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Abstract. A class of numerical methods is developed for second order Volterra integro-
differential equations by using a Legendre spectral approach. We provide a rigorous
error analysis for the proposed methods, which shows that the numerical errors decay
exponentially in the L®-norm and L?-norm. Numerical examples illustrate the conver-
gence and effectiveness of the numerical methods.

AMS subject classifications: 45110, 65R20, 65D15

Key words: Second order Volterra integro-differential equations, Gauss quadrature formula,
Legendre-collocation methods, convergence analysis.

1. Introduction

Second order Volterra integro-differential equations (VIDEs) arise in the mathematical
model of physical and biological phenomena. This fact has led researchers to develop the
theoretical and numerical analysis for such equations. For a survey of early results we
refer the reader to [12,19-21,25]. More recently, polynomial spline collocation methods
were investigated in [9, 23]. Bologna [22] found an asymptotic solution for first and
second order VIDEs containing an arbitrary kernel. In [24], Sinc-collocation method was
developed to approximate the second order VIDEs with boundary conditions.

So far, very few works have touched the spectral approximations to second order
VIDEs. Spectral methods have been used in applied mathematics and scientific comput-
ing to numerically solve certain partial differential equations (PDEs) [2,7,10,17]. In
practice, spectral methods have excellent convergence properties with the so-called “expo-
nential convergence” being the fastest possible. Recently, several authors have developed

*Corresponding author. Email addresses: yunxiawei@126.com (Y. Wei), yanpingchen@scnu.edu.cn (Y.
Chen)

http://www.global-sci.org/nmtma 419 (©)2011 Global-Science Press



420 Y. Wei and Y. Chen

the spectral methods for the solutions of Volterra integral equations (VIEs) of the sec-
ond kind [27,29,30], pantograph-type delay differential equations [15,16] and singularly
perturbed problems [28]. The main purpose of this work is to apply the Legendre spectral-
collocation methods for second order VIDEs. We will provide a rigorous error analysis
which theoretically justifies the spectral rate of convergence.

For simplicity, denote yJ(¢t) = (ﬁj/ﬁ tj)y(t), j = 0,1,2. In order to discuss the
numerical solution of the second order VIDEs we consider the following linear integro-
differential equation:

1 1 t
y(z)(t)=q(t)+ij(t)y(j)(t)+ZJ Ki(t,)yP(s)ds, tel:=[0,T], (1.1)
j=0 j=0J0

J

with

whereq:f—>R,pj:T—>RandKj:D—>R(j=0,1) (with D := {(t,s) : 0 <s <
t < T}) are given functions and are assumed to be sufficiently smooth in the respective
domains. The above equation is usually known as basic test equation and is suggested by
Brunner and Lambert [14]. It has been widely used for analyzing the solution and stability
properties of various methods.

For ease of analysis, we will describe the spectral methods on the standard interval
I:=[—1,1]. Hence, we employ the transformation

T(1+ ) 2 1
t=— x), x=—=t—1.
2 T

Then the above problem becomes

72 L T(a+x) T _
u(z)(x)Z(—) ZJ K; (—(1+x),s) yD(s)ds
2) &, 2
1

+ b(x) +Zaj(x)u(j)(x), xel:=[-1,1], (1.3)
=0
with
u(-1)=u_q, uW(=1)= u’_l, (1.4)
where
T T\? (T
u(x)=y (5(1 +x)> , b(x)= (5) q (5(1 +x)),
T2 T T T
ag(x) = (E) Po (§(1+X)), a1(X)=§P1 (E(l—i-x)),
, T
U_1=Yo, U 1 =751

2
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Furthermore, to transfer the integral interval [0, T(1 + x)/2] to the interval [—1,x], we
make a linear transformation: s = T(1+7)/2, T € [—1,x]. Then Eq. (1.3) becomes

1 1 prx
uP(x) = b(x)+2aj(x)u(j)(x)+2f kj(x,f)u(j)(f)df, xel, (1.5)
=0 j=0J-1

where

N T\ T T
Ko(x,7) = (—) K, (E(l +x),=(1+ T)) )

2 2
. T\?2 T T
Ki(x,7)= (E) K, (5(1 +x),§(1 +T)) .

This paper is organized as follows. In Section 2, we introduce the spectral approaches
for second order Volterra integro-differential equations. Some useful lemmas are provided
in Section 3. These lemmas will play a key role in the derivation of the convergence
analysis. The convergence analysis is provided in Section 4. In Section 5 we present some
numerical examples in order to illustrate the convergence of the methods. These results
show that the new methods are quite effective. Section 6 compares the solutions produced
by both the polynomial spline collocation methods and the spectral methods. Finally, in
Section 7, we end with conclusion and future work.

Throughout the paper C will denote a generic positive constant that is independent
of N but which will depend on T and on the bounds for the given functions p;(t) and
K;(t,s), j=0,1.

