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Abstract. This paper is concerned with the numerical stability of implicit Runge-Kutta
methods for nonlinear neutral Volterra delay-integro-differential equations with con-
stant delay. Using a Halanay inequality generalized by Liz and Trofimchuk, we give
two sufficient conditions for the stability of the true solution to this class of equations.
Runge-Kutta methods with compound quadrature rule are considered. Nonlinear sta-
bility conditions for the proposed methods are derived. As an illustration of the ap-
plication of these investigations, the asymptotic stability of the presented methods for
Volterra delay-integro-differential equations are proved under some weaker conditions
than those in the literature. An extension of the stability results to such equations with
weakly singular kernel is also discussed.
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1. Introduction

Let {-,-) and || - || denote a given inner product and the corresponding induced norm
in the complex N-dimensional space CV. In this paper we consider the stability of Runge-
Kutta methods (RKMs) for nonlinear neutral Volterra delay-integro-differential equations
(NVDIDESs) with constant delay 7 > 0,

Y =f (t,y(t),y(t —T),f K(t,G,y(Q),y’(G))dG), t>0, (1.1
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subject to

Y(t):¢(t), te [_T:OL (12)

where f : [0,00) x CN x CN x CN — €N and K : [0,00) X [—-7T,00) x C¥ x C¥ — CN are
continuous functions, ¢ is a given C!-function.
As special cases of Eq. (1.1), we have delay differential equations (DDEs)

Y'()=f(t,y(0),y(t—=7)), t=0, (1.3)

and Volterra delay-integro-differential equations (VDIDESs)

y'®=f (t,y(t),y(t - T),J K(t, 9,y(9))d9) , t=0. (1.4)

Delay differential equations with constant delays have been investigated extensively in
the past. For the literature concerned the stability of the true solution and the numerical
solution to DDEs, we refer the reader to [19,27,34], and the references in [5, 24, 46].
Numerical methods for solving VDIDEs have been also studied by many authors (see [3,
10,25] and references therein). Using the generalized Halanay inequality proved by Baker
and Tang in [2], Zhang and Vandewalle [43] obtained the stability results for the true
solution to

y()=f (t,y(t),G (t,y(t — r),f K(t, 9,y(9))d9)) , t>0. (1.5)

They also investigated the stability of the numerical solution of a discretized form of (1.5).
In [44,45], they further considered the nonlinear stability of RKMs and general linear
methods (GLMs) for VDIDEs (1.4), respectively.

There is a growing interest in developing numerical methods for solving NVDIDEs. This
class of equations arises in many applications (see [10,23,39] and references therein) and
often occurs in two forms: the general nonlinear delay IDEs of neutral type

t

Yy =f (t,y(t),y(t — (1), y'(t — (1)), K(t,G,y(G),y’(G))dG) , t>0, (1.6

t—7(t)

and the neutral equations of the “Hale’s form”

d t
I [y(t)—f K(t,e,y(e))dG} =f(t,y(®),y(t—7(t),y (t —=(t))), t=0, (1.7
t—7(t)

where 7(t) < t is a sufficiently smooth function. In [10] (see also [7,13]), Brunner sys-
tematically discussed the existence and uniqueness of the solution to these two forms of
equations and the convergence of collocation methods for them. Note that as far back as
the 1980’s, Jackiewicz gave the convergence results of Adams methods [20] and quasi-
linear multi-step methods and variable step predictor-corrector methods [21] for solving
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more general neutral functional differential equations (NFDEs) which contains problem
(1.6) as a particular case. Brunner [7] and Enright and Hu [16] considered the conver-
gence of continuous RKMs for NVDIDEs

t

y’(t)=f(t,y(t))+J K(t,0,y(0),y'(0))d6, t=0. (1.8)

t—7

Wang and Li studied the convergence of one-leg and Runge-Kutta methods for (1.1)-(1.2)
in [37] and [35] (see also [36]), respectively. In recent years, much attention has been
directed toward the stability analysis of numerical methods for NVDIDEs. Brunner and
Vermiglio [9] considered the stability of continuous RKMs for NVDIDEs of the “Hale’s
form”. Several researchers investigated the stability of numerical method for nonlin-
ear NVDIDEs where the kernel K(t,0,y) does not depend on y’ and its linear version
(see [40-42,47-49]).

