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Abstract. The aim of this paper is to develop the mixed spectral and pseudospectral
methods for nonlinear problems outside a disc, using Fourier and generalized Laguerre
functions. As an example, we consider a nonlinear strongly damped wave equation. The
mixed spectral and pseudospectral schemes are proposed. The convergence is proved.
Numerical results demonstrate the efficiency of this approach.
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1. Introduction

We consider the initial and boundary value problem of a nonlinear strongly damped
wave equation outside a disc, with smooth boundary conditions,

3t2w(p, 0,t) —0,Aw—Aw+@(w)=F(p,0,t), p>1,0¢€l, te(0,T],

w(p,0+2m,t) =w(p,6,0), p>1,0¢€l, te[0,T],
w(p,0,0) =wy(p,0), dw(p,0,0)=wi(p,0), p=1,0¢€l, 1.1)
w(l,0,)=0,  lim piw(p,0,6)=0, 6el, teo,T],

where I = (0,27) and the Laplacian:

3*w(p,0,t) L 1ow,6,0 1 3*w(p,0,t)
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As pointed out in [15], the above model describes the transversal vibrations of a homo-
geneous string and the longitudinal vibrations of a homogeneous bar, respectively, subject
to viscous effects. The term —AQ,U indicates that the stress is proportional not only to
the strain, as with the Hooke law, but also to the strain rate as in a linearized Kelvin-Voigt
material. Ikehata [11] presented some uniform energy decay estimates of solutions to the
linear wave equations with strong dissipation in the exterior domain case.

In this paper, we shall focus on developing the mixed spectral and pseudospectral meth-
ods for numerical simulation of problem (1.1), by using Fourier and generalized Laguerre
function. Let

1
gl(a,ﬁ)(x) — Z_'x—aeﬁxajg(xl%—ae—ﬁxl

a>_1’ /5>0, l:O,l’...,

be the generalized Laguerre polynomials, which are mutually orthogonal in (0, c0), asso-
ciated with the weight function x%e~#*. The generalized Laguerre polynomials have been
used extensively for numerical simulations of various problems in unbounded and exterior
domains, see [2, 3, 6-9, 12-14, 19].

The generalized Laguerre functions are defined by (cf. [10]):

1
.Zfa’m(x) = e_%ﬁx.,%l(a’ﬁ)(x) = Fx_“e%ﬁxa)f(xprae_ﬁx),

a>-1, B>0, (1.2)

which are mutually orthogonal with the weight function x*. The generalized Laguerre
functions are very suitable for numerical simulation of various problems in exterior do-
mains. For instance, Wang, Guo and Wu [16] developed a pseudospectral method for
symmetric solutions of partial differential equations outside a disc, by using the general-
ized Laguerre functions (1.2). Meanwhile, Wang, Guo and Zhang [17] proposed a mixed
spectral method for three-dimensional exterior problems using spherical harmonic and
generalized Laguerre functions. Moreover, Zhang, Wang and Guo [18] also presented
the mixed spectral and pseudospectral methods for linear problems outside a disc, using
Fourier and generalized Laguerre functions. But, in practice, it is more interesting and
more challenging to consider nonlinear exterior problems. The aim of this paper is to
develop the mixed spectral and pseudospectral methods for two-dimensional nonlinear
exterior problem (1.1), by using Fourier and generalized Laguerre function.

This paper is organized as follows. In Section 2, we recall some basic results of the
mixed approximation using Fourier and generalized Laguerre functions. In Section 3, we
propose the mixed spectral and pseudospectral methods for problem (1.1). In Section 4,
we also present some numerical results demonstrating the high efficiency of these methods.
The final section is for concluding remarks.
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2. Mixed Fourier and generalized Laguerre approximations

2.1. The generalized Laguerre function approximation

We first recall some results on the generalized Laguerre function approximation. Let
A =(0,00) and y(x) be a certain weight function in the usual sense. We define

L)Z((A) = { v | v is measurable on A and [[v||, 5 < oo},

with the following inner product and norm,
1
(W V)gn = J uCV)Z(dx, [Vl =), Yy e L2(A).
A

For simplicity, we denote v(x) by ﬁkv(x) k > 1. For any integer m > 0,
— k 2
HI'(A) = { v|okvel2(n), o0<k< m},

with the following inner product, semi-norm and norm,
i 1
W mgn = 2R 0 Wlga =187V Wlhngn = 02, 0

For any r > 0, we define the space H; (A) and its norm ||v||,., A by space interpolation as
in [1]. For y(x) =1, we drop the subscript y in the notations as usual. In particular,

oHL(A) = { v|veHL(A), v(0)= 0}.

The generalized Laguerre functions (1.2) satisfy the following recurrence relations (cf.
[10,16,17]):

1
0. 2" (x)=~pZ P x) ~ S L), 2.1)
I+ DZEP)+(Bx - 20— a - DZP )+ 1+ ) 24P x) =0, 2.2)
0. 2P (x)- 0. 2P (x) = /s’(,s?f“ Px)+Z25P ), 2.3)
"fa ﬁ)(x) "(a+1 ﬁ)( )— "fa+1 /5)( ), (2.4)

- xaxéif“’ﬁ)(x) =@+ a)sz;ﬁ)(x) + (Eﬁx -DZ*P0)

1 1 1
=S+ ) 2P () + St DZP (x) S0+ DZP(x). (2.5)

Let &, = x*. The set of Z(F )(x) is a complete L2 (A) orthogonal system, namely,

(,s?f“f” Za a0 =181, (2.6)
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(a,p) _ — r'(l+a+1)

where 6;,, is the Kronecker symbol, and 18 G

2
. Hence, for any v € Laa(/\),

o0
Vo) = PG, T = (0, ), 2.7)
- Y

Next, let N be any positive integer and &y (A) be the set of all algebraic polynomials of
degree at most N. Denote by

2y s ={ ey |y ey}, 02y ={ve2ysm) | v =0}.

For description of approximation results, we introduce the non-uniformly weighted Sobolev
space A, ﬁ(A),

A;’ﬁ(A) = { v | v is measurable on A and ”v”"’{;,ﬁ’/\ < oo},

equipped with the following semi-norm and norm,

1 : :
vlg, A (J (8] (e3P ¥y (x)))Px ‘ﬁde) o Ml = (Z'Vﬁ%w)
’ k=0 P

For any r > 0, the space ZZ ﬁ(A) is defined by space interpolation as in [1].
We next recall some results on the generalized Laguerre-Gauss-type interpolation.

Let E(Galfi and 51(;‘]\?3, 0 < j < N, be the zeros of the functions F;SJr[f)(x) and

x0 (ezﬁx.gfa “ )(x)), respectively. They are arranged in ascending order. Denote by

N+1
N(Za]f 3, 0 <j <N, Z = G,R, the corresponding Christoffel numbers such that for any

¢ €2, 5(A), Y €2, 3(A) and m+n < 2N + Az (cf. [16]),

(¢, %)5,0 = Z SES I ET BT, 2.8)

Jj=

where A; =1 and A =0.
We introduce the following discrete inner product and norm,

(u,v)z,N,a,ﬁ,A—Zu(&%i)v(a;“@r;“@, Wlzpapn= 02y apn Z=GR.
j=0
Thanks to the exactness of (2.8), forany ¢ € £, s(A), Y € 2, g(A) and m+n <2N+ 21,4,
(¢1 ’lp)Z,N,a,ﬁ,A = (d)) w)ﬁa,/\a Z= GyR (29)

In particular, [|[$llz n,a,54 = 1®ll5, A for any ¢ € 2y 5(A), Z=G,R.