2. Legendre-collocation methods

As demonstrated in the last section, we can assume that the solution domain is [-1,1].
The second order Volterra integro-differential equations in one-dimension are of the form
(1.5), namely,

1 1 prx
uP(x) = b(x)+2aj(x)u(j)(x)+2f kj(x,f)u(j)(f)df, xel, (2.1)
j=0 j=0J-1

with

u(-1)=u_4, u(l)(—l)zul_l. (2.2)

For a given positive integer N, we denote the collocation points by {xi}?’: o> Which is

the set of (N + 1) Legendre Gauss, or Legendre Gauss-Radau, or Legendre Gauss-Lobatto
points, and by {wi}’i\’: o the corresponding weights. Let &y denote the space of all poly-
nomials of degree not exceeding N. For any v € ¢[—1,1] (see, e.g., [3,5,18] ), we can
define the Lagrange interpolating polynomial Iyv € &y, satisfying

Inv(x;) =v(x;), 0<i<N.
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The Lagrange interpolating polynomial can be written in the form

N
Inv(x) =Y v(x)F;(x),
i=0
where F;(x) is the Lagrange interpolation basis function associated with the Legendre
collocation points {x;}},
In order that the spectral collocation methods are carried out naturally, integrating
Eq. (2.1) and using (2.2), we get

1 X X
uD(x) = u'_1 + ZJ aj(s)u(j)(s)ds + J v(s)ds, (2.3)
=0J-1 -1
u(x)=u_;+ J uM(s)ds, (2.4)
_11 X
v(x)= b(x)-i—Zf kj(x,s)u(j)(s)ds. (2.5)
j=0J-1

Firstly, Egs. (2.3)-(2.5) hold at the collocation points {xi}?’: o on [-1,1], namely,

uD(x) =u" +ZJ a-(s)u(j)(s)ds+f

X

l v(s)ds, (2.6)
1

u(x;))=u_, + f uV(s)ds, 2.7)
-1

1 X;
v(x;) = b(x;) + ZJ Kj(xi,s)u(j)(s)ds, (2.8)
j=0J-1

for 0 <i < N. In order to obtain high order accuracy of the approximated solution, the
main difficulty is to compute the integral term. In particular, for small values of x;, there
is little information available for u(s) and u)(s). To overcome this difficulty, we transfer
the integral interval [—1, x;] to a fixed interval [-1,1]

1+x < ! 14+ x; !
WD) =ul Y J a;(s(x;, 0V (s(x;, ) + —— f v(s(x;,0))d0,  (29)
j=0J -1 -1

1+ x; !
u(x)=u_,+ Tl uM(s(x;,0))d0, (2.10)
-1

v(x)—b(x)+—2f K (x;, 50, 0))uP(s(x;, 6))d6, (2.11)
-1

by using the following variable change

1+ x; —1
s= 2X19+X12 = 5(x;,0), 0e[-1,1]. (2.12)
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Next, using a (N + 1)-point Gauss quadrature formula relative to the Legendre weights
{col-}f’: o to approximate the integration term, we get

1 N N
V=il Y (Z a;(s(xi, 6 (s(x, eknwk) P G, 0, (219
j=0 \ k=0 k=0
1+x &
U =u_q+ 5 : Zu(l)(s(xi, 0i))wy, (2.14)
k=0
1+x N ‘
v, = b(x;) + T (ZKj(xi,s(xi, 0.))u(s(x;, Qk))wk) , (2.15)
=0 \ k=0

where ul(.l) ~ u(l)(xi),ui ~ u(x;) and v; ~ v(x;),0 <i < N. The set {Gk}fzo coincides with
the collocation points {x;}
We expand u™”, u and v using Lagrange interpolation polynomials, i.e.,

N N N
uV(s) ~ Zuz(vl)FP(S)’ u(s) ~ Zupr(s), v(s) ~ vaFp(s).
p=0 p=0 p=0
The Legendre collocation methods are to seek {u(l)} ie0> {ui}?’: o and {vi}f’: o such that the

following collocation equations hold

e SRS
u = R ACER )

2 p=0 k=0

1 ) 1 N ] N
+ J;x‘ >, (Zu;ﬂzaj(s(xi,ek))Fp(s(xi,ek))wk) , (2.16)

j=0 \ p=0 k=0

1+ x; ul
w=u_,+ >l )ZF (s(xi, ) eor, 2.17)

1 N
b= b))+ 1 —;Xl Z (Zug)ZRj(xi,s(xi, 0k ))Fp(s(x;, Qk))cok) . (2.18)

p=0 k=0

Remark 2.1. Integrating both sides of Eq. (2.1) over [—1,x] and using (2.2), Eq. (2.1)
may be rewritten as

X 1 X 1 X s
uM(x) zu/_l +J b(s)ds+2f aj(s)u(j)(s)ds+2f f f(j(S,T)u(j)(T)deS.
j=0J-1 j=0J-1J-1

This equation can be split into Egs. (2.3) and (2.5). Eq. (2.4) is clearly established in view
of given initial condition (2.2).

Generally, the analysis of volterra integro-differential equations can be based on the
integral equations that are equivalent to the original initial-value problem. This reformu-
lation will not affect the regularity properties of solutions and the accuracy of numerical
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solutions (see, e.g., [1,11,13]). Consequently, it is reasonable that we consider the equiva-
lent reformulation system (2.3)—(2.5). This transformation does not influence the stability
of Legendre-collocation spectral approximation scheme (see, e.g., [5,23]).

