called K-functional

2. 2 2012 1 2
K(t,v) .—Welélzf(m{”v Wik + 2 Wikee }, VEER, veIX Q).  (413)

It will play the key role in our proof for the H'()-stability of decomposition (4.11). We
refer to [7] and [30, Appendix A.1, Page 339] for the following lemma.

Lemma 4.3. Let Q € R be a Lipschitz domain and 0 < t < 1. There exists a constant C only
depending on Q2 and t such that

o0
Z K V2 S ClR g, v EHNR).
m=1

The proof for the stabilities of (4.11) and (4.12) depends on a scale-separation of
tetrahedra in 7 = Uszo ;. We define the following sets of tetrahedra according to their
generations:

F:={KeTy: 9K)=i}, i>0, (4.14)

where ¥(K) is the generation of K defined in Assumption (H2). Clearly we have U?io F =
1. Since the elements in 7, are generated by i subdivisions of some tetrahedra in 7,
they are mutually nonintersecting and form a subset of 2, namely,

U{k:keZF}ca, vizo. (4.15)
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Furthermore, 7; \ 7;_;, 0 <1 < L (J_; = 0) are nonintersecting sets and

L
U@\ 7i21) = T (4.16)
Definition 4.2. “Element—Level”-mapping:

‘9«::111 e {051: 5L}:
(4.17)
K —(K) satisfying K € Jyx)\ Tjk)-1-

From (4.16) we know that [(K) is uniquely defined for any K € Jy.

Lemma 4.4. Let (H1)-(H2) be satisfied. There exists a constant C > 0 only depending on €,
the uniform bound p,.x of shape-regularity measures, and the mesh-size reduction factor 0
such that

L
HﬂO”iﬂ(m +>[n e HiZ(m = C”ﬂh”iﬂ(n)’ Vip € V(7). (4.18)
=1

where i1y, = Zszo i; is the multilevel decomposition defined in (4.11).

Proof. Define
M={peAN(T): p&N(T1) or peN(F_)butb] #b]_}. (4.19)

Let A (K) be the set of four vertices of any tetrahedron K. It is clear that A; C {p € A(K):
K € 7\ 7;_,}. Denote by QP = supp(bf ). From Lemma 4.2 and the local overlapping of
{Q : p e N ()}, we have

L
Z”h ”lHLZ(Q)
=1

1
L

Z Z i (p)b;
=1

L

. Z >, diam(@])|a(p)|"

pEJV :1 JV
L
<Y ¥ ¥ mofzcy 3wl o
[=1KeF\T_1 peN(K) [=1 KeT\T4

For any K € 7\ J,_;, let Ty € J;_; satisfy K C Tx. Then assumption (H3) indicates
hy, < Chg with C independent of K. Define

DK::U{Y:’: T' € J_q, f’ﬂT_K;é(D}.
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By Definition 4.2 we know that [ = [(K) and thus the definition of Dy only depends on K.
We also notice that Dy is just the patch Q. defined in Lemma 4.1 and satisfies diam(Dg) <
Chr, < Chg. From Lemma 4.1 we know that,

Hal HLZ(K) = Weing(m{H (21— 21) @, - W)”LZ(K) + ” (21— 214) W||L2(K)}

=C weianf(ﬂ) { ”ﬂh - WHLZ(DK) +hy |W|H2(DK)}

< . - 2m
_cwelanf(m{”uh w20 + 6 |W|H2(DK)}, 4.21)

where m = ¢(K). Then inserting (4.21) into (4.20) yields

L L
SZi 2 hgzllﬁzII%Z(K)SCZG‘ZmZ Dl

=1 m=1KeZ\%_, S
94(K)=m 9 (K)o
00
= mEm i —wll? 4m . 12 ]
N Keg,

o0
sc o7 inf [ [lan—wliag + 6" Wik

From Lemma 4.3 we conclude that

L 00
1o 112 _ _ _ 12
2 lr ey = € D 07RO, 1) < Gl
=1 m=0
The leading term of the decomposition is a direct consequence of Lemma 4.1:

HaOHHl(Q) = ”‘Q_OahHHl(m =< C”ﬁhHHl(Q)'

The proof is completed. O

Lemma 4.5. Let (H1)-(H2) be satisfied. There exists a constant C > 0 only depending on €,
Pmax and 6, such that

L
||“0H1211(m + Z ”h_lul HEZ(Q) =< C””hHIZP(n)’ Vu, eV(7), (4.22)
=)

where uy, = Zszo u; is the multilevel decomposition defined in (4.12).
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Proof. First we regard u;, as a function in V(Z;). Then it admits the multilevel decom-
position given by (4.11), that is,

L
uy = Zl_ll, L_lo = Q_Ouh, l_ll = (‘Q_l - Q_l_l)uh for [ > 1. (4.23)
=0

The stability follows from Lemma 4.4

L
oo +{2: [y = € llanllinca (4.24)
=1

Notice that 2;u;, is defined by removing from Z;u; those basis functions belonging to
boundary vertices. It is easy to see

y=u+v, vx):= Z ﬁl(p)bf(x) . (4.25)
PEN (TNAN(T)