Mixed Spectral and Pseudospectral Methods in an Exterior Domain 259

The generalized Laguerre-Gauss-type interpolation ﬂ}’N’a’ﬁv € 2y g(A) is determined
uniquely by

Frn sV ESEN =v(EED), 0<j<N, Z=GR

fG’N,a,ﬁv and ﬂ;,N’a’ pVv are called as the generalized Laguerre-Gauss interpolation and the
generalized Laguerre-Gauss-Radau interpolation, respectively. In the sequel, we denote by
¢ a generic positive constant.

Lemma 2.1. (see Lemma 3.2 of [16]). For any ¢ € &y g(A) and r = 0,

e ll.G,n < c(BN) ¢z, a-

2.2. The Fourier approximation

We next recall some results on the Fourier approximation. Let H"(I) be the Sobolev
space with norm ||-||,,; and semi-norm ||, ;. For any non-negative integer m, H ;"(I ) denotes
the subspace of H™(I), consisting of all functions whose derivatives of order up to m —

1 are periodic with the period 27. For any r > 0, the space H;(I ) is defined by space
interpolation as in [1]. In particular, LIZ,(I ) = HS(I ). Let M be any positive integer, and
Vi (I) = span{ ¢'? | |I| < M}. We denote by V;,(I) the subset of Vj,(I) consisting of all
real-valued functions.

Let Oy = ;;fl,k =0,1,---,2M. For any v € C(I), the interpolant .%,;v € Vy,(I) is
defined by

yMV(QM,k) = V(GM,k)’ 0 S k S 2M.

We define the discrete inner product and the norm as

T 2M _ :
(Vs = 5o ;)u(eM,k)v(eM,k), Vllass = .7
Then B
(¢:¢)M,I :(¢:¢)I’ Vd’ﬂl’ EVM(I) (210)

Lemma 2.2. (see Theorem 5 of [5]). For any ¢ € Vy,(I) and r > 0,

@y < cM|[lly-

2.3. The mixed approximation using Fourier and generalized Laguerre
functions

We now recall the results on the mixed approximation using Fourier and generalized
Laguerre functions. For this purpose, let 2 =1 x A, 7j(x) = (x + 1)? and define the spaces

oHA(Q) = { v € H'(A,L2(1)) | v(x, 0 +27) = v(x, 6) and v(0, 6) = o},
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and
oH! () = { v | v € H}(@) and vl 70 < oo},

with the semi-norm and norm

N =

1
|v|1,ﬁ,ﬂ = (”axv”i%(/\,Lz(I)) + ||89v||%2(A’L2(I)))2; ”v”l,’ﬁ,ﬂ = (lvliﬁ’ﬂ + ”v”%%(/\,Lz(ID) .

Moreover

1
(u:v)x,ﬂ = J u(x, Q)V(X, Q)X(X)dXdes ”v”)(,Q = (V:v);,g-
Q

For y(x) =1, we drop the subscript y in the notations for simplicity.
Now let VM,N,ﬂ(Q) = VM(I) ® QN’[;(A) and OVM,N,ﬂ(Q) = VM(I) ®OQN,/5(A)' For u > O,

the orthogonal projection 0131\14 N OH; ﬁ(Q) — oV n,p(Q) is defined by

(ax(Oﬁjlv[’N’u’ﬁv - V): 3x¢)ﬁ,ﬂ + (39(0§11\4,N,u,/5" - V): 39(]5)9
+ M(OP,;,N,M,,SV —v,$)in=0, Vo € oVirn,p(9). (2.11)
For simplicity of statements, we introduce the non-isotropic space
oalss 72 S 1 s—1 AT 1
By (9) = LA Hy (D) NHAA H ™ (D) N A (A, HAD)

equipped with the norm

1
_ 2 2 2 2
||v||9F§;3’s(Q) - (”v”LZ(A,HS(I)) + ”v”H%(A,HS_l(I)) + ”v”A‘g)ﬁ(A’Hl(ID) .

For description of approximation error, we shall use the following notation with integers
r>2ands>1,

@,rjs(v) = lgamay + |V|L%(A,H3‘1(I)) + |V|H}7(A,HS—1(1)) + |v|ﬁ5ﬁ(A,L2(I)) + |v|§6’ﬁ(A,H1(1))'

Lemma 2.3. (see Theorem 2.1 of [18]). For any v € C@E’S(Q) N OH; ﬁ(Q), integers r > 2 and
s>1,
v = 0Py sVl < €M™ + (B + 5B N2, (v). (2.12)

We now turn to the mixed interpolation by using the generalized Laguerre functions.
We introduce the following discrete inner product and norm,

27 N 2M N _
_ (a,8) (a,8) ~(a,8)
WV)zmnapo= 55777 E O: ; O:u(gz,N,j’QM,k)V(gLN,j’GM,k)wZ,N,J"
J: =
1
”V”Z,M,N,a,ﬁ,ﬂ = (V: v)é,M,N,a,ﬁ,ﬂ’ Z= G:R

By virtue of (2.9) and (2.10), we observe that for any ¢ € V,, , 3(Q2), Y €V, ; 5(£2), with
m,p<Mandn+q<2N+A,,

(&, V)zmN,ap0=(D:Y)5, 0 (2.13)
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The mixed interpolation vé;,M,N,a,ﬁv € Vi v p(£2) is determined uniquely by
7 ED) Oy i) =v(ED 0 0<j<N, 0<k<2M, Z=G
'ﬂZ,M,N,a,ﬁv(gz’N’j, M,k) - v(gz’N’j) M,k); SJ=N, 0 =R = 5 — )R'

Obviously, ﬂ}’M’N’a’ﬁv(x,@) = L@’N’a’ﬁﬂMV(x,Q). Moreover, by (2.25) of [18], for any
v e C(Q) with v(0,0) =0,

%,M,N,a,ﬁV(X, 0)= U’NG,M,N—1,a+1,ﬁ(X_1V(X, 09)). (2.14)
For simplicity of statement, we shall use the notation
= _p-1 —1p,-1
Eeg) =B VIz_ ean T B MV | may

_1 1 _1 _ 1
+(1+/5 2)(1nN)2|V|A“;ﬁ(A’L2(I))+(1+ﬁ Z)M 1(1nN)2|V|g;ﬁ(A,H1(I))‘

Lemma 2.4. (see Theorem 2.2 of [18]). For any v € L2 (A H3 (D) nAa"T | ﬁ(A,Hl(I)) N
ZZ ﬁ(A,Hl(I)), integer r > 1and s > 1,

’ ;:ﬁ(v)+CM_S|V|Léa(A,HS(I))' (2.15)

N =

llv — %,M,N,a,ﬁv”Léa(A,Lz(I)) <c(BN)

Lemma 2.5. (see Theorem 2.3 of [18]). For any v € L2 (A H; (D) nAa"T | ﬁ(A,Hl(I)) N
Z;ﬁ(A,Hl(I)), integer r > 1,r >a+1ands > %,
~ 11~ _
lv— yR,M,N,a,ﬁV”Léa(A,LZ(I)) <c(BN)22E (v)+cM slvlLéa(A,HS(I))- (2.16)
If, in addition, |a| < 1, then the above result holds for all integer r > 1.

