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1. Introduction

Let F be a real separable Banach space equipped with a probability measure u on the
Borel field of F. Let H be another normed space with norm || - || such that F is continuously
embedded in H. Any A : F — H such that f — ||f —A(f)|| is a measurable mapping is called
an approximation operator (or just approximation). The p-average error of A is defined as

e (A - 11, Fy ) = ( J If —A(f)llpu(df))p .
F

Since in practice the underlying function is usually given via its values at finitely many
points, the approximation operator A(f) is often considered depending on some function
values about f only. Many papers such as [1-4] studied the complexity of computing an
g-approximation in the average case setting. We observe that all results used before rely on
spline function approximation (see [5]). It is well known that the optimal spline function
approximation operators depend on the smoothness property of covariance kernels, and it
is not known if they are good approximation operators for derivative approximation. The
simultaneous approximation problem for smooth functions is an important research topic
in approximation theory and application. We want to consider the simultaneous approxi-
mation problem in the average case setting. Since the Bernstein operator approximation
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is the most important approximation method which depends on its values at equidistant
interpolation points only, and it is widely used in practice, we will discuss its simultaneous
approximation average errors on the r-fold integrated Wiener space.

Denote

Fo={f €C[0,1]: f(0) =0},
and for every f € F, set
Ifllg = max [f(0)].

Then (Fy, || - ||c) becomes a separable Banach space. Denote by B(F,) the Borel field of
(Fo, Il - llc), and by w, the Wiener measure on B(F,) (see [5]). Now we introduce integral
operator T,,r > 1, on F; as follows.

Let r > 0 be an integer. Define for r =0

(Tog)(t) = g(t), Vg €Fy,

and forr > 1

‘ (t —u)1
(T, g)(t) = ) g(u)- NCEE u
Obviously we have
(T.g)(t) = (T,_,g)(t), VO<s<r, (1.1)

and for an arbitrary g € F,
T,geF, ={f ec0,1]: fP0)=0fork=0,1,---,r}.

It is well known that T, is a bijective mapping from F, to F,. The r-fold integrated Wiener
measure , on F, is defined by induced measure w, = T, wy, i.e., for ACF,,

w(A) = wo({g € Fy|T.g €A}).

From [5, p. 70] and [5, p. 71] we know
J f($)f(t)wo(df)=min{s, t}, Vs,t €[0,1], (1.2)
Fo

Ls —w), (t —u)] du

JF FO)F (O, (df) = JO 7 . (1.3)

Where z, =z if z > 0 and z, = 0 otherwise.
For o € [,1[0,1], o = 0, the weighted L,-norm of f € C[0,1] is defined by

1 ,%
”f”p,g = (J |f(t)|p . Q(t)dt)
0
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and we simply write || - ||, if o(t) = 1.
For f € C[0,1], the nth Bernstein polynomial of f is

B,(f,x) = Y L f(t)pn(x), (1.4)
k=0
where
k ny _k n—k
tk:;5 pn,k(x): k X (1_X) 5 k:05"'5n- (1.5)

On the one hand, we will consider the average errors of function approximation by the
Bernstein operators (1.4). We obtain

Theorem 1.1. Let B,(f, x) be defined as (1.4). Then for an arbitrary p € L,[0,1], o > 0,
o(x) is continuous on (—1,1) and 1 < p < oo, we have that
(1). For r =0,

_1 _1
&5 (Bus I+ I1p.0-Fo, ©00) = Cpgon ™+ +0 (n75),

2v/2 -1 ! ) ’
Cpo0= (W) (VP'J;) (X(l—x))z-g(x)dX) ,

and vy, is the p-th absolute moment of the standard normal distribution, i.e.,

where

N =

1 (° <2
v, = —— |x|Pe” 2 dx.
P Var —oo
Meanwhile, here and in the following the notation a, = o(b,,) for sequences {a,} and {b,}
means that lim,_, a, /b, = 0.