Remark 2.2. Since Zgzo ugl)Fp(s) and Zgzo v,F,(s) are polynomials of degree not ex-
ceeding N, we have

f i (1)F p(s)ds = —— L+ f Z (1)Fp(s(xi)9))d9
-1p=

1+Xi
T Z mZF (s(xi, O ) i, (2.19)
x; N 14 x 1
f 2 oFp(e)ds = > 1y, 60040
-1 p=0 —1p
1 N
— Z ZFP(S(Xi’Qkak- (2.20)
p=0 k=

3. Some useful lemmas

In this section, we will provide some elementary lemmas, which are important for the
derivation of the main results in the subsequent section.

Lemma 3.1. ([5]) Assume that a (N + 1)-point Gauss, or Gauss-Radau, or Gauss-Lobatto
quadrature formula relative to the Legendre weight is used to integrate the product u¢, where
ue H™I)with I := (—1,1) for some m > 1 and ¢ € Zy. Then there exists a constant C
independent of N such that

1
J u(x)p(x)dx — (u, )y | < CN " |ulgmn Pl L2y 3.1)
-1
where
1
m 2
gy = Y, Il | (3.2)
k=min(m,N+1)
N
(W, @Iy = D uCx))p(x))e;. (3.3)
j=0

Lemma 3.2. ([5]) Assume that u € H™(I) with I := (—1,1) and denote Iyu its interpolation
polynomial associated with the (N + 1)-point Gauss, or Gauss-Radau, or Gauss-Lobatto points

{xi}?’zo, namely,
N

Iyu= Zu(xl-)Fi(x). (3.4)

i=0
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Then the following estimates hold

llu —Iyull 2y < CN_m|u|Hm;N(1), (3.5)

llu = Iyullgigy < CN* V25 MUy, 1<1<m. (3.6)

Lemma 3.3. ([29]) For every bounded function v(x), there exists a constant C independent
of v such that

N
sup | > vE)F ()| = ClYle (3.7)

J=0 12(1)
Lemma 3.4. ([8]) Suppose C > 0 and a(t) is a nonnegative function locally integrable on
0 <t < T, and suppose u(t) is nonnegative and locally integrable on 0 < t < T with

t
u(t) <a(t)+ CJ u(s)ds (3.8)
0
on this interval; then
t
u(t) <a(t)+ CJ a(s)ds, 0<t<T. (3.9)
0

Due to lemma 3.4, we have the following Gronwall inequality.
Lemma 3.5. Suppose C; > 0, if a nonnegative integrable function E(t) satisfies
t
E(t) < le E(s)ds + G(t), -1<t<1, (3.10)
-1
where G(t) is also a nonnegative integrable function, then

IENecy < ClGHecy, P21 (3.11)

Lemma 3.6. ([6]) Assume that F;(x) is the j-th Lagrange interpolation polynomial associated
with the Legendre -Gauss, or Gauss-Radau, or Gauss-Lobatto points. Then

N
leg

max F:(x)| =14+ A%, 3.12

xe(_m);l () . (3.12)

where
25

leg 1 _1
A =Z_N2+B,+ 0(N"2),
V= T=N Byt O(N )

with By is a bounded constant.
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4. Convergence analysis

This section is devoted to provide a convergence analysis for the numerical scheme.
The goal is to show that the rate of convergence is exponential, i.e., the spectral accuracy
can be obtained for the proposed approximations. Firstly, we will carry our convergence
analysis in L? space.

Theorem 4.1. Let u be the exact solution of the second order VIDEs (2.1) with (2.2). Assume
that

N N N
U0 =D uVF(x),  UG) =D uFx), V()= viFi(x),

i=0 i=0 i=0

where {ugl)}’ivzo, {ui}’ivzo and {vi}’ivzo are given by (2.16) — (2.18), F;(x) is the i-th Lagrange

basis function associated with the Legendre Gauss, or Legendre Gauss-Radau, or Legendre
Gauss-Lobatto points {xi}’iV:O. Ifue H™ (1) with I := (—1,1) for some m > 1, we have

1
™) = U2y SCNT™ > Ja o (1P 2
j=0

1
- K I gym: )
+CN "‘]ZOma G gy 1 iz

1
+CN_mZ|u(j)|Hm;N(I)+CN_m|b|H’"“;N(I) 4.1
j=0

for r € {0, 1} provided that N is sufficiently large, where C is a constant independent of N.