The following two lemmas will be used in the error analysis of the mixed pseudospec-
tral method.

Lemma 2.6. For any ¢(-,0) € Vy(I), $(0,0) =0 and y(x,-) € &y g(A), we have that

HOYIZ w2 g0 < cIBIZ, o+ 1011, all2cbllz,.0) (bllalidelle + 1),
IPPIZ 1 g < CUDIE + bl allddlls, o) (pllglidewlla + I4113),
HDPIZ 1 w0 g0 < cllDllallEella (1llalIdep lla + I4I13).

In particular,

2112 2112 2112
10212 w280 T 1% IR w10 19°IR N 0,50 < Ol 50
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Proof. 1t is clear that for a > 0,

F(a,p)
RN,j

3
Eai 2 E sy, Ou) =2f X2 p(x, 0y )0 (x 2 P (x, Oy 1)) x
0

szJ |2 (x, By 1)y (2 P (x, By 1)) x, (2.17)
A
and
=(a.p) e ) =(a.p) =(a.p)
a, a, a, a,
¢2(§R,N,j, QM,k) =2 o TP(gR,N,]-, 9)39¢(§R,N,j, Q)de + ¢2(§R,N,j, O)
<2 f (o) 0189 (s, 0)IdO + P2(ER51, 0). (2.18)
1

On the other hand, by the trace theorem,
Y2ED,0) <clpESP, My < el Ea Meny I Ersr s M2y
<cll@gw (Exar b Mz Eart Moz + el ERo s, May (219)

Therefore, by (2.17)-(2.19), for a > 0,

IWIE o100
2T N 2M _ _ _ _
=7 20 2 ) O ER ) i) ER ) W ERR ) O )iy
j=0k=0
27 iw: a a
<c f 3 (x, 041,100 (% B x, By )l dx
AZM+1&8

N
xzo(agi‘;f})-a( fl W (Esr ), 03 (Ersr ), 0)1d0
]:

185w Es Mozl Gt Mizgry + I Esr, Nz, ) 350

Since Y(x,) € ¢2y g(A), we have that x (x,-) e &y_15(A). Hence, for a =0, 1, 2,
we derive from (2.9), (2.10) and the Cauchy-Schwatz inequality that

||¢¢“12{,M,N,a,ﬁ,ﬂ
SCJ f|x§¢(X’9)3X(X§¢(x,9))|d9dx(f flzp(x,G)é’@l/)(x,@)ldex
N AJI

+(f J(ﬁgw(x,e))zdedx)%(f ftpz(x,e)dedx)% +J fl,bz(x,e)dedx)
AJI AJI AJI
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c(llpliy, o +l¢lla, alldcblla, U lalldeplla +1IG),  for a=2,
<1 cUiglig+l¢llz, alldcdlla, )Y lalldalla + IpIE), for a=1,
cligllaldrpllalivllalldella + 14113), for a=0.

O

NeXt let Al == (O, 1), A2 == [1,00), Ql =] X Al and QZ =I X Az.
Lemma 2.7. For any ¢ € (Vy; y p(22) and € > 0, we have that
X I,y < (BN + M)l 1 5.0,
@ llze2(,) < (BN +M)*[Ill1,7,0-

Proof. By the imbedding theorem and the Gagliardo-Nirenberg-type inequality, we de-
duce that

Ix @l Scllxlime(a,) < cllxllg Ixbllfq,

£

=clx Ity (1@ g,y + X020 ) (2.20)
Similarly

bl < cliglinge (19120, +16Re,) (2.21)

Next let £ and 7 be the Cartesian coordinates, £ = x cos 6 and 1) = x sin 6. Then by a direct
calculation, we derive that

[EX AT f ((3 (x¢(x, 9))—€+39(X¢(X 9))—5)2+(3 (xp(x, 9))—

+ 39(X¢(X,9))%)2 +x2¢2(x,9))xdxd9

(O P (x, 0))*x3 + (Ggp(x, 0))%x + ¢p2(x,0)x)dxd6

O

((0rp(x,0))*x* + (B p(x,0))* + ¢>(x,0)x)dxd 6
o

<l ; o

(2.22)
Similarly

1617 q,) < J ((3:p(x,0))%x +x71(Fg p(x, 0)) + ¢*(x, 0)x)dxd

Scj ((Ox P (x, 0))*x + (Ggp(x, 0))? + ¢2(x, 0)x)dxd6

<clloll? ;- (2.23)
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Moreover, by the Hardy inequality and Lemmas 2.1 and 2.2, a direct calculation leads to
that for any ¢ € (Vy v (),

|x¢|,izml)5cj (82 (x, 022 + (B, b (x, 0))x + (8,85 B (x, 0))*x
Q

1

+x7 (326 (x,0))% + x(3p  (x, 0))% + x 1 $2(x, 9))dxd9

<c ( ((3f¢(x, 0))*x” + (3c ¢ (x,0))*x + (8,099 (x, 0))?
Ja

+x 23 p(x, 0))% + x Xy p(x, 0))° + x2p2(x, 0) ) dxd6

<c ( ((ﬁN)2(3x¢(X,9))2X2+(9x¢(X,9))2X+(/5N)2(5e¢(x,9))2

JQ

+M4x—2¢2(x,9)+M2x—2¢2(x,9)+x—2¢2(x,9))dxd9

SCJ ((ﬁN)z(axﬁb(X,@))zXZ+(3x¢(x,9))2x+(/5N)2(3e¢(x,9))2
Q

+M*(3,¢(x,0))* + M?(3,¢(x,0))* + (3, ¢(x, 9))2)dxd9
<c(BN +M*P[19113 ; o (2.24)

and

PI. Scf ((@2(x, 00)%x + x71 (8,859 (x, 0))°
Q

-I-Zx_l(axqb(x,G))z +x 292 ¢p(x,0))* +x_3(89¢(x,9))2)dxd9
<c f (@2 (x, 0)%x + (230 (x, 0D

i(ax¢(x,9))2 +(32¢(x,0)) + (89¢(x,9))2)dxd9
<c L ((ﬁN)z(axﬁb(X, 6))%x + (BN)*(3gp(x,0))?

+ (8,9 (x,0))2 + M3(Bgp(x, 0))* + (Bp P (x, 9))2)dxd9
<c(BN +MP(|pl1F ;5 - (2.25)

A combination of (2.20)-(2.25) leads to the desired results.

3. Spectral and pseudospectral methods for problem (1.1)

In this section, we shall construct the mixed spectral and pseudospectral methods for
exterior problem (1.1). For simplicity, let ¢(w) = w + w2,
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We make the variable transformation
p=x+1, U(x,0,t)=w(p,0,t), Uy(x,0)=wy(p,0),
Ur(x,0) =w1(p,0), f(x,0,t)=p*F(p,0,0).
Then (1.1) is changed to
(x+1)*02U — (x + 1)?0,02U — (x +1),0,U — 3,05U — (x +1)*32U,
—(x+1Do,U—-3U+(x+ 1)U+ (x+12U?=f, x>0, 0€I,te(0,T],

| U(x,6+2m,t)=U(x,0,t), x>0,0€l, te[0,T], (3.1)
U(X, Q:O)ZUO(X’ 9): 8tU(x’ Q:O)ZUI(X’ 9): XZO’ 0 GT’
U(0,0,t)=0, lim x:U(x,0,t)=0, 6el, telo,T].

