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Abstract. We develop and analyze an adaptive hybridized Interior Penalty Discontinu-
ous Galerkin (IPDG-H) method for H(curl)-elliptic boundary value problems in 2D or
3D arising from a semi-discretization of the eddy currents equations. The method can be
derived from a mixed formulation of the given boundary value problem and involves a
Lagrange multiplier that is an approximation of the tangential traces of the primal vari-
able on the interfaces of the underlying triangulation of the computational domain. It is
shown that the IPDG-H technique can be equivalently formulated and thus implemented
as a mortar method. The mesh adaptation is based on a residual-type a posteriori er-
ror estimator consisting of element and face residuals. Within a unified framework for
adaptive finite element methods, we prove the reliability of the estimator up to a consis-
tency error. The performance of the adaptive symmetric IPDG-H method is documented
by numerical results for representative test examples in 2D.
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1. Introduction

Discontinuous Galerkin (DG) methods are widely used algorithmic schemes for the nu-
merical solution of partial differential equations (PDE). For a comprehensive description,
we refer to the survey article [24] and the references therein. As far as elliptic bound-
ary value problems are concerned, DG methods can be derived from a primal-dual mixed
formulation using local approximations of the primal and dual variables by polynomial
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scalar and vector-valued functions and appropriately designed numerical fluxes. Among
the most popular schemes are Interior Penalty DG (IPDG) and Local DG (LDG) meth-
ods which have been analyzed by means of a priori estimates of the global discretization,
e.g., in [3,5,23,39]. For H(curl)-elliptic boundary value problems arising from a semi-
discretization of the eddy currents equations, symmetric IPDG methods have been studied
in [36]. The time-harmonic Maxwell equations have been addressed in [46].

On the other hand, the a posteriori error analysis and application of adaptive finite ele-
ment methods (FEM) for the efficient numerical solution of boundary and initial-boundary
value problems for PDE has reached some state of maturity as documented by a series of
monographs. There exist several concepts including residual and hierarchical type estima-
tors, error estimators that are based on local averaging, the so-called goal oriented dual
weighted approach, and functional type error majorants (cf. [2,6,7,30,44,49] and the ref-
erences therein). A posteriori error estimators for DG methods applied to second order el-
liptic boundary value problems have been developed and analyzed in [1,11,18,38,40,47].
In particular, a convergence analysis of adaptive symmetric IPDG methods has been pro-
vided in [12,34] and [41]. Residual- and hierarchical-type a posteriori error estimator for
H(curl)-elliptic problems have been studied in [8-10, 20,37]. A convergence analysis for
residual estimators has been developed in [19] for 2D and in [35] for 3D problems.

From a computational point of view, DG methods suffer from a relatively huge amount
of globally coupled degrees of freedom (DOF) compared to standard FEM. Hybridization is
a technique that gives rise to a significant reduction of the globally coupled DOE It has been
introduced for mixed FEM in [31] and further studied in [4,13,15,25,26]. Adaptive mixed
hybrid methods on the basis of reliable a posteriori error estimators have been considered
in [14,45] and [50]. For DG methods, a survey of hybridized DG (DG-H) methods has
been provided in [26], whereas a unified analysis has been developed in [28]. However,
adaptive DG-H methods have not yet been investigated.

In this paper, we will derive and analyze a residual-type a posteriori error estimator
for hybridized symmetric IPDG (IPDG-H) methods applied to H(curl)-elliptic boundary
value problems in 3D. The analysis will be carried out within a unified framework pro-
vided for adaptive finite element approximations in [17,18,20-22]. The paper is orga-
nized as follows: In Section 2, we introduce some basic notation and present the class of
H(curl)-elliptic boundary value problems to be approximated by symmetric IPDG-H meth-
ods. Section 3 deals with the development of symmetric IPDG-H methods based on a
mixed formulation of the elliptic boundary value problems. We establish its relationship
with mortar techniques which allows the implementation as a mortar method. In section
4, we present the residual-type a posteriori error estimator and prove its reliability. Finally,
in section 5, we provide a detailed documentation of numerical results to illustrate the
performance of the symmetric IPDG-H methods.

2. Basic notations

LetQ C RR3 be a simply connected polyhedral domain with boundary I' = 92 such that
I =TpUly,[pNIy = 0. We denote by 2(Q2) the space of all infinitely often differentiable
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functions with compact support in Q and by 2’(Q) its dual space referring to < -,- > as the
dual pairing between 2'(Q) and 2(£2). We further adopt standard notation from Lebesgue
and Sobolev space theory. In particular, for a subset D C €, we refer to L?(D) and L2(D)
as the Hilbert spaces of scalar and vector-valued square integrable functions with inner
products (+,-)o p and associated norms || - ||y p, respectively. Further, we denote by H (D)
the Sobolev space of square integrable functions with square integrable weak derivatives
equipped with the inner product (-,-); p and norm ||-||; p. For © € D, we refer to HY2(%)
as the space of traces v|y; of functions v € H!(D) on . We set

HS’Z(D) :={ve H'(Q)|v|y =0}

and refer to Hy, 1(D) as the associated dual space.