Proof. Following the notations of (3.3), we let

N
(R(s(xi, 0)), d(s(x;, 0)) . = DO R(s(x;, 0P (5(x;, 6oy
k=0

The numerical scheme (2.16)—(2.18) can be written as

1

i 1+ x; ,
uM=u |+ f V(s)ds +—— > (a;050x;, 0, U(s(x1, 00)) s (42)
-1 ]:0
Xi
U =u_q —l—f UW(s)ds, (4.3)
-1

1+ Xi ! ~ .
v =b(x) +—— ]220] CETEND REEENE))) Mg (4.4)
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where Egs. (4.2) and (4.3) are obtained in Remark 2.2. In order to use Lemma 3.1, we
restate Egs. (4.2) and (4.4) as

1+Xi
2

Xi
ul(.l) = u/_1 + f V(s)ds +
-1

1 1 1
ZJ a;(s(ax;, O)UD(s(x;, 00)d0 — D L(x;), (4.5)
j=0J -1 j=0

1+
2

1 1 1
vi = b(x;) + ’“ZJ Rj(x;, 50, 0DUD(s(x;, )40 = Y Ti(xy), (4.6)
j=0J -1 j=0

where

1+ x

1
L) =—— ( J a)(s(x, O (sCx, )40 — (a;(sCx, 0)) U(”(S(X,GD)N,)()’
-1

1+x (' .
fi(x)=—; fKj(x,s(x,9))U(])(s(x,9))d0
1

1+x

- (&jCx,s(x, 0, U9 (s(x,00)),, ., J=0,1.

It follows from (2.12) that

Xi 1 Xi 1
ul(.l) = u'_1 + J V(s)ds + ZJ aj(s)U(j)(s)ds — Z I;(x;), 4.7)
-1 j:O -1 j:O
1 X 1
v = b(xi)+ZJ Kj(xi,s)U(j)(s)ds —ij(xi). (4.8)
=0J-1 j=0

With the aid of (3.1), we have

|16l < CN ™| gy ) IUD |2,
1001 < N TR G, Mmvp 0Pl ey, =0,

Multiplying F;(x) on both sides of Egs. (4.7), (4.3) and (4.8) and summing up from i = 0
to N yield

X 1 X 1
vD)=u' | +1y f V(s)ds+ Y Iy f 4;(s)UD(s)ds = D J;(x),  (4.9)
1 =0 j=0

i= -1

Ulx)=u_,+ INJ UW(s)ds, (4.10)
-1
1 X 1
V(x)=Iyb(x)+ ZIN J K;(x,5)U(s)ds — ij(x), (4.11)
j=0  J-1 j=0
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where

N N
Ji) =Y LxF(x), Ji(x)=Y L(x)F(x), j=0,1
i=0 i=0

Similarly, multiplying F;(x) on both sides of Egs. (2.6)-(2.8) and summing up from i =0

to N yield

X 1 X
IyuP(x) = u | +1Iy f v(s)ds + ZIN f aj(s)u(j)(s)ds,
-1 =0 Ja
X

Iyu(x)=u_; +1Iy f uM(s)ds,
-1

1 X
Iyv(x) =INb(x)+ZINJ Rj(x,s)u(j)(s)ds.
=0 J-1
It follows from (4.9)—(4.11) and (4.12)—(4.14) that

e,m(x)+ INu(l)(x) —uM(x)

X 1 1 X
:INJ ev(s)ds+ZJj(x)+ZINJ a;(s)e,m(s)ds,
-1 j=0 j=0 -1

X

e, () + Iyu(x) —u(x)=1Iy J e,m(s)ds,
-1

1 x 1
e, (x)+Iyv(x)—v(x)= ZIN J Kj(x,s)eu(j)(s)ds + Z.fj(x),
=0

j -1 j=0

where

e, (x)=uP() = UD(x), e, (x)=ulx)=U(x), e,(x)=v(x)=-V(x).

Consequently,

X 1 X 1
e,m(x)= J e,(s)ds + ZJ a;j(s)e,m(s)ds + ZJj(x)
1 j=0J-1 =0

1
+F5(x) + T5(x) + Y Hj(x),
=0

e, (x) = J e,m(s)ds + f4(x) +J5(x),
-1

1 1
Ji00) +Jg(x) + D B (x),
j=0 j=0

1 X
e,(x)= ZJ K;(x,s)e,n(s)ds +
j=0J-1

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

4.17)

(4.18)

4.19)

(4.20)
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where
X X
Jo(x) =uP(x) = IyuM(x), Ja(x)=1Iy J e,(s)ds — J e,(s)ds,
i} i} -1 -1
Hj(x)=1Iy f a;(s)e,m(s)ds — J a;(s)e,n(s)ds, j=0,1,
-1 -1 i i
J4(x) = u(x) — Iyu(x), Js(x) = INJ e,m(s)ds — J e, m(s)ds,
-1 -1
Je(x) = v(x) = Iyv(x),
X X
Hi(x)=1Iy J K;(x,s)e i (s)ds — J K;(x,s)e 0 (s)ds, j=0,1.
-1 -1
Due to Egs. (4.18)—(4.20) and using the Dirichlet’s formula which sates
X S X X
J J ®(s, 7)dtds = J J ®(s, T)dsdT
-1J-1 -1Jz
provided the integral exists, we obtain
X
e,m(x) = J H(s,x)e,m(s)ds +J*(x), (4.21)
-1
where
X T X X
H(s,x)= J (J KO(T,z)dz) dt +J Ky (7,s)d~ +J ap(t)dT + a;(s),
x o8 ’ x
J(x)= J (J Ko(s,7)(J4+ j5)(r)dr) ds + J ao(s)(J4 +J5)(s)ds
-1 -1 -1
x {1 1
+ f (J;(s)+H;(s)) +Jg(s) | ds+ Z(Jj(x) + H;(x)) + J5(x) + J3(x).
-1\ j=0 j=0
By (4.21), we have
X
le,m(x)| < max AlH(S,X)|J e,y (s)Ids + [T ().
(s,x)elxI _1
Using the Gronwall inequality in Lemma 3.5, we deduce that
lle, GOllLacry <CIT* 2y
1
<C 3 (9500 zqry + IOl gy + WG GOl
j=0
6
IOl ) +€ DIz, (4.22)

k=2
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Eq. (4.19) leads to

llew GOl 2y < e COll gy + M4 GOl 2gry + 15 GOl 2s)- (4.23)