However, few studies have been done on the stability of numerical methods for nonlin-
ear NVDIDEs (1.1)—(1.2) in which the kernel K(t, 6, y, y’) also depends on y’. The purpose
of this paper is to analyze the stability properties of the true solution and the numerical
solution to (1.1)-(1.2). To obtain the stability results of the true solution to (1.1)-(1.2),
we use the Halanay inequality proved by Liz and Trofimchuk [29] in Section 2. In Section
3, we consider to discretize Eqs. (1.1)-(1.2) by RKM with the compound quadrature rule
(CQ). The nonlinear stability of RKM with this class of quadrature technique is studied
in Section 4. In Section 5, some examples for the application of the theories obtained in
the present paper are considered. An extension of the stability results to weakly singular
NVDIDEs (1.1)-(1.2) is also discussed in this section. Finally, in Section 6 we provide some
numerical examples to illustrate our results.

2. Stability properties of the true solution

Before stating the main results on the stability of the true solution, we mention the
regularity of solution to (1.1)-(1.2). From the theoretical analysis in [11] (see also [10]),
we find that when f, K and ¢ are sufficiently smooth, the smoothing properties of the
solution to (1.1)-(1.2) is determined by the “DDE part”, and is not influenced by the
integral ftt_T K(t,0,y(0),¢’(0))d6. In fact, we can easily show that if f, K and ¢ in

(1.1)-(1.2) are C4¢—functions on their respective domains, then: (i) The (unique) solution
of the initial-value problem for (1.1)—(1.2) is (d + 1)—times continuously differentiable on
each left-open macro-interval ((i —1)7,it]i=1,2,---, and has a bounded first derivative
on [0,00); (il) At t =it (i=0,1,---,d) we have lim,_,;,- yO(¢t) = lim,_,;.+ y©(t), while
the (i 4 1)st derivative of y is in general not continuous at t = i7. The solution possesses
a continuous (d + 1)st derivative on [d T, 00).

In this paper we restrict ourselves to discussion of problem (1.1) where f satisfies
a one-sided Lipschitz condition and some Lipschitz conditions. For brevity, the class of
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problems (1.1)-(1.2) with f and K satisfying

Re(f(t,y1,u,v) = F(t,y2,u,v),y1 — ¥2) < ally; — y2I%, (2.1
|1£ (6, yup,v1) = £ (8, 3,1z, v5)|| < Bl — uall + vllvy = vall, (2.2)
||K(t,9;J’1;f(9,J’1;U;V)) —K(t,Q;J’2;f(9;J’2;U;V))||

<Lgllyr =y, (t,0)eDb, 6=0, (2.3)
|K(t,0,5,u) = K(t,0,y,u)|| < plluy —usll,  (£,6) €D, (2.4)

is denoted by 2(«a, 8,7, Lk, ), where a, 3,v, L, u are real constants, t € [0,400); D =
{(t59) ‘te [05+OO)59 € [t -7, t]}) YY1, Y2, U, Uy, U, V, V1,V € CN'
The class of problems (1.1)-(1.2) with f and K satisfying (2.1)-(2.2), (2.4) and

|1 (6 y1uv) = £ (6 y2,u,)|| < Lyllys = yall, (2.5)
HK(t,Q,J’pu)—K(t,Q,J’z,U)” SL‘u”.yl_.y2||5 (t59)€D: (26)
is denoted by £¢(a, 8,7, Ly, L,,u), where a,3,v,L,, L, u are real constants, t € [0,+00);

YY1, Y2, U,V € CN'

Our assumptions that conditions (2.2) and (2.4)—(2.6) are satisfied ensure that system
(1.1)-(1.2) possesses a unique solution (see [17,23]). Although conditions (2.1)-(2.4) do
not ensure that system (1.1)-(1.2) possesses a unique solution, the existence of a unique
solution of (1.1)-(1.2) will be assumed.

Remark 2.1. (i) The class Dpq for DDEs introduced by Huang et al. [19] can be viewed as
the class 2(p,q,0,0,0) for NVDIDEs.

(ii) The class RI(a, 3, 0,7) for VDIDEs introduced by Zhang and Vandewalle [44] can
be viewed as the class 2(a, 3, 0,y,0) for NVDIDEs.

