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Abstract. We provided in [14] and [15] a semilocal convergence analysis for Newton’s
method on a Banach space setting, by splitting the given operator. In this study, we
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conditions. Our results compare favorably with the Newton-Kantorovich theorem for
solving equations.
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1. Introduction

Let & and % be Banach spaces, let 2 be an open convex subset of ', and let F: 9 —
% be a Fréchet differentiable function, fixed all throughout this paper. In the sequel, we
will assume that the function F has a splitting

F=f+g, (1.1
where f, g: 9 — % are Fréchet differentiable functions satisfying the condition
F'(x)=F'(uy), Vx€ 2 = f'(x)=f'(up), Vx € 2. (1.2)

What this means is that the splitting functions f and g should only be nonlinear if the
initial function F is nonlinear. Given any uy, € 2 and r > 0, U(ug, r) will designate the set
{x e Z:||x —upll £ r}, and U(uy, r) the corresponding interior ball.
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We are interested in the solvability of the equation
F(u)=0. (1.3)

A large number of problems in applied mathematics and also in engineering are solved
by finding the solutions of certain equations. For example, dynamic systems are mathemat-
ically modeled by difference or differential equations, and their solutions usually represent
the states of the systems. For the sake of simplicity, assume that a time-invariant system
is driven by the equation x = Q(x) (for some suitable operator Q), where x is the state.
Then the equilibrium states are determined by solving equation (1.3). Similar equations
are used in the case of discrete systems. The unknowns of engineering equations can be
functions (difference, differential, and integral equations), vectors (systems of linear or
nonlinear algebraic equations), or real or complex numbers (single algebraic equations
with single unknowns). Except in special cases, the most commonly used solution meth-
ods are iterative — when starting from one or several initial approximations a sequence
is constructed that converges to a solution of the equation. Iteration methods are also
applied for solving optimization problems. In such cases, the iteration sequences converge
to an optimal solution of the problem at hand. Since all of these methods have the same
recursive structure, they can be introduced and discussed in a general framework.

In previous papers co-authored by the first author, see [14, 15], we have provided
(see also Theorems 2.2, 2.3, 3.1 and 3.2) an analysis under weaker sufficient convergent
conditions than the celebrated Newton-Kantorovich theorem for solving equations (see
Theorem 2.1).

Here, we improve the bounds on the distances || x;1 — X ||, || xx — x* ||, (k > 0), and
also simplify the sufficient convergence conditions for Newton method (2.1).

2. Preliminaries

In using the Newton’s method
U1 = Up = F' ()™ Ft), 2.1

one of the most important theorems in nonlinear analysis is the following result due —
essentially — to Kantorovich [7].

Theorem 2.1 (The Kantorovich theorem). Suppose that F'(uy)™! exists for some u, € 9,
and that there exists K > 0 and n > 0 such that

| F'(ug) ™" F(up) 1<, (2.2)
I F'(uo) ' (F'(x)—F'ONISK Ix—yll, Vx,y€9, (2.3)
2Kn<l. (2.4)
Let 21 9
t, T, = te
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and suppose that U(ug,t,) € 9. Then Eq. (1.3) has a unique solution u in the set U(ug, t,) U
(2NU(uy, T,)), and the Newton iterations (2.1) generate a sequence that converges to u. The
sequence defined iteratively as

K (tm - tm—l)z

, =1,
2(1—-K t,)

to=0, t1 =1, tpp=tn+

converges monotonically to t, and the following majorant error bounds hold:

” Up —Up— ”S tn — tm—1, (2.5a)
| tum —uo 1< tr, (2.5b)
” u—1upy ”S t,— tm- (25C)

Several versions of this theorem can be found in a large number of works includ-
ing [4-6,9]. Extensions of the theorem with improved a-priori and/or a-posteriori error
bounds have been derived by several authors including Ostrowski [9], Gragg & Tapia [6],
Potra [10], Potra & Ptak [11] and Yamamoto [16]. One of these results is the following
fundamental generalization of the Kantorovich theorem proved recently by Argyros [1].