For a simply connected polyhedral domain Q with boundary I' = 9 which can be
split into J relatively open faces I'y, ---, I'; with T’ = U]J.ZIF]-, we refer to H(curl; Q) as the
Hilbert space

H(curl; Q) := {u € L2(Q) | curl u € L3(Q)},

equipped with the inner product
(W, V)eyri0 1= (0, V)g o + (curl u, curl v)o o

and the associated norm || - ||, o. We further refer to H(curl’; Q) as the subspace of
irrotational vector fields. The space H(div; Q) is defined by

H(div; Q) := {q € L*(Q) | div q € L*()}
which is a Hilbert space with respect to the inner product
(W, V)i, = (W, V)g g + (div u,div v)o g,
and the associated norm || - || 4;,, . For vector fields
ue C®(Q)® :={ulg |ue C® R},

the normal component trace reads 77n(“)|rj i= nr, -ull—j, j =1,---,J with the exterior
unit normal vector np on I';. The normal component trace mapping can be extended
by continuity to a surjective, continuous linear mapping 1, : H(div;Q) — H V2(I)
(cf. [32]; Thm. 2.2). We define Hy(div; 2) as the subspace of vector fields with vanishing
normal components on I'. In order to study the traces of vector fields q € H(curl; Q2),
following [16], we introduce the spaces

LZ(T) := {u € L2(Q)|n,(u) = 0},
HY2(T) == {u e LY(D)|ul;, e HY*()) forall j=1,---,J}.

For I';,T C ' with j # k and Ej := T; N Ty € &, the set of edges, we denote by t;

and t; the tangential unit vectors along I'; and I'; and by t;; the unit vector parallel to
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Figure 1: Two adjacent faces I';, I, with common edge Ej;.

Ej; such that I'; is spanned by t;,t;; and I'y by t;,t; (cf. Fig. 1). Let ¢ := {(j,k) €
{1,---,J}* | 0T;N 3Ty = Ej € &,} and define

H2(r) = {u e HY2(D) | (4wl = (- ol for (k) € £,
H?(r) == {u e HYX(0) | (- u))lg,, = (& wo)g,, for (k) € #}.

We refer to Hﬁl/z(l“) and Hll/z(l“) as the dual spaces of Hﬁ/Z(r) and Hi/z(l“) with Ltz(r‘)
as the pivot space. For u € 2(£2)® we further define the tangential trace mapping

Tedr,==uAnglp,  forj=1,---,J,
and the tangential components trace
m|rj = nl—j/\(u/\nl-j)h-j, forj=1,---,J.

Moreover, for a smooth function u € 2(Q) we define the tangential gradient operator
Vr = grad|; as the tangential components trace of the gradient operator V, i.e.,

Vru|1~j = Vrju = ﬂ:t,j(vu) = nl'*j AN (Vu A nl'*j), forj = 1, ce ,J,

which leads to a continuous linear mapping Vi : H3%(I) — Hﬁ/z(r‘) (cf. [16]). The
tangential divergence operator

divp : Hy V(1) —» H/(I)
is defined, with the respective dual pairings (-, -}, as the adjoint operator of —Vr, i.e.,
(divru,v) = —(u, Vrv) , v e HY(T),  weH VAD).

Finally, for u € C*°(Q2) we define the tangential curl operator curly as the tangential trace
of the gradient operator

curlpulpj = curlrju =171.;(Vu)=VuAn;, forj=1,---,J. 2.1)
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The vectorial tangential curl operator is a linear continuous mapping
curly : H¥2(I) — HY(I).
The scalar tangential curl operator
curly : H V(M) — H™%2(I)
is defined as the adjoint of the vectorial tangential curl operator via curl, i.e.,
(curlru, v) = (u, curlyv) forall veH%?()andue Hll/z(l“).

The range spaces of the tangential trace mapping y, and the tangential components trace
mapping 7, on H(curl; Q) can be characterized by means of the spaces

H~2(divp,T) := {x eH () | divra e H—l/z(r)},

H2(curl, T) := {x eH[ VA1) | curlpi H—l/Z(r)},

which are dual to each other with respect to the pivot space L3(T"). We refer to [|-||_; J2,dive,T
and || - =1 /2,curi,,r s the respective norms and denote by (-,-)_1 /5 r the dual pairing (see,
e.g., [16] for details).

It can be shown that the tangential trace mapping is a continuous linear mapping

7: + H(cur; Q) — H_l/z(divl—, r,
whereas the tangential components trace mapping is a continuous linear mapping
7, : H(curl; Q) — H_l/z(curll—,l“).

The previous results imply that the tangential divergence of the tangential trace and the
scalar tangential curl of the tangential components trace coincide: For u € H(curl; ) it
holds divp(u A n) = curl(n A (uAn)) =n- curl u. We define Hy(curl; 2) as the subspace
of H(curl; ) with vanishing tangential traces on I'.

Given a polyhedral domain Q ¢ R® with boundary I' = dQ such that T =T, UTy,p N
'y = 0, we denote by Z(Q2) a shape-regular simplicial triangulation of Q that aligns
with ', and I'y. We assume J5(f2) to be geometrically conforming, but note that the
subsequent analysis can be extended to cover geometrically nonconforming meshes with
hanging nodes as well. We refer to () as the set of interior faces F =T, NT_, Ty €
F,;(), and to Z(X) as the set of faces located on the boundary ¥ C T', while Z(Q) :=
Fy(Q)U Fy(T) is the set of all faces. Further, &;(%) stands for the set of edges on X.
We denote by hy and hy the diameter of an element T € () and a face F € Z5(9),
respectively. For two quantities A,B € R,, we use the notation A < B, if there exists
a constant C € R,, independent of the mesh size of the triangulation J(£2), such that
A< CB.
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We refer to