(iii) Obviously, £(a,B,y,L,,L,,u) is a sub-class of 2(a, By, Lx,u). The following
simple example illustrates that they are not identical. System

t

Y'(©)=—(e! +5)y(t) + y(t —1)+0.1 U sinf (e?y(0)+y'(0))d6 |, t>0, (2.7)

-1

y(t) = ¢(t), t<0 (2.8)

belongs to the class 2(a, 3,y, Lg,u) witha =—6, 8 =1, y =0.1, Ly = =5, u =1 but not
in the class £(a,,7,Ly,L,,u).

Before stating our main results in this section, we need the following Halanay inequal-
ity.
Lemma 2.1. ([29,38]) Consider inequalities

() < —-Au(t)+B max u(@)+C max w(6), t > to, (2.9)
oe[t—r,t] 0 ]

elt—r1,t

w(t)<G max u(f)+H max w(9), t > tg, (2.10)
felt—1,t] Oe[t—r1,t]
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where tg is a constant. If A, B, C, G, H > 0 and H < 1, then for every € > 0, there exist
6(e) — 6+ <0, € — 0+, such that

u(t)<(1+e) ee[rtna)T(t ]u(G)eé(e)(t_tO), t > to, (2.11)
0~ “to

w(t) < (1+e) max. ]w(e)eﬁ“)(f‘%), t >t (2.12)
0~ “to

for every nonnegative solution (u,w) : [ty — T,+00) — RZ+ of the inequality (2.9)-(2.10) if
and only if

A+B+ ce 0 (2.13)
— — <O .
1-H

Theorem 2.1. Suppose problem (1.1) belongs to the class 9(a, 8,7y, Lg, u) with

+vTL
ryTu <1, a+ m < 0. (2.14)
1—y7u
Then we have
ly(t) —2(O|l < max |ly(6)—=z(0)l, t>71 (2.15)
6<[0,7]
and
lim [y(t) —z(t)l| =0, (2.16)
t—+00

where and in what follows, z(t) denotes a solution of the perturbed problem

t
Z()=f (t,Z(t),Z(t - T),J K(t,Q,Z(Q),Z/(G))dG) , t=0, (2.17)
t—7T
z(t) = (1), te[-7,0].  (2.18)
Here the initial function (t) is continuously differentiable.

Proof. For simplicity, let us introduce the notation Y (t) = ||y(t) — 2(t)|| and

Y/(t) < aY(t)+ ®(t), t>0. (2.19)

(I)(t) = f (t,Z(t),y(t - T))J K(t,s,y(S),y/(S))dS)

—f (t,z(t),z(t - T),J K(t,s,z(s),z’(s))ds)

It follows that
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It follows from (2.1)-(2.4) that

() <pY(t—7)+ YT Jmax IK(t,s,y(s), ¥'(s)) — K(t,s,2(s),z" ()|

<BY(t—7)+7yT max
se[t—r,t]

K (t,s,y(s),f (s,y(s),y(s— T)’J K(s,r,y(r),y’(r))dr))

—-K (t,s,z(s),f (s,z(s),z(s — T),J K(s,r,z(r),z’(r))dr)) H

<BY(t—71)+yrLy max Y(s)+ytu max &(s)
se[t—7,t] selt—1,t]

<[B+yrly] max Y(s)+yTu max &(s), t>7. (2.20)
selt—7,t] selt—7,t]

Note that condition (2.14) implies a < 0. By virtue of Lemma 2.1, it is sufficient to prove
the theorem from (2.19)-(2.20).

Theorem 2.2. Suppose problem (1.1) belongs to the class £(a, 3,7, Ly, L, u) with

+v7(L, +uL
B+yT(Ly uy)<o

yTu <1, a+ (2.21)
1—y7u
Then we have (2.16) and
ly(t) —z(Oll < max [|¢(0)—(0)], t=0. (2.22)
6e[—7,0]
Proof Define Y (t) = ||y’(t) —2’(t)||. Note that
Y'(t) <aY(t)+BY(t —1)+yrL, max Y(s)+yTu max Y(s), t>0,
s€[t—1,t] se[t—1,t]

Y(t) <L, Y(t)+BY(t—7)+ytl, max Y(s)+ytu max ¥(s), t>0.
se[t—1,t] se[t—1,t]
The proof of the theorem follows directly from the above facts. O

Remark 2.2. (i) Observe that (2.15) differ from (2.22) in their right-hand side. If we note
condition (2.3) and the proofs of Theorems 2.1 and 2.2, then we find that this is because
(1.1) holds only for t > 0 and this fact is used to assume that condition (2.3) holds. If
we assume that (1.1) holds for t > —7, then (2.20) holds for t > 0 and thus (2.22) holds
under the conditions of Theorem 2.1.

