Numer. Math. Theor. Meth. Appl. Vol. 4, No. 2, pp. 216-236
doi: 10.4208/nmtma.2011.42s.6 May 2011

Spectral Petrov-Galerkin Methods for the Second
Kind Volterra Type Integro-Differential Equations

Xia Tao?, Ziging Xie'* and Xiaojun Zhou?

! Key Laboratory of High Performance Computing and Stochastic Information
Processing, Ministry of Education of China, Hunan Normal University, Changsha,
Hunan 410081, P R. China.

2 School of Mathematics and Computer Science, Guizhou Normal University,
Guiyang, Guizhou 550001, P R. China.

Received 31 March 2010; Accepted (in revised version) 16 November 2010
Available online 6 April 2011

Abstract. This work is to provide general spectral and pseudo-spectral Jacobi-Petrov-
Galerkin approaches for the second kind Volterra integro-differential equations. The
Gauss-Legendre quadrature formula is used to approximate the integral operator and
the inner product based on the Jacobi weight is implemented in the weak formulation
in the numerical implementation. For some spectral and pseudo-spectral Jacobi-Petrov-
Galerkin methods, a rigorous error analysis in both Liayﬁ and L* norms is given pro-
vided that both the kernel function and the source function are sufficiently smooth.
Numerical experiments validate the theoretical prediction.
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1. Introduction

This paper is concerned with the following second-kind Volterra integro-differential
equation with initial condition, i.e.,

u’(x)+J_1 k(x,s)u(s)ds = g(x), xe[-1,1], 1.1
u(—1)=0,

where the kernel function k(x,s) and the source function g(x) are given smooth functions,
u(x) is the unknown function.
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Actually any second-kind Volterra integro-differential equation with smooth kernel and
initial condition can be transformed into (1.1) by a simple linear transformation used
in [12]. As a result, our approach can be generalized to the second-kind Volterra integro-
differential equations with initial condition defined in any interval, where the kernel is
smooth. We will consider the case that the solutions of (1.1) are sufficiently smooth. Con-
sequently it is natural to implement very high-order numerical methods such as spectral
methods for the solutions of (1.1). It is known that there are many numerical approaches
for solving (1.1), such as collocation methods, finite element methods, see, e.g., [1] and
references therein. Nevertheless, few works touched the spectral approximations to (1.1).
In [9], Chebyshev spectral methods are proposed to solve nonlinear Volterra-Hammerstein
integral equations. Then Chebyshev spectral methods are investigated in [10] for the first
kind Fredholm integral equations under multiple-precision arithmetic. Nevertheless, no
theoretical results are provided to justify the high accuracy numerically obtained. Some
efforts are made to implement the spectral methods to solve the second-kind Volterra in-
tegral equations. In [14], a spectral method is suggested, but spectral accuracy is not
observed for most of the computations. Tang and Xu in [12] develop a novel spectral
Legendre-collocation method. Actually this is the first spectral approach for which the
spectral accuracy can be justified both theoretically and numerically. Inspired by the work
in [12], Chen and Tang [4] implement the spectral Chebyshev-collocation method to solve

the second kind Volterra integral equation with weakly singular kernel (t — s)_%k(t,s),
where k(t,s) is a smooth function. Then they [5] extend the approach in [4] to the second
kind Volterra integral equation with more general weakly singular kernel (t — s)*k(t,s),
where —1 < a < 0 and k(t,s) is a smooth function. The spectral accuracy of these ap-
proaches is verified both theoretically and numerically in [4] and [5]. Xie and Tang [7]
develop spectral and pseudo-spectral Galerkin methods based on the general Jacobi weight
to solve the second-kind Volterra integral equation. They give a rigorous proof of the spec-
tral convergence in Lfo «p and L™ norms. Actually, the success of the spectral method for
the second-kind Volterra integral equations is the main motivation for our work in the
second-kind integro-differential equations.

Unlike the standard spectral and pseudo-spectral Galerkin methods, the spectral and
pseudo-spectral Petrov-Galerkin methods allow the trial and test function spaces to be
different. Lin et.al, in [8] introduce the Petrov-Galerkin finite element (PGFE) method
for Volterra integro-differential equations. It is proved that the PGFE solution u; and its
derivative u,’l have optimal convergence rates ¢(h™!) and ¢(h™) in L® norm, respec-
tively. After using some postprocessing techniques, the convergence rate of u;, reaches
0(h®™) at the nodes of the mesh. Tang [13] discusses the collocation method to solve
the first-order Volterra integro-differential equation with a singular kernel function (t —
s) %k(t,s,u(s))(0 < a < 1). For grading exponents r > % of the graded mesh, the
collocation solution has the convergence rate O(N~™) in L™ norm. Besides, Brunner,
et.al, in [2] present the hp—discontinuous Galerkin method for Volterra integro-differential
equations with singular kernels. It is proved both theoretically and numerically that the
DG solution based on geometrically graded meshes has the exponential convergence rate
in L2 and L™ norms. Inspired by these works, we will show that both spectral and pseudo-



218 X. Tao, Z. Q. Xie and X. J. Zhou

spectral Petrov-Galerkin methods for Eq. (1.1) could produce numerical solutions with
exponential convergence accuracy.