Nd!(Q; 74(Q)) := {vH € H(eurl; Q) | vyl € ND'(T), T € 9H(Q)}

as the curl-conforming edge element space, where ND*(T) stands for the lowest order
edge element of Nédélec’s first family [43], and to

Ndcl),rD (Q; 74(Q) = {VH e Nd'(Q; 75(D) | 7:(vg)=0 on rD}

as its subspace of vanishing tangential trace components on I',.
For vector fields v € nT69H(Q) H(curl; T), we can denote by || - ||,y o the mesh-
dependent norm

1/2

— 2
Witlewrtinai=| Do (Ivalldp + leurtvi 1 )
TeIy(Q)

Moreover, for such vector fields we set v;tIIF :=(vylr )lp along F =T, NT_ € F4(Q) and
define

P { Vi +vp)/2, FeZy),

Vg, Fe gH(rl
(v,] = VE -V, F e 74(Q),
H- 0, F € (),

as the averages and jumps of vy across the interior faces F of the triangulation. For scalar
functions v;; € L2(£), the averages {vy} and jumps [vy] are defined analogously.

The class of H(curl)-elliptic boundary value problems to be approximated by IPDG-H
methods is of the form

curl pleurl u+ ou=f, in Q, (2.2a)
Yt(u) = gla on FD) (22b)
n(u teurlu)=g,,  onTy. (2.20)

We assume that f € L2(Q),g; € L2(T'p), and g, € H(curlqu; I'y). We further suppose that
u is a symmetric, uniformly positive definite matrix-valued function u = u(x), x € Q, and
that o is a scalar nonnegative function o = o(x),x € £, that are elementwise constant
with respect to a given coarse simplicial triangulation ;;(Q2) of the computational domain.

We note that the subsequent analysis also applies to H(curl)-elliptic problems in 2D as
given by

curl ptcurl u+ocu=f, in Q, (2.3a)
tFD ‘u=g, on FD, (23b)
pleurlu=g,,  onTy, (2.30)
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where curl u = Ju,/dx; — duy/dx, for u = (uy,u,)’, whereas curl u = (Gu/dx,,
—du/dx,)T for a scalar function u. Moreover, tr, stands for the tangential unit vector
on the Dirichlet part I', of the boundary. The data f, g; and g, have to be chosen accord-
ingly.

We will develop the IPDG-H method and perform the a posteriori error analysis only in
the 3D case. The necessary modifications for 2D problems are straightforward.

3. Hybridized IPDG methods

A mixed formulation of (2.2a)-(2.2¢) can be derived by introducing p := ,u_lcurl u as
an additional variable. Setting

V.= {ve H(curl; Q) | r{(u)=g; on FD}, Q:=12(Q), (3.1a)
Vy = {V € H(curl; Q) | 7{(u)=0 on FD}, (3.1b)
it amounts to the computation of (u,p) € V x Q with
a(p,q) — b(u,q) = (Y(q), forallqeQ, (3.2a)
b(v,p) +c(u,v) = (@A), for all ve V. (3.2b)

The bilinear forms a, b and ¢ and the functionals £(1) € Q*, £ e Vj, are given by

a(p,q) = J pp-qdx, (3.3a)
Q

b(u,q) :=J curlu-qdx, (3.3b)
Q

c(u,v) := J ou-vdx, (3.30)
Q

(Mg =0, (3.3d)

(Aw) = | f-vdx —l—f g 1(v)dr. (3.3¢)
Q Ty

The operator-theoretic framework involves the operator ./ : (VX Q) — (VX% Q)* defined,
for all (u,p) € Vx Q and all (v,q) € Vi x Q by

(@ (u,p))(v,q) := a(p,q) — b(u,q) + b(v,p) + c(u,v). (3.4
Then, the system (3.2a)-(3.2b) can be written in compact form as
< (u,p) =¢, (3.5)

where £(v,q) := (M (q) + (P (v) for all (v,q) € Vy x Q.
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Theorem 3.1. Under the assumptions on the data of (2.2a)-(2.2¢), ./ is a continuous,
bijective linear operator. Hence, for any ({(V,¢®?) e Q* x V;, the system (3.2a)-(3.2b) admits
a unique solution (u,p) € V x Q which continuously depends on the data, namely

1w, P)lvxg S €W llgr + 1162 ]ly. (3.6)

Proof. The mapping properties are straightforward. If g; # 0, there exists a unique

u, €V such that for all veV, (cf, e.g., [42])

g

(o (ug,,0))(v,—u 'curl v) = f (,u_lcurl u, -curl v+ oug, -v) dx =0,

Q

and hence, we may restrict ourselves to the case of ./ : Vy x Q — (V, X Q)*. Now, for any
(u,p) €V, x Q we have

(. (u,p))(3u,2p — u teurl u) =(o7/(3u,2p + u~ eurl u))(u, p)

=2ullp|2. g + 30 [ull?s g + " llcurl ]

L*(Q)

This implies the inf-sup condition and the remaining degeneracy condition which implies

bijectivity. g
Given a simplicial triangulation J5(€2), DG methods are based on the approximation

of the vector field u and p by elementwise polynomials, thus giving rise to the finite di-
mensional function spaces

Vi 5={VH €L*(Q) | vyl €M(T), T € Ty(Q), 1((vy) =81 onF € 9H(FD)}, (3.7a)

Qu ={ay €1(Q) | ayly € MU(T), T € F(2)}. (3.7D)

Here and in the sequel, gy, € I(F),F € Zy(I'p) is some approximation of g; and
,(T), T € J4(R), as well as I, (F),F € Z4(Q), stand for the sets of vector-valued func-
tions whose components are polynomials of degree at most k € N.