(i) It should be pointed out that if the kernel K does not depend on y’, that is, Eq.
(1.1) is non-neutral VDIDEs, then condition (2.14) is equivalent to condition (2.21) and
our results is identical to the results obtained in [44].

(iii) If K =01in (1.1), Theorems 2.1 and 2.2 reduce to a well-known stability result for
DDEs: a + 8 < 0 implies that the solution to (1.2)-(1.3) is asymptotically stable [34].

We conclude this section with three examples.
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Example 2.1. The above theorems can be applied to (1.8), the special but important class
of equations, see, e.g., [7,10,16]). When the functions f and K in (1.8) satisfy

'%e<f(t5yl)_f(t:y2):yl _y2> =< a”yl —.)’2”2, (223)

HK(tyey.yl’f(G)yl)-'_u)_K(t)91y21f(9).y2)+u)|| S LK”yl _.y2||1
(t,80)eD, 6=>0, (2.24)

HK(t59:y:u1)_K(t59:y:u2)H S.u”ul_HZH: (t59)€D: (225)

this class of equations belongs to class 2(a,0, 1, L, ). Thus, they satisfy stability proper-
ties (2.15)—-(2.16) whenever

TLK

Tu<1, a+1 <0.

When the functions f and K in (1.8) satisfy (2.23), (2.25) and

f (&, y1) = F(& ¥y < Lyllyy = yall, (2.26)
”K(t; G)ylau)_K(t)91y21u)” SL,U,”yl_y2”1 (t,G)ED, (227)

this class of equations belongs to class £(a,0,1,L,,L,,u). Consequently, they satisfy

stability properties (2.16) and (2.22) whenever
T(L, +ulL
( u y) <

Tu<l, a+
1-7u

Example 2.2. Consider the Hammerstein type of equation (cf. [10])

t

J’/(t)=f(t,J’(t))+f K, (t —0)G(y'(8))do, t>0 (2.28)

t—7T
subject to (1.2), where

Ko(t — 0), if 0 =0, where K|, is smooth,

Ko(t—0)= { (t—0)°. if0<o<1. (2.29)

On the basis of Theorem 2.2, we can assert that the solution to problem (2.28) with initial
condition (1.2) is asymptotically stable if conditions (2.23), (2.26),

1G(u1) — Glu)ll < filluy —usll, (2.30)
and
TuL
tu<l, a+ L <0 (2.31)
1-7u

are satisfied, where u = fisup(, gyep K (t — 0).
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Example 2.3. Condition (2.14) in Theorem 2.1 and condition (2.21) in Theorem 2.2 are
similar. The difference between the two conditions is that L is replaced by L, + uL,.
However, in general, condition (2.14) is much weaker than condition (2.21) since Ly <
L, + ulL,. For example, consider the system

y'(t)=L(t)y(t) +M(t)y(t — 1)
+ N(t) U (A(O)y(9)+B(9)y’(9))d9}, t>0, (2.32a)

y(t) = ¢(t), t<0, (2.32b)

where L(t),M(t),N(t),A(08),B(6) denote complex matrices functions. It is easy to verify
that it belongs to the class 2(a, 3,7, Lg, U), where

a=supul[L(t)],  B=sup|M(t)ll, y=sup|N(t),
t>0 t>0 t20
Lx =sup|lA(6) +B(6)L(O)Il, u = sup [|B(O)l,
6>0 0>—1

and u[-] stands for the logarithmic norm induced by (-,-). It also belongs to the class
%(a,B,7,Ly,L,,u), where

Ly, =supl|L(O)ll, L, = sup [|ACO)Il.
t>0 0>-71
Obviously, Ly < L, + uL,, which means that condition (2.14) is much weaker than condi-
tion (2.21).