The purpose of this work is to provide numerical methods for the second-kind Volterra
integro-differential equations with initial condition based on spectral and pseudo-spectral
Petrov-Galerkin approaches. For some spectral and pseudo-spectral Jacobi-Petrov-Galerkin
approaches, a rigorous error analysis which theoretically justifies the spectral rate of con-
vergence of our approaches is provided. This paper is organized as follows. In Section 2,
we demonstrate the implementation of the spectral and pseudo-spectral Petrov-Galerkin
approaches for the underlying equation. Some lemmas useful for the convergence analysis
will be provided in Section 3. The convergence analysis for both spectral and pseudo-
spectral Jacobi-Petrov-Galerkin methods in Lfo «p and L* norms, with some assumptions

on the weight function w®P(x), will be given in Section 4 and Section 5, respectively.
Numerical experiments are carried out in Section 6, which will be used to validate the
theoretical results in Section 4 and Section 5.

2. The implementation of the spectral and pseudo-spectral Petrov-Galerkin
methods

By introducing the integral operator K defined as
X
Ku(x)= J k(x,s)u(s)ds,
-1

Eq. (1.1) can be reformulated as

{ u'(x)+Ku(x)=g(x), xe[-1,1], 2.1)

u(—1)=0.

We will adopt the spectral and pseudo-spectral Jacobi-Petrov-Galerkin methods to solve
this underlying problem.

Let us demonstrate the numerical implementation of the spectral Jacobi-Petrov-Galerkin
approach first. Denote Py a space consisting of polynomials defined on [—1,1] with de-
gree at most N, ¢;(x) is the j—th Jacobi polynomial corresponding to the weight function
w®P(x)=(1-x)*1+x)? witha,f >-1,j=0,1,---,N. As a result,

Py = span{¢(x), p1(x), -, ()}
Define the polynomial space Vy as follows,
Vy ={u:uePy,u(—1)=0}.
Our aim is to find uy € Vi such that

(u;\]) vN)w”"ﬂ + (KuN) vN)w”‘)ﬂ = (g; vN)w”‘)ﬂ) va € PN—la (22)
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where )
(W, v) s =J w®P (0 )u(x)v(x)dx
-1
is the continuous inner product. Set

N-1

uy(x) = > ;(¢;(x) + 55041 (x)),

j=0
where s; is a constant chosen by the condition
$;(=1) +s;¢;41(-1)=0.
It is worthwhile to point out, when ¢;(x) is the Legendre or Chebyshev polynomial, ob-
viously s; = 1,j = 0,1,---,N — 1. Substituting it into (2.2) and taking vy = ¢;(x),i =
0,1,---,N — 1, we obtain

N

N-1 -1
D (Gt +5i07 4 Dennly + D (D5 K($+5050))erlly = ($1, @) s, (23)
j=0 =0

J

which leads to an equation of the matrix form
(A+B)Uy_1 = gn-1, (2.4)

where

Uyo1 = [, 0y, ,dy—117, AL, j) = (¢;, 4’]/ +5j¢;+1)wa,ﬂ,
B(la.]) = (¢UK(¢] +sj¢j+1))waﬁ; gN—l(i) = (¢i? g)w”‘)ﬂ .

Now we turn to describe the pseudo-spectral Jacobi-Petrov-Galerkin method. For this

purpose, set s =s(x,0) = XT_l + XTHQ, 0 € [—1,1]. It is clear that

1

X
Ku(x)= f k(x,s)u(s)ds = f z(x,s(x, 0)u(s(x,0))do (2.5)
-1 -1

with %(x,s(x, 0)) = XTHk(x,s(x, 0)). Using N —point Gauss-Legendre quadrature formula
to approximate (2.5) yields

1 N-1
Ku(x) = f k(x,s(x, 0))u(s(x,0))dO ~ Z k(x,s(x, 0,))u(s(x, 6,))v,, (2.6)
1 n=0

where {9,1}1,;’:_01 are the N-degree Legendre-Gauss points, and {v, }{\112—01 are the correspond-
ing Legendre weights. On the other hand, instead of the continuous inner product, the
discrete inner product will be implemented in (2.2) and (2.3), i.e.,

N-1
(W, V) N (W V) o g = D, Ul Wm0 sP, 2.7)

m=0



220 X. Tao, Z. Q. Xie and X. J. Zhou
where {xm}N 1 and {wmﬁ }N 1 are the N—degree Jacobi-Gauss points and their corre-
sponding Jacob1 weights, respectwely. As a result,

(u3v)w[1)ﬂ = (u, V)w[z,ﬂ’N_l, lf uy € P2N—1'