(2). Forr =1,

_3 _3
ep (Bn) ” . ”p,gyFly wl) = Cp’g’ln 440 (n 4) 5

2_\/5 % ! 3p é
Cpo1= (ﬁ) (VP'JO (x(1—=x))+ 'Q(X)dx) .

(3). Forr > 2,

where

ey (Bus | llp,os Frr0r) = Cp oo 0 (n71),

where

) 1
1 P P

Cpor = xR =P o(x)dx |

N T (vp JO xP7z2(1—x)P - p(x) x)
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For 1 < p,q < 0o, by Hélder’s inequality we know that there exists C;, C, such that
Clemin{p,q} (Bru ” . ”rnin{p,q},QaFr) wr)
=< €p (Bru ” : ”q,gaFra wr) = CZemaX{p,q} (Bn) ” : ”max{p,q},Q)Fra wr) .
Hence from Theorem 1.1 it follows that

Corollary 1.1. Let B,(f, x) be defined as (1.4). Then for an arbitrary o € L,[0,1], o > 0,
o(x) is continuous on (0,1) and 1 < p,q < oo, we have

INT

€p (Bn) ” : ”q,Q)FOawO) =n 4,

ep (B Il - llg, 00 F1,01) <%,

N (Bn’ I ”q,Q’Fr’wr) =n7', r>2.

Hlw

Here and in the following the notation a,, < b,, for sequences {a,} and {b,} of positive num-
bers means the existence of a constant C independent of n such that a,,/C < b, < Ca,, and C
may be different in different expressions.

Remark. For r = 0, the result of Corollary 1.1 can be found in [6].

On the other hand, we will consider the average errors of derivative approximation by
the Bernstein operators (1.4). For f € C®)[0,1], o € L;[0,1], 0 > 0and 1 < p < o0, we

define
1
If llps,0 = U
0

and we simply write ||f ||, , if s = 0.

) >
f“)(x)\ Q(X)dX>

Theorem 1.2. Let B,(f, x) be defined as (1.4). Then for an arbitrary o € L,[0,1], o > 0,
o(x) is continuous on (—1,1) and 1 < p < oo, we have that
(1). Fors=r,

_1 _1
€p (Bn) ” : ”p,r,Q)Fr’wr) = Cp,Q,On ++o (Tl 4) :
(2). Fors=r—1,
_3 _3
ep (Bn, ” : ”p,r—l,g,Fr;wr) = Cp,g,ln ‘++o (n 4) .
(3). Fors<r—2,

ep (Bn) ” ' “p,S,Q’FI" wr) = CP:Q:r’sn_l + 0 (n_l) ?

where

1 1
1 » P
CP,Q,Y,S = m (VP J() |Dr,s(x)|2 : Q(X)dx>
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and
D,s(x)
_ x2r—2-1 s2(s —1)°x%2  (r—s)s2(1-2x)%> (r—sP(r—s—1)7%1—-x)>2
T @a(r—s)N? | 2r—2s+1 (2r—2s—1) 2r—2s—3
S22 2 —-1D)(r—-s—1)(1—-x) s(s—1)(1-2x)
Tl —s =12 { r—moD0—s) | s Ta-xa _2’“)} ‘

Similar to Corollary 1.1, by Theorem 1.2 we have

Corollary 1.2. Let B,(f,x) be defined as (1.4). Then for an arbitrary o € L1[0,1], o > 0,
o(x) is continuous on (0,1) and 1 < p,q < oo, we have

1

® (Bn’ I ”q,r,g’Fr,wr) =n 4,
i
€p (Bm - ||q,r—1,g,Fr,wr) =n"4,

¢ (Bus Il llg 0 Frvo,) <n7, s <r—2.

2. Some Lemmas

We will list and prove some useful lemmas in this section.