Let Q ={ (y,2) | y% 422 > 1}. For any function u(y, z) defined on , we set v(x,0) =

1
(x+1) Pu((x+1)cosH,(x+1)sin0) defined on Q. By a direct calculation, we can prove
that the norm ||u||Lp(§) is equivalent to the norm ||v|[;2(4 1r(1y), @and for p = 2, ||u||H1(ﬁ) <
FA,

Ivll1,5,o- Therefore, by the imbedding theory,
”V”L%(A’LP([)) = C”V”l,ﬁ,ﬂs 2=p<oo. (3.2)

Let E(x) = x+1. By multiplying (3.1) by v(x, 0, t) and integrating the resulting equa-
tion by parts, we derive a weak formulation. It is to find U(t) € OH; ﬁ(Q) such that
(82U, V)0 +(2:8,U, 8,9)i0 + (80U, V)z o + (2:85U, 89v) + (U, 8 V)i
+ (0, U,v)z g+ (U, 0pv)a + (U, V)0 + (U v)ia=(f,V)a, (3.3a)
U(X, 950): UO(X:Q): atU(x: 950): Ul(xae)' (33b)

3.1. Mixed spectral scheme

The mixed spectral scheme for (3.3) is to seek uy y(x,0,t) € (Vi v 5(£2) such that
(atzuM,N: ®ia+ (0 0cum N, P )i+ (O Ocup s ¢)g,ﬂ + (3 gup N> P9 P
+ (Geun N> )i+ (Octim v ¢)g,g + (Ggun N> o P)a + (Up N, P70
+ (uIZM’N, ®ia = ¢, Vo € oV (), (3.4a)
tup v (x,0,0) = oPy y 1 gUo(x,0), Sy n(x,0,0)= Py \ sUI(x,0).  (3.4b)
We now analyze the numerical error of scheme (3.4). Let Uy y = Oﬁl\l/I,N,l,ﬁU . Accord-

ing to the definition of 013]\1/[ U in (2.11), we obtain from (3.3) that

,N,1,8
(3t2UM,N, ®)ia+ (00 Uy N, OxPia+ (00, Uy, ¢)g,g + (3% Unn, G P)a
+ (0 Un N> P70+ (O Uy ns ¢)g,g +(BUnmn>00P)a + (Unns P70

5
+ ULy Dia+ 2,66 =(F.d)a, Vo € Vi p(), (3.5)
j=1

J
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where
Gi(t,9) = (QX(U() = Uyn(6)), Pl Galt,¢) = (3 (Uyn(6) = U(D), )i
G3(t,¢) = (3,0, (U(t) = Uy n(8)), @)z Galt, @) = (0, (U(t) = Uy n(0)), )z
Gs(t, ) = (U*(t) — Uy y (1), )i 0.
Further, let ﬁM’N(t) = uyy y(t) — Uy y(t). Subtracting (3.5) from (3.4) yields
CRYYE? ¢+ (0.0, Own 9 P)ia+ (0,0, Own ¢z + (90 Umn» 99 9)a
+ (O ﬁM,Na P+ (O [N]M,N, Pz + (9 ﬁM,N) opla+ (ﬁM,Na ?ia

6
=) Gi(t,$), V¢ € Vi (), (3.6)
j=1

where
Go(t, $) = (UZ y(£) — 2 (D), $)ii
Taking ¢ = 20, lNJM’N(t) in (3.6), we obtain that

2,118, O 12, + 2120y w12 1 + BcllTaa w112 -

6
522 |G;(t, o [N]M,N)| + 2|(atax[7M,N) atﬁM,N)g’Ql + 2|(ax[7M,N) O [N]M,N)g,ﬂ|- (3.7)
=

Obviously, by virtue of Lemma 2.3, we deduce that

4
2 1Gi(t, 8, Ty n)|
j=1

~ ]. r r 2 2 ~ i
<118, Uy wllz o +c¢ (Ml_s + (/5 + E)[j_ENl_E) Z(@gs(agu))z. (3.8)
j=0

Further, let ||U(t)|lo = esssup(y gyeq |U(x, 0, t)|. Then we use Lemma 2.3 and imbedding
inequality (3.2) to derive that

|Gs(t, 8, Uy )|

ZJ (U = Uy n)U8 Uy 7 (x)dxd 6 —J (U = Uy 5 )?0, Upy y71(x)d xd 0
0 0

<U0. D12 + eIUIZNU = Uyl o+ cllU = Ul iy
o,

<118, O w12  + VI = Uyl g + ¢l = Uy ll 1

~ Iy e oo\ 4
<N0TunlZq+clUlR, (315 + (B+5 )N ) (@

+c (Ml—s + (/5 + l)ﬁ_§N1_§)4(§r’s(U))4 (3.9)
5 ; ) .
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Similarly, we get that for certain constant c¢* > 0,

|G6(t, O ijM,N)| = |((UM,N + UM,N)ﬁM,N, O; ﬁM,N)ﬁ,Q|
=|((71\2/1,N, 0. U n)iin + 200w N, 0, Uy n)in + 2((Uyy — U0y v, &, IN]M,N)ﬁ,Q|
S”atij,N”ﬁ,ﬂllﬁM,N”%i(A vy T ”U”go”ﬁM,N”%,Q + zllatﬁM,N”%’Q
o,

2 ~ 2
+IU=Uny ”L%(A,L‘*(I))“UM’N ”L%(A’“(I »

7 7 2 2177 2 7 2
<c* 18, Oy wllgall Duu 2 - o+ VIR NG w1 o + 218 Ty w2
2 T 2
+ C”U - UM,N”Lﬁ,Q”UM,N”Lﬁ’Q

7 r7 2 2 1|77 2 77 2
<c*110, O wll all Oua w112 g + IUCOIZNTar w2 o + 210 Tna w12

1N 40\~ -
+c (Ml_s + (/5 + E)/ijl—z) (@[';:S(U))leUM’Nlliﬁ,g. (3.10)

If BES(U(t)) is bounded above, then for larger N and M, and r > 2, s > 1,

T T T 2 2 177 2
1Go(t, 8O )| < €112, Ovs il ll Oua 112 5 g + U1 1 Ta w11

~ 1 -
+ 208U 150+ 5 10nnll 5.0 (3.11)
Moreover, it clear that
2|(3taxﬁM,N: atij,N)g’g| = |atij,N|iﬁ,Q + 110, ﬁM,N”%,Q: (3.12)
2|0 UmN> 2 Um g gl < |UM,N|iﬁ’Q + ”atUM,N”%"Q' (3.13)

Therefore, by substituting (3.8)-(3.9) and (3.11)-(3.13) into (3.7), we derive that

~ 9 ~ 9 ~ 9
110, UM,N”';]“’Q +19; UM,NlLﬁ’Q + at”UM,N”Lﬁ,Q

SgnatﬁM,N”%"Q_'_(Z”U”go+2)”[7M,N”i;"’g+ZC*||at[7M,N||7~],Q||[7M,N”iﬁ’g
| NS
+c (Ml—s + (/5 + E)[s’iNl_E) 75 M), (3.14)
where

F5°(U) =(2 (32D + (2 (8, 0)) + (IU1I% + 1)(Z,(V))?