Theorem 2.2. Suppose that F'(uy)~! exists for some uy € 9, and there exist constants K >
Ky = 0 and 1 > 0, such that (2.2)-(2.3) hold, and

1 F'(uo)™" (F'(x) = F'uo)) IS Ko I x—uoll, Vx€2. (2.6)
Suppose further that there exists 0 < 6 < 1, such that
(K+Ky0)n<=<o. 2.7)
Then the sequence defined iteratively by

K(rm_rm—l)2
T :0, rn=mn, r =r +—, m:].,"' 2.8
0 1 n m+1 m 2(1—K0 rm) ( )

converges monotonically to a real number r,. If U(ug,7,) C 2, then Eq. (1.3) has a unique
solution u in U(ug,r,), and the Newton iterations generated from (2.1) converge to u and
satisfy the majorant error bounds:

”um - um—l” < 'm = Tm—1,
”um - uO” =< "m>

lu = wpll < 7, = 1.

If there exists T > r, such that U(uy, T) € 9, and K (r, + T) < 2, then the solution u is
unique in U(ug, T).
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One sees that the basic hypothesis (2.4) of the Kantorovich theorem can be replaced
with the weaker Argyros condition (K, + K) 1 < 1, and that the case K, = K corresponds
to the Kantorovich theorem.

In the present paper we will generalize Theorem 2.2 even further by replacing the
Newton iterations in (2.1) with the generalized Newton scheme

f/(um) Um+1 + g(um+1) = f/(um) Unp _f(um); m= 0) 1; e (29)

based on the function splitting (1.1). The generalized Newton scheme (2.9) is a sequence
of partial linearizations based on the splitting (1.1). It has been studied in Uko and Adey-
eye [12] as a possible alternative — in appropriate contexts — to the Newton iterations
(2.1) for the numerical solution of equation (1.3). Our aim in the present paper is to use
the method of majorant sequences and the generalized Newton scheme (2.9) to obtain an
significant generalization of the Kantorovich theorem.

Theorem 2.3. Suppose that F'(uy)™! exists for some uy € 9, and that there exists K > K, >
0, and 1) > 0, such that (2.2), (2.3), (2.6) hold, and

(4 Ky+K+ VK?+8K Ky) n <4, with strict inequality if K, = 0. (2.10)
Then the sequence given by (2.8) converges monotonically to a limit t,. Let

2 2
i T** =— =1t

t**: b
1+4/1-2Ky7 Ko

and suppose that U(ug, t,,) C 9. Then Eq. (1.3) has a unique solution u in the set U(uq, t,, )U
(2N U(ugy, T,,)), and Newton’s method (2.1) generate a sequence that converges to u. More-
over the following estimates hold for all m > 1:

ity = ey IS 1y = 11, (2.11a)
| up —ug IS 7, (2.11b)
”u_um ”S e = TI'm- (211C)

The solution u is also unique in the set U(ug, t,,), and U(ug, T) N 2, whenever T is any
non-negative number such that K, (t,, +T) < 2.

3. Semilocal convergence analysis of Newton’s method

We need two results on majorizing sequences for the Newton’s method (2.1), whose
proofs can be founds [14], and [15] respectively.

Lemma 3.1. Let N >0, L > Ly >0, 0 < 6, < 1, and suppose:

(L + 6o Lo) 1 < 6. (3.1
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Then, scalar sequence {t;} (k > 1) given by:

L (ty — tx_1)”
to=0, t; =1, tpe; =t + ——— 3.2
0 1=1, ey = Uk 2 (1—Lo t0) (3.2)
is well defined, nondecreasing, bounded above by t™, and converges to its unique least upper
bound t* € [0, t**], where

w27
C2-6,
Moreover, the following estimates hold for all k > 0:
6o 60\ "
O<tipi—te=s |5 (tx — tr-1) < eH L (3.32)
6\
0<tr—t; < - t. (3.3b)

Suppose further that M > 0,0 <Ky <M+ 1, 0<60 <2, and

(4M + LO? +4K,0)t* < 46, (3.4a)
4MO + LO> + 4Ky0> < 8M + 2L62. (3.4b)
Define sequence {vi.} (k > 0) by
M (v — vg_q)?

vo=0, vi=t", Vg =v+ (3.5)
1—Ko vi + /(1 =Ko vi)? = L M (v — ve_1)?

is well defined, nondecreasing, bounded above by v**, and converges to its unique least upper
bound v* € [0,v*"], where