Lemma 2.1. Let s > t. Then

[ iF— 3 (s—t)t? -
JFlf(S)f(t)wl( f)—§+ 5 (2.1
( t2
FIOf (e (df) == +t(s — 1), (2.2)
Jr 2
f 2
FOF'(ewr(df) = —. (2.3)
Jr, 2

Proof. From (1.3) we obtain (2.1). We only prove (2.2). The proof of (2.3) is similar.
Let f =T, g, then (1.1) gives

Jf’(t)f(S)an(df):J (T18) (6)(T18)(s)wo(dg)
P Fy

=J g(t)f g(u)duwo(dg)=f f g(t)g(w)duwy(dg). (2.4)
Fo 0 Fy JO

Using Fubini’s theorem and (1.2), we have

f f g(t)g(u)duwo(dg)=f duf g(t)g(uw)wy(dg)
Fy JO 0 Fy

s t N t2
:J min{t,u}du = f udu —l—f tdu=—~+t(s —t). (2.5)
0 0 t 2
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This completes the proof of Lemma 2.1. O

From the proof of Theorem 1.5.2 in [7, p. 17] we obtain

Lemma 2.2. For fixed 0 < 6 < %, a> %, the asymptotic relation

P (x) = (Z) k(1= xyn

S —_—— (k )2 x), (@26
= €. - —— X = X), .
vV 21x(1—x)n . 2x(1—x) \n nk
holds uniformly for all x € [6,1 — &] and for all values of k satisfying the inequality
k _
——x[{<n“ 2.7)
n
In other words,
X
tim 2nk) _ 2.8)
n—00 Pn,k(x)
uniformly for all k satisfying (2.7).
Let X = x(1 — x) and let
n
T,s(x):= Z(V —nx)’py,(x), n=1,2,--+,5=0,1,---. (2.9
v=0

Lemma 2.3. ([8]) For a fixeds =0,1,---, T, ;(x) is a polynomial in x of degree <s, and

S

S
Toas(x) =Y a;,(ONIXT, T, 000 (6) = (1= 2x) > by (XIniX7, (2.10)
j=0 j=1
where a; ;, b; ; are polynomials of degree < s— j, with coefficients independent of n. Specifically

1,52 71,8

Tn,o(x) = 1, Tn’]_(x) = O,
T,o(x)=nX, T, 3(x)=n(1-2x)X, ---. (2.11)

3. Proof of Theorem 1.1

In this section, we will give the proof of Theorem 1.1.

Proof. From [5, p. 107, (28)] we obtain

1 3
&) (Bullllpo: Fro 0y ) = vy J U |f(X)—Bn(f,X)|2wr(df)) e()dx. (3.1
0 F,
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From (1.4) it follows that

J £ () = Bo(f, )" w,(df) = J fZ(x)wr(df)—zzpn,k(x) J FOOf () (df)
F, F,

+22pnk(x)pn m(x)J FEf (tm)eo,(df)

=0m=0
:Ar’l(x) —2A,5(x) +A; 3(x). (3.2)

For r =0, from (1.2) it follows that

Ag1(x) = x. (3.3)
From [8] we obtain
D i) =1, (3.4)
k=0
D tkPai() = x, (3.5)
k=0
x(1 x)

Ztkpnk(x)—x o (3.6)
k=0

From (2.11), (3.4)-(3.6) and a simple computation, we get

3x%(1 —x) N x(1 —x)gl — 2x)‘

Ztipn’k(x) =x3+ (3.7)

k=0 n

From (1.2), (3.4), (3.5), the identity min{a, b} = %la_b' and a simple computation we
obtain

1 1
Aoa(x) =753 (x + 1= lx = rk|)pn,k(x) =x—2 ) Ix—tlpuilx). B8

k=0 k=0

Similarly, we have

Aps(x)=x— = Z Z |t = P (D1 (6)- (3.9)

=0m=0
From (3.2), (3.3), (3.8) and (3.9) we obtain

f |£ () = Bo(f, )| woldf)

—Z | = tlpn () — = Z Z |t = Pk (P m(X)

=0m=0
Iz(x)

=I(x) -

(3.10)
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Foraﬁxed0<5<%andn25_%,ifx€ [ts, toit] ﬁ[5,1—5],then1§s:tn% <nand