If we substitute (2.6) and (2.7) into (2.2) and (2.3), respectively, then the pseudo-
spectral Jacobi-Petrov-Galerkin method is to find

N-1
u () = D a8 (;(x) +5;¢141(x)) € Vi, (2.8)
=0
such that
/
(s e 1 + (Z RCx,s(x, 0,0y (sCx, en))vn,vN)
w%P N-1
Z(g,VN)wa,ﬁ,N—p Vvy € Py_q, (2.9)
where {u( )}N are determined by

N-1

~(1
> (G0 +50 1) y-10S”
j:

N-1 —
+>] (¢1,2 K, 50, 0,))((5(x, 0,)) + 541 (s(x, 6 )))vn) )
w8 N—1

j=0
=(¢5&)oes y_1»  1=0,1,-++ ,N—1. (2.10)
Denoting U]E,D = [a (()1), ”(11), -, ”S) 1]T (2.10) yields an equation of the matrix form
AV +BYTH =gV, (2.11)

where

A(l)(li.]) = (d)i: d); +Sj¢_;+1)a)a’ﬁ,N—l’
n=0

N-1
B, j) = (¢i,Z%(x,s(x,en))(qu(s(x,en))+sj¢j+1(s(x,en)))vn) ,
af N—1

gl(\ll) 1(1) = (d)i) g)a)”"ﬂ,N—l'

It is worthwhile to point out that the known recurrence formula for Jacobi polynomials
can be used to calculate ¢;(x) in the two approaches mentioned above.
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3. Some useful lemmas

Define a weighted space as

Lia’ﬁ (nH= {v :v is measureable and |[|v|| s < oo},

VIl pap = (J w“’ﬁ(x)vz(x)dx) ’ )
I

", (D={v:D*vel?, (), 0<k<m},

where

Further, define

equipped with the norm

1
2

m
1Vl ey = (ankvnia,ﬂ) :
k=0

with Dky = %. When w®Ff(x) = 1’Liaﬁ (I),Hzaﬁ (I) and || - || ,«p are denoted simply by
L?(I),H™(I) and || - ||, respectively.

First we define the orthogonal projection ni‘,’
L2, (D,

F L2 5(I) = Py such that, for any u €

(rtz,’ﬁu, VN ) wap = (U, V) yas, Vvy € Py. (3.1

Secondly, I ;\X,’ﬁ denotes the interpolation operator of u based on N 4+ 1—degree Jacobi-Gauss
points corresponding to the weight function w®”(x) with a, 8 > —1.

In the following, we will give some useful lemmas which play a significant role in the
convergence analysis later.

According to [3], we have the following lemmas.

Lemma 3.1. Suppose that v € Hza’ﬁ (1).
(i) If a, B > —1, then for any [ such that 1 <l < m:

v = 2%Fv ]| yup < CN D™V s, (3.2)

v =PVl ry < CNP 727D . (3.3)

() If-1<a,B <0, then
v = PV oy < O D™ . (3.4)
Proof. The conclusion in (i) is a classical one, so we only prove (ii). It is straightforward

that
lwll < Clwll yes, Wl < CIIwIIHlaﬁ, (3.5)
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when —1 < a, 8 < 0. Consequently, the implementation of the Sobolev inequality ([3], p.
490)

1/2 1/2
Wiy < ClIwll = lwlly (3.6)
and (3.5) leads to
1/2 1/2
Il < Clhwl i Wil (3.7)
w®P (1)

for =1 < a, f < 0. In terms of the estimates in (i), we have, for -1 < a, 8 <0,
3_
Iy = 7% Vllgoqry < CNFID™ ]| s (3.8)

This completes the proof. O

Lemma 3.2. Suppose that v € Hzaﬂ (I).
@ If a, > —1, then
v =I%P || us < CNTID™]| s (3.9)

(ii) If w®P is the Legendre weight, i.e., a = 3 =0, then for any | such that 1 <1 < m:
v = 19l ry < CN237™ D™y, (3.10)
lv = 1%%V]| ey < CN3~™[[D™v]|. (3.11)

(iii) If w®P is the Chebyshev weight, i.e., a = f3 = —%, then

_1_1
202

— l—m m
v —Iy*" *vllpeqy < CN2T™ID™|| gy - (3.12)

1.
2

Proof. The conclusion in (i) is also a classical one. The first estimate in (ii) can be
found in [3] (p. 289) and leads to the second estimate in (ii), by using (i) and the Sobolev
inequality (3.6). The estimate in (iii) can be seen in [3] (p. 297). O

Lemma 3.3. Ifve H)(I) with a,f > —-1,m>1and ¢ € PN then we have

(v, @)epas = (v, @) y| < CNTID™V | e | P 1]yt -

Proof. As the discrete inner product is based on the N + 1-degree Jacobi-Gauss points
corresponding to the weight function w®#(x), we have

0, )by = T2V, @)ty = U2 v, ) s

Therefore,

|V, Doyt — (Vs @y | = 1 = TPy, ) s | < M1y = IEPV |y 1] et

which, combined with Lemma 3.2, implies the conclusion. O
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Lemma 3.4. For each bounded function v(x), there exists a constant C, independent of v,
such that

SUP IVl oo < GV,
where I;\l,’ﬁv = Zﬁizo v(x,)h,(x) is the interpolation of v, with h,(x), the Lagrange interpola-
tion basis functions based on (N + 1)-degree Jacobi-Gauss points corresponding to the weight
function w®P(x) with a, p > —1.