*x 2 1
V= o 7"
Moreover, the following estimates hold for all k > 0:
0 0\*
0<Vviy1—V =< ) (Ve =) < 5] ™ (3.6a)
0 k
0<v =y < (E) V. (3.6b)

Lemma 3.2. Suppose that there exist constants M >0, L > Ly >0, 11 >0, and 0 < K, <

M + Ly, such that:
(L+4Ly++VIL?>+8LyL)n<4. (3.7)

The inequality (3.7) is strict if Lo = 0.
Let 6, = 6*(M, Ky, L) be defined as the largest real zero of the cubic function

p(0)=LO%+2(2Ky—L)02+4MO—-8M (3.8)
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on the interval [0,2]. If
4Mw; <(2-Lwp)6; (3.9)

(this inequality is strict if Ky = 0), then the sequence {w;} (k > 0) given by
2n

i A2y

M (W, —wy_1)?
Wipy = Wi + (e = W) (3.10b)
1—Kowi+ /(1 =Ko wi)> =L M (wy — wy_1)?

wo =0, w (3.10a)

is well defined, nondecreasing, bounded above by w**, and converges to its unique least upper
bound w* € [0, w**], where

o _2M
wr=o— o
Moreover, the following estimates hold for all k > 0:
6 01\
0<wi i —w,=< > (Wi —wi_1) < 5 )™ (3.11a)
0.\*
0<w'—w, < Y w*. (3.11b)

In the next result, we show that under the same sufficient convergence condition (3.7)
(which always weaker than (3.1) unless Ly = L) for Newton’s method (2.1), we can im-
prove upon the linear error estimates (3.3) and (3.11), and show instead the quadratic
convergence of the majorizing sequence {t,}.

Lemma 3.3. Assume there exist constants Ly > 0, L > 0, and 1) > 0, such that

_ 1
Go=Ln<= > (3.12)

-1
L:g(L+4LO+\/L2+8LOL). (3.13)

The inequality in (3.12) is strict if Ly = 0. Then, the sequence {t;.} (k > 0) given by

where

Ly (t — tg_1)?

0L «=D (3.14)

to=0, t1=m, trp1=t+

is well defined, nondecreasing, bounded above by t*, and converges to its unique least upper
bound t* € [0, t**], where

_ LO; lfk:la *ok 27)
Ll—{ L, if k>1, t ——2_5, (3.15a)
4L
1<6= <2 for Ly#0. (3.15b)

 L++/L2+481L,L
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Moreover the following estimates hold:

Lot <1, (3.16a)
5 5\

O0<tpy1—tx < ) (ty —tg—1) <+ < 5] (k>1), (3.16b)

5" ok

tep1 — te < ) (2 q0) , (k>0), (3.16¢)
s\ k (2 2k_1

o<t - <[ = (%)—? (2qo<1), (k> 0). (3.16d)
2 1-(2 %)2

Proof. If Ly = 0, then (3.16a) holds trivially. In this case, for L > 0, an induction
argument shows that

2 k
ern —te =7 (2q0)*, (k> 0),

and therefore
2 & .
tipp =t H(tg —ty) + o+ (tgp; — ) = — E (2 q0)*,
L
m=0
t* = lim ¢ 2 OOE (2 qo)*
= lim t, = — .
o Ly I £ N

Clearly, this series converges, (as k < 2 and 2 q, < 1), and is bounded above by the
number

If L =0, then in view of (3.14), 0 < Ly < L, we deduce that Ly = 0 and t* =t = 1
(k=1).

In the rest of the proof, we assume that L, > 0. The result until estimate (3.16b)
follows from Lemma 1 in [2] (see also [1, 3]).

Note that in particular Newton-Kantorovich-type convergence condition (3.12) is given
in [2, page 387, Case 3 for § given by (3.15b). The factor 7 is missing from the left hand
side of the inequality three lines before the end of page 387].

In order for us to show (3.16¢) we need the estimate:

-/ 1 (L 8\ L k>1) (3.17)
1-6/2 77_Lo (2) 41)° - .