We now apply Lemma 3.3 to obtain that

HJ](x)”LZ(I) < C”I](X)”oo S CN_mlaj|Hm;N(I)(”u(j)(x)”LZ(I) + ”eu(j)(X)”LZ(I)),
;G2 < CEOOlloe < CNT™_max K (x, ')le;N(z)(llu(”(x)lle(z)
+ ||€u(j)(X)||L2(1)), j=0,1.
sing the error bounds ror the interpolation polynomials (see Lemma 5. 1ves
Using the L? bounds for the interpolation poly ials (see L 3.2) gi
”jZ(X)”Lz(I) < CN—m|u(1)|Hm;N(I), ||j4(x)”L2(I) < CN—m|u|Hm;N(I))
||j6(x)||L2(I) < CN_(m+1)|V|Hm+1;N(I)

S CN_m (|b|Hm+1;N(I) + |u|Hm;N(I) —+ |u(1)|Hm;N(I)) .
By virtue of (3.5) withm =1,

193002y < CNHley ()l MGy < ENTHleyw Gllza,s
||Hj(X)||L2(1) = CN_l”aj(x)eu(j)(x)”Lz(I)
<CN ez,  7=0,1,

X

Rj(X,X)eu(j)(X)+J 0, K;(x,5)e n(s)ds

-1

”I:Ij(x)“LZ(I) <CN~!

LX(D)
<CN 7 lemllpzqy,  j=0,1.

The above estimates, together with (4.22) and (4.23), yield

1
||€u(r)(x)||L2(1) = CN_mZ |aj|Hm?N(I)”u(J)”L2(I)
j=0

1
+ CN_mZ(; _max (R, vy Iu 2
=

1
+CN™™ Z |t | () + CN ™| bl gy (4.24)
j=0
for r € {0, 1} which leads to (4.1). This completes the proof of the theorem. O

Next, we will extend the L? error estimate to the L™ space. The key technique is to use
an extrapolation between L2 and H'.
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Theorem 4.2. Let u be the exact solution of the second order VIDEs (2.1) with (2.2). UV (x), U(x)
and V(x) are defined in Theorem 4.1. If u € H™ (1) with I := (-1, 1) for some m > 1, we
have

1
l_ .
lu® = Uy < ENZT™ Yl lgmas a2
Jj=0

1
1 .
oy ; 0
+CN> mj:O _max, |K;0, Il gmav oyl L2y

1
3 . 3
+CNi™™ E |t g gy + CN 37| bl s (4.25)
=0

for r € {0,1} provided that N is sufficiently large, where C is a constant independent of N.
Proof. Applying the inequality in the Sobolev space (see [5])

1 1

1 2 1 1
Wl < (m”) W1 ) 19120y Y € (G, D), (4.26)

and Lemma 3.2, we get

1 1
2 2

Iyl < Cllu = Iyl lu = Iyl
_ 1 o3 3
S C (N m|u|Hm;N(I)) 2 (NZ m|u|Hm;N(I)) 2
3
< CNZ_m|u|Hm;N(I). (427)

Following the same procedure as in the proof of Theorem 4.1, we have the L™ error esti-
mate with the help of (4.27) and Lemma 3.6. O

5. Numerical experiments

Writing U]E[]-) = (ugl):u(ll)5 T :u](\}))Ti UN = (u05 Up, - :uN)T and VN = (Vo, Vi, 5VN)T:
we obtain the following equations of the matrix form from (2.16)-(2.18):
U =U’, +AUy +BU + CVy,
Uy =U_ +CU,
Vy = by + LUy + MU,

N+1 N+1
’ ’ ’ ST ’ T T
U_lzu_lx(la"'a]-) ’ U—lzu—lx(lj"'al) > bN:(b(XO)J”'ab(xN)) .
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The entries of the matrices are given by

1+x <
Ay =— S ag(sCxi, 0))F; (s(xi, O o
k=0
14 x
By = —5— D, a1(s(xi BF (s(xi, 6o
k=0
1+x <
Cy=—5— D Fils(xi, 0o,
k=0
14X &
Lij = =5 D Ko(xirsCxi, 0)F; (s(xi, 6o,
k=0

1+Xl' N
ij = 9

Ky (x;,5(x;, O))F;(s(x;, Op)) wpe
k=0

Without lose of generality, we will only use the Legendre-Gauss points (i.e., the zeros
of Ly,1(x)) as the collocation points. Our numerical evidences show that the other two
kinds of Legendre points produce results with similar accuracy. For the Legendre-Gauss
points, the corresponding weights are

2

w; = S 0<j<N.
T (= XLy ()]

Here, we simply introduce the computation of Gauss-Legendre quadrature rule nodes
and weights (see the detailed algorithm and download related codes in [26]). The Gauss-
Legendre quadrature formula is used to numerically calculate the integral

1
J f(x)dx, xe[-1,1],
-1

by using the formula

1 N
f fOdx Y f ey
-1 i=0

With the help of a change in the variables (which changes both weights w; and nodes x;),
we can get onto the arbitrary interval [a,b].