Proof. As the (N + 1)-points Jacobi-Gauss quadrature formulas are accurate for the
polynomials with degree no more than 2N + 1, direct calculation shows that

1 N
2
IVl e = f 0 ) (100 ) dx = Y V2 ()l
-1

n=0
N
<IVIZ D P =yolviZ,
n=0

where y¢ = (¢¢, $0) 6. As a consequence,

sup [[12P vl s < ClIVIIoos
N

with C = /75. O

Lemma 3.5. (Gronwall inequality) If a non-negative integrable function E(x) satisfies

X

E(x) < le E(s)ds + G(x), -1<x<1, (3.13)
-1

where G(x) is an integrable function, then

1Bl oy <CIGIe o, P21, (3.14)

where ||E||;» (0= (f_ll w®P E|pdx)1/p with a, 8 > —1. In particular,

IEllzoo(ry < ClIGIILoo(r)- (3.15)

Remark 3.1. The proof of Lemmas 3.1-3.4 has been shown in [7]. For completeness, we
just list it above.

4. Convergence analysis for spectral Jacobi-Petrov-Galerkin method

According to (2.2) and the definition of the projection operator ﬂ:;‘,’ﬁ , the spectral
Jacobi-Petrov-Galerkin solution uy satisfies

u;\, + ﬁ;’fleuN = nz’flg. 4.1)
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Theorem 4.1. Suppose that uy is the spectral Jacobi-Petrov-Galerkin solution determined by
(2.2) with a and f satisfying one of the following conditions, i.e., (i) —1 < a,f < 1; (ii)
a=0,8>—-1; ({ii) a>—-1,=0; (iv) a > —1,—1 < 8 <0, then we have the following
error estimate

[ =ty ll op < CN™ID™ ur]] e

Proof. First we prove the existence and uniqueness of the spectral Petrov-Galerkin
solution. When g =0, (4.1) can be written as

u;\, + nz’flKuN =0.
In terms of the fact that
/ a,fB . a,p
uy + my" Kuy = uy + Kuy — (Kuy — my" Kuy),
it is clear that, by integrating on [—1,x],x € (—1,1), we have
X X
uy = —J Kuyds +J (Kuy — n;’flKuN)ds, (4.2)
-1 -1

where uy(—1) = 0 is used. On the other hand, as the kernel function k(x,s) is smooth, we

obtain
X X S
‘ f Kuds sf f Ik(s, )u(t)|dtds
-1 -1J-1

X S X
SCJ J lu(t)|dtds < CJ lu(s)|ds. 4.3)
-1J-1 1
The combination of (4.2) and (4.3) leads to

X
J J]_dS
-1

with J; = Kuy — ni‘f 1Kuy. This, combined with Lemma 3.5, leads to

X
J J]_dS
-1

J

X
luy| < CJ lun(s)lds +

-1

luyller < C (4.4)

w%h

We will use the claim that

2
< Cllull? s, (4.5)

J u(s)ds
-1

w%B
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when a and f3 satisfy one of (i)-(iv). Actually, when a and f3 satisfy one of the assumptions
(1)-(iii), (4.5) holds according to [6] (p. 239). On the other hand, if a and S satisfy (iv),

then
X
J u(s)ds
-1

2 1

x 2
:J w®P(x) (J u(s)ds) dx
web  J-1 -1

1 X
<C ( co“’ﬁ(x)J u?(s)dsdx
-1

J-1

1 1
=C ( uz(s)J (1—x)*(1 +x)Pdxds
1 s

1 1
<C ( u?(s)(1 +s)ﬁJ (1-x)*dxds

J-1

1
<c ( (1=9)*(1+5) u?(s)ds = Cllull? .- (4.6)
J-1

In virtue of Lemma 3.1 and (4.5),

X
J Jids
-1

X

-1 k(x,x)uN(x)—l-f 0, k(x,s)uy(s)ds

-1
J uy(s)ds
-1

The combination of (4.4) and (4.7) leads to

<CllJ1llpus <CN

w%B

w%B

<CN~! (”uN”w“ﬁ + ) <CN7Huyllges.  (47)

w%h

-1
||uN||wa)[5 S CN ”uN”wU‘)ﬂy

which implies, when N is large enough such that C/N < 1, uy = 0. Hence, the spectral
Petrov-Galerkin solution uy is existent and unique as Vj is finite-dimensional.
Subtracting (4.1) from (2.1) yields