L= > lge=xlp)+ D = xIpu(x), (3.11)
|k—s|>[nT72} |k—s|§[nf72}
where [x] denote the integer part of x. From [7, p. 15, (8)] we know
> pax(x)<cCn2 (3.12)
|k—s|>[n%}

Here and in the following the constant C is independent of n and may be different in
different expressions. Combining 0 < t;,x <1 and (3.12) we get

> lte—xlpalx) <cn2 (3.13)
|k—s|>|:n%}

For s — [nllz] <k<s+ [nllz], from (2.8) we know

|t — x|pp(x) Lol |k [ . (k )2} (3.14)
- X X)=— |- —x|exp| ———— | ——x . .
k Prk [omx(1—x)n | P 2x(1—x) \n
By (3.14) we obtain
Do lte=xIpai(x)
|k—s|§|:nT72}
1+0(1 k k)2
e et o I BT
v/ 2mx(1—x)n 7 n 2x(1—x) n
|k—5|§[n12}
Denote
F(s)=s-ex —Ls2
P 2x(1—x)" |~
For % <t< %, by the Lagrange intermediate value theorem we know
k n k2 ( 0 n ( 02
X n exp 2x(1—x) X n X exp 2x(1—x) X
, k
n

where £ € (x —) C (—n_% - %,n_% + %) . By a simple computation we
yield that

IF'(§)| < C. (3.17)
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From (3.16) and (3.17) it follows that

k n k2
Tl ‘m(’“‘z)
=|x—t|exp[ 7x (1 )(x—t)} (n_1_72). (3.18)

s—k+1
n

Integrating two side of (3.18) about t in [x - ,X — ‘%J , we obtain

k[ (kY

b'e neXP 2x(1—x)(x n)

= x_ka — N -z
_nL_Mlx tlexp[ 2x(1_x)(x t)}dt+o(n ) (3.19)

By (3.19) and a simple computation we obtain
Z k n 3%
[ X —_—— —_—
, X neP 2x(1—x) X n
|k—s|§[nﬁ}
]

x+
=anx1 [%} Ix—tIeXP[ ﬁ(}c—t)z} dt+o(1)

n

_35

N u| ~tlexp | ———— (x — )| dt
=n L, exp (-0 x

x+n~ %
f lz]|X—t|eXp|: 2(1 )(x—t):|
fnﬂ 12 |X—t|eXP[ ox (1 )(X—t):|dt+o(1)
x+n— 1% N )
=n Jx_n_l_sz |x — t|exp [—m(x —t) i| dt+o(1). (3.20)

Lets = ,/m(x —t). Then

-3

x+n 12
L_nfz |x—t|exp|: 7x (1 )(x—t)}

1% 1%
2x(1—x) [ Vax—»o _2 Ax(1-x) [ V2o .
=" . Isle™ ds = ——— se”*ds
n Vn

4/ 2x(1-x)
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4x(1 —Xx) _5 ds — 4x(1—x) se_szds
n 12 ’
V2x(1—x)

By a direct computation we obtain

+00 ) 1
se ds=—.
0 2

. . +oo .2 .
By the convergence of the improper integral fo se”* ds we obtain

+o00
lim se™S'ds = 0.
n—oo 1%

V2x(1-x)

From (3.11), (3.13), (3.15) and (3.20)-(3.23) it follows that

—\/T +o0 (n_%) .

By the same discussion and a direct computation we obtain

/2X(1_X) 400 400
IZ(X):n—\/ﬁf f |s

v x(1—x) 1

=Y i, (n ) .
Jmn

From (3.10), (3.24) and (3.25) we get

Li(x)=

(J_—l)\/JC(T (

2
LO | () = Bu(f, )|* wo(df) = =

For r =1, from (2.1) we obtain
3

x
Ar1(x) = 3

By (2.1), (3.2), (3.4) and (3.5) we verify that

3 n 3 N2
A1 z(X) Z |:§k + — tk)t :| n,k(x)+ Z |:% +(tk+)x:| pn,k(x)
k=0 k=s+1
3 (x—tk)t x3 (t x) 2 LIS
k
1 [ X3 (tk—x)x2
EZ x = )’ P () + 3 + — Pni(x)
k=0
X 1

S
=3 + 5 ;(X - tk)gpn,k(x)-

1
tle™" " dsdt + o (n_i)

— x)x?