DG methods amount to the computation of (py,uy) € Qy X Vi with

a(Pr> Qi) = by(upr, @) + dy (g, @) =03 (@)~ forallgy €Qy,  (3.82)
bH(VH,pH) —dH(VH,f’H)+CH(uH,VH) ng)(VH) for all Vg GVH (3.8b)

Here and throughout, ;,py are appropriate numerical flux functions and the mesh-
dependent bilinear forms ay;, by, ¢y, and dy; are defined by means of

ay(Py,qy) = Z JMPH-qux, (3.9a)
TG?H(Q)T
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by(uy,qy) := Z J curl uy - qudx, (3.9b)
TeIy(Q) T
cy(uy,vy) == Z J ouy - vydx, (3.90)
TeIy(Q) T
dy(u,q) == Y. (rdug), mlqu))- (3.9d)
FegH(ﬁ)
The functionals Kg) and Kg) are given by
0 (qy) =0, (3.10a)
E(P?)(VH) = Z J f-vydx + Z J 8 T(vy)dr. (3.10b)
TeTy(Q)y, Fezu(n) g

In case of Interior Penalty Discontinuous Galerkin (IPDG) methods, the numerical fluxes
read

[ Ardun)}, Fegy(),

Tella):= { 0, FeZy(D), (3.11a)
N {n (u lcurl uy)}— ah; 1 (uy)], FeZy(Q),

7(Pu) ._{ 0. t F Fe g (3.11b)

with a suitable penalty parameter a > 0. The choice q; := u 'curl v; in (3.8a) and
(3.11a), (3.11b) allow the elimination of py from (3.8a), (3.8b).
The standard symmetric IPDG method is given by: Find uy € Vg such that

ayp(uy,vy) =£;p(vy) for all v; € Vy. (3.12)

Here and in the sequel, the bilinear form a;p and the functional £;, read

a;p(uy, vy) i= Z f (u‘lcurluH -curlvy + ouy 'VH)dX

TeTy () T

-y f ({me(p curlug)} - [ (Vi1 + [y Cag)] - (e eurlvyy)} ) d e

Fegy(Q) i
+a Z hy' J [reCug)] - [re(ve)ldT, (3.13a)
Fegy(Q)
F
eIP(VH) = Z J f- VHdX + Z J 8o Tt(VH)dT. (3.13b)
TeTy(Q) i FeZy(Ty) i
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The idea of hybridization is to enforce the continuity of the tangential component traces
of py across the interior edges of the triangulation by a piecewise polynomial Lagrange
multiplier which is an approximation of the tangential traces of u. For this purpose, we
introduce the multiplier space

My, = {uy €12(2,(@) | pul € (), F € 2@}, (3.14)

Choosing a numerical flux function py, not necessarily the same as in (3.11b), the IPDG-H
method is to find

(Py>uy, Ay) € Qy X Vy x My
with

ay(Pr> Qi) — by (uy, @) + dy(Ay, qi) = £4(qy),  forallgy €Qy,  (3.15a)

bH(VH)pH) —dH(VH,f)H)—l-CH(uH,VH) = EE_?)(VH), for all Vg EVH, (3.15b)
dy (U, Py) =0, for all u; € My. (3.15¢)

In IPDG-H methods, the penalty parameter a is typically chosen elementwise, i.e., a|; =
ar, T € J4(9), so that on F € Z(Q) with

F:T_;’_OT_, Ti€9H(Q),

we have to distinguish between a, := ar, and a_:=ar .

The advantage of hybridized methods is that the primal and dual variables uy and py
can be eliminated from (3.15a)-(3.15c) which results in a global variational problem for
the Lagrange multiplier A;; € My of the form

afy g ttyy) = €7 (uyy),  for all pyy € My, (3.16)

Once Ay € My has been computed, the primal and dual variables can be computed by the
solution of low-dimensional, local problems. To this end, following the unified framework
from [28], we set

A = uy, OH@T/FD, _ _ 0, oné’T/l"D,
H=Y 0, ondTnTIp, H17 ) gy1, ondT NIy,

- _]0, on dT /Ty,
B2 = 82 oOondTNTy,

with an approximation gy , € IIj(F),F € Zy(T'y), of g,. We define

(Spf3 Suf) € Hk(T)25 (Sp}'H: SUZ’H) € Hk(T)25
(Sp8r.1,Su8r 1) EM(T)?,  (Sp8u.2,Su8H2) € Ii(T)?,
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as the solutions of the local problems

uSpf — curlS, f=0, inT,

curlS f+ oS, f=f, inT,
1:(S.f) =0, on dT,

uSpAy — curlS A, =0, in T,

curlS,A; + oS Ay =0, inT,
1:(Suly) = Ay, on oT,

uSp8u,1 — curlS, gy, =0, in T,
curlS;g; ; + 08,81 =0, inT,
7¢(Su8n1) =8u1, ondT,
USp8r,2 — curlS, gy » =0, in T,
curlS;g; 5 +0S,8u2 =0, inT,
7(Su8u2) =8n2  0onIT.