2
+ (Ml_s + (/5 + %)/5—%1\11—%) (@'gs(u))‘*.
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Integrating (3.14) with respect to t, we deduce that
t
16, T 112 ¢+ 1012 1 o + J BRI G
t 0
+J (1- 20*||3§ﬁM,N(§)”ﬁ,g)”ﬁM,N(§)||i7~,,ﬂd§
t ° t
S9J 10 Up v (EDIIZ d & +L CITEIE, + DTy w (I 5 odE
0

+c (M1_5+ (/5+l)/3—%N1—%)2Jti“(U(g))dg (3.15)
5 § ) )

0
We shall use the following lemma.

Lemma 3.1. (See Lemma 3.1 of [4]). Assume that

o the constants by >0, by >0, b3 >0andd >0,

e Z(t) and A(t) are non-negative functions of t,

b2 _ .
o d< e bst1 for certain t; > 0,
2

o forall t <t
Z(t) +J (by = boZ3(n)A(n)dn < d + bsf Z(n)dn.
0 0

Then for all t < t;, we have Z(t) < debst.

We now take in Lemma 3.1,

t
Z(0) =118, T w (DI ¢ + 1Ty (OI2 5 ¢ + f 16 Ty ()12 - o dE,
0

- RSP T (L
A= 10y N (OIF 5 d:c(M1‘$+([5+E)[5—zN1—z) J ZyU(0)de,

0
by=1, by=2c, by=2UllZ+9, lUlle= sup U(t)ll- (3.16)

0<t<T

Moreover, if r > 2, s > 1 and the norms mentioned in d are bounded above, then d — 0 as
M, N — oo. Therefore, applying Lemma 3.1 to (3.15), we obtain that forany0 <t < T,

t
16, w2 o + 1l 5 + f 10 Ty (E) ;- o dE
0

T

142 _
<c (MHS +(B+ E) [a"er‘r) e(Z”'U'”iﬁ”TJ FrU)dt. 3.17)
0

Finally, a combination of (3.17) and Lemma 2.3 leads to the following conclusion.



Mixed Spectral and Pseudospectral Methods in an Exterior Domain 269

Theorem 3.1. If the norms mentioned in the notation d of (3.16) are bounded uniformly for
0 <t <T, integer r > 2, s > 1, then for suitably larger M and N and any 0 <t < T,

18:(U = up wIZ o + 1V —up w117 5.+ flag(U(E)—uMN(E))IMQ g

2
c (Mz_zs + ([5 + %) [a’—er—r)

T
x e@HlUl“éwﬁf F5(U)dt + sup Z(@”(@JU))Z
0

0<t<T

3.2. Mixed pseudospectral scheme

The mixed pseudospectral scheme for (3.3) is to seek uy; y(x, 0, t) € (Vi n,5(£2) such
that
(3t2uM,N; ®ia+ (0 0cuy N> O ®)ia + (O Oty > ¢)g,g + (3, 0pups N> Op P )y
+(Ocum N> O P70+ (Oxtim ns ¢)g,g + (Foup N> FP)a + (um N, Pliq
3 W Prun 20 T 2 N PR 180 T Ui N PIRMN 060 (3.18)
=(f, PN 08,0 Vo € oV n p(Q),
uy n(x,0,0)= MNlﬁUO(X 0), Juyn(x,0,0)= MNlﬁUl(x,G).

We now analyze the numerical error of scheme (3.18). Let Uy, y = oPM N1 ﬁU . Accord-

ing to the definition of P M n1pU in (2.11), we obtain from (3.3) that

(3t2UM,N, ®)ia+ (00 Uy N, OxPia+ (30, Uy, ¢)g,g + (3% Unn, G P)a
+ (0 Umn: % Pija + (0Unn, @)z g + (o Umn, Do Pla + (Unn, o
+( MN,¢)RMN2ﬁQ+2( MN,¢)RMN1/59+( MN’¢)R,M,N,O,ﬁ,Q

- Z Gi(t, ) =(f, PIrmnopa VP €oVarn,s(Q), (3.19)

Jj=1

where

Gi(t,9) =(02(U—Uyn), ®lias  Gs(t, ) =(U? )z, 0— (Us M, N, DR MN 2,80
Go(t, ) =0, (Uyn — U)o, Go(t,d) =2(U? ¢)z 0~ 2(Us M PIRMN, 1B
G;5(t,¢) =(6,0,(U — Uy n), ¢)g,9, G,(t, ) =(U% ¢)q — (U2 MN> IR MN 0,805
G4(t, ¢) = (0,(U—Upy ), ¢’)g,g, Gg(t,9) =(f, PIrmn0p.0— (fs o
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Further, let ﬁM,N(t) =uy n(t) — Uy n(t). Subtracting (3.22) from (3.18) yields
(02 Un,» )i + (8.0, Ury > 0x P i + (8.0, U > $)z o + (899 Uny > Bo by

+ (B Uy > 0P+ (0 U s Pz + (9 Uy %0$)a+ Uy, ®ig

11
=D 1Gi(t,9), Vo € Vi p(), (3.20)
j=1

where

Go(t, ) = (U]%/[’N - ui],N; ¢)R,M,N,2,ﬁ,ﬂ: Gro(t,¢) = 2(U1\2/I’N - u%/[’N: ¢)R,M,N,1,[J’,Qs
Gu1(t, ) = (U y — Uy n» PR MN,0,8,0-

Taking ¢ = 20, lNJM’N(t) in (3.20), we obtain that
at”atﬁM,N”%Q + zlatﬁM,Nliﬁ’Q + at”ﬁM,N”iﬁ’Q

11
<23 166, 8,0y )| + 2|8, 8T w8 D )z o| + 2| @c 0w, 0w )z (3:21)
j=1

Obviously, by virtue of Lemma 2.3, we deduce that

4
2 1G;(t, 8, Ty )|

=1

- 12 2 )
<18, UM,NH%’Q +c (MHS + ([5 + E) [o’_er_r) Z(@;;(ag U))>2. (3.22)
j=0

Moreover, we have from (2.13) that

|Gj(t; o [N]M,N)| §|(U2 - j;z,M,N,a,ﬁ U290, [N]M,N)aa,n|
+ |(U¢R,M,N,a,ﬁ U? - UI%/[,Na O UM NIRM N, 08,05 j=5,6,7,

where a =2 for j =5, a =1 for j =6 and a =0 for j = 7. Next, according to Lemma 2.5,
it is easy to derive that

|(U2 ~ SamNapU’s o UM,N)aa,n|
<[|o; UM,N”Z(Ja’Q +lU* - IRM N, a.f U2”§’5a’g

<18, Uy I3 o+ c(BN)T(EL g(UA)? + cM ™= U, e (3.23)
, B L3 (AH (1))
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Further, by (2.13) and (2.14),
|(¢772,M,N,a,/5U — Uy >0 ﬁM,N)R,M,N,a,ﬁ,Q|
:|((‘¢;{,M,N,a,/3U + UM,N)(j;{,M,N,a,/SU —Unn), G ijM,N)R,M,N,a,ﬁ,Q|
1 ~ ~
SznatUM,N”fij + C”U”go”yR,M,N,a,ﬁU - UM,N”f;a Q

27
(a,8) (a.8)
+2M+1( S+ D] )Z|UMN(5R“N],9Mk,t)(ﬂRMNaﬁU(éR“NJ,eM,k,t)