Here v; stands for boundary terms and is only supported in the layer of tetrahedra attached
to dQ. Clearly we have

Hh_lvl”iz(n): Z hIEZHVIHiZ(K)SC Z hyc Z |l_‘l(p)|2

ke KEF; peN(K)
OKNONHAD OKNONAD
=C Z hy” HalHiz(I() =C ||h_1ﬁl|ﬁz(ﬂ), (4.26)
Keg,
IKNINF#D

where the constant C only depends on the shape-regularity measure p(%;), but is indepen-
dent of Z; and L.
Now using (4.24)-(4.26), we deduce that

L L
; ”h_lul”iz(m < 2; {”h_lﬂl”iz(n) + Hh_l"l”iz(n)} =< CH”h”?ﬂ(g)'

The proof is completed by using the fact ||u0HH1(Q) = ”QOUhHHl(Q) < CHuh||H1(Q)' O

Theorem 4.1. Let (H1)- (HZ) be satisﬁed For any uy, € V(Z;) and 1y, € V(J;), there exist
ug € V(%), iy € V(Z) and ul , z € Span{bp} such that

uh—u0+22 i, = iy +ZZ (4.27)

=1peM =1pes;

|“°”Hl(m+z Z ||“f||H1(m CHuh”Hl(Q)’ (4.28)
=1peM

||u°HH1(ﬂ)+Z Z ||uf||H1(Q) CHuh”Hl(gy (4.29)

=1 peM
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where N, A are respectively defined in (3.1), (4.19) and the constant C > 0 only depends
on Q, Pmax -

Proof. From (4.12) we know that uy = ugy + Zle u;. Define uf = ul(p)bf. The de-
composition (4.27) follows clearly from Lemma 4.2. The local norm equivalence indicates

that
Z ”“? ”Iz-zl(n)
PEM

=C Z hi Z IuZ(p)IZSC Z Hh_lul”iz(loSC”h_lulHiz(n)’
KeT\T_4 pEN(K) KET\T_4

where A(K) is the set of four vertices of K. Summing up the above inequalityin 1 <1 <L,
(4.28) follows from Lemma 4.5.

Similarly, we can prove the multilevel decomposition of i; and the stability estimate
(4.29). The proof is completed. O

5. Multilevel decomposition of U(7;)

The purpose of this section is to tackle (3.5) — the decomposition of U(Z;) into the
sum of edge element space on the initial mesh and one-dimensional subspaces on fine
meshes. First we state the multilevel decomposition of U(Z;).

Theorem 5.1. Let (H1)-(H2) be satisfied. For any vy, € U(J;), there exist v, € U(J,) and
v, € Span{bf tEe 6"1}, v € Span{bf 'p EJV}, 1 <[ < L such that

L
v, =V + Z(Vl + V), (5.1)
=1

L
Vol lrceurt +ZZ (I iy *+ [ 2aey) < € [Vl reuntys 520
=1

where the constant C only depends on ), 6, and ppax-

The proof of Theorem 5.1 will be postponed to the end of this section. By splitting the
components in (5.1) to local contributions of basis functions, we arrive at the main result
of this section.

Theorem 5.2. Let (H1)-(H2) be satisfied. For any v;, € U(Z;), there exist v, € U(J),
v}’ € Span {bf}, v e Span{bf} withE€ &, p € A, 1 <1 <L such that

L
v, =Vvy+ (va—i-ZVvlp), (5.3)
I=1 Ee§ peS
L
HVOHiI(curl,Q) +[Z ( Z ||Vf||il(curl,ﬂ) + Z |vlp|i(1(ﬂ)) =C ||Vh||il(curl,ﬂ)’ (5'4)

=1 Eeég; pE(M
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where the constant C only depends on 2, 0, and ppax-

Proof. From (5.1) we have the multilevel decomposition v;, = v, + Zle(vl + V).

Define
E

and vlp = vl(p)bf for any 1 <1 < L. Then (5.3) is a direct consequence of Theorem 5.1.
Furthermore, the local norm equivalence indicates that

Z HV;EHiI(curl,Q)_'_ Z |vlp|12{1(n)

EE€& PEM
<c > (X[ wef the X mon)
E pPEN(K)

Keg\J-1 Ee€é(K)

=C Z (”h_lleiz(K)"‘”h_lvl”iz(zo)'
KeT\T,

The proof is completed by summing up the inequality in 1 <[ < L and using (5.2). O

5.1. Discrete Helmholtz decomposition

The technique that we shall use to prove Theorem 5.1 is the discrete Helmholtz de-
composition of the edge element space. It builds a close connection between the linear
Lagrangian finite element space and the lowest-order Nédélec’s edge element space. We
refer to [18, Lemma 5.1] for the proof of the following lemma.

Lemma 5.1. For any v, € U(7,), there exist ¥, € (V(7,))3, pn € V(F,), and ¥V, € U(T;)
such that vy, = vy, + I; ¥, + Vp;, and

1090 2y + | ¥all 2y + [Py < € [leurtvi| 2 (5-5)

where I1; is the nodal edge interpolation operator onto U(Z; ), and the constant C only de-
pends on Q and p(J;).