The Gauss-Legendre quadrature formula for a given order N is completely defined by
the set of nodes x; and weights w; (see more details in [3,4]).

Example 5.1. Consider the second order VIDE

X

1
u®(x) = b(x)+ (cosx + exz)u(x) + sinxuM(x) + 3 J seuM(s)ds,
-1

u(-1)=e"°% uV(=1)=6e7°, xe[-1,1],
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Table 1: Example 5.1: The L® and L? errors for u(x) = e®*.

N 10 12 14 16 18
L*®-error | 5.5989e-002 | 3.0014e-003 | 1.1655e-004 | 3.1288e-006 | 3.9801e-008
L%-error | 8.0971e-003 | 3.5724e-004 | 1.2658e-005 | 4.3927e-007 | 1.9046e-008

N 20 22 24 28 30
L®-error | 1.3835e-009 | 1.2855e-010 | 3.5982e-011 | 2.9274e-011 | 3.2060e-011
L%-error | 8.8486e-010 | 3.8866e-011 | 1.0436e-011 | 8.0367e-012 | 9.0488e-012

Table 2: Example 5.1: The L® and L? errors for u™(x) = 6e°*.

N 10 12 14 16 18
L®-error | 4.3394e-001 | 2.8993e-002 | 1.6610e-003 | 8.8405e-005 | 4.5336e-006
L?-error | 2.0403e-002 | 2.3457e-004 | 1.0517e-004 | 1.0010e-005 | 6.6451e-007

N 20 22 24 28 30
L*®-error | 2.2215e-007 | 1.0269e-008 | 5.5343e-010 | 1.0186e-010 | 1.1232e-010
L%-error | 3.5992e-008 | 1.6845e-009 | 7.8804e-011 | 2.8307e-011 | 3.1698e-011

with b(x) chosen so that u(x) = e%*. By calculation

1
b(x) =(36 — 6sin x — cos x)e® — G roP (e_("+6) — e"("+6))
1
_ —(x+6) (x+6)
76 (e XTO) 4 (2x + 6)e™* )

Table 1 shows the errors for u(x) = ¢® and Table 2 shows the errors for uV(x) =
6e%* obtained by using the spectral methods described above. It is observed that the
desired exponential rate of convergence is obtained. Fig. 1 presents the numerical and
exact solutions for u(x) and u™(x), which are found in excellent agreement. In Fig. 2,
numerical errors of u(x) and uP(x) are plotted for 2 < N < 30 in both L* and L? norms.

2500

2500

* Approximate solution of u®
Exact solution of u®”)

3k Approximate solution of u
Exact solution of u

2000 2000

1500 -

1500

1000~

1000

500 500 -

- -0. 0.5 1 -0. 0 0.5 1

Figure 1: Example 5.1: Comparison between numerical and exact solution of u(x) (left) and u™®(x)
(right).
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Figure 2: Example 5.1: The errors for u(x)(left) and u™(x)(right) versus the number of collocation
points.

Example 5.2. Consider the second order VIDE
w®(x)=2(1 - x)sin1+cos1 — (4x + Dw(x) + (x2 = 2)wP(x)
X X
+J s?w(s)ds + ZxJ wB(s)ds,

-1 -1
w(=1)=—sin1, w(=1)=rcos1, xe[-1,1].

The corresponding exact solution is given by w(x) = sin x.

The numerical and exact solutions for w(x) and w(!(x) are displayed in Fig. 3. Fig. 4
plots the errors of w(x) and w)(x) for 2 < N < 16 in both L™ and L? norms. Moreover,
the corresponding errors with several values of N are displayed in Table 3 for w(x) and in
Table 4 for w)(x). As expected that the errors decay exponentially which confirmed our
theoretical predictions.

15 T T T 15 T T
3 Approximate solution of w ‘

* Approximate solution of w®
Exact solution of w®

| 7 IM
5 1 0.57 i

Exact solution of w

L L L L L L
-1 -0.5 0 0.5 1 -1 -05 0 0.5 1

Figure 3: Example 5.2: Comparison between numerical and exact solution of w(x) (left) and
w(x) (right).
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Figure 4: Example 5.2: The errors for w(x) (left) and w(x) (right) versus the number of

collocation points.

Table 3: Example 5.2: The L® and L? errors for w(x) = sinx.

N 2 4 6 8
L>®-error | 6.7546e-002 | 1.0186e-003 | 7.1545e-006 | 2.8260e-008
L2-error | 7.5119e-003 | 4.5823e-005 | 1.7043e-007 | 4.3103e-010

N 10 12 14 16
L*®-error | 7.1157e-011 | 1.5699e-013 | 4.2411e-014 | 4.1966e-014
L2-error | 7.7423e-013 | 4.2567e-014 | 4.2436e-014 | 4.2349e-014

Table 4: Example 5.2:

The L® and L? errors for w(x) = cosx.