For k =1, (3.17) becomes
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or using (3.15b) gives

2L 4Lg—L++/L?>+8LyL
1+ n=< .
L++/L*>+81LyL Lo(4Lo+L++/L?>+8LyL)

In view of (3.12), it suffices to show that

L0(4L0+L+\/L2+8L0L)(3L+\/L2+8L0L)<ZE
(L++I2+81LyL) (4Ly—L++/I2+8L, L)

which is true as equality.
Let us now assume estimate (3.17) is true for all integers smaller or equal to k. We
must show (3.17) holds for k being k + 1 that

1-(5/2) <L (- o ki (k>1) (3.18a)
1-6/2 "L, (2) 4T)’ 7 o

142 5y’ AN <L (1 AR 3.18b
ar(3) o G) )R -G) @) e

We use the induction hypothesis to show (3.20c). It suffices

115k_1L 5’<+1<115’<L 310
- B R () o
5 k+1 <1 5 k—1 5 k I 319b
(5) "1, (5) ‘(5) AT (3-195)

or &2n<—-o. (3.19¢)

or

(0)

—

In view of (3.12) it now suffices to show that

2L Ly 6% —
——— <21
L(2-5)

B

which holds as equality by the choice of 6 given by (3.15b). This completes the induction
for the estimate (3.17).

We shall show (3.16c¢) using induction on k > 0: estimate (3.16c¢) is true for k = 0 by
(3.12), (3.14), and (3.15b). In order to show estimate (3.16c) for k = 1, by noting that

L (t; —to)?

ty—t] = ———,
2 T o -1y 1)
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it suffices to observe

L n? _

—n§5L'r)2,

2(1-=Lon)
L 16 L L

or < (n#0),

1-Lon ~ L +,/I2+8Ly L
1 (1 L+\/L2+8L0L)

or < — —
" Ly 16 L

It follows from (3.12) that

4
7)<

C L4+4Ly++/I2+81L,L

It then suffices to show that

4 1 L++L?+8Ly L

<—|(1- = ,

L+4Lo++/L24+8Lo L Lo 8L
L++/L2+8LyL 4 L

or — <1- s
8L L+4Ly++/L*+8LyL

L+\/L2+8L0L< L++/L?>+8LyL

8L T L44Ly++/I2+8LyL

which is true as equality.

or

(Lo #0, L #0).

61

(3.20a)

(3.20Db)

(3.200)

(3.21)

(3.22a)

(3.22b)

(3.220)

Let us assume (3.16¢) holds for all integers smaller or equal to k. We shall show (3.16c¢)

holds for k being replaced by k + 1.
Using (3.14), and the induction hypothesis, we have in turn
L

—————— (tjs1 — 1)’
2(1—Lo tggr)

Uy — b1 =

k 2-1 )2
<samo g (62 @a” )

S -

2(1—-Lo tgy1)
k+1_

<(5/2)* (240 "lm,

where we have used the fact

L
2(1—Lo tipy) ((5/2)k_1 (2g0)7" 7)) <1, (k> 1).

(672" a7 n) ((6/2) (2907 "' n)

(3.23)

(3.24)
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Indeed, we can show instead of (3.24):

t ! 1—(5/2)1 L
k+1 = L 4z >

0
is true. First, by (3.16b), and the induction hypothesis:

19)
tep1 St + 3 (tx — te—1)

o 1)
5t1+§(tl_to)‘i‘"""a(tk_tk—ﬂ

<n+(8/2) n+---+(5/2) 1

B 1_(5/2)k+1

o 1-68/2

<L (1 —(5/2)F i) (3.25)
L 4T ) '

That completes the induction for estimate (3.16c). Using estimate (3.20c) for j > k,
we obtain in turn for 2 g, < 1:

tivr —te = (tje1 — )+ (&5 — tj_1) + -+ (tgp1 — &)

< ((5/2)j (2q0)21—1+(5/2)j—1 (2q0)2171_1+.“+(5/2)k (Zqo)zk_l) 0

k k 5 k k
< (1+(2qo)2 +((2q0)2)2+---) (E) (240)* ' 1

S\K (24921
_ (E) (2q0) 2?. (3.26)

1-(2q0)
Estimate (3.16d) follows from (3.26) by letting j — oo. This completes the proof of
Lemma 3.3. O

Remark 3.1. The sufficient convergence conditions (3.4a), (3.4b), (3.8), and (3.9) for se-
quences {v;}, {w}, respectively are not so easy to verify in general, and their convergence
is only linear. In view of Lemma 3.3, we can recover the quadratic convergence.