The numerical flux 7.(py) is given by means of local numerical fluxes
te(Prr) = Spf+ SpAy + 5,811 + Sp8o-

In particular, for the IPDG-H method (3.15a)-(3.15c) we choose

S f— n(u teurl S f) — aThglyt(Suf), onF € Zy(QUT)),
P m(pteurl Sy f) — arhy i (uteurl Sy f), on F € Z(Ty),
n(u teurl S Ay),

—arhy! (r(Surn) = Ax), on F € Zz5(QUT)p),

Sphn = m(u teurl S Ay),
—arhy! (m(u teurl SyAy) — Ay), onF € Fy(Ty),
m(u” eurl S8y ),
& o _ ) —orhp (re(SuBn) — &) onF € Z4(QUT)),
Sng,i -

(U curl S8y ),
—arhy! (n(u " curl Sy8q;) — 8x;), onF € Fy(Ty).

23

(3.17a)

(3.17b)

(3.17¢)

(3.17d)

(3.18)

(3.19a)

(3.19b)

(3.190)

For sufficiently large a;, T € J(Q), both the local problems (3.17a)-(3.17d) and the
global variational problem (3.16) have unique solutions which can be shown along the
same lines of proof as in [28] for standard second order elliptic boundary value problems.

If Ay € My solves (3.16), then

Pu = Spf+SpAy + 8811 + Sp8h 2
uy = Suf+SyAy +Su8u1 + Su8u 2

defines the solution of (3.15a)-(3.15c).

(3.20a)
(3.20b)
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Theorem 3.2. Assume that the numerical flux py is given by (3.18) and that (py,uy, Ay)
is the solution of (3.15a)-(3.15c). Then, the numerical flux Py and the multiplier Ay satisfy

at (a_ n(u; eurl u) + oy m(u” curl uy;)

n(Py) =1 a,a_hy! [Tt(uH)]), on F € 74(Q), (3.21a)
0, on F € Z4(Tp),
O, onF € QH(FN),
a’’ (a+yt(u;) + a_ ruy)
Ay = — hp [m(u " curl UH)]), on F € 7y(Q), (3.21b)
—a;! hy m(u teurl uy), on F € Z4(T)p),
—a;! hy m(u teurl uy), on F € Z4(Ty),

where @:=a,+a_on F =0T, NJT_ for Ty € Ty(Q).
Proof. Let F € (). If we use (3.19a)-(3.19¢) and (3.20a) in (3.18), we obtain
n(Py) = m(u teurl uy) — aThgl (rt(uH) - AH), onF.
Hence, observing (3.17b), it follows that
[72(Pr)] =[7(u™" curl wy)] + (ay +a D' Ay
- (a+h;1 re(u) + a_hglyt(ug)). (3.22)

The specification (3.14) of the multiplier space My and Eq. (3.15c¢) imply [7.(py)] = O.
This results in (3.21b) due to (3.22). On the other hand,

m(B5) = mih) — ashi (1w — Ay ). (3.23)
We deduce (3.21a) by inserting (3.21b) into (3.23). The proof of (3.21a),(3.21b) for
F € Zy4(Tp) and F € Z(T'y) follows from similar arguments. O

The representation (3.21b) of the Lagrange multiplier Ay shows that it provides an
approximation of the tangential trace on the interfaces F € (1) which reminds of mor-
tar methods for H(curl)-elliptic problems (cf., e.g., [20,51]). Indeed, the IPDG-H method
(3.15a)-(3.15¢) can be equivalently formulated as a mortar method. To see this, choose
qy = ,u_lcurl uy in (3.15a) and the numerical flux py in (3.15a) according to (3.21a).
Then, by elimination of py,

iH =Ag — a’! (a+7't(u[—§) + a—Tt(uﬁ))
satisfies

iy (up, Vi) + b (Agp, vig) = fﬁf)(VH), for all vyy € Vyy,

by (U, ) — dyy (Agg, ) = 0, for all w; € My. (3.24)
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Here and throughout the following, the bilinear forms dy, EH and &H read

dg(ug,vy) = Z J (,u_lcurl uy - curl vy + ouy 'VH)dX

TeTy () T

.
- Z a tarm(u eurl uy) - Te(vg)dT

J

[ -1
+ Z ] a “araph; r(uy)-r(vy)dr
-
— Z a larrdu)) - m(u teurl vy)d
TE?’H(Q)aTmQ
+ Z (‘ arthpm(u teurl uy) - m(u teurl vy)dr,
TETH(Q) '

BH(iHaVH) == Z J i‘H [ (u curl vy)]dr,
Fe?H(Q)F

&H(iH;“'H) = Z J dh?iH UydT.
FeﬂH(Q)F

The variational system (3.24) represents a symmetric saddle point problem which can be
solved as in the standard mortar approach. Denoting by Ay, By, Dy the matrices and by by
the vector associated with the bilinear forms and the right-hand side in the first equation
of (3.24), the algebraic form of the saddle point problem is

Ay By uy\ _ (by
(EE _ﬁH) (l) _ (0 | (325
Static condensation of uy; results in the equivalent Schur complement system
(ﬁH +1§,§AI;11§H)ZH = BTA b, (3.26)

4. A posteriori error analysis

The residual a posteriori error estimator for the symmetric IPDG-H method (3.15a)-
(3.15¢) is given by

