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Abstract. We propose a collocation method for solving initial value problems of second-
order ODEs by using modified Laguerre functions. This new process provides global
numerical solutions. Numerical results demonstrate the efficiency of the proposed algo-
rithm.

AMS subject classifications: 65105, 41A30

Key words: Laguerre-Gauss collocation method using modified Laguerre functions, initial value
problems of second-order ODE:s.

1. Introduction

Many practical problems are governed by initial value problems of second-order ODEs.
We may reformulate such problems to systems of first-order ODEs and then solve them
numerically. Whereas, for saving work, it seems reasonable to solve them directly.

For notational convenience, we denote ‘f;tl,] by 0/U. In many literatures, one focused

on finite difference methods for the equation

82U =f(U,¢t).

Generally, we divide those methods into two classes. In the first class of finite differ-
ence schemes, the coefficients depend on some known periods or frequencies of solutions,
including exponential-fitted and trigonometrically-fitted methods, and linear multi-step
method. In the second class of finite difference schemes, the coefficients are constants,
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such as Runge-Kutta-Nystrom method, linear multi-step method, hybrid method, Stérmer-
Cowell method and prediction-correction method. Relatively, there have been less existing
results on numerical methods for general equation

atZU = f(atU5 U5 t):

for which one often used Runge-Kutta-Nystrom method, SDIRKN method and linear multi-
step method.

Another efficient algorithm for solving initial value problems of ODEs is based on vari-
ous collocations. The collocation method for first-order ODEs, could be regarded as Runge-
Kutta method or linear multi-step method, see, e.g., [1,5,17-19,22,23,27]. The colloca-
tion method has been also applied successfully to second-order ODEs, which is called as
collocation-based Runge-Kutta-Nystrom method in some literatures, see [16,20,21] and
the references therein.

As is well known, spectral and pseudospectral methods employ orthogonal systems as
the basis functions, and so usually provide accurate numerical results. Especially, we could
use the Laguerre orthogonal approximation and interpolation to solve differential and in-
tegral equations on the half line, see [2,4,6,7,24-26,28] and the references therein. Some
authors designed Legendre and Laguerre collocation methods for initial value problems of
first-order ODEs, cf. [9-12]. Meanwhile, the authors investigated Legendre and Laguerre
collocation methods for second-order ODEs, see [13,29]. One of advantages of Laguerre
collocation method is the ability of producing global numerical solution for all time t > O.

There are two kinds of Laguerre collocation method. In the first class of Laguerre
collocation method, one took the modified Laguerre polynomials as the basis functions.
They are convergent in certain Sobolev space with the weight e At 8 > 0, even if the exact
solutions grow very rapidly as t increases. However, it does not ensure the high accuracy
in the C(0, c0)-norm. In other words, even if the global weighted norm of error is small,
the point-wise error might be big for large t. However, if the exact solutions are in the
space L2(0,00), then we could use the second kind of Laguerre collocation method using
the modified Laguerre functions. In this paper, we propose a new collocation method, in
which we take the modified Laguerre functions as the basis functions and approximate the
solutions of second-order ODEs directly.

The paper is organized as follows. The next section is for preliminary. In Section 3, we
design the new numerical process, which has several merits:

e it provides the global numerical solution directly,
e it is simple to derive efficient algorithm,
e it is easy to be implemented for nonlinear problems,

e it is more natural, if the original problem is well posed in certain space without any
weight.

In Section 4, we develop a multi-step version. More precisely, we first use the Laguerre-
Gauss collocation method with moderate mode to obtain numerical results, and then refine
them step by step. This technique simplifies computation and often leads to more accurate
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numerical results. In Section 5, we present some numerical results demonstrating the
efficiency of suggested methods.

2. Preliminary

Let wq p(t) = t% Pt with @ > —1 and 8 > 0. The modified generalized Laguerre
polynomial of degree [ is defined by

1
Ll(a,ﬁ)(t) — Ft—aeﬁtatl(twae—ﬁt)’ [=0,1,---.

According to (2.2)-(2.4) of [14], we have

1P (0) = L*D(0) = % >0, (21)
oL P (6) = -pLETP(0), (=1, (@22
A+ DLP () =@ +a+1-pOLP () - 1+ )L *P(0), [>1, (23)
[P =10 - L PO =@ (0 -a1i©), 121 @4

. . . . 2
The set of modified generalized Laguerre polynomials is a complete Lwa,[j (0, 00)-orthogonal
system, namely,

rl+a+1)