N 2 4 6 8
L>®-error | 2.5387e-002 | 4.7764e-004 | 3.1264e-006 | 1.2636e-008
L2-error | 1.7908e-002 | 2.3136e-004 | 1.3243e-006 | 4.5661e-009

N 10 12 14 16
L®-error | 3.2349e-011 | 7.6050e-014 | 5.6177e-014 | 5.4623e-014
L2-error | 1.0378e-011 | 3.5851e-014 | 3.1254e-014 | 3.0840e-014

6. Comparison between polynomial spline collocation methods and the

spectral methods

Second order VIDEs of the form (1.1) have been solved numerically using polynomial
spline spaces [9]. In order to describe these approximating polynomial spline spaces, let
[I5:0=ty<t; <---<tg=T be the mesh for the interval I, and set

O, = [tna tn—i—l]a

hn = lpg1 — Uty

h=max{h,:0<n<N-1}
Zg:={ty:n=1,2,--- ,N—1}.

n=0,1,--

(mesh diameter),

.’N_]"

(6.1)

Let IT,,, 4 be the set of (real) polynomials of degree not exceeding m+d, where m > 1
and d > —1 are given integers. The solution y to the initial-value problem (1.1)-(1.2) will
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be approximated by an element ¥ in the polynomial spline space,

d ~ ~ ~ ~
$404Z5) ={7 = 70 lieo, = Fu(0) €My, n=0,1,-+ N =1,

yr(lj_)l(tn) = y,gj)(tn) for J = 05 1: e :d5 th € ZN}: (62)

that is, by a polynomial spline function of degree m 4+ d which possesses the knots Zy
and is d times continuously differential on I. If d = —1, then the elements of Sr(n_—ll) (Zg)
may have jump discontinuities at the knots Zg. We denote the collocation parameters by
{c]-};.’lzl, where 0 <c¢; <c¢y <---<c¢, <1.

To provide a comparison between polynomial spline collocation methods and the spec-
tral methods, we consider the following second order VIDE

t

yB(6) = q(t) + y(6) + J tsy(s)ds, y(©0)=1, yP()=1, te[0,1], (6.3)
0

withq(t) =2—t —t? — % + tet(1 — t), so that it has the exact solution y(t) = t? + e’.

Table 5: Polynomial spline collocation methods: Approximate error when m = 3 and ({c; =1/3, ¢, =
2/3, ¢3 =1}).

0 1 2 3
1.5165e-002 | 3.0370e-004 | 3.0370e-004 | 3.0369e-004
1.7211e-001 | 1.2941e-002 | 1.2941e-002 | 1.2941e-002

o
[N A1 =W

Table 6: Spectral methods: Approximate error versus the number of collocation points.

N 4 6 8 10
e; | 1.7120e-006 | 1.8697e-009 | 1.2388e-012 | 4.5297e-014
e, | 5.5285e-005 | 9.6240e-008 | 9.4301e-011 | 2.2649e-013

Following Tables 5 and 6 illustrate the error approximations as

¢ :=1y(0.5) = (0.5)], e; :=1y(0.5)—Y(0.5)],
& :=1y(1) -y, ey :=|y(1)-Y(1)],

(here we select only two points t = 0.5 and t = 1 as the comparative object, the other
points are similar) where ¥ € Sfﬂ 4(Z5) is the approximate solution obtained by using the
polynomial spline collocation methods if t; = ih € Zg with h = 0.01 (i.e. N = 100) and
Y is the numerical solution obtained by using the Legendre-collocation methods described
in Section 2. As we can see from the above tables, the spectral methods yield better
approximations than the polynomial spline collocation methods.
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7. Conclusion and future work

This paper proposes a numerical method for second order Volterra integro-differential
equations based on a Legendre-spectral approach. To facilitate the use of the method,
we first restate the original second order Volterra integro-differential equation as three
simple integral equations of the second kind. The most important contribution of this
work is that we are able to demonstrate rigorously that the errors of approximations decay
exponentially in L2-norm and L*®-norm, which is a desired feature for a spectral method.

In our future work, the spectral collocation methods will be studied for Volterra integro-
differential equations with a weakly singular kernel.

Acknowledgments This work is supported by the Foundation for Talent Introduction
of Guangdong Provincial University, Guangdong Province Universities and Colleges Pearl
River Scholar Funded Scheme (2008), National Science Foundation of China (10971074).

References

[1] A. MakroOGLOU, A block-by-block method for Volterra integro-differential equations with weakly-
singular kernel, Math. Comp., 37 (1981), pp. 95-99.

[2] B.Y. Guo aND J. SHEN, Laguerre-Galerkin method for nonlinear partial differential equations
on a semi-infinite interval, Numer. Math., 86 (2000), pp. 635-654.

[3] B.Y. Guo anD L. L. WANG, Jacobi interpolation approximations and their applications to singu-
lar differential equations, Adv. Comput. Math., 14 (2001), pp. 227-276.

[4] B.Y. Guo anD L. L. WaNG, Jacobi approximations in non-uniformly Jacobi-weighted Sobolev
spaces, J. Approx. Theory, 128 (2004), pp. 1-14.