According to Lemma 5.1, we are going to consider the multilevel splitting of each term
in the decomposition v;, = v;,+II; ¥;,+ Vp;, respectively. We study II; ¥, first. From Lemma

4.5, there exist ¥; = (2; — £;_1)¥;, € Span{bf 'p € J%}B, 0 <1 <L such that

L L
¥, = 12:0:\1:1 %ol + ; B2y < €|l - (5.6)

Observe that the function ¥; does not belong to U(.#;). We target it with edge element
interpolation operator II; onto U(.#;), see (2.8), and obtain the splitting described in
Lemma 2.1:

v, =¥, +Vw;, w; € \72(.//[1) . (5.7)
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Using norm-equivalence, the first term of (5.7) is well-controlled locally
%[ 2y < C||®1)| 2y» YK €T O<TSL. (5.8)

Because of curlIIy¥, = curl ¥, we infer from (5.6) that
L
||H0\I’0||il(curl,ﬂ) + ZZ ||h_1“1‘1’1|)i2(m = C|‘I’h|12{1(n) : (5.9)
=1

Summing up (5.7) in I, we arrive at ¥, = ZZL:o I, ¥, + Vs, where s, := ZzL:o w;. By
II; II,¥; = IT;¥; and the commuting diagram I1; (Vs;,) = V(.#;s;,) (see (2.9)), we have

L
MW, =M%+ > I + Ve, =55, € V(T). (5.10)
=1

5.2. Multilevel decomposition of Zlel I, ¥,

Notice that IT;¥; ¢ Span {bf : Ee é”l} for | > 1. We are going to tackle this issue by
the following lemma.

Lemma 5.2. There exist uy € U(J,), w; € Span {bf tEe€ & }, [ > 1 and a constant C
depending only on Q, 6, pn.x Such that

L L L
an‘pl = Z;ui’ ||u0HIZ-I(curl,Q) + 21: ”h_lui”iz(n) < C|q'h|iﬂ(n)' (5.11)
= i= iz

Proof. We start with denoting
wE = (J Y, -df)bf = (J v, -ds")bf, VE€&(9), 1<I<L.
E E

By the definition of {&, -, &}, it is obvious that
l
s =J{EeE :pi=bf}, Vixo. (5.12)
i=0
) P 3 E Y
Since ¥; € Span{bl 'p € ,/Vl} , we know that IT;¥; € Span {bl :E e é”l} where
& = {E € (%) : E has one endpoint in :/Vl} (5.13)

Clearly & C &. Using (5.12) we have

L 1 L
dmw =Y ef=>"%" ) wf:Zui, (5.14)
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where u; € Span {b{5 : Ee é’i} are defined as follows

L

ui;zz Z wE, i>o0.

[=1I#0 Ecéineé, bE=bf

Now we take an E € & and denote 91E =\ {T:T€Z, 0TNE #0}. Foranyl > i
satisfying E € & N &, E has one endpoint p € .4{. From (3.1), there exists a new element
K € 7;\7,_; such that

EUKcﬂch{T:Teyl.E}.

Thus each mesh in the set {7} : E € §N&, i <l < L} shares edge E and refines ,ZE
successively. By the shape regularity of the meshes, the total number of refinements for
91.E must be bounded and independent of L. Thus we conclude

#{T:E€cén&, i<I<L}<C, VE€é&, 0<i<I, (5.15)

where #A stands for the cardinality of set A and the constant C is independent of L.
By (5.15), the localness of basis functions, and (5.12), we have

L L
Z}:”h_lul'”i%mfc > ||h_1‘1’f|ﬁ2(m
<

L
i=0 =i geéne,
® bf=bf

L L
512: Z Hh_l‘pﬂﬁz(m =< CZHh_l\I’l”iz(m'
=1 =1

Ee&(7)

Now the stability estimate follows (5.6) and the inverse estimate on uy. O

5.3. Multilevel decomposition of IT; ¥,

In view of (5.10) and Lemma 5.2, it is left to treat the gradient term Vi) in (5.10).
We shall use the technique of scale separation as done in the proof of Lemma 4.4.

Lemma 5.3. There exists a multilevel decomposition of 1, satisfying

L
whzzwl, ¢l€Span{bf : pedﬁ}, (5.16)
1=0
L
|¢0|12—11(9) + 12: ”h_lwl”iz(n) = C|¢h|12—11(n) < C|‘ph|12—11(n)’ (5.17)
=1

where the constant C only depends on 2, 0, and pPpax-
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Proof. From (5.10) we know that ¢, := s, € V(7). A direct application of Lemma
4.5 shows that ¢, = >°1_, 4, with 4, € Span {bfJ :p€E JVZ} and

L
Yol + 2 Al = L9l
By ¢, = #; s, and inverse estimates, it is clear that
[¥nlirc0y = I3l + C IR Gn = 2150 ey = Clsnlin oy

The proof is completed if we can prove |sh| = which is the objective of the
rest of the proof.