ﬁa+1“ 4 (2'5)

o0
J L*POLEP (Dwqp0)dt =15, [P =
0
where 6, ,,, is the Kronecker symbol.
We next recall the modified Laguerre-Gauss interpolation. For any positive integer N,

P (0, 00) stands for the set of all algebraic polynomials of degree at most N. Let Ll(ﬁ )(t) =

Lfo’ﬁ )(t). We denote by tg P 0 < j <N, the modified Laguerre-Gauss interpolation nodes,

which are the distinct zeros of Lz(fl

Christoffel numbers are as follows,

,(t), arranged in ascending order. The corresponding

1
N .
Wl = 0<j<N.
B.j ’
e (B Ly )y (¢ )

For any ¢ (S 92]\]4_1(0, OO) (Cf- (2~8) Of [8]))

00 N
L (]S(t)coﬁ(t)dtI;w%{jd)(tgi). (2.6)
We introduce the following discrete inner product and norm,
N 1
W V)yn = D ulth (e Yol ey 0 = (V)

j=0
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Due to (2.6), we have

(@, %) 0, = (@, %)y N> Vo) € Pay4+1(0,00). 2.7)

We now turn to the approximation using the modified Laguerre functions. The modi-
fied generalized Laguerre functions are defined by

~ 1
1Py =e 2P L P () = Ft—ae%ﬁfa}(t”ae—ﬁf), a>-1, f>0, [=0,1, -

By (2.1)-(2.3), we have (also see [15])

- - T(l+a+1)
(@.f) (@1)
P =1*Y0) = ———= [>0 2.
[ P(0)=L;"7(0) TR >0, (2.8)
FT(aB)rey _ FlaB)ry (aﬁ)
(+ DL =@l+a+1-OL" (O -+, 121, (2.9)
- 1 -
3L P () = —5 PP (0), (2.102)
1 -
5,1 %P(t) = —pIT" ﬁ)(t)—EﬁLl(a’m(t), [>1. (2.10b)
Moreover, using (2.4), gives
8.IP(6) = 4,1 *P(e) - ﬁL(“’”(t)— ﬁL(“’”(t) [>1, (2.11)
whence
=(a,8) 1 = (@p) S wh)
o0 =5 pLP() —[o’ZLj“’ﬁ (), [>1. (2.12)

Let (u,v);« and ||v||;« be the inner product and the norm of the weighted space L «(0,00),
respectively. When a = 0, they are denoted by (u,v) and ||v|| for simplicity.

Thanks to (2.5), the set of modified generalized Laugerre functions is a complete
Lfa(O, oo)-orthogonal system, i.e.,

TP L = 81,

where yga’ﬁ) is the same as in (2.5). Let fl(ﬁ)(t) = fl(o’ﬁ)(t), [ > 0. They form a complete

L?(0, 00)-orthogonal system. Thus, for any v € L2(0, 00),

v(©) =Y 7, L0, T =B, I (2.13)

=0

We next deal with the interpolation using the modified Laguerre functions. We set

2y(0,00) = span{zgﬁ),zgﬁ),--- ,Z](f)}.
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Let tg . and w’g . be the same as in (2.6). The nodes and weights of the new interpolation
are as follows,

Bty ;
low ~ e B N. .
b=ty O = T s iy, 0SjsN.
tﬁ’j(at(ez ﬁ’JLN+1(t/5,]')))
We introduce the discrete inner product and norm as
N 1
(w,v)pn = D ulth (el Yal , g =, V)2 -
j=0

For any ¢; € .Qmj(O, 00), we have d)m]_ = e%ﬁt@bmj with ¢mj € ,@mj(o, 00). If m; + my <
2N + 1, then by (2.7),

(1, P2)pN = (¢1,¢2)wﬁ,N = (¢1,¢2)wﬁ = (¢1, P2). (2.14)
For v € C(0,00), the new Laguerre-Gauss interpolation J%Nv € 2,(0,00) is deter-

mined uniquely by
yﬁ,Nv(tg’j) = v(tg’j), 0<j<N.

By virtue of (2.14), for any ¢ € £y.1(0,00),
(%,NV; ¢)= (%,NV; Plgn =, P)pn- (2.15)

We can expand J%’Nv(t) as

N
Fonv(©) = dy IP(e).
1=0
With the aid of (2.13) and (2.14), we obtain
Ay, = B(Ipav. I = BT v, TP )pn = B, LN, 0<I<N.  (216)
Remark 2.1. There is a close relation between I N and J%’N. Indeed, by (3.7) of [9],

Ty av(t) = e 3Pgy  (ePlv(D)).