[5] C.CanuTo, M. Y. HussAINI, A. QUARTERONI AND T. A. ZANG, Spectral Methods Fundamentals in
Single Domains, Springer-Verlag, 2006.

[6] C.K. Qu aND R. WONG, Szego’s conjecture on Lebesgue constants for Legendre series, Pacific J.
Math., 135 (1988), pp.157-188.

[7] C.L.Xu anD B. Y. Guo, Laguerre pseudospectral method for nonlinear partial differential equa-
tions, J. Comp. Math., 20 (2002), pp. 413-428.

[8] D. HENRY, Geometric theory of semilinear parabolic equations, Springer-Verlag, 1989.

[9] E. RawasHDEH, D. McDOWELL AND L. RaKEsH, Polynomial spline collocation methods for second-
order Volterra integro-differential equations, IJIMMS, 56 (2004), pp. 3011-3022.

[10] G. MASTROIANNI AND G. MONEGATO, Nystrom interpolants based on zeros of Laguerre polynomi-
als for some Weiner-Hopf equations, IMA J. Numer. Anal., 17 (1997), pp. 621-642.

[11] H. BRUNNER, Collocation Methods for Volterra Integral and Related Functional Equations, Cam-
bridge University Press 2004.

[12] H. BRUNNER, A. MAKROGLOU AND R. K. MILLER, Mixed interpolation collocation methods for first
and second order Volterra integro-differential equations with periodic solution, Appl. Numer.
Math., 23 (1997), pp. 381-402.

[13] H. BRUNNER, A. PEDAS AND G. VAINIKKO, Piecewise polynomial collocation methods for linear
Volterra integro-differential equations with weakly singular kernels, SIAM J. Numer. Anal., 39
(2001), pp. 957-982.

[14] H. BRUNNER AND J. D. LAMBERT, Stability of numerical methods for Volterra integro-differential
equations, Computing, 12 (1974), pp. 75-89.



438
[15]
[16]
[17]
[18]

[19]

[20]
[21]
[22]
[23]
[24]

[25]

[26]
[27]
[28]
[29]

[30]

Y. Wei and Y. Chen

I. AL1, H. BRUNNER AND T. TANG, A spectral method for pantograph-type delay differential equa-
tions and its convergence analysis, J. Comput. Math., 27 (2009), pp. 254-265.

L. Ari, H. BRUNNER AND T. TANG, Spectral methods for pantograph-type differential and integral
equations with multiple delays, Front. Math. China, 4 (2009), pp. 49-61.

J. SHEN, Stable and efficient spectral methods in unbounded domains using Laguerre functions,
SIAM J. Numer. Anal., 38 (2000), pp. 1113-1133.

J. SHEN AND T. TaNG, Spectral and High-Order Methods with Applications, Science Press Beijing
2006.

K. BALACHANDRAN, J. Y. PARK AND S. MARSHAL ANTHONI, Controllability of second order semilin-
ear Volterra integrodifferential systems in banach spaces, Bull. Korean Math. Soc., 36 (1999),
pp- 1-13.

L. E. GAREY AND R. E. SHAw, Algorithms for the solution of second order Volterra integro-
differential equations, Comput. Math. Appl., 22 (1991), pp. 27-34.

M. AGUILAR AND H. BRUNNER, Collocation methods for second-order volterra integro-differential
equations, Appl. Numer. Math., 4 (1988), pp. 455-470.

M. BoLoGNA, Asymptotic solution for first and second order linear Volterra integro-differential
equations with convolution kernels, J. Phys. A: Math. Theor., 43 (2010), pp.1-13.

M. TaraNG, Stability of the spline collocation method for second order Volterra integro-
differential equations, Math. Model. Anal., 9 (2004), pp. 79-90.

M. ZAREBNIA AND Z. NIKPOUR, Solution of linear Volterra integro-differential equations via Sinc
functions, Int. J. Appl. Math. Comput., 2 (2010), pp. 1-10.

R. E. SHAwA AND L. E. GAREY, A parallel shooting method for second order volterra integro-
differential equations with two point boundary conditions, Int. J. Comput. Math., 49 (1993),
pp. 61-66.

S. BocHkANOV AND V. BysTRITSKY, Computation of Gauss-Jacobi quadrature rule nodes and
weights, http://www.alglib.net/integral/gq/gjacobi.php

T. TANG, X. XU AND J. CHEN, On spectral methods for Volterra integral equations and the conver-
gence analysis, J. Comput. Math., 26 (2008), pp. 825-837.

W. B. Liu anD T. TANG, Error analysis for a Galerkin-spectral method with coordinate transforma-
tion for solving singularly perturbed problems, Appl. Numer. Math., 38 (2001), pp. 315-345.
Y. CHEN aND T. TaNG, Spectral methods for weakly singular Volterra integral equations with
smooth solutions, J. Comput. Appl. Math., 233 (2009), pp. 938-950.

Y. CHEN AND T. TANG, Convergence analysis of the Jacobi spectral-collocation methods for Volterra
integral equations with a weakly singular kernel, Math. Comp., 79 (2010), pp. 147-167.