Let us define sequences {v.}, {wi}, {2}, {z,} for k > 1:

M (Vi —Vi_1)?
1-K, v,

2 M (W —Wwi_1)?
1 _ip 4 MW Wi ) (3.27b)

1= 5 Wk+1 —
1+4/1-2Lgn 1 =Ko wi

0 t* LYLM (e — )" (3.27¢)

20=0, z;=t", 2z =z 5 27¢

0 1 k+1 = %k 1— Ky 21

VLM (Fk — k1)

1—K, %

VO = 0, 71 = t*, 7k+1 = vk + 5 (3.273)

WOZO, W

(3.27d)

20=0, 2Z1=wi, 241 =2+
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Note that under hypotheses of Lemmas 3.1 and 3.2, sequences {v,}, {w;} can replace {v;},

{wy}, respectively. However, an inductive argument shows:

Vi S Vg,

0 < Viy1 = Vk < Vis1 — Vi
0<V —v <V =7V,

V< v, wy < Wy,

0 < Wiy = Wi S Wiy — Wy,

0w —w, <w"—wy,

w* <w*,
where
v* = lim v, w* = lim wy.
k—o0 k—o00

Let us define constants:

a=L+4Ly++/L2+8LyL,
B =2(K+2K0+ \/M2+4K0M),

(«/_+2K0+\/LM+4K0‘/_) A:%maX{a’ﬁ’Y}’

=2
1 n
== +L 0o #0, t* #0,
a 2(90 O)t o # #
1

2M
B1= ( + Ko) 0, €(0,1),

0,
2v LM
Yi1= % +KO ) 93 € (05 1)5
2 0,
1
0, = max{0y, 05,03}, A= 5 max{a, 31,71},
M
51 = ) 50 = maX{5, 515 52}:
M + 4/ M? + 4K M
s v LM
2= .
VIM + v/ LM + 4Ky vVIM

Then simply using Lemmas 3.1 and 3.2 on sequences {v;}, {w,} for

LOZK(), L:2M, n:t*,
LOZK(), L=2 VLM, 'r]=W1,

respectively, we arrive at:

(3.28a)
(3.28b)

(3.280)

(3.28d)
(3.28e)

(3.28f)
(3.28g)

(3.29a)
(3.29b)

(3.29¢)

(3.29d)

(3.2%¢)

(3.291)

(3.292)

(3.29h)

(3.291)
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Lemma 3.4. Suppose that

(i) There exist nonnegative constants m, Ly, L, t*, Ko, M, 6, € (0,1), 65 € (0,1), 65 €
(0,1), with t*#0,0< Ly < L, Ky <2 M, M < L, such that

1
qp =Mt" < > (3.30)

where t* is given in Lemma 3.1, and A is given by (3.29g). The inequality in (3.30) is
strict if Ly = 0, or Ky = 0. Then, the conclusions of Lemma 3.3 hold with q, A, t*, 0,,
i}, A replacing qo, L, M, 8, {t;}, t*, t**, respectively, where, t** was given in
Lemma 3.1, and 6,, v*, v** in Remark 3.1.

(ii) There exist nonnegative constants Lq, L, wq, Ko, M, with 0 < Ly < L, Ky < 2 M,
M < L, such that:

) (3.31)

N =

Qo=Aw; <

The inequality in (3.31) is strict if Ly = 0, or Ko = 0. Then, the conclusions of Lemma

*k

3.3 hold with q,, A, wy, 6o, {wi}, w*, w*, replacing q,, L m, &, {t}, t5, t™,
respectively, where, t** was given in Lemma 3.2, and w*, w** in Remark 3.1.

Proof. Sequences {z,}and {z,} are nonnegative by (3.27c) and (3.27d), respectively.
Therefore, the quantities under the radicals in (3.5), and (3.10a) are nonnegative, since

(1 =Ky )2 = LM(vy = vi—1)* > (1 = Koz1)> — LM (2 —2,_1)* >0,  (k>1), (3.32)
(1 =Kowi)? = LM(wy —wi_1)? > (1 = KoZ,)> = LM(Z) —2;-1)* >0, (k>1), (3.33)

by the definition of sequences {vi}, {wi}, {z¢}, {2k}, M < K, and the estimates for all
k>o0:

Ve <2, Wp S 2, (3.34a)
Vir1 = Vi = kg1 — %k (3.34b)
Wi, — Wi < Ek+1 — Ek' (334C)
This completes the proof of Lemma 3.4. O

Hence, we arrived at the concluding result.