S

= Z (77%1 + nZT,Z + T'ZT,S) + Z (n%,l + nlzv,z) + Z (7)12::,3 + TI%A) . “40D

TeTy(22) FeZ,(Q) FeZ,;(Ty)
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They consist of the element residuals

nry =llupy —curl ugllo 7, forall T € F5(9), (4.2a)
Nro :=hrllf — curl py — ouylloy, forall T € F,(Q), (4.2b)
')’)T’3 :=hT||V . (f_ O-uH)HO’T, forall T € gH(Q), (4.2(:)

and the face residuals

Nr1 3:h11c/2||[ﬂt(PH)]||o,F, for all F € Z(Q), (4.3a)
Nra =hy?lIng - [f— ouyllls, forall F € Zy(Q), (4.3b)
Nes =hy g, — mPllop,  forall F € Zy(Ty), (4.30)
Nra :=hy g - (f— oug)llyp, forall F € Fy(Ty). (4.3d)

The nonconformity of the symmetric IPDG-H method results in some consistency error

1
2

€ := min E (lagy = 411§ 7 + lleurl (ug — )1 1) 4.9
VHEV ’ ’
TE?H(Q)

with the unique minimizer Gi;; € V of (4.4) and
&% =|luy - ﬁHllé’Q + [leurl(uy — ﬁH)”%’g-

Theorem 4.1. Let (p,u) € Q xVand (py, Uy, Ay) € Qy X Vi X My be the solutions of (3.5)
and (3.15a)-(3.15c), let 1 and & be the residual error estimator and the consistency error of
(4.1) and (4.4). Then,

1

1w, p) = (g, i)l i= (D = Pall3 + lla—ugl?, 0 0)° S n+E 45)

We will provide the proof of Theorem 4.1 by a series of lemmas. We assume (P, i) €
Q X V to be some approximation of the solution (p,u) € Q x V of the mixed problem (3.5)
obtained by means of the solution (py, uy, Ay) of the symmetric IPDG-H method (3.15a)-
(3.15¢). It is an immediate consequence of Theorem 3.1 that the error (p — py,u — tiy)
satisfies

(P = Pru—Tp)ligxv < [IResillgr + [[Resyllyy (4.6)

with residuals Res; € Q" and Res, € V,

Res; (q) :=0"(q) — a(Py,q) + b(iiy,q), forqeQ, (4.7a)
Res, (V) =03 (v) = b(v, Py) —c(iy,v), forveV,. (4.7b)
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Lemma 4.1. Let (py, Uy, Ay) € Qy X Vi X My be the solution of (3.15a)-(3.15¢) with the
numerical flux Py from (3.18). The choice of py = py and of iy € V as the unique minimizer
of (4.4) imply

IResillgr S | D 3y | +€ (4.8)

Proof. In view of (4.7a) and (3.3a),(3.3b),(3.3d), we have

Res;(q) = Z J (curl uy — upy) + curl(iiy —uy)) - q dx.
TeIy(Q) 4

Straightforward estimation yields

[ 1/2

Resi (@IS | D (llewrluy - pppl; + lleurl(ity — w2, ) | lallog
\TeyH(n)
[ 1/2
<| > n2,+& | ldloa (4.9)
\TeyH(n)
which concludes the proof. O

Lemma 4.2. For Py = py and some approximation iy € Vi let the residual Res, of (4.7b)
satisfy
Ndg,r, (2 J(2)) C Ker Res,. (4.10)

Then, it holds

%
[IResy [ly: < ( Z (n%2+n§’3) + Z (nil +ni’2) + Z (n§’3+ni4)) +&. (4.11)
TeT4(Q)

FeFy(Q) FeZy(Ty)
Proof. Given any v € V, Theorem 1 in [48] shows that there exist

vy € Ndé;rD(Q; Tuy(Q), pe€ Hé’rD(Q), and z € (HS’FD(Q))?’

such that
v-vy=Vyp+z (4.12)
and with appropriate patches wy and wg
lello,r S hrlvileurtse,> for T € Tu(9), (4.13a)
IVellor S Vllewrt;w,,  for T € Fy(Q), (4.13b)
WP ellor S Wlleurti,s  for F € Fy(QUTY), (4.13¢)
lzllor S hrlVllwso, — for T € Z3 (), (4.13d)

WPy @llos S I9lloep for F € Z(QUTy). (4.13¢)
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It is a consequence of (4.10) and (4.12) that
Res, (V) = Resy(V— vy ) = Resy (V) + Resy(z). 4.149
The first term on the right-hand side in (4.14) reads

Res, (V) = Z Jf-deer Z JgZ'Tt(VLP)dT

TeTy(Q)y, FeZu(Tn) g

— Z JUUH'dex— Z JG(ﬁH—uH)-Vapdx. (4.15)

An application of Green’s formula gives

J(f ouy)-Vedx =— JV (f—ouy)pdx

TegH(Q) TeyH(ﬂ)

JnF [f — ouy]edt + Z JnF-(f—auH)npdT. (4.16)
FGgH(Q) FeyH(FN)F

Observing
1(Ve)lp =curlpp on F e Fy(Ty),

and taking into account that curly is the adjoint of curl; with respect to the L?-inner
product, we get

Z fgz 1(Ve)dr

FeZy(Ty) ¥
= Z fgz-curlFLp dt = Z fcurlpgz pdr. “4.17)
FeZy(Ty) a FeZy(Ty) 7

Since g, € H(curll(lN ;T ), we have

curlpg, =0, F € Fyu(Ty),
and hence, (4.17) yields

J 82 7:(Vyp)dt =0. (4.18)
FeyH(rN)
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With (4.16) and (4.18), (4.15) leads to