u' —uy +Ku— ﬁ;’fleuN =g- ng]’flg. (4.8)
Set e = u — uy. Direct computation shows that
Ku — ﬂ:z,’ﬁlKuN
=Ku — ﬂ:NﬁlKu—l- ﬂ:NﬁlK(u —uy)
=Ku — nNﬁlKu—l-K(u —uy)— (K(u —uy)— 7'CN 1K(u uN))
—(g—u)—ft (g—u)+Ke—(Ke—77:N ,Ke)
=g— TEN 1g (74 —TE u)—l—Ke—(Ke—TtN Ke). (4.9
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Inserting (4.9) into (4.8) yields
e/ +Ke—(u' — nz’flu’) — (Ke — nf\‘,’flKe) =0. (4.10)

By integrating on [—1,x],x € (—1, 1), we obtain
X X X
e(x)= —J Keds + f (' — ﬂ:;‘,’flu’)ds + f (Ke — n;’flKe)ds, (4.11)
-1 -1 -1

where e(—1) = 0 is used. Therefore,

X X X
le| < J Keds| + J ' — n;’flu/)ds + J (Ke — n;’flKe)ds R (4.12)
-1 -1 -1
which, together with (4.3), leads to
X X X
le| < CJ le|lds + J Jods| + J Jads|, (4.13)
-1 -1 -1

with J, =u’ — n;’flu’,h =Ke — n;’fll{e.

By (4.13), (4.6) and Lemma 3.5, we have

X X
llell e sc( f Jods f Jads
-1 -1

By Lemma 3.1 and (4.5),
Wallyer = 1t = 7P 11'l] yas < CNTD™ ] (4.15)

+

) < C(Wallyos +Wallyes ). (419)
P

Wb

X

k(x,x)e(x)+ f I k(x,s)e(s)ds
-1

X
<o (nenwa,ﬁ i J |e|ds||wa,ﬁ)
-1

< CN7Ylel| yas s (4.16)

3]l us < CNT

WP

under the assumptions on a and 3 above. Combining (4.14)-(4.16), we obtain, when N
is large enough such that C/N < 1,

llellyep = llu—uyll e < CNTID™ Hul] s

This completes the proof. O

Now we investigate the L*°-error estimate.
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Theorem 4.2. Suppose that uy is the spectral Jacobi-Petrov-Galerkin solution determined by
(2.2) with —1 < a, 8 £ 0. Then we have the following error estimate

3_
lu — upllpeo < CNaT™D™ ul| s (4.17)

Proof. In terms of Lemma 3.5 and (4.13),
X X
”e”Loo S C ( f szs f Jgds
-1 -1

By Lemma 3.1,
3_
||J2||L°°(I) <CN+4 m”DmHu”waﬁ, (4.19)

+
L®

) SC(||J2||L°°+||J3||L°°)- (4.18)
Lm

X

k(x,x)e(x)+ J 9, k(x,s)e(s)ds

-1

_1
13l ooy SCN ™4

w%B

1
SCN—4||6”LOO(I)~ (4.20)

Combining (4.18)-(4.20), we obtain, when N is large enough such that CN —1/4 < 1, the
desired result (4.17). O

5. Convergence analysis for pseudo-spectral Jacobi-Petrov-Galerkin method

As Iﬁ,f , is the interpolation operator which is based on the N-degree Jacobi-Gauss

points, in terms of (2.9), the pseudo-spectral Petrov-Galerkin solution u](\}) € Vy satisfies

N-1
~ /
(1;;{51 > k(e sCx, 0,))uly (s(x, en))vn,vN) + (@, vy e
n=0

WP

Z(Iﬁ’flg,vzv)waﬁ, Vvy € Py_1, (5.1

where

N—1~
D ke, sCx, 0, (s(x, 8,)),
n=0

1
_ J T, s, 0u(s(x, 0))d6

-1

1 N-1
- U k(x,s(x, 0)u (s(x, 00)d0 — > k(x, s(x, en))ug)(s(x,en))vn)
n=0

-1

=f k(x,S)uS)(S)ds -Q(x)= Kuj(vl) —Q(x), (5.2)

-1
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with

1 N-1
Q(x) = f K(x,s(x, 0y (s(x, 00)d0 — D k(x,sCx, 0y (5(x, 0,))v,
-1 n=0
= (e, s, D), 10, 0) ) = (K, D), 6060, D) (5.3)

in which (-, -) represents the continuous inner product with respect to 8 and (-,-)y_; is the
corresponding discrete inner product defined by the N-degree Gauss-Legendre quadrature
formula. The combination of (5.1) and (5.2), yields

(u( VN) a,p +(IaﬁK (1)_IaﬁQVN) a,p
_(IN 1g’vN)wa)/5: VVN GPN—D (54)

which gives rise to
P+ ke — 1P Q=1 . (5.5)

By the discussion above, (2.9), (5.1) and (5.5) are equivalent.
We first consider an auxiliary problem, i.e., we want to find Ryu € V; such that