3. Collocation method using modified Laguerre functions

In this section, we derive the new collocation method using the modified Laguerre
functions. We consider the following model problem,

{ 22U(t) = f(8,U(r), U(1), 1), t>0,

3,U(0)=V,, U(0)="U,, (3.1)
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where V,, and U, describe the initial states of d,U(t) and U(t) respectively, and f (21,2, t)
is a given function. We approximate the solution of (3.1) by u" (t) € 2y,4(0, 00) such that

ofuM (ty ) = f(ouM (e ), u(tg ).ty ), O<k<N, (3.2a)
o,uN(0)=V,, uN(0)=U,. (3.2b)

We now derive an efficient algorithm for solving (3.2). Let

N+2
u¥() =@ TP (o). (3.3)
1=0
By (2.10a), we deduce that
N+2 _ N+2 ~(1 /5 N+2 _
oM ()= > 3 IP()=—p > i TP () - 5 iy IP(o), (3.4)
=0 =1 =0
N+2 5 N+2 1 [52 N+2
oxuN () =2 @ I+ p2 > L0+ T iy LP (o). (3.5)
=2 =1 =0

Clearly, Zf’”(o) =1 and 8tzg/3)(0) = —f/2. Moreover, thanks to (2.8) and (2.10a), we

have 8tfl(ﬁ)(0) = —g(Zl + 1) for [ > 1. Thus, with the aid of (3.3)-(3.5), we obtain from
(3.2) that

N+2
~ ~ 1.
~ 2, 1,
B2 iy (L2 )+ Il )+ ZLgf”(tg’k))
[=2

N 1 B* n ~
+ 670, (L (e ) + Z 17 () + ity oL (e )

T B,070
= f@uM (g ), uM(ty )ty ), 0O<k<N, (3.6a)
[); N+2 N+2
-5 Z(zz + )iy, =V, iy, = U, (3.6b)
=0 =0
where
N+2
V(e ) = ﬂg,ngﬁ)(tg’k),
=0
N+2 /5 N+2

N(.N \_ ~N 7(LB) N ~N 7B N
d,u (tﬁ,k)——ﬁ;uﬁ,lLl_l (th) =7 2, iy LP(eN ).
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The scheme (3.6) can be rewritten as a compact matrix form. To do this, we introduce the
(N +3) x (N + 3) matrix A]/}' with the entries Eg ; as follows,

B (L(zﬁ)(tﬁ k)+L(1 ﬁ)(tﬁ k)+ L(ﬁ)(tﬁ ), for 0<k<N, 2<j<N+2,
%“L’g’”(tgk) +B2LP (N ), for 0OSk<N, j=1,
2
N ﬁ—"L'(’”(tN ) for 0Sk<N, j=0
Hay=] a0 R sksN. j=o
—§(2j+1), for k=N+1, 0<j<N+2,
1, for k=N+2, 0<j<N+2,
0, otherwise.

Also, we define the (N + 1) x (N + 3) matrix Eg’ with the entries:

By o=- ﬁL(ﬂ)(tﬁk) B = —BEV ) + 5 L(ﬁ)(tﬁk)) 0<k<N,1<j<N+2,

and the (N + 1) x (N + 3) matrix 5;;’ with the entries:

N =LPN),  0<k<N,0<j<N+2.

— (N #N ... T
Further, let &y = (u/s,o’uﬁ,v ,5 N+2)

PE(GN) = (f(atuN(tg’o): uN(tg’o): tg’ol T 5f(atuN(tg,N): uN(tg’Nl tg,N): VO5 UO)T5

where o,uM (Y k) and uM (¢l k) are the k’th component of BY g 8N and C |y, respectively.
Then we obtain from (3.6) that
Aty =1 (Ty), (3.7)
or equivalently,
iy = (AR) 'y @y). (3.8)

We set uy = (uN(tg’O),uN(tg,l), e ,uN(tg’N))T. Then by virtue of (3.8),

uy = C (AF) 16 (). (3.9)

Remark 3.1. In actual computation, it requires to compute (A AN ) !

us to save a significant amount of computational time.

only once. This allows

Remark 3.2. When f (2,2, t) is nonlinear, we first use certain iteration process to solve
(3.8) and obtain ﬁ’[}’ p 0= [ < N + 2. Then, we use (3.3) to obtain the global numerical

solution uN(t), t > 0. This fact shows another advantage of the method (3.2).
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Remark 3.3. We could also use (3.8) and (3.9) to evaluate the values of uV (tg k). By

(2.16) of [8], tg N = 4B ~IN. Thus, we obtain the values of numerical solution at large
interpolation nodes, even with moderate mode N. In fact, this is also one of advantages of
this new method.