For any E € &§(%;), we let py be the middle point of E and let bf € V,(Z) be the
basis function belonging to E. For any K € 7] satisfying E C 9K, let q;,q; € A (K) be the

endpoints of E. Then

= C|‘I’h|H1

@ @

by :=4A{Af K,
where A? , 7L§< are the barycentric coordinates in K belonging to q;,q; respectively. From
(5.7) we know that s;, := Zszo wy, w; € Vo(}). Recalling from (5.6) that
\IIZESpan{bf:pGJ%}B, HZTIGSpan{bf:EEéI},

where &) is defined in (5.13). We find that w; € Span{bf :E e éf’l}. Then

L L

D NTCBIES I I I L

=0 Eegl [=0KeF\T_1 Eeg’lK

where ¢ := {E € (7)) : ENK # 0} and N(E) is the multiplicity of E appearing in the
sum ZKeﬂz\?H ZEEglK, namely,
Ni(E)=#{Ke€Z\F_,: E€&f}.

The shape-regularity of the meshes indicates that 1 < N;(E) < C for any E and .
Let I(-) be the “Element—Level”-mapping in (4.17). Then we know that [(K) = [ for
any K € 7;\ 7;,_; and 0 <1 < L. To replace the index [ with K, we define

g Wiwo®e), ;. wilpg)

- =_——2"pF, VEe€&X, Ke I\F_,.
Ny (E) 100 ™ Ny(B) ! l pe

It follows that

L oo L 00
shzlzzo: Z ZW?ZZZ Z Wﬁ.:Zsm, (5.18)

Keg\J_4 Eeé’lK m=0 (=0 KeJ\T_; Eeé’lK m=0
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where we have used (4.14) and (4.16) and

Sp(x) = Z Z wf;(x). (5.19)

KeZ, E€6l,

Notice that $w; = 0 from Lemma 2.1. Using (5.6)—(5.8) and local norm-equivalence,
we deduce that

|W1b;|12{1(n) < Chg |(Wl - szz)(pE)|2 < Chy? le — ylle;(QK) <C |Wz|12{1
=C H‘I’l”iz(n,() =C|(2 - Ql—l)q’hHiz(QK)

<chy Y. |‘I’h|fﬂ(m)’

Teg1
TNQg #0

Q)

where [ = [(K) and Qy, Q are the patches defined in Lemma 4.1. Assumption (H3) yields
diam(Q;) < Cdiam(Qg) < Chg. From the reasoning of (4.15) and the local overlapping
property of these Qy,Qg, each s, can be estimated as follows

m|H1(m Z > |WK|H1(Q)<C92m|‘I’h|H1(m

Ke? Eeé”l(K)

The estimate for s; now follows

o0 o0
sl = 22 Ismlincay S € 25 0™ [ ¥nlinay = €[ ¥y
m=0 m=0
This completes the proof. O

Lemma 5.4. Let (H1)-(H2) be satisfied. For any ¥y, € V(J;)°, there exist w, € U(J,) and
w; € Span{bf5 tEe é”l}, Y € Span{bf :p € J%}, 1 <[ < L such that

L

I, %, =wo+ Y (W + V), (5.20)
=1

L
||WOHIZ-I(cur1,Q) +12 (Hh_lleiZ(Q) + Hh_lleizm)) < C|‘I’h|12{1(ﬂ) . (5.21)
=1

Proof. Let ZzL:1 my, = ZlL:o u; and Y, = Zszo 2); be the decompositions in (5.11) and
(5.16) respectively. Then (5.20) is obtained by setting w, = ¥, + u, + Vi, € U(F,)
and w; = u; € Span {bf : E€ é”l} for [ > 1. The stability estimate (5.21) is a direct
consequence of (5.9), (5.11), and (5.17). O
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5.4. Proof of Theorem 5.1

To end this section, we present the proof of Theorem 5.1.
Proof. of Theorem 5.1. We consider the discrete Helmholtz decomposition of vy:

Vv, =V, + 0,9, +Vp,, ¥,€V(7)> pyeV(T), v, €UT), (5.22)
0 2y + 120 |2y + [1Pall iy = € [Vl rceuron - (5.23)

The second term of the splitting has already been treated in Lemma 5.4. According to
Lemma 4.5, the local multilevel splitting of pj, is easy:

L
ph=Zpl, pIGSpan{bf:pe,/Vl}, (5.24)
=0
L
|p0|21(9) + IZ Hh_lleiZ(n) = C|ph|?11(n) =C thHIZ-I(curl,Q) . (5.25)
=1

Now it is left to attack v;,. The idea is to distribute v;, to all refinement zones. To do
this, we classify §(7;) according to different mesh levels: & := &(F,)N&(T;), 0 <1 < L.
It is easy to see &_; C &. We define

M=y (J V- d§') b € U(Z). (5.26)
e YE

Clearly I, is well-defined since ¥, is linear on each E € &, 0 < | < L. Then ¥, = II;¥,

admits the following multilevel decomposition

L
Vh = ZVI, VO = ﬁ(ﬁh, Vl = (ﬁl - ﬁl—l) Vh, 1< [ <L. (527)
[=0

For each E € (%) \ &, we have E € £(7) N &(J_;) and b}’ = b}’ . Then (5.26)-(5.27)

show that
fvldng ﬁﬁh-ds_'—f ﬁl_ﬁh-dfzo.
E E E

This indicates that ¥; € Span {b{5 :E€ é”l} for0<I<L.
From (5.26), it is easy to see that