3. Runge-Kutta discretization

Now we approximate the solution of (1.1)-(1.2) numerically using a fixed time-stepping
RKM. Let (A, b7,c) denote a given s stage RKM with s x s matrix A = (a;;) and vectors
b=[by, --,b]", c =[cy, -+ ,c,]F. In this paper we will always assume that the method
is consistent, which implies that Z§:1 b; = 1, and satisfies ¢; € [0,1], i = 1,2,---,s. Let
h = 7/m > 0 be the fixed step-size, where integer m > 1. Then the RKM for NVDIDEs
(1.1)-(1.2) has the form

S
Yl(n) = yn +h2aijf(tn,j’ Yj(n)’ Yj(n_m)’K](n))’ l = 132)'“ >S5 (31)
=1
S
Va1 =Ytk bif (b, YV YK, nzo. (3:2)
j=1

Here t, ; = t, +c;h, and y, approximates the true solution y(t,) at t, = nh, in particular,
¥o = ¢(0). The argument Yj(n) denotes an approximation to y(t, + ¢;h), and the argu-

ment K;n) denotes an approximation to f:"’j K(t,0,y(0),y’(6))d06 that is obtained by
n—m,j
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the compound quadrature formula (CQ formula)

m
(n _ (n—i) v (n—i)
KJ.” —hE viK(tn,j,tn_i’j,an l,Y].” ), (3.3)
i=0

where 17].(“_0 is an approximate value of y'(t,_; + cjh) and is produced by

17]‘(n—i) — f (tn—i,p Yj(n—i), Yj(n—m—i),KJ(_n—i)) ) (3.4)
When -m<n<-1, Yj(n) and 17].(n) are given by

(”) = ¢(t, +c;h), (”) = ¢'(t, +¢;h). (3.5)

RKMs (3.1)-(3.2) with CQ formula (CQRKMs) has been applied to integro-differential
equations (IDEs) and VDIDEs by many authors [1,6,43,44]. The convergence of this class
of RKMs for NVDIDEs (1.1)-(1.2) has been reported by Wang and Li in [35]. So, in this
paper we consider only the stability of this class of RKMs for NVDIDEs (1.1)—(1.2).

We will assume throughout the paper that for implicit equations (3.1) there always
exists a unique solution [Yl(n)T, YZ(H)T, el YS(”)T]T € CNs. In Section 6, we will discuss the
iterative scheme required to solve the nonlinear implicit equations (3.1).

The following definition can be found in [14].

Definition 3.1. Let k, [ be real constants. A Runge-Kutta method (A, b”,c) is said to be (k,1)-
algebraically stable if there exists a diagonal non-negative matrix D = diag(d,,d,, - ,d,)
such that M = [#;;] is non-negative definite, where

(3.6)

7 Nt 2le"De e’D—bT —2le"DA
~ |De—b—-21ATDe DA+ATD — bbT —21ATDA|"

and e = [1,1,---,1]17. In particular, a (1,0)-algebraically stable method is called alge-
braically stable.

4. Stability of the numerical solution

In this section, we focus on the stability analysis of (k,[)- algebraically stable RKMs
with respect to the nonlinear problem classes 9(a, 8,7, Lg,u) and £(a,,7,L,,L,,u).
Let y, € CV and 2, € CV be the numerical solutions produced by the CQRKM (3.1)-(3.4)
applied to (1.1)—(1.2) and (2.17)—(2.18), respectively. Z](n) and f(J(") denote the approx-

imations to z(t, + c;h) and f:"’j K(t,0,2(0),2'(0))d6, respectively. It is convenient to
n—m,j

introduce the following notations:
W, =Yy — 2, W(n) Y(n) Z](n)’ W(n) Y(n) Zl(n),

(n) _ (n) y(n—m) 4-(n) (n) (n—m) #(n) .
Q; —h[f(fn,j,Yj YR = fe, 2, 2 K )], =1,
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Then it follows from (3.1)-(3.2) that

S
Wi(n) = wn"‘ZaijQ(-n), i=1,---,s, (4.1)
j=1
S
Wpa1 = w0, + Y b, QY. (4.2)
j=1

In what follows, the notation
v =maax{ ol + i, max |

is frequently used.