Fla,p) s (aﬁ)
ERNJ_l <1

— Unn ot Ont o )8 Dy gl 04 1, OB
<218, Due gy + eI, + W0t e U — Ul
P10 Tunll o+ el n a1 FrnnnpU — Ul
2 tYMNIG, 1.0 M,Nllpeo(q)I"R,M,N,a,3 MNIl&G, 1.0
S”atﬁM,N”%,Q + C(||U||gO + ”UM,N”%oomz))llvé;{,M,N,a,ﬁU - UM,N”i’ja’Q
+ cllxUpt gy (15 st v -1,asp (T =X IUIS, + 110 = U3 g)-
Thus by Lemmas 2.3-2.5 and 2.7, we get that for integers r > 3,s>1and a =1, 2,

|(J€z,M,N,a,/5U U;%/I N> © [N]M,N)R,M,N,a,ﬁ,ﬂ|

<l1o.Ounl2 g +c(||U||2 +(/5N+M)2€||UMNIIMQ) ((ﬁN)l—"(E;ﬁ(U))Z

+ (M2 4+ E)Zﬁ—wz—f)(@‘g%u))z) +e(BN + M Unn 7 50

(BN B 002 + (M2 4 (B4 BN Y TFWOF ). 29

Thanks to Lemma 2.3,
2 2 2-2s 142 —rar2—r o sS 2
102 50 SO g+ M272 4 (B + 5) BTN ) (T (U))
Consequently, we deduce from (3.24) that for integers r > 3,s>1and a =1, 2,
|(j;z,M,N,a,ﬁ U* - U]\Z/[,N, 2 fjM,N)R,M,z\r,oz,[a’,g|

<10 Tl colBN -+ 31202 (BN (V) + By 002

+ (M 4+ (B + %)Zﬁ‘rN Z‘r)(é,rgs(U))Z), (3.25)

where ¢, is related to the norms supp<;<r |[U(t)lle, Supo<;<r lU(t)ll1,5o and
SUPg<¢<T @ES(U (t)) for certain T > 0. Furthermore, by the Hardy inequality and a sim-
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ilar argument as in (3.24), we deduce that for a =0,

~ ~ ~ 1 ~
(yR,M,N,O,/SUZ - U]\Z/I,N, U NIrRM N 08 < ”atUM,N”%,Q + E“atUM,N”é_Z’Q
+c (||U||§O + ”UM,N”%OO(QZ) + ”XUM,N”%OO(QI)) | Frmn 06U — Unnll3

~ 1 ~ ~
<113, Oyt w113 0+ 71188 Ty I g+ co(BN + M) ((ﬁN)l-f(Eg,ﬁ(U))Z

+ (M2 4B+ %)Zﬁ_er"")(@[’;:s(U))z)- (3.26)

A combination of (3.23)-(3.26) leads to that

. rT rT 2 1 T 2
22 165(6, 8.0yl < 120100 w113 o + 5120wl 7.0

j=5
2 2
+e(BN) ;(E&ﬁw ) e ;) 0%} e
2 2
+co(BN + M?)* ((/o’N)H D EL g2+ (BN (EL, o(x 71U
a=0 a=1
+ (M2 4B+ %)2/3’_rN2_’")(§ES(U))2). (3.27)

Further, by (2.13) and Lemma 2.5, we get that for integer r; > 1 and s; > %,

1264 (t, 8, Ty )| < 12 Dug w2+ cCBNI T (g (F )2+ MV F Py oy (3:28)

Moreover, it is clear that

~ 27 N oMo ~
Go(t, 8,0y n) = (U2 @B g ¢
9( t M,N) oM +1 j:();) M,N(gR,N,] M,k )

=2, =~ =2, =2,
+2U(E 0 O OTnn (B s Ot i £) + 2(Uni (Bt L, Opt s £)

- ~2, ~ =2, ~ =2, ~(2,
— IR MN 2.5 U(E;&ﬁ}; GM,ka t))UM,N(gl(q,IQ, GM,k: t)) o, UM,N(gl(q,I@, GM,ka t)wz({,z\fj"

Hence, by (2.13), Lemmas 2.3, 2.5 and 2.6, and the Cauchy-Schwatz inequality, we deduce
that for certain constant ¢* > 0,

~ ~ ~2 =2
1Go(t, 0. Um )l < 110 Un n I, 0llUsg IR w280 + 10 Unn Il g

+ ”U”go”UM,NHZ(;z,Q +21Un N — Frmn,2,8Ulla,,0llUn N0 U IR MmN 2.0
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c* ~ ~ ~
2 2 2 2
E”a Unnlls LallUnN T 5 0 H 110 Un I, o H UGN UM NG, o

~ ~ ~ ~ 1

+2||Uyn — fR,M,N,z,/sU||52,Q(||UM,N||251,Q + 1 Umnlla,,0ll 0 Unnlle,a)?
~ ~ ~ 1

X (18, U nl1l12: 8 Unr w1l + 118 Upr w11 2

*

Zlle Ou il Onwll 5.0+ 180w w12 o + IUOIZ 1Ty 112

+c((M1_s+([5+ E)[o’ Nl_')@”(U)+([5N)E_EE ﬁ(U))
x ([|Uy N||1 sat ”atﬁM,N”iﬁ’g)' (3.29)

Similarly,

*

|G (t 3 UMN)| < _”a UMN||T)Q||UMN||1T)Q+ ”atﬁM,N”%’g
+ ||U||§o||17M,NII%~’Q + C((Ml_s +(B+ E)ﬁ_ENl_E)@/Z;S(U)
1 r~ .
+(BN)>2 2E;,/3(U)) (IIUM I3 5o+ 1. Ounll 5 Q) j=10, 11, (3.30)

where a =1 for j =10 and a = 0 for j = 11. Hence, for larger M and N, integers r > 3
ands>1,

11

22;|G (t, 8, Upy )| <c* 118, Uy w7l Ons w113 1. + 6118 Tna 112,
J

~ 1, ~ ~
2 2 2 2
F6IUIZ T w112 o + 5 (10018 0 + 18Tl ). 33D
It is clear that

2/(8,8,Upt > 8:Unr NEgl =10 Uy N|%r)g+ 16U N”n o (3.32)
2/(8, Uy ~(t),0 UMN)g ol < |UMN|]_T)Q+ ”atUM,N”ﬁ,Q' (3.33)

Therefore, substituting (3.22), (3.27), (3.28) and (3.31)-(3.33) into (3.21), we obtain that

1 -
012 Ul o + 2l 0u I 0+ 7120wl 7.0

<cllo,Ou Iz o+ cUUIZ, + DIy o + 10 Oun gl Ounll 5.0

2
+e (MHS +(B+ %)Zﬁ—wz—f) Y (GG + (BN Y, (U
j=0 a=0

2
+cM” ZSZWZ p (AHS(,))+co(/5N+M2)2€ ((/s’N)l—rZ(E;,ﬁ(U))2

a=0
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2

1 ~
F OB D OO+ (M2 4 B PSR CATY

+e(BN)T(EG () + M fI (3.34)

L2(AH (D)