V= Y (Jvl-ds“)-bf, V1<I<L.
E€§\&, E
From (5.26)—(5.27) we deduce that

Joradslfmate X o] mafse 3 n ol
E E B
)

~ 7 Keg_q,
E’e&_l,Ecsupp(b£1 me#é
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From Assumption (H3) we have hy < C|E| for any K € 7;_;,ENK # (. Then

(e 1Vz”Lz(n) ¢ Z IEIUVI ds ¢ >, X ”h_lvhHiz(K)'

E€8\& EE€8i\E (200

Notice that & \ &_;, 1 < < L are nonintersecting sets and U1L=1 (& \&_1) c &T).
Summing up the above inequalities in 1 <[ < L and using (5.23), we get

L
IZ ”h VIHLZ(Q) =C Hh Vh”iZ(n) =C thHIZ-I(curl,Q)' (5.28)
=1

The first term satisfies

||60”12-I(curl,ﬂ) < CK Z ||vh”12’1(curl,K) =C ”vh”IZLI(curl,Q) : (5.29)

€TNT;,

Finally, inserting (5.20), (5.24), (5.27) into (5.22), we get (5.1) with vy :=wy +V, +
Vpo and v; :=w; +V, v; :=; + p;, 1 <1 < L. The stability estimate (5.2) is obtained by
summing up (5.21), (5.25), and (5.28)-(5.29). O

6. Strengthened Cauchy-Schwartz inequality

To this end, the proof of Theorem 3.1 only requires strengthened Cauchy-Schwartz
inequalities for (3.3) and (3.5). The strengthened Cauchy-Schwartz inequality has been
established in [33, 38] for linear Lagrangian finite element spaces, in [14, Sect. 6] for
H(div)-elliptic variational problems and so-called face elements, and in [19] for the lowest
order edge elements. The proofs here are a little different from those in [14, 19] since
T\ Ji_1, 1 <1 < L are nonuniform.

We first prove the Cauchy-Schwarz Inequality on Hé(Q)-conforming finite element
spaces. Recall that 7, is the set of elements in the m-th generation (see (4.14)) and
that [(-) is the “Element—Level”-mapping defined in (4.17). Clearly K € Jj i)\ Zj(x)-1 for
any K € fm

Lemma 6.1. Let T € &, p € N/(T), v € Span{bf}, and let m > %(T). There exists a
constant C only depending on 0, p . such that

Z Z as("’W?(K) (ﬂ)(z Z

Keg, qEN (K) KeZ, 9N (K)

1

2

6.1

Hlmp)), 6.1)

l(K)

where Qf = supp( bf ) and wl € Span {bg }
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Proof. The idea of this proof is drawn from [33, Lemma 6.1]. For convenience we
denote n = ¥(T). Notice that the tetrahedra of J; contained in Qf = supp(v) are quasi-
uniform and their diameters are order of 6". There exists a constant integer Z, only
depending on p,, such that

max % (T')< min ¥%(T')+Z,. (6.2)
T’G?,T’CQ{7 T'eg], T/
We denote w = ZKefm Zq N (K) w?’(K). If m —n < Z,, the Cauchy-Schwarz inequality and

the localness of wl(K) indicate that

2 1
) 2
@)/ -

Then (6.1) follows from the observation that 8™ "/2 < §=%0/2 < C. The rest of the proof
is devoted to the case m > n + Z,. Since

a,(v,w) < C IVl oy Wl py < ClV Iy (2 D

Keg, 4N (K)

q
Wi

max Y(T')<n+Z,<m,
T’G?,T’CQ{7

we know that w is piecewise linear in any T’ € &, T’ € Q and

= Z Z w?’(K) on dT'.

Keg,, q€N (K)NIT’
It is clear that supp(§) N T’ C T’y where
rp=| J{K €7, : KT and dKNAT #0}

is a narrow strip along 8 T’. Since v is linear in T’, using Green’s formula we have
av m—n
VV'VW: a_gz VV'ng CO 2 ||VV||L2(T/)||V€||L2(T/).
T/ ot oM Ty
T

Summing up the above inequality over all T’ C Qf yields

1
f Vv Tw < €O Wl (25 2, [Who Hl(gp))z' 6.3)
@ KeF, €A (K)
The lower order term is estimated by using Poincare’s inequality:

1

2

[l =emiom (2 5 [l e )

Yy KeF, qEN (K) )

1

< C9m+n|V|H1(QP ( Z Z l(K) H1(Qp))2- (6.4)

Keg, 4N (K)
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Adding up (6.3) and (6.4) yields (6.1).

For convenience in notation, we denote A = {pf : 1 <i < N;} and define Vli =
Span{bf;} for1 <i<N;and 1 <1 <L, where bf € V(%) is the nodal basis function
belonging to p. For the initial mesh, we define Ny = 1 and V} = V(%).