SIES

Res, (Vo) S| D, RIV-(F—ouy)l?, D> 2Nl
TeTy () TeTy(Q)
1 1
[ 2 2
+| D hplng - [f-ouyll2, > kel
\FeyH(m FeZy(Q)
1 1
( 2 2
+| DL helnp-(F—oull?, > el
\ FEZu(Ty) FeZy(Ty)
1 1
[ 2 2
+| DL iy —ugl3, D Iveld,

\TeyH(m T (Q)
This and (4.13a)-(4.13c) imply

|R332(V90)|

1

2

dDiomdy | | DD mk | | D mEs| 4| Ml 419

TeIy(Q) Fegy(Q) Fegy(Ty)

[N
[N

A

On the other hand, the second term on the right-hand side of (4.14) reads

Res,y(z) = Z Jf-zdx+ Z ng-rt(z)dr—

TeIy(Q) T Fegy(Ty) 7

— Z JUuH-zdx— Z JO(ﬁH—uH)-zdx. (4.20)

J py - curl zd x
TeIy (Q)

Since [1,(z)] =0 on F € Z4(Q), an application of Stokes’ theorem gives

J py-curl zdx = J curl py -z dx + Z J w(py) - 1(2) dT
TGQ’H(Q) TGQ’H(Q) FeyH(FN)

J n(p)] - 7.(2) d.
Fegc‘H(Q)
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This and (4.20) lead to

Res,(z) = Z J(f—curlpH—auH)-zdx— Z JG(ﬁH—uH)-zdx
T

Tegy () Tegy(2) '

- Z f[”t(PH)] “1e(z) dT + Z J(gz — n(py))  1e(2) d.
F F

FGQH(Q) FEL@H(FN)

Hence, Res,(z) is bounded from above by

Resy(2)| S| D, h2lf— curl py — ouyl2 > h iz,
TeTy(Q) TeTy(Q)

1> Rl ST htlr@IR,

FEgH(Q) FG?H(Q)
: :
+ | D hellgs— w2, > helir@I2,
Fegy(Ty) Fegy(Ty)
: :
+ | DL Ry —ugl?, > hRlR,
TE?H(Q) TG?H(Q)

This and (4.13d), (4.13e) result in
|Res,(2)| < ( > n%,z) + ( > m%,l) - ( >, n%,g) +& | IVlowrie (421
TeZy(Q) Fegy(Q) FeZy(Ty)
The combination of (4.19) and (4.21) plus (4.14) concludes the proof. O
Lemma 4.3. For vy € Ndé,rD (Q; F4(Q)) it holds
Resy(vy) = cy(uy — gy, vy). (4.22)
Proof. We have

Res,(vy) = eg)(VH) — by(vy,py) — cy(ly,vy)
= eg)(VH) — (b vy, py) + cy(uy, vy)) + cy(uy — Gy, vy). (4.23)

Since vy € Nd(l) 1HD(Q; T4 (£2)) C Vg is an admissible test function in (3.15b), it follows that

by (i, Pr) + cu(uy, vy) = eg)(VH) + dy (v, Pr)- (4.24)



Adaptive IPDG-H Methods for H(curl)-Elliptic Problems 31

Since (3.21a), the last term vanishes

The combination of (4.23)-(4.25) concludes the proof. O

Proof of Theorem 4.1. In view of Lemma 4.2 we define

Res, () := Resy(+) — ey (uyy — iy, -). (4.26)
It follows that
IRes,lly; S lIReslly; + & (4.27)

In view of (4.22), we have Nd(l) rD(Q§ T4 (Q2)) C Ker ﬁgz. Using the same arguments as in
the proof of Lemma 4.2 yields

[Resafl,. S| Do (iatmi+ Do (nfi+min)+ D) (s +mi) | +& (428
TeTy(Q) FeZ,(Q) FeZ,;(Ty)

As in the case of the symmetric IPDG method (cf., e.g., [20,37]), the consistency error
admits the upper bound

ES| D ms| s mes=he P IrCan)] o (4.29)
Fegy(Q)

The combination of (4.8),(4.27)-(4.29) and the triangle inequality
1w, p) = (e, P | =[], ) = G, )| + [Jss = |11
conclude the proof. O

Remark 4.1. The consistency error & is not necessarily of higher order. However, its upper

bound (ZFG 7.,(9) n%’ 5)1/ % can eventually be controlled by the a posteriori error estimator
7. In particular, for standard IPDG applied to linear second order elliptic boundary value
problems it has been shown in [12] that

al D nis| Sn

provided the penalty parameter a is chosen sufficiently large.
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5. Numerical results

5.1. The adaptive cycle

The adaptive IPDG-H method is realized within an adaptive cycle with the basic steps
"SOLVE’, ’ESTIMATE’, '"MARK’, and 'REFINE’. ’SOLVE’ stands for the numerical solution of
the hybridized IPDG scheme with the mortar approach of Section 3 implemented in the
'nudg’ code from [33] for the solution of (3.24). The step ’ESTIMATE’ is devoted to the
computation of the element residuals 77;,1 <i < 3, and the face residuals ng;,1 <i <4
(cf. (4.2a)-(4.2c) and (4.3a)-(4.3c)) as the basic constituents of the residual error estima-
tor 1 (cf. (4.1)). Moreover, the consistency error & (cf. (4.4)) is estimated by the additional
face residuals 1y 5 according to (4.29). The following step '"MARK’ deals with the marking
of elements and faces for refinement by a bulk criterion, also known as Dorfler mark-
ing [29]. In particular, given a universal constant 0 < 6 < 1, sets 4y C Ty () x {1,2,3}
and Ay € Z(Q) x {1,2,3,4,5} of almost minimal cardinality are determined such that