Let |[|U]|lo = Supg<;<7 lIUlls- Integrating (3.34) with respect to t, we deduce that
1 t
”atUM,NH +||UMN||1nQ _J |85UM,N|%,ﬁ,Qd€
t
Scf 118 Upa w112 o d € + c(lIIUI11% +1)f 10wl 7 0dE +c” f 19 Uns i .l Ona I3 7.0

+ (M2 25+(/3+ﬁ) BN )ZJ (F5°(8{U))PdE +c(BN)™ ZJ (E, 5(U*)*dg
0

+cM‘25 |U2 12 (AH sapd€ +co(BN +M?)* ((ﬁN)l_rZ (Eq p(U))*dE

a=0J0 a=0J0

2 . 1 ‘o
HﬁN)l”ZL (Bl 0P+ (0224 (5 5) N ) fo (@,g:S(U))Zda)
a=1

+c(/3N)1‘“L(E (f))’dE +cM™ ZSIJ F 22 p b 8- (3.35)

We now take in Lemma 3.1,

~ ~ 1(° .
Z(t):||atUM,N||%’Q+||UM,N||i’ﬁ,Q+ZJ |55UM,N(§)|iﬁ,Qd€,
0

A(t) = ”le,N”iﬁ’ga by=1, by=c", by=1+c(IUlIIZ+1),
d == dl + dz, (3.36)

and

2 T
d =>4 (B PB NN | (FFuya
i—0Jo
2 T ’ 2 T

+C(/3N)HZ o (E«;,ﬁ(Uz))ngJFCM_ZSZ o IV 1z, (nands
a=0 a=0
T T

2
dy = co(BN +M?)* ((ﬁN)l-’Z (E;,ﬁ(U))2d§+(/5N)l—fZ (Br,, p(x71U))PdE

—=Jo a=1J0
n (M2—25+ (/j+l)2ﬁ—rN2—r) JT(gr,s(U))ng)
B 0o F

T T
+c(BN) fo (Egg(f))dE +cM 2 fo 1 gy @€+
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Clearly, if r > 3,s > 1, r; > 1,5, > % and the norms mentioned in the notation d are
bounded above, then d — 0 as M, N — oo. Therefore, applying Lemma 3.1 to (3.35), we
obtain that forany 0 <t < T,

18, T 12, + 1Ty 113 7 o + f 10: O ()2 - odE <deT.  (3.37)

Finally, a combination of (3.37) and Lemma 2.3 leads to the following conclusion.

Theorem 3.2. If the norms mentioned in the notation d of (3.36) are bounded uniformly for
0<t<Tandintegersr >3,s>1,r;, > 1ands; > %, then for suitably larger N, M and
any0<t<T,

2
- UM,N(@) 1=

1 t
18:(U = up mIZ o + 11U —uy w115 5 o+ 4J

< d+c(M2_25+([5+%) BTN r) sup Z(@”(é’JU)) ebsT,

0<t<

Remark 3.1. The result of Theorem 3.2 still holds even for real numbers r > 3, s > 1,
r; > 1ands; > %, but in this case, the semi-norms mentioned in the notation d should be
replaced by the corresponding norms.

4. Numerical results

In this section, we describe the numerical implementations and present some numerical
results. Let ;. (x) = ’\(0 ﬁ)(x) Afo ﬁ)(x) 1<k<N,and & ’\(1 ﬁ)(x) = 0. Denote by 7
the mesh size in time t. Then by (2. 2) and (2.4),

Pi(x) = 22000 — P (x) - ’*””)(x)—fxs?f””)(x) 1<k<N.

We take the basis functions as

1
L (x,0) = ——=(x)sin(m8h), 1<k<N, 1<m<M,
G m(x,0) mwk() (m6)

1
2 (x,0)= — cos(m9), 1<k<N, 0<m<M.
G m(x,0) mwk(ﬂ (m0) m

The numerical solution is expanded as

ugn(,0,0= Y. > ul (0¢),(x,0+ Do > ud (02, (x,0).

1<k<N 1<m<M 1<k<N 0<m=M
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4.1. Scheme (3.4)
The fully discrete scheme for (3.4) is as follows,

2+ 1) upy n(t+7), )5+ (t + 72 (Opup v (t +7), 0,95
+ (7 + )ty v (t + 7, )z + (7 + ) (Gpupy v (£ +7), 39 p)
=4(up N (0), @) — (24 72y n(t = 7), @ )5 + (7 — T2 (Opup v (t — 7), 095
+ (7 = ) (up (= 1), §)g + (7 — ) (Gpupn(t — ), 3p )
=20y (0, g+ TP(f(t+ D)+ f(t=7),d), Vo €Vynp(@). 4.1

Take ¢ = ¢;‘1,1’ g =1, 2in (4.1). By the orthogonality of the triangle functions, we deduce
thatfor1<j<Nandg=1,2,

N
Z ((2 + Tz)f (x + 1%y dx + (T + Tz)f (x +1)?8 40 jdx
A A

k=1

+(7+ TZ)J (x + Doy jdx + (T + rz)lzf xpkwjdx)ﬁ};’l(t +17)
A A

N N
:Z (4J (x + 1)2¢k¢jdx)ﬂi’l(t) +Z ( -2+ TZ)J (x + 1%y ;dx
k=1 A k=1 A

+(7— 72)J (x + 120,41 0tp;dx + (7 rZ)J (x + 1), yp;dx

A A
+(Tt— TZ)ZZJ tpkwjdx)ﬂil(t —-T)+ d(l,q)g;l’l(t), 4.2)
A

where d(0,2) =1, d(l,q) = 2 otherwise, and

fg';.z’l(t) =12 fﬂ(f(x, O0,t+71)+f(x,0,t— T))qbg’l(x, 0)dxd6 — ZTZ(uIZVI’N(t), ¢?’Z)5’Q.

Next, we introduce the matrices A= (a; ), B = (bj ), C = (cjx), D =(dj) and E = (ej ),
with the following entries:

A = ((X+1)23x¢k(X)5x¢j(X)dx, bj,k:J x*1Pi (X (x)dx,
JA A
r

Cj,k:J xyp(x ) ;(x)dx, dj,sz Y)Y ;(x)dx,
A A
-

ek = ] (x + 1))y ;(x)dx.
A
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With the aid of (2.1), (2.4) and (2.5), a direct calculation shows that the corresponding
matrices have the following structures (see [18]):
a =0, if [j—kl>3, bj:=0, if |[j—k|>3,
cik :=0, if |[j—k|l>2, dj:=0, if [j—k[>1,
ej =0, if [j—k[>2.
Furthermore, we set
X0 = @ (0,80, .7 (), G0 =@L0.8,0, .8 (), =12
Then we have from (4.2) that
[(t+7)A+ 2+ DB+ (4+212)C+ 2+t + 11+ 721*)D + (v + T2)EIX [ (t + 7)
=(4B +8C +4D)X (1) + [(t — 7)A— (2+ *)B — (4 +272)C
+(—2- 12+ 112 =)D + (v — THEIX](t — ) + d (1, )G (D). (4.3)

4.2. Scheme (3.18)
The fully discrete scheme for (3.18) is as follows,

2+ )y n(t+7), ) + (7 + 7 Gettpr v (¢ +7), 0P

+ (7 + ) Oettpg v (t +7), )z + (7 + ) (Fpuyg v (£ + 7). Fpp)
=4(up n(), P)7 —(2+ TZ)(UM,N(t —7),¢)5