Theorem 6.1. Let (H1)-(H2) be satisfied. For any vli,w{ S Vli withl1 <i<N;and0<I[<]I,
the strengthened Cauchy-Schwartz inequality holds

L N

) JDWRIVRIRLI 039 9 U8 R 09)

=0 i=1 (s,j)>(L,i) [=0 i=1 [=0 i=1

N . 1/2
HW;”?P(Q)) )

where the constant C only depends on 6 and P ax-

Proof. 1t is obvious that

L N

2.2, 2, atiw)

1=0 i=1 (5,/)>(,i)

N L N
Za (VO,WJ)+ZZ{ Z a (vli,w{)+ Z Zas(vli,wg)}. (6.5)

s=1 j= =1i=1 j=i+l s=l+1j=1

=~

From Lemma 6.1 we have

L L n )
HZZ Hl(Q)ZZZZ Z a(Wl’WJ)-'_XI~ ”W;Hfz—ﬂ(sz)
s=1 j= =1 i=1 (s,j)>(i,0) [=1i=1
L
<3 il
=] 1=

The first term on the righthand side of (6. 5) is a direct consequence of the Cauchy-Schwarz
Inequality and the above estimate. Since v/, w, are locally supported, the Cauchy-Schwarz
Inequality shows that

1>

Suky i SLalE 12 &
ZZ Z a,(vj,w)) < C(Z ‘ ||V{HH1(Q)) (Z |wi ||H1(m) . (6.6)
[=1 i=1 j=i+1 =1 i=1 = =1

. . L L N; L N ; j
It is left to estimate I := lel Zi:l Zs:l+1 ijl as(v, wl).
Since A C (J{AN(T): T € Z\T;_1}, we let N;(p) = 1 be the number of elements in

T\ J;_, which share p € 4{. We also denote v =, Wf = W; forp = pf. Then

L L 00
EDIDNDIND D D WA} 6.7)
[=1s=l4+1n,m=0TeJ\J_1 KEI\T;_1 peN(T)

4(T)=n ¥%(K)=m qeN(K)
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where for any p € #/(T),q € A/ (K), we define

~p . le/Nl(P), if S JV: ~ Wg/Nl(‘I), if qc J%:
Vo= 0 0 (6.8)

wi =
if p&A, * if q ¢ 4.

We define two sets of elements which appear in the sum of (6.7) and are in the same
generations

20— 2g )N - (Uﬂ\ﬂz N7

s=I+1

By the definition of the “Element—Level”’-mapping in (4.17), for any K € fn(ll), there exists
a unique s > [ such that K € Z;\7,_; and [(K) =s. Thus

L
NS N aitan-a(t ¥ N ) ©9
s=I+1KET\T,_, gEN (K) keF® qeN(K)

4(K)=m

Similarly we also have

s—1
>3 > a@a=al > D 9, wl). (6.10)

1=1TeH\T_1 peN(T) TG]@ES)péJV(T)
94(T)=n

Splitting the sum in (6.7) according to m > n and m < n and using (6.9)-(6.10), we
find that I =1I; + I,, where

o0 o0
P a(vzp’ 2 2 W?(K))’
n=0m=n T;%\)f:]l;l peN(T) KegP geN (K)

NN YN X )

m=0n=m+1KeF,\7,_, qeN (K) TE_%;ES)pGL/V(T)

fl
M=

l

Il
—

il
M=

Il
N

S

4(K)=m
An application of Lemma 6.1 and the localness of ¥ v I(K) shows that

00 00 L 2 1
m—n ~p q 2

L= CZ Z 0 Z Z Z 17 HHI(Q)( Z Z Wiw) Hlmp))

n=0m=n I=1TeI\F_1 peN(T) KkeF® qeN(K)
4(T)=n

00 00 1 2 1

2 Wl 2

<c330F (X X o) (S 2 o)

n=0m=n Te7® peN(T) KeF® N (K)
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It is known that the infinite-dimensional matrix (9"“‘”” 2):1071:0 has the finite spectrum
radius which only depends on 6. From (6.8) we know that

00 2 1 o 2 1
p 2 p 2
h<o(X Y % o) (22 2 o))
m=0 e 7 peN (K) m=0 e 50 peN (K)
L Nl L Nl
12 1/2 12 1/2
= C(Z Hvl ||H1(Q)) (Z ||W1HH1(Q)) : (6.11)
1=1 i=1 =1 i=1
Using Lemma 6.1 and similar arguments we have
L N L N
2 1/2 2 1/2
= C(ZZ Hvl HHI(Q)) (Z le”Hl(Q)) : (6.12)
1=1 i=1 1=1 i=1
The proof is completed by inserting (6.11)-(6.12) into (6.7) and combining (6.6). O

From Theorems 4.1 and 6.1, we have indeed proved Theorem 3.1, that is, the uniform
convergence of the local multigrid method for problem (2.4).

For any 1 <[ < L, we denote & = {Eli : 1<i< M;} and define
U= Span{bel}, 1<i<N, and U™ :=Span {bfl } 1<i<M,
where bf € U(%;) is the edge basis function belonging to E. For the initial mesh, we define
M, = 0 and U} = U(%).