The proposed method is also available for systems of ordinary differential equations.
e
Let U (¢) = (UM, UP(¢),---,U™(¢)) and

F@UW, UM, b
—(FD@T (), T(6),0), FP, T (1), TU(D),0), -+, fM(@,T(t), U(t),0)).

We consider the model problem

UM =f @ UM, T(0),t), t>0, (3.10a)
J,U0)=V, U0)=TU,. (3.10b)

The corresponding numerical method for solving system (3.10), is to seek w™(t) €
(2542(0,00))™, such that

=
oruN(ty )= f (@ uwN(ey ), wN(tg ).ty ), 0<j<N, (3.11a)

o, TN =V, wNO)=T,. (3.11b)

We can derive a compact matrix form of scheme (3.11), which is similar to (3.8).

4. Multi-step version of collocation method

In the last section, we proposed a numerical method for second-order ODEs. Since the
distance between the adjacent nodes tN’. and tN’j_1 increases rapidly as N and j increase.
we could use moderate mode N to evaluate the unknown function at the nodes far from the
origin t = 0. However, in actual computation, it is not convenient to use very large mode N.
On the other hand, due to the big distances between large adjacent interpolation nodes,
we may lose some information about the structure of solution which oscillates seriously
between two big nodes. To remedy these deficiencies, we may use scheme (3.2) with
moderate N repeatedly to refine numerical solutions.

Now, let Ny be a moderate positive integer, 3, > 0, and the set of nodes {tNO }NO =

0,80,j°j=0 —
{tg‘)’j}?ﬁo . We use (3.2) to obtain the original numerical solution ug’ (t)=uM(t),0<t <
00. In other words,

2. Ny N _ Nor N NN N, .
o uo(tg’ )= fou(ty’ ) u(tg’)tg’y),  0=j<Ny,
,uMNo(0)=V,, uM(0)=U,.
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Then, we consider the auxiliary problem

02U (D) = F (8. U (), Ur(0), £+ tgly ), £>0, (4.12)
8,.U1(0)= g (g, ) Un(0) = uig" (gl ) (4.1b)

By using the numerical method (3.2) with the parameter 8; and N; interpolation nodes

N, LN . o ; : . .
{t; 1[3,1 j j;o’ coupled with a shifting transformation, we get the refined numerical solution

N- N, . . '
u, '(t) for t Oﬁo N, < <00 Repeating the above procedure, we obtain the refined numer-
Nmfl

ical solution uh"(t) for ot p N, < <00 This algorithm saves work and provides
more accurate numerical results oftentimes.

For understanding the above process more clearly, we let t, =0, t,, = t
for m>1, and U,,(t) = U(t + t,,,). We consider the problem

Nm—l
m—=1,m-1,Nm-1

02 Un() = f(8,Un(8), Un(D), t + tyn), t>0, m>0, (4.22)
3tU0(O) - Vo, Uo(o) - Uo,
atU‘m(O) = atljm—l(tm)) Um(o) = Um—l(tm)) m Z 1 (42b)

Our method is to find a set of local solutions uﬁ"‘(t) such that

o2uln (Y= F(Bun (e ), uﬁm(tﬁ’:‘ﬁm’k), tﬁi’ﬁm’k +t,), 0<k<N, m=>0, (43a)

m, i,k m, i,k
3,ub(0) =V, uy°(0) = Uy, (4.3b)
By (0) = dyiy (t), e (0) =1, (t,),  m>1. (4.30)

Obviously, the local numerical solution uﬁm(t) is a proper approximation to the local exact
solution U,,(t) with the approximated initial values 8tuf1'"_’11(tm) and uﬁ’”_’ll(tm). Finally,
the numerical solution of original problem (3.1) is given by

(O =uln(t —t,), tn<t<tpr m=0,1,2,---. (4.4)

Remark 4.1. Because of Gibbs phenomena, the numerical errors at the points t,, might
be big%er than those at other interpolation nodes. To remedy this trouble, we may take
m—1

b = o Nk k,,—1 =0, 1 or 2, in actual computation.