0n*< Z 77%,1'"‘ Z 771221" (5.1)

(T,))er (Fi)ey

The bulk criterion (5.1) is implemented by a greedy algorithm. For sufficiently small 0,
it is expected that the bulk criterion may yield asymptotic optimal complexity (cf., e.g.,
[12] in case of adaptive IPDG methods for standard second order elliptic boundary value
problems). The final step 'REFINE’ takes care of the practical realization of the adaptive
refinement. Elements T € () and faces F € Z4(Q) such that (T,i) € .#; for some
1<i<3and(Fi)e # for some 1 <i <5 are refined by bisection.

5.2. Numerical examples

For the illustration of the performance of the residual a posteriori error estimator we
consider two examples of H(curl)-elliptic boundary value problems in 2D from (2.3a)-
(2.3c). Both examples feature solutions in H(curl; 2) with components in H*(£2) for some
0 < s < 1. The first one has an irrotational solution on an L-shaped domain with a singu-
larity at the reentrant corner and the second one exhibits a solenoidal solution on a circle
with a cut out wedge having a singularity at the origin. For both problems, the penalty
parameters in the IPDG-H method have been chosen according to a.. := x(k + 1)?/2 with
k =100.

Example 1: We consider the L-shaped domain © := (—1,+1)?\ [0,+1] x [—1,0] with
Dirichlet boundary I'j, := (0 x (0,1) U (0,1) x 0), Neumann boundary I'y := ' \ I', and
data u = o = 1. The right-hand sides f, g;, g, in (2.3a)-(2.3c) are chosen such that

u= grad(rz/?’ sin(gtp))

is the exact solution (in polar coordinates). The solution is in H(curl; Q) N H%/37¢(Q) for
any ¢ > 0 and exhibits a singularity at the reentrant corner.
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Mesh Level 0 Mesh Level 8 Mesh Level 18

0.5

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 2: Example 1: The initial mesh (left) and the meshes after 8 (middle) and 18 (right) adaptive
refinement steps (k=4 and © =0.1).

15}

tog( i, p) - (u,, . I
log( i, P) - (u,, . I

—6-6=0.1 --0=0.1
-2.515-6=0.3 ~2.5[|-3-6=0.3
—4-06=05 R —4-6=05
_3l|<©-0=07 N _3l|<©-6=07
—+—uniform N —+—uniform
- - opt.decay| N - --opt.decay
_35 R R R R . _35 R R R R ,
2 25 3 3.5 4 4.5 5 2 25 3 3.5 4 4.5 5
log DOF log DOF

Figure 3: Example 1: The error ||(u,p) — (uy,py)ll versus the number of degrees of freedom on a
logarithmic scale for various 6, k =1 (left) and k =4 (right).

Fig. 2 shows the initial mesh (left) and the meshes obtained after 8 (middle) and
18 (right) refinement steps of the adaptive algorithm in case k = 4 and 8 = 0.1. We
observe a pronounced refinement in a vicinity of the reentrant corner. Fig. 3 displays the
global discretization error ||(u,p) — (ugy, py)ll (cf. (4.5)) as a function of the number of
degrees of freedom (DOF) on a logarithmic scale for both uniform refinement and adaptive
refinement in case k = 1 (left) and k = 4 (right). The results of the adaptive refinement are
shown for various values of the constant 6 in the bulk criterion (5.1). Both for k = 1 and
k = 4 the benefits of adaptive versus uniform refinement can be clearly seen. In case k =1,
we observe a dependence of the convergence rate on the parameter 8 which is much less
pronounced in case k = 4. According to the theory for IPDG methods applied to standard
second order elliptic boundary value problems (cf. [12] and the numerical results in [34]),
we see that the optimal decay rate (line - — -—) is asymptotically achieved for small 6.

Example 2: The domain 2 is the unit circle with a cut out wedge (see Fig. 4). We assume
u = 0 = 1 and Neumann boundary conditions on I = ). The data f and g, are chosen
such that u = curl(r*/” sin(%go)) is the exact solution (in polar coordinates). The solution
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Mesh Level 0 Mesh Level 6 Mesh Level 14

0.5 0.5 0.5

-1 -1 . -1 .
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 4: Example 2: The initial mesh (left) and the meshes after 6 (middle) and 14 (right) adaptive
refinement steps (k=4 and © =0.1).
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Figure 5: Example 2: The error |[(u,p) — (uy,py)ll versus the number of degrees of freedom on a
logarithmic scale for various 6, k =1 (left) and k =4 (right).

is in H(curl; ) N H¥7~¢(Q) for any ¢ > 0 and exhibits a singularity at the origin. We use
isoparametric elements for a proper resolution of the curved part of the boundary.

As for the previous example, Figs. 4 and 5 display the history of the refinement process.
We basically observe a similar behavior with asymptotically optimal convergence for small
0. However, in the pre-asymptotic regime, the decrease of the discretization error is less
pronounced. The reason is that there are two main sources for the error: the singularity at
the origin and the resolution of the curved boundary. Since the error is dominated by the
singularity, the greedy algorithm realizing the bulk criterion (5.1) picks the corresponding
residuals first until those associated with the boundary resolution are taken into account.
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