Theorem 6.2. Let (H1)-(H2) be satisfied. Then for any vi,w% S U§ with1 <i <N+ M,
and 0 <[ < L, the strengthened Cauchy-Schwartz inequality holds

L
Z Z av(v;,wg)

1=0 i=1 (s,)>(Li)

L NetM 5 1o LN , 2
SC(; i HV;HH(curl,Q)) (Zl n Z - ||W;HH(curl,Q)) ) (6.13)
= 1= = i=

where the constant C only depends on 0 and P ax-

Proof. This proof is quite similar to those of Lemma 6.1 and Theorem 6.1. It depends
on scale separations for both nodal basis functions and edge basis functions. We do not
elaborate on the details. O

It is obvious that Theorem 5.2 and Theorem 6.2 leads directly to Theorem 3.1, namely;
the uniform convergence of the local multigrid method for problem (2.5).
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7. Numerical results

In this section, we solve the elliptic problem (1.1)-(1.2) and the Maxwell’s problem
(1.3)-(1.4) on a domain constructed by removing two small cubes from a L-shaped do-
main as shown in Fig. 2 (left). The initial mesh is shown in Fig. 2 (right). The adaptive
algorithm is designed with the residual-based a posteriori error estimates and Dorfler’s
marking strategy (cf. [9,13]). The codes are written in Matlab and run on a MAC Pro
computer under Linux operating system.

0.5

=]

Figure 2: Geometry and initial mesh with 6,105 tetrahedrons for Example 7.1 and Example 7.2.

The stopping rule of the multigrid algorithm is described as follows. Denote the finite
element linear algebraic systems to (2.4) and (2.5) on the meshes J; by

Aiy=f, 1=0,1,-,L,
and denote the corresponding multigrid scheme at the [ level by
Lk41) o~ s F 5ok
i =a® 1+ B (f -A4a"), k=012--.

At the [ level, we set ugo) = u;_,, the multigrid solution of the previous level, and termi-

nate the multigrid iteration when the following relationship is satisfied

-1

Hﬁ—Aﬂ%H) f-AE%|  <107C.
(0.¢]

X
o)

Example 7.1. The elliptic problem (1.1)-(1.2) on the domain in Fig. 2 (left). The right-
hand side is set by f =1 in Q.

Fig. 3 shows the mesh and several slices of the discrete solution for Example 7.1 after
18 adaptive finite element iterations. It is clear that the solution has singularities at the
two vertices located at (—0.5,0.5,0.5) and (0.5,—0.5,0.5) and along the edges starting
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0.07
0.06
1 0.05
035 0.04
? 0.03
1

0 : 0.02
474 0.01

0

Figure 3: The mesh plot and the slice plot of the discrete solution for Example 7.1 after 18 local
refinements. The mesh contains 274,219 tetrahedrons.

N
a

N
[e]

15

H[‘ BsLAsLHAs

R
o

Number of mutigrid iterations

[

10 20 30 10 20 30
r L

Figure 4: The reduction factor ||I — B, A, ||, (left) and the number of multigrid V-cycle iterations (right)
for Example 7.1, 1 < L < 37.

Figure 5: The mesh plot and the slice plot of the the amplitude of the discrete solution for Example 7.2
after 24 local refinements. The mesh contains 258,849 tetrahedrons.
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Figure 6: The reduction factor |I—BvLAvL
(right) for Example 7.2, 1< L < 37.

.. (left) and the number of multigrid V-cycle iterations

at the two vertices and the edge through the origin. The mesh is much finer at those
places. Fig. 4 shows the reduction factor HI — B[ AL Ha (left) and the number of multigrid
V-cycle iterations (right) for Example 7.1. Since I — és 1A is symmetric with respect to
the bilinear form a,(-,-), ||I — B1A L”as is equal to the maximum eigenvalue of I — B, A}
which is computed by the power method in this paper. We observe that the convergence
rate is independent of the number of levels L as predicted by our theoretical analysis.

Example 7.2. The Maxwell’s problem (1.3)-(1.4) on the domain in Fig. 2 (left). The
righthand side is set by f=(1,1,1) in Q.

Fig. 3 shows the mesh plot and a slice plot of the amplitude of the discrete solution
for Example 7.2 after 24 adaptive finite element iterations. The mesh is much finer where
the solution has singularities. Fig. 6 shows the reduction factor ||I —B,;A, L Ha (left) and
the number of multigrid V-cycle iterations (right) for Example 7.2. We observve that the
convergence rate is independent of the number of levels L as predicted by our theoretical
analysis.
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Appendix: Abstract framework of multigrid V-cycle method

The purpose of this appendix is to provide the standard framework of multigrid V-
cycle method with smoothers defined by successive subspace correction methods (cf. e.g.,
[32,33,37D]).
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Suppose that we have a sequence of nested finite element spaces Hy C H; C --- C H|
and we consider the following variational problem: Find £ € H; such that

a(&,v) =1f(v), VveH,, (A1)

where a is a positive definite bilinear form on H; and f € H, the dual space of H;. On the
[-th level, we define a linear operator A;: H; — H; by