Lemma 3.5. Under hypotheses of (i) Lemmas 3.1 and 3.4, or (ii) Lemmas 3.2 and 3.4, the
convergence of majorizing sequences {vi}, {w} is quadratic, and estimates (3.28) hold.

Several applications can also be found in [3].

Theorem 3.1. Suppose that F/(uy) ™! exists for some uy, € 9, and there exist constants M > 0,
L>0,0<60<2, andn >0, such that 0 < Ky <M + L, and conditions (1.1), (1.2), (2.2),
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(2.3), (2.6) and (2.7) hold. Let the w,, be defined as in (3.10) and let w* be its limit. Suppose
further that condition (3.4) hold, and

I F o)™ (f)=fONN=Mlx=yl, Vx,ye€9, (3.35a)
I F' o)™ (@) =gONNSL lx=yl, Vx,y€9. (3.35b)
If U(ug,w*) C 9, then Eq. (1.3) has a solution u in U(ug,w*), and the iterates {u,,}

generated from the generalized Newton scheme (2.9) converge to u, and satisfy the error
estimates for all m > 1:

” Uy —Up—1 ”S Wn = Wn-1, (3363)
|ty —up IS Wy, (3.36b)
lu—upy ISwW —wp,. (3.36¢)

IfR>w"* and Ky (Ww* 4+ R) < 2, then the solution u is unique in the set 2 N U(ug,R).

Theorem 3.2. Suppose that there exist constants M > 0, L > Ly > 0, and 1) > O such that
0<Ky <M+ Ly, and (2.2), (2.6), (3.7), (3.9) and (3.35) hold. Let

27 — 2

= , R=—-
1+4/1-2Kyn Ko

If U(ug, w*) C 9, then Eq. (1.3) has a unique solution u in U(uy, w*), and the iterates gener-
ated from the generalized Newton scheme (2.9) converge to u and satisfy the error estimates
forallm=>1:

” Uy —Up—1 ”S W= Wn-1, (3373)
|ty —ug IS Wy, (3.37b)
lu—upy [[Sw —wpy, (3.37¢)

where {w,,} and w* are given in Lemma 3.2. o
The solution u is also unique in sets 2 N (U(ugy, 7,)U U(ug,R,)), and 2NU(ugy, T), where
T is any nonnegative number such that:

Ky (T, +T)<2. (3.38)
Example 3.1. Let X = Y =R, 2 =(—1,1), and uy = 0. Define F by
F(x)=9 x*+10 x —0.95. (3.39)

(a) The constants employed in Theorem 2.2 are K = 10.8, K, = 3.6, n = 0.095. An
examination of the graph of the function 6 — (K + K, 8) n — 6 shows that condition
(2.7) does not hold for any 6 € [0,2]. Therefore the conditions of Theorem 2.2 do
not hold. However, if we introduce the splitting

F(x)=f(x)+g(x) (3.40)
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(b)
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with f(x) = x*, g(x)=8x*+10x —0.95. Then the constants employed in Theorem
3.1lare M =1.2, My =0.4, Ly = 3.2, L = 9.6. An examination of the graphs of the
functions

60— (L+Ly0) —6,
60— (4M+LO>+4K,0)w,—46,
0 —4MO+LO>+4K,0>—8M—21L 6>

shows that conditions of Theorem 3.1 hold with

0 =1, 1.310344828 < 0 <2, w;= lim a,, ~0.2176326776574304,

m—0o0
where )
=0 o = o —a L (am_am—l)
0 > 1=M m+1 T (A= Ly ay)
The constants K, K, and 1) of Theorem 2.3 are the same that (a). It is easy to verify

that the conditions of Theorem 2.3 do not hold and - a priori — that the hypotheses
of the Kantorovich theorem [7] do not hold. However, if we introduce the splitting
(3.40), then, the constants employed in Theorem 3.2 are M = 1.2, L, = 3.2, L = 9.6,
and n = 0.095. Since 6*(M,K,,L) = 1, it is easy to verify that the conditions of
Theorem 3.2 hold and that there exists a unique solution u of equation (1.3) such
that |u| < 0.116844052.
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