5. Numerical results

In this section, we present some numerical results. We will display the global absolute
error E;;’,Ga = U —-uMlgn = IU—uNll12(0,00), and the point-wise absolute error E/];I,pa(t) =

|U(6) —uM(2)].

Example 5.1. We use scheme (3.2) (labeled by LAGFC) to solve (3.1) with the nonlinear
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term
1 lsinU(t)
fo,U(t),u(t),t)=—450,U(t) — > cosU(t)+es
2 5 8 . ot 1 . ot
4+ | —=cost+———=sint |e 3+45(cost — = (5+sint)e 3
3 9 9 3
1 t . . _t
+ 3 cos(5+sint)e”3) — e sin((5+sint)e™), (5.1)
The test function used is

U(t) = (5+sint)e” s, (5.2)

which oscillates and decays exponentially as t increases.

In Fig. 1, we plot the values of log;, E;;’,’ Gq VS- the mode N. The parameter f§ is chosen
as 0.5,1.5, and 2.5. Clearly, the numerical errors decay exponentially as N increases.
In Fig. 2, we plot the point-wise absolute error E/];I,pa(t) with N = 100 and 8 = 1.5,2,
respectively. It shows the small point-wise absolute errors.

0 50 100 150 200 250 300
t

Figure 1: Global errors of LAGFC method Figure 2: Point-wise errors of LAGFC method

against N, and 3 different values of . with N =100, 8 =1.5 and 2.

Example 5.2. We next use scheme LAGFC method to solve (3.1) with the nonlinear term

f6.U(),U(t),t)
A(t+1)cosAt —msinAt  sin® At

=—3,U(t) — U*(t) + +
t ( ) ( ) (t+1)m+1 (t+1)2m

A2(t+1)?sin At +2mA(t +1)cos At — m(m + 1) sin At 1
_ , m> —. (5.3)

(t +1)m+2 2

The test function used is )
sin At

U(t) (5.4)

NEhE
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-5

Yo 7
g

-8

-9

-10 -15

20 40 60 80 100 0 20 40 60 80
N t

Figure 3: Global errors of LAGFC method Figure 4: Point-wise errors of LAGFC method
against N, with 8 =2.5. against t, with N =100 and f# =2.5.

which oscillates and decays algebraically as t increases. In actual computation, we take
A=1land m=2.

In Fig. 3, we plot the values of log;, E’ﬁv’ cq VS- the mode N. The parameter § = 2.5.
As we expected, the numerical errors also decay fast as N increases. In Fig. 4, we plot
the point-wise absolute errors E’ﬁv’ po(t) with N =100 and 8 = 2.5. It shows the small
point-wise absolute errors.

For comparison, we also use the method using the modified Laguerre polynomials given
in [29] (labeled by LAGPC method), with the same test functions (4). In Fig. 5, we plot
the point-wise absolute errors E’ﬁv’ po(t) of LAGFC and LAGPC methods, with N = 20 and
B = 2.5. It indicates that for solution decaying as t increases, LAGFC method provides
more accurate numerical approximations.

-2
—&— LAGFC
-3 - ©-LAGPC
-4 -=-0==9
= _ o -0
fd -0
=& O’a
'-“8—5 Q»O’
=}
o
_GW
o

0O 2 4 6 8 10 12 14 16 18 20 22 24
t

Figure 5: Comparison of the point-wise errors of LAGFC and LAGPC methods, with N =20 and 8 =2.5.
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6. Concluding remarks

In this paper, we proposed a new collocation method and its multi-step version for
solving initial value problems of second-order ordinary differential equations, by taking
the modified Laguerre functions as the basis functions. This approach is applicable for
solutions decaying to zero as t increases, and simplifies computation.

The numerical results demonstrated the high efficiency of suggested method. Indeed,
unlike the Runge-Kutta-Nystrom method, we used the modified Laguerre interpolation
ﬂﬁ ~, which is stable even for large N. Moreover, the largest node of the interpolation

ﬂﬁ N is about g

Although we only considered a model problem in this paper, the main techniques de-
veloped in this work are also useful for other related problems, such as space-time spectral
approximations to various nonlinear evolutionary partial differential equations.

N. Thus we could use larger time step size T to save computational time.

How to estimate the errors of numerical solutions of the suggested method, is an inter-
esting and still open problem so far.
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