((RNU)/; VN)oﬂﬁ,N—l + (KRyu, VN)w“’ﬁ,N—l =(g, VN)wa,ﬁ,N—p Vvy € Py_;. (5.6)

In terms of the definition of I,;" o 1> (5.6) can be written as

(Ryu)s vy )oes + TP KRy, i) s = (I2F €, 3D e, Vv € Py_1, (5.7)

which is equivalent to
Ryw) + 1P KRyu=1%F ¢. (5.8)

Lemma 5.1. Suppose Ryu is determined by (5.6).
() If a and B satisfy one the following assumptions, i.e., =1 < a,f <1l,or a =0, > —1,
ora>-1,=0,or—-1<f<0,a>—1, we have
lu — Ryull yus < CN™™ID™y|| ap.
(ii) If w®P(x) is the Legendre weight, i.e., a = f3 = 0, then we have

3
llu = Ryull o < CN4~™[[D™*ull.

If w®P(x) is the Chebyshev weight, i.e., a = ff = —%, then we have

1
llu — Ryull = < CN2™D™ ]| 5 .
w 272
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Proof. (i) The existence and uniqueness of Ryu and the Lia’ﬁ error estimate of u —Ryu
can be verified in a similar way as those for the spectral Jacobi-Petrov-Galerkin solution uy
in the proof of Theorem 4.1, with ni‘f , replaced by I ﬁ,_ﬁ ,- For simplicity, we omit it here.

(ii) Subtracting (5.8) from (2.1), yields

u' — (Ryw) +Ku— 1P KRyu=g - 127 4. (5.9)
Set € = u — Ryu. Direct computation shows that
Ku—I%F KRyu
=Ku — 1P Ku+ 13 K(u - Ryu)
=Ku — TP Ku + K(u — Ryw) - (K(u = Ryw) — I, K(u = Ryu) )
=(g—u)— I;’fl(g —u')+Ke—(Ke — Iﬁ,’flKe)
=g — ﬁ,’_ﬁlg — (W - Iﬁ,’_ﬁlu’) +Ke—(Ke— Iﬁ’fll{e). (5.10)
Inserting (5.10) into (5.9) yields
e’—(u’—Iﬁ,’_ﬁlu’)+K6—(Ke—I;’flKe)ZO. (5.11)

By integrating on [—1,x],x € (—1, 1), we obtain

X X X
ez—f Keds—l—f J4ds+J Jsds,
-1 -1 -1

X X X

le] S‘f Keds|+ ’f Jads| + ’f Jsds
-1 -1 -1
X X X

SJ |e|ds+‘f Jyds +‘J Jsds
-1 -1 -1

where J, =u’ — I:,’flu’,Js =Ke — Iﬁ,’_ﬁlKe. Here (4.3) and e(—1) = 0 is used. By Lemma

3.5,
X X
||e||Loosc(M Jads +M Jeds
1 L& 1

Actually, by Lemma 3.2,
1 gll = < CNOT™ID™  ul| yap, (5.14)

which implies

, (5.12)

) se(Wals+Wsls). 613)

where 6 = % when w®P is the Legendre weight, and 6 = % when w®P is the Chebyshev
weight. Besides,

X

sl < CN—YHk(x,x)e(x) +J 8.k(x,5)e(s)ds
-1

< CN7"|lell;o, (5.15)
w®B
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where y = %r when w®* is the Legendre weight, and y = % when w®” is the Chebyshev

weight. Combining (5.13), (5.14) and (5.15), when N is big enough such that CN™" < 1,
we obtain

llell = < CNO™ID™ ul| ap.

O
Subtracting (5.5) from (5.8), leads to
Ryu) - + 19 KRyu —u) + 19, Q =0,
which can be simplified as, by setting E = Ryu — u(l)
E+10P kE+TPP Q=0. (5.16)

Theorem 5.1. Suppose that the solution of (2.1) is sufficiently smooth. For the pseudo-

spectral Jacobi-Petrov-Galerkin solution ug\}) satisfying (2.9), the following results hold:

@D if-1<a,B <0,wehave
e = Pl e < CNTID™ |y + CMypN ™l e -
(i) if 0<a=pf <1, we have
e = Pl yar < CNTID™ M|y + CMpN ™4t s,

1
where M, = max,;(22)"( [ 19™k(x,s)[2ds)z.

Proof. We first prove the existence and uniqueness of the pseudo-spectral Jacobi-Petrov-
Galerkin solution. As the dimension of Vj is finite and (2.9) and (5.5) are equivalent, we

only need to prove that the solution of (5.5) is u(l) = 0 when g = 0. For this purpose, we

consider the equation
(1) + Ia B K (1) ’_ﬁlQ — 0,

which can be written as
k) - 12 Q - ke - 19F, Ku{) = 0

Set
Jo=1%Fq,  J1=kdp - 1%F ku).