2
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(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

:| pn,k(x)

(3.28)
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From (2.1), the identity min{a, b} = %la_bl and a direct computation we obtain
mln{t > m} _tm| min{t ;tm} 2
Apg(x) = ZZ (( pinl)’ ( o ) P ()P m(x)
k=0 m=0
(t+ tm —|tk—r. D° , Tt =t (te+ t = It~ t0])”
8 pn,k(x)pn,m(x)
k=0 m 0
—t2 - +3tkt +3t2t,,
Z pn,k(x)pn,m(x)
1
t 124 S 6= a0 (3.29)

=0 m=0

From (3.4)-(3.7) we obtain

—ty —t3 + 36t + 362ty
Z Z 12 pn,k(x)pn,m(x)

1 n n
=> Z tkpn,k(x)Z (2Pni() = ¢ D Pai(x) ) 2P i(x)
k=0 k=0 k=0 k=0

x® x(1—=2x)(1-2x)
=3 - o3 . (3.30)

From (3.2), (3.27)-(3.30) it follows that

f £ () = Bo(f, )| w1 (df)
F

1 1 & x(1—x)(1-2x)
- 5 Z(X B tk)Spn’k(x) * E Z Z |tk - tmlspn,k(x)pn,m(x) -
k=0 k=0m=0

6n2

—J1(x)  Jo(x)
=73 12
Similar to the proof of (3.24), we have

3 s~+to0
J1(X)=2\/§(X(1_X)) J 336_52d5+o (n‘%)
0

+ J5(x). (3.31)

JTn?
V2(x(1—x)):2
Lj) o (n). (3.32)
Jmne
By the same discussion and a direct computation we obtain
2vV2(x(1—x))2 [
Jo(x) = 20x( 3 )) f f 3¢~ dsdt + o (n_%)
n:
8(x(1—x))2
u+o (n2). (3.33)

Jan
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From (3.31)- (3.33) we get

(2—- f)(x(1—x))z O( _3)

J |f(X)—Bn(f,x)|2w1(df)— e nz). (3.39)
F nz

For r > 2, by Taylor formula we have

£ =+ () s (L) 1)

n 2
et (2 s+ (o) I (2n) (B L), s
where &, is between in x and * —. Hence
1/ 1 1/ v
IX RO E AL (3.36)

where w(f,t) is the modulus of continuity of f in the uniform norm. Hence, by (3.35)
and a simple computation we obtain

1= 0f)  pr 2 (FE) - £
B0 -0 ="+ 3 (%) -(f)pn,v(x)

:Kl(f:x)+K2(f:X)' (337)
Let f =T,g. By (3.37), (1.1) and (1.3) we obtain

1 — x))2
J |K1(f,x)|2wr(df)=u J £ (df)

1-x)) —x))*
B D f (1,8 0 Pasgtdg) = S f (T, 8)(0) e dg)

1— 2
(’“(4—2")) J £GP, _(df)
(x(1 = x))? e, X1 =x)’
~4((r — 2)2n ZJ b e e — 2 (3:38)
From (3.36), (3.37), (2.11) and (3.12) it follows that
|K2(f)x)|
1 2 2
so(figm) X (Fox) pewretrn X (2-x) p
[+ i+
, 1 oy 2 Cw(f"”,1)
Sw(f ’ 1%/?) — (;_x) pn,v(x)+ 2

(3.39)
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J (e3)

For r =2, let f = T, g, then by (1.1), (3.39) and (3.40) we obtain

2
C , 1
Lz Ko (f, X)Pewy(df) < FLZCO (f ,12—\/5) wy(df)
2 2
—EJ (T,g)" 1 wo(d )—EJ w 1 wo(dg)
_n2 FOO.) 28) » 1% oldg _Tl2 s 8, 1% oldg