+(7 - 72)(3xUM,N(f —7),0cP)5+ (7T — 72)(axuM,N(t - 1), ¢)g
+(7— 72)(39uM,N(t —7),099) — ZTZ(Ui/[,N(t), ®IrMN,2,8,0
— 47y (0, PR 1p0 — 272 (Why v (0, @Ir v 06,0
+2(f(t+ D)+ F(t = 1), PIrmn0.6.0 Vo €oVunp- (4.4)

Take ¢ = ¢ql(x 0), ¢ =1, 2 in (4.4). By the orthogonality of the triangle functions, we
deduce that for 1<j<Nandq=1,2,

N

> ((2 + TZ)J (x + 1) jdx + (7 + TZ)J (x +1)?0, 0,4 dx
A A

k=1
+(7+ TZ)J (x + 1o,y ;dx + (7 + TZ)ZZJ wkl,bjdx)ﬁil(t +7)
J (x+ 1)2¢k¢1dx)uk (O + Z ( -2+ TZ)J (x+ 1)2¢k¢de
k=1

+(t— TZ)J (x + 1?00 ;dx + (T — Tz)f (x +1)o Yy jdx
A A

+ (1 — 1212 f 1pk1pjdx)ﬂi’l(t —T)+ d(l,q)g;.z’l(t), (4.5)
A
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where d(l,q) is the same as in (4.2), and

g, =TZJ (fCx,0,t+ )+ f(x,0,t — )] (x,0)dxd6
Q
- 2T2(u]2\/[,N(t)5 ¢;-1,1)R,M,N,2,/5,Q - 4T2(u12\/1,N(f), ¢;~I,l JRM,N,1,B,0
- ZTZ(UIZVI,N(t), ¢g’l)R,M,N,O,[5,Q’ q=1,2.
Furthermore, we set
X[(0) = @], (0,a5,(0),--- a5 (), Gl() =(g] (1), &5 ,(6),-+~, & (.
Then, we have from (4.5) that

[(t+712)A+ 2+ 1)B+@+2t)C+ 2+ 2+ 72+ 7212)D+ (1 + TZ)E]X;Z(t +1)
=(4B +8C +4D)X(t) + [(t — t2)A— (2+ 73)B — (4 +27%)C + d(1, )G (1)
+(—2—72+712—1212)D+(T—12)E]X;1(t—T), (4.6)

where the matrices A, B, C, D, E are the same as before.

4.3. Numerical results

In the end of this section, we present some numerical results. In actual computations,
we take N = 4M. The numerical errors are measured by

EM,N,l(t)

27 RN (0 (0 =(0 ~(0 :
= ( T U Ot ) = gy B o Ot oo O Crn s + 1)0);,;@.)
j=0 k=0

1

NU (UCx, 8, ) -ty n (x, 6, 0)2(x + 1)dxd0) g
Q

_ =(0,6) _ 7(0,6)
EM,N,Z(t) - 0<j<1{lr}(§i<)(k<2M |U(€R,N,j’ QM,k: t) uM,N(gR’N’Jv QM,k: t)l

We now present some numerical results. We take the test function

xsin(@+x) 1

U(x,0,t)= T 1)(1_'_6_[)6 2*

We use (4.1) to solve (3.3). In Fig. 1, we plot log;o Ey 5 1(1) and logg Ey py 2(1) vs. M,
with 8 = 1.5 and T = 0.01, 0.001, respectively. Clearly, the errors decay fast as M and N
increase and 7 decreases. It is seen from the left of Fig. 1 that for fixed T = 0.01, f = 1.5
and the mode M < 12, the total numerical errors are dominated by the approximation
errors in the space and so decay fast as M increases. But for M > 12, the total numerical
errors are dominated by the approximation errors in time t. Thus, the numerical results
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keep the same accuracy, even if M and N increase again. A similar situation happens in
other cases, see Figs. 1, 2, 4 and 5. The above facts coincide very well with theoretical
analysis. In particular, they indicate the spectral accuracy in the space of scheme (4.1).

In Fig. 2, we plot logyq Ey j1(1) and logjg Ey p2(1) vs. M, with 7 = 0.001 and
B =1, 1.5. We observe that the numerical results with 8 = 1.5 are better than the
numerical results with § = 1. This fact demonstrates that a suitable choice of parameter
B could raise the numerical accuracy. In Fig. 3, we plot the errors vs. t with § = 1.5,

—& =001 4 - 1=0.01
-6- 1=0.001 -6 - t=0.001
3t gl -3
-4
< s
. -
z z
= _
"uo m 6
S et 2
o o
o o -7
A -8 ®
o .l -9 B - T
2 4 6 8 10 12 14 16 18 20 02 4 6 8 10 12 14 16 18 20
M M

Figure 1: Convergence rates with N =4M. Left: Ey ) ,(1), and Right: Ey  ,(1).

- p=1 -~
-& p=15 -

=
ol

10g;0Ep n2(1)
o

Figure 2: Convergence rates with N =4M. Left: Ey ) ,(1), and Right: Ey  »(1).

0
-2 -2
4] -4
= -6r = -6
= N
z z
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L [ —° —s oY L S
) =3
8’ -0+ o -0
-12 -12
-14 -14
-16 -16
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
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Figure 3: Stability of scheme (4.1). Left: Ey,,(t), and Right: Ey ,;,(t).
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—4— 1=0.01
-3 - O - 1=0.001

log10Em,n,2(1)

5 10 15 20 25 30 5 10 15 20 25 30

Figure 5: Convergence rates with N =4M. Left: Ey,,,(1), and Right: Ey ,, ,(1).

10910Ep (1)
10g16Ep 2

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10

Figure 6: Stability of scheme (4.4). Left: Ey ) ,(t), and Right: Ey , ,(t).

7 =0.001 and N = 4M = 100, which demonstrate the stability of scheme (4.1) for long
time calculation.

We also use (4.4) to solve (3.3). In Fig. 4, we plot logy Ey »1(1) and log;o Ey py2(1)
vs. M with B = 1.5 and T = 0.01, 0.001. In Figs. 5, we plot log;qEy 5, 1(1) and
logyg Ex pr2(1) vs. M with 7 = 0.001 and 8 = 1, 1.5. They also indicate the conver-
gence and the spectral accuracy of numerical solutions. In particular, by using the mixed
pseudospectral method, we save much work and still obtain accurate numerical results.
In Figs. 6, we plot the errors vs. t with = 1.5, 7 = 0.001 and N = 4M = 100, which
demonstrate the stability of scheme (4.4) for long time calculation.
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5. Concluding remarks

In this paper, we proposed the mixed spectral and pseudospectral schemes for a non-
linear strongly damped wave equation outside a disc. The numerical results demonstrated
the high efficiency of the proposed methods. These approaches have several advantages:

e By taking the generalized Laguerre functions as the base functions, we can approxi-
mate exterior problems directly, without any variable transformation. Therefore, it is much
easier to be implemented. Moreover, the numerical solutions keep the same properties as
the exact solutions.

e By choosing a set of suitable base functions, we are able to construct an efficient
numerical algorithm in which the discrete systems are sparse, and hence can be efficiently
solved.

e The adjustable parameter 5 offers a great flexibility for matching the asymptotic
behaviors of the exact solutions at infinity.

In particular, the suggested methods and techniques are also applicable to various non-
linear problems outside a disc in fluid dynamics and electromagnetics.
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