Using the same technique in the proof of Theorem 4.1, leads to

IuI(\})(x)I < CJ mIds + ‘J Jeds| + ‘J J,ds|.
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By Lemma 3.5 and (4.5), under the assumptions on a and 3 above, we have

X X
||u§\})||wa,ﬁ SC(HJ Jeds us + HJ J,ds aﬁ)
-1 w® -1 w®

<C(Wellust + W7l sen )- (5.17)

On the other hand, according to Lemma 3.4,

Welluer = TP QU0 ger < CIQEO I oo)- (5.18)

By the expression of Q(x) in (5.3) and Lemma 3.3, we have

1
QI = NI 0K e, s, M (50, D
scw—m(xT“)m(J |3smk(x,5)|2ds)§(J |u§v”(s)|2ds)%.
-1 -1

1
Set M,, = maxxel(xTH)m(ffl |0 k(x,s)|*ds)2. Therefore,

1QEO sy < CMN ™[], (5.19)
which, together with (5.18), yields
16/l yep < CMuN ™[l ]]. (5.20)
If -1 < a,B <0, obviously, we have
Nl < ClluP s

Therefore,
16/l s < CMuN 1P| - (5.21)

On the other hand, according to ([3], p. 282),
o1l < CN*|@llpae, Vo €Py,

where w®%(x) = (1 — x2)* with @ > 0 and C is a positive constant independent of N.
Hence, when0<a =<1,

16/l s < CMuN 40P (5.22)

The implementation of Lemma 3.2 implies

X

k(x, x)ug\})(x) + f 8xk(x,s)u§\})(s)ds

-1
w®h )

X
J ul(\})(s)ds
<CN[uPl| et (5.23)

177/l ws <CN

w%B

<CcN™! (nuﬁ)nwa,ﬁ +
-1
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where (4.5) is used again under the assumptions on a and f. Based on (5.17), (5.21) and
(5.23), when —1 < @, <0and C(N"'+ M,,N™™) < 1, ug\}) = 0. On the other hand, by
(5.17), (5.22) and (5.23), when 0 < @ = § < 1 and C(N~' + M,,N"™%) < 1, u{}) = 0.

As a result, the existence and uniqueness of the pseudo-spectral Jacobi-Petrov-Galerkin

solution u](\}) is proved.

Now we turn to the Li «p EITOT estimate. Actually (5.16) can be transformed into

/ o, a,B _
E'+KE+I1,7,Q— (KE — IN_lKE) =0,

X
+ ’J JSdS
-1

with Jg = KE — Iﬁ,’flKE. By Lemma 3.5 and (4.5), under the assumptions on a and 3, we

have
X X
E et SC(HJ Jeds T HJ Jgds aﬂ)
-1 w™ -1 w™

<C(Wellues + Wl yor )- (5.25)

which yields

R (5.24)

X X
|E| < CJ |E(s)|ds + U Jgds
-1 -1

By Lemma 3.2 and (4.5),

X

1Tl oy <CN7'||k(x,x)E(x) —l—f 0, k(x,s)E(s)ds
-1 w®B
<CNYHIE|| ab- (5.26)
In terms of (5.21), (5.25) and (5.26), when —1 < a, # < 0, we have
IEl o < CMN Pl e < CMN ™ (1D o + [l o ), (5.27)

when C/N < 1. By (5.22), (5.25) and (5.26), when 0 < a = § < 1, we have

1E] o < CMN ™ Pl < CMEN (1D +llullyen ). (5.28)
when C/N < 1. By the triangular inequality,
Mot (5.29)

1 1
llu = U yep < Il = Rygull e + IRyu — ul;

together with Lemma 5.1, (5.27) and (5.28), the desired conclusions can be obtained when
CM,N"™<1orCM,N"""*<1for—1<a,B <0o0r0<a=f <1,respectively. O
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Theorem 5.2. Suppose that the solution of (2.1) is sufficiently smooth. For the pseudo-
spectral Jacobi-Petrov-Galerkin solution u](\}), such that (2.9) holds, we have the following
estimates:
(i) when w®P is the Legendre weight,
1) 3 _mppym+1 i m
llu =yl < CNHID™  ul| yap + CMpN 27" lul;

(i) when w®* is the Chebyshev weight,

1

lu =t Il < CNZ D™ ull e + CMyyN " log Nlull

1
where M,, = IESIX(XTH)m(ffl 19k (x,s)|2ds)z.