Clnn

S
niz

From [9, p. 86] we obtain

2 Clnn

wo(dg) < _— (3.40)

(3.41)

For r > 2, let f = T, g, then by f”(0) = 0 and the Lagrange Intermediate Value Theorem it

follows that
1 (3) T. )3
ol IOl _ 1K)l .42
1% 1% 1%
Let c satisfy that ||(T,g)®|lc = |(T,g)®(c)|. Noticed that (T,g)*(0) = 0, we have

(T )Pl =T, )P (e) = (T, £)®(0)] < w((T,8)P,¢) < (T, )P, 1)

1
12/ 5 3
S( n +1)w((T,,g) s 1%)
1
— 12 5 (3)
(\/n +1)w(f ’1%)' (3.43)

Combing (3.42) and (3.43) it follows that

1 1
w (flla ) S 2w (f(g)a ) . (3'44)
12 /ns 12 nS

Using the same method we conclude that

w (f” L) <2 2w (f(’”) ! ) . (3.45)
1% 1%

Similar to (3.41), from (3.39), (3.40) and (3.45) we get

9 Clnn
IKy(f, 0%, (df) < ——. (3.46)
F,

niz
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From (3.37), (3.38), (3.41) and (3.46) it follows that

2171 _ w2
B.(f.x) — fO) oo (df) = — =X (i) . (3.47)
F. 4(2r —3)((r — 2)1)*n? n?

From (3.1), (3.26), (3.34) and (3.47) we obtain the desired results of Theorem 1.1. O

4. Proof of Theorem 1.2

In this section, we give the proof of the Theorem 1.2.

Proof. From [5, p. 107, (28)] we obtain

1
65 (Bn:” '”p,s,Q:Fr;wr) :Vp'f f
0 F,

From [8, p. 306] it follows that

FO) - BY(S, X)’Z wr(df)) -e(x)dx. (4.1)

B’({s)(f’x) =n(n—1)--(n—s+ 1)ZA51/nf (%) Pn—sv(X), (4.2)
v=0

where Ailj f(x) is the k" difference of the function f at the point x with step h. For
f ec®[o,1], it is well known that

h

h
Aﬁf(X)=f dyl---f FOC+y1 +- + yiddyi. (4.3)
0

0
For s = r, from (4.3) and the integral intermediate theorem we obtain

it (7)),

1/n 1/n ¥
dyl---f f(s)(;+y1+---+ys)dys
0

1 (Y
n n
where 0 < &, < 2. It is easy to verify that t € [%, "—:s] implies |t — ——| < 2. Hence
a f (D)= Lro (L
1n? \ n n’ n—s
% % 1 S
1 (z+8) -9 (=) |2 5o (£9.5)- @5)
n n n—s n n
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From (4.2) and (4.5) it follows that

B9, =L ;ff Al e (-=) Prsst®

=0 n—s

n—s

(n—l) ns(rll—s+1)2(f(s)(£+€) f(s)(

v=0

))pn s ()

_(-1)- (n—s+1)Zf(s)( )pnsv(x)+w(f“) )B(fx)

nsl

:(n—l)"'s(_fll—s"‘l) B,_.(f©, x)+w(f(5) )B(f x), (4.6)
n

where |B(f,x)| < 1. By (4.6) and a simple computation we obtain

B0 - 000 =T D (g (519, - 500)

((n—l) (n—s+1)

nsl

)f@(x) +o (£9,2) B0

=(1+0(1)) (Bues (£, x) = F900))

(1 +0(1))s(s = Df O (x)
- 2n *

Similar to the proof of (3.46), we have that for 0 <s <r

[ (o(02)) ean= (o(crr.2)) ouan
<27 LO (w (g, %))2 wo(dg) < ? (4.8)

w (f@, %) B(f, x). 4.7)