(Ain,v) :=a(n,v), Vn,veH;, 0<I<IL,

where (-, -) is the L?-inner product. Then (A.1) is equivalent to the operator equation on
H;: Find & € H; such that

AE=F, (A.2)
where F € H; is defined by the Riesz representation of f, namely, (F,v) = f(v) for all

v € H;. The standard V-cycle multigrid algorithm which solves (A.2) is defined by the
following iterative scheme:

€k+1:€k+BL(F_AL€k)) k:O)]-"” . (AB)

Here B;: H; — H;, 0 < < L are defined recursively by the multilevel algorithm of smooth-
ing and corrections:

Algorithm A.1. Let By = Aj'. For1 >0 and g € H, we define Bjg = v where v is
defined by three steps of operations:

1. Pre-smoothing: v < R;g.
2. Correction: Vve—v+B_1Q_1(g —Av).

3. Post-smoothing: v < v+Rj(g—Apv).

In Algorithm A.1, Q;: H;, — H; stands for the L?(2)-orthogonal projection. Let
H ll, -+ H ln ! be one family of subspaces of H; satisfying

n; L n;
D HiCH, 0<I<L and > Y H =H,. (A4
i=1 [=0 i=1

For [ = 0, we set ny = 1 and Hgo := H,,. Then the smoother R; is defined by one step of
successive subspace correction on the [-th level:
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Algorithm A.2. Given g € H; and the initial guess vy = 0, we define Rig = v, as
follows:

for i=1,2,---,n

1. Compute the residual: g «— g —Av;_;
2. Solve the error equation: Find e; € Hli such that

a(e,w)=(g,w), VweH

3. Correction: v; —v;_;+e;

endfor

Substituting (A.2) into (A.3), we obtain the error propagating equation:

E—E1=U—BANE-E)="=—-BA)(E-E.

In the following we shall give a framework for proving the contraction property of the error
propagation operator I — B; A;, namely,

II =B ALlla<1,

which indicates the convergence of the iterative scheme (A.3). Let Pli: H; - H ll be orthog-
onal projections:

V”IGHL, 3(Pli7),W):a(77,W), VWGH;; 1SiSnl: 1SZSL
Then R; can be represented as follows:

Ri=(I-EDAY,  E=I-P"I-P")---(I-PY,

Following [32, Sec. 2] and [8, (3.4)], the error propagation operator can be represented
as the product of projection operators:

L m L

i EINNEIN

1=0 i=1 1=0 i=1

where L* denotes the adjoint operator of the linear operator L: H; — H; with respect to
the inner product a(-,-). Let ||v||4 := 4/ a(v, V) be the energy norm on H;. Then

= ByA = sup a(U_BLAL)V’V)=!lillﬂl(f—”f) R

0#veH; ”v”A 1=0 i=1 A
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From (A.4) we know that any function v € H; admits a multilevel decomposition:

v:zL:Zvli, vliEHli. (A.5)

From the identity of Xu and Zikatanov [37, Corollary 4.3], the error reduction rate by one
Multigrid iteration is

Co
I—B;A = — A.6
” L L”A 1+C0’ ( )
where
Co= sup inf E E HPl E (A7)

Ivlla=1 3 it V=V 10 i=1 (s,)>(1, 1)
and (s, j) > (I,1) means that either s > [ or s =1 but j > i.
Theorem A.1. Let H; satisfy the multilevel decomposition in (A.4). Suppose that there exist
two positive constants Cg,p, and Cypqy, Such that

1. Stability of the space decomposition:

L m 2 L mn
. . P 2
mf{ E E v L E E vll—v}SCstabllvllA, VveH;.
[=0i=1

1=0 i=1
2. Strengthened Cauchy-Schwartz inequality: for any vli,wli S Hli with 1 <i < n; and
0<Il<I,

L m L

o n 2 2 L M a2 12
Z a(Vl,Wi) < Corth(ZZ HleA) (ZZ HWIHA) :
44

1=0 i=1 (s,)>(L,i) 1=0 i=1 1=0 i=1

-1
Then || =By ALlla<1— (14 C2,; Couap)

Proof. From (A.6) we need only estimate the constant ¢, in (A.7). For any v € H;,
since H; is finite-dimensional, the infimum in the stability assumption can be obtained,
i.e., there exists a splitting of v such that

L m L n
- SS en wa B
1=0 i=1 1=0 i=1

Define w{ = Pli Z(s’ D> vsj for any (I,1). Then using the Strengthened Schwartz inequal-
ity, we find that

2
2
N < Cstab ”V”A

i
kel

L n
S eil= 55 3 twio
=0 i=1 =0 i=1 (5,])>(l i)
<ca( B30 “ (5
orth '

s=0 j=
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The stability of the decomposition of v yields that

L n 2 L ng )
{ 2 J 2 2
Z Wl n < Corth ZZ vS A = Corthcstab ”V”A .

1=0 i=1 s=0 j=1

From (A.7) and the arbitrariness of v we obtain ¢y < C2 . Cqp- O
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