Proof. Implementing Lemma 3.5 and (5.24), we have
X X

IE|l~ < C (HJ Jeds| + HJ Jods
-1 L -1

On the other hand,
WellLooqry = ||Iﬁ’/3Q(X)||L°°(1)

Lm) <C(Wellw + Welli= ). (5:30)

N
< max |Q(x,)| m?x;)mn(xn (5.31)
< CMN " Ly(a, B,

with Ly(a,B) = Ly(0,0) = 0(N%) for the Legendre case and Ly(a, ) = LN(—%,—%) =
0(logN) for the Chebyshev case. According to Lemma 3.2,

X

gl < CN_”Hk(x,x)E(x) +J 0. k(x,5)E(s)ds
-1

< CN7"|E|| o, (5.32)
WP

with n = % when w®P(x) is the Legendre weight and 1 = % when w®P(x) is the Cheby-
shev weight. Combining (5.30)—(5.32) yields

1Bl < CMuN "Ly, B) (llull + Dl ), (5.33)
provided that CN~" < 1. By the triangular inequality,
= 0 < llu = Ryl oo + Ryt = u oo (5.34)

Implementing Lemma 5.1, (5.33) and (5.34), we have

1 — —
= Pl < CNTTID™ | s + CMN "Ly (ct, B) (lal + eVl ),
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where 3
1
Y:Z: LN(a:ﬁ):LN((),O):ﬁ(NZ)

for the Legendre case and

1 1
——) = 0(logN)

1
r=5 @B =Ly(-5—3

2)
for the Chebyshev case. As a result, we obtain
€8] 3—m|pm+1 1 m
llu—upllpe < CN47HD™ ul| yep + CMpN2""lull,
when w®P(x) is the Legendre weight and CMmN%_m <1, and
lu = uf |l < CNZ~"ID" u] s + CM,,N "™ logN|Jul]

when w®P(x) is the Chebyshev weight and CM,,N "logN < 1. O

6. Numerical experiments

The efficiency of spectral or pseudo-spectral Legendre-Petrov-Galerkin methods and
Chebyshev-Petrov-Galerkin methods will be demonstrated in the following as two special
cases of the spectral or pseudo-spectral Jacobi-Petrov-Galerkin approaches.

Example 6.1. Consider the Volterra integro-differential equation (1.1) with k(x,s) =
9 9(1+x)(1+s) . . .. _ 34x) _
y exp( — ). The corresponding exact solution is given by u(x) = ez 1.

First we implement the numerical scheme (2.3) based on the spectral Legendre-Petrov-
Galerkin and Chebyshev-Petrov-Galerkin methods to solve this example. Table 1 illustrates
the L® and L? errors of the spectral Legendre-Petrov-Galerkin method which are also
shown in Fig. 1. Next the L* and Li «p €rrors of the spectral Chebyshev-Petrov-Galerkin
method are demonstrated in Table 2 and Fig. 2. Clearly the desired spectral accuracy is
obtained in these approaches.

Table 1: The errors of spectral Legendre-Petrov-Galerkin method.

N 4 6 8 10 12 14
L®-error | 4.80e-2 8.48e-4 8.47e-6 5.28e-8 2.21e-10 6.86e-13
L%-error | 2.67e-2 3.4le-4 2.6le-6 1.32e-8 4.74e-11 2.86e-13

Table 2: The errors of spectral Chebyshev-Petrov-Galerkin method.

N 4 6 8 10 12 14
L®-error | 4.20e-2 5.56e-4 5.20e-6 2.93e-8 1.11e-10 1.97e-12
Li-error 4.40e-2 5.6le-4 4.12e-6 2.10e-8 7.37e-11 1.85e-12
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Figure 1: L™ and L? errors of spectral Legendre-
Petrov-Galerkin method versus N.

oL, norm
—+*%norm
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Figure 3: L and L? errors of pseudo-spectral
Legendre-Petrov-Galerkin method versus N.

oL_norm
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Figure 2 L® and L?,, errors of spectral
Chebyshev-Petrov-Galerkin method versus N.

4 6 8 10 12 14

Figure 4: L™ and Liaﬁ errors of pseudo-spectral
Chebyshev-Petrov-Galerkin method versus N.

Table 3: The errors of pseudo-spectral Legendre-Petrov-Galerkin method.

N 4 6 10 12 14
L®-error | 2.20e-1 1.39e-3 1.80e-5 1.35e-7 5.12e-10 2.37e-11
L%-error | 1.35e-1 7.50e-4 3.52e-6 2.08e-8 7.06e-11 2.85e-12

Table 4: The errors of pseudo-spectral Chebyshev-Petrov-Galerkin method.

N 4 6

10 12 14

L*®-error | 2.68e-1
L2 -error | 2.73e-1

1.84e-3 8.28e-6 8.07e-8 2.21e-10 2.73e-11
1.66e-3 5.33e-6 3.82e-8

1.07e-10 1.13e-11

Next we turn to the numerical scheme (2.10) based on the pseudo-spectral Legendre-
Petrov-Galerkin and Chebyshev-Petrov-Galerkin methods to solve the example above. Ta-
ble 3 illustrates the L® and L? errors of the pseudo-spectral Legendre-Petrov-Galerkin
method which are also shown in Fig. 3. Next the L* and Li «p €rrors of the pseudo-
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spectral Chebyshev-Petrov-Galerkin method are demonstrated in Table 4 and Fig 4. Once
again the desired spectral accuracy is obtained.
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