By (3.26) we obtain

By (£0,%) = FO0) w0, (d)

By ((1:87,%) = (1,007 woldg)

Fo

[ 2
= |n - (8,%) — g(x)|" wo(dg)

(2«/_— 1) /x(1 -
s o)
From (1.1) and (1.2) it follows that

(4.9)

J (f(r)(x))zwr(df)=J (T, 2)"())" woldg) = J (8())* wo(dg)=x. (4.10)
F,

Fo Fo
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From (4.7)-(4.10) we obtain that

)

r

4.11)

(2\/5—1)\/m+0( 1 )

24/ mn W

2
£ —B,S”(f,x)\ w,(df) = =

For s < r, by (4.3) and the Newton-Leibniz formula we conclude that

v 1n (s) v
S = cen S
Al,nf(;)—Jo dy JO 79 (=) v,
1/n 1/n v v
+J dyl---f (f(s)(—+y1+---+ys) ~f© (Ts))dys
0 0

Yt

1/n

FOED(Dde

()
T n—s

1/n n+y1+ +Ys v
dy, f (f““)(t) — fls+D ( )) dr.

e o
[P

+
e =
=
QU
=
s

n-—s
(4.12)

By a direct computation we get

) e [ e (5

— (s+1)
(2nS+1 n5+1(n—s))f (n—s) (4.13)

Similar to the proof of (4.5), we have that for an arbitrary t in (4.12), we have

£ - £ ()

<w (f(sﬂ), %) . 4.14)

By (4.14) we obtain

1/n 1/n Syt v
J dy, - J dst (£ - o (=) ) ae
0 L_ n—s

cleos 2 (e, 2) < B (o 2, (415)
n n

2ns+1(n ) s+l
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Similar to (4.6), from (4.2) and (4.12)-(4.15) it follows that

(n—1)---(n—s+1) sn—1)---(n—s+1)

B;(qs)(f: x)= 1 Bos(f ), x) + Dy B, (f¢D x)
s(n=1D)-(n=s+ D V4
e Z:O —f (n ) Pr—sp(X)
+1w (f(SH) )A(f x), (4.16)
n

where |A(f, x)| < s. It is easy to verify that

n—s

D (=) @

v=0

n—s—1
w+1
=X Z f(s+1)( )pn —s— 1W(X)

n—

n—s—1
=X Z f(s+1)( )pn —s— 1W(x)
n—s—1

+x Z (f(s+1) (W’i‘sl) f(5+1) (n _];V )) pn—s—l,w(x)

—xB,_._, (f(s-i-l)’ Z (f(5+1) (W +81) _ flHD (#)) Prst().

“4.17)
From
w—+1 w
- < , YO<w<n-s-—-1, (4.18)
n—s n—s—1 n—s
we get
n—s—1
+1 1
X Z (f(S_H) (W ) _f(S_H) (L)) pn—s—l,w(x) < w(f(s+1), —) (419)
~ s n—-s—1 n—s

Combining (4.16), (4.17) and (4.19), we obtain
—1)---(n— 1 —1)---(n— 1
B0 =TI Dy (0,0 DRI D (e

2 S
s(n—1)---(n—s+1) 1
_ = *Byyen (FED,x) + = o (f(s-H)

——)ctfx),

n—
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where |C(f, x)| < s+ 1. Similar to (4.7), by above relation we conclude that
BY(f,x) - f9(x)

=(1+0(1)) (B, (F9,x) = F900) -
+s(n— - (n—s+1)

2n’
_s(n—l)---(n—s+1)

(1+0(1))s(s — 1)f9(x)
2n

s(n—=1)---(n—s+1)
)+ 2nS

(Baes F 0,200 = £ () FE ()

— X (Byogoy (F57,x) = FEH0())

~ s(n=1)---(n—s+ 1)xf(s+1)(x) + %o) (f(s+1), L) C(f,x)

n® n—s

_ (s)
—(1+0(1)) (B, (£9,x) = FO(x)) - TEARE D00 (4.20)
2n
(1+0(1)) (1+0(1))
2n

2n
B (1 +o(1))x (Bn_s—l (f(s+1)’x) _f(s+1)(x)) + %w (f““), L) C(f,x).

n n—s
For an arbitrary 1 < m < r, we have

(1-2x)f " (x)

(Bues (FHD,x) = £ (0)) +

[ 2
| [ (5) - )| w,f)
E,
f 2
= | [Ban (. 0)™.x) = (T.0)™0)| wolde)
Fo
.
:J |Bn—m (Tr—mgﬁx) _(Tr—mg)(x)|2w0(dg)
Fy
.
- 1B (F,) = F O @ m(df)- (4.21)
Fr—m
By (1.3) we obtain
2
( Fme| @, df)
JF.
[ m (| :
= |(T.g) (x)\ wo(dg) = f (T, g) ()| wo(dg)
JF, Fy
_ 2 _ 1 * 2 0\2(r—m)
—Lm £ () wr_m(df)——((r_m)!)zfo (x —w?""Mdu
x2r—2m+1

T ((r—m?@r—2m+1) (4.22)

Fors =r — 1, from (4.8), (4.20)— (4.22) and (3.34) we obtain
f (2-v2) (x(1 - x))2
F,

3y/mn2

FED0) - B0 0, (df) =

+o0 (n_g) . (4.23)
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For s < r —2, from (3.37), (4.8), (4.20)- (4.22) and a simple discussion it follows that
f F,

iz J ls(s = 1DFO00) = x(1 = )f D) +5(1 - 22)f SV w,(df)

FO(x) —B,(f)(f,x)r w,(df)=D,s(x)+o (%) R (4.24)

where
D, (x)=

2(5 1)

Y
J FOf ,(df)+Tx)J £ 20| w,(df)

2 —
+(1—22x)J [P0 oy () - L) J FOCF )0, ()

25 _
+M J FOFI ), (df)
xs(l—)zc)(l ZX)Jf(s+1)(x)f(s+2)(x)wr(df) (4.25)

From f € F, we know f©)(0) = f¢+1(0) = 0. Hence the Newton-Leibniz formula gives

o) = J FED(Ddt = J dtJ FEDw)du. (4.26)
0 0 0
From Fubini’s Theorem, (4.26), (1.1) and (1.3) it follows that
[
FOCf P, (df)
Fr
(-x (-t (
_ dt du f(5+2)(u)f(5+2)(X)wr(df)
Jo Jo JF,
X rt (
=| dt| du (T ) W)(T, 8) 2 (x)wy(dg)
Jo Jo JF,
X rt (
= dt du (Tr —s— Zg)(u)( —s— 28)(x)¢00(dg)
Jo Jo JF,
X ('t (’
= dt du f(u)f(x)wr—s—Z(df)
Jo Jo Jr_ .,
((r — )')2 J dtJ0 duJ0 (x —=v) ™ 2(u—v) " 2dv
:m fo dva dtﬁ (x —v) = ?(u—v) " 2du
x2r=2-1
(4.27)

:(r —s)(r—s=2)1(2r—2s—1)
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Similarly, we have

2r—2s
(s) (s+1) -
JF, FOCF e df) = 5o, (4.28)
1) 642 2r—25—2
s+1 s+2 —
L, FEDCF A ) = g (4.29)
From (4.25), (4.22) and (4.27)-(4.29) it follows that
Dr,s(x)
B x2r—2-1 s2(s—1)%x%2  (r—s)%2(1-2x)? (r—s)2r—s—1)%(1—-x)>?
Ten(r=s)N? | 2r—2s+1 (2r—2s—1) 2r—2s—3
sx2r2 2s—1)(r—s—-1)(1—x) s(s—1)(1—2x)
T n(r—s—1)12 [ T e 2x):| '
(4.30)
By using (4.1), (4.11), (4.23), (4.24) and (4.30), we obtain the desired estimate of Theo-
rem 1.2. O
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