Lemma 4.1. Assume that a (k,1)-algebraically stable RKM (A, b”, c) is applied to the problem
(1.1)—(1.2) and its perturbed problem (2.17)—(2.18) which satisfy condition (2.1). Then

S
loneall? < Klleol? +2 Y d; [ (ah = DIW™I2 + hlw P2 |, (4.3)
Jj=1

where <I>§.n) is defined by

() _ () y,(n—m) 7-(n) () (n—m) z(n)
& = |6 207 1K) = £ 6 20, 20K

Proof. The (k,1)-algebraic stability of the method implies (see, for example, [14,26])
S
lonal? < Klleo,l? +2) 2w, Q)" —1w[™). (4.4)
j=1

On the other hand, from (2.1), we have

2w, Q") < hal|w;"I? +hIW . 4.5)

Inserting (4.5) into (4.4), we have (4.3) and complete the proof of the lemma. O

4.1. Stability analysis for 2(a, 8,7, L, U)
We first give a lemma which gives a upper bound for <I>§.n) defined in Lemma 4.1.

Lemma 4.2. Assume that the problem (1.1)—(1.2) belongs to the class 2(a, 3,7y, Lk, u). Then
for any n > m, there exist integers @ >0, 0<r; <m (i=1,2,---,@), such that one of the
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following inequalities holds:

@ . w_l .
2" < (ruvr)eal" = 4 2, ruve) (/5 ‘

i=0

(n—m—zi: r)
VV]. q=0"q

m (n_r_zizo rq) @
+)/hLKZ |v,| W, ! , n— Z r;<m; (4.6)
r=0 i=1
( )” —m=Yo" S —r=Yo
(I)En) < 1}/11’;;VT (ﬁ VVJ(n M~ 2ug=0 ‘I) +YhLK;0|Vr| VVJ(H q=0 Q) )
w—1 L w r
4 Z(}/,UA/T)i (ﬁ VVJ(H m Z:q=0 Q)
i=0

(n—r—zi= T )
ij q=0Tq

m w
+rhLg vl ) n—yri=m, (4.7)
r=0 i=1

where ry = 0. Here and in what follows, we shall always assume er: ;= 0 whenever i < j.

Proof. We consider two cases. First, for any 0 < i < n —m, if maxo<,<p, q)gn—r—l) _

<I>§.n_i), we have

m
("0 < BIW ™l + yhiy ZO e lIw Ol prvpel Y,
r=
and therefore
. . hLy < i
a0 < L pyromeiyy TR Ay gy erny (4.8)
j 1—yvur J 1-yvur = g

. —r—i n—ry,—i .
Second, if maxy<,<p, <I>S.” = = <I>§. ) with 0 < r, < m, we have

m .
o0 < BIW Tl vhLe ) WS pevne T 49)
r=0

As a special case, for <I>S.”), we have (4.8) or (4.9) too. If (4.8) holds, we have (4.7) with
@ = 0; if (4.9) holds, by induction we can obtain (4.6) or (4.7). O

Theorem 4.1. Suppose the RKM (A, bT,c) is (k,1)-algebraically stable for a non-negative
diagonal matrix D = diag(dy,d,, - ,d;) € R**%, where 0 < k < 1. Then, the numerical
solution produced by the CQRKM for the class 2(a, 3,7, Lg, ) satisfies

. 3t(B+yTvLig) ‘
llon 5||¢0m||2+2dj |:— max ||Wj(l)||2
j=1

l—yTuv  —m<i<m

v )2
+ ®; , >m, 4.10
(1 — 1 7uv)(B + 77vLg) 0Zi<m ( j ) n=m (4.10)
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whenever

(4.11)

+yTvLl
yTuv <1, [a+ﬁy—K}h§l.

1—yTuv
Proof. We consider two cases.

Case 1. Inequality (4.6) holds. In this case, substituting (4.6) into (4.3) and using
Cauchy inequality, we get

\ h(B +yTvLg)
leonsall® Sklleonl + 3 d; [2(“’1—1)”%(”)”2 — WP
j=1
w—1 ; 2 m o 2
+h ) Gruvt) | 6 Wj(” ") rhLic 1] Wj(” Zewor)
i=0 r=0
h(yuvt)® o
®) - 12
+ﬁ+YTVLK 0<1<m( j ) (4.12)

Noting 0 < k < 1, by induction one further gives

. h(f +yTvL
”‘”n+1”25”°°m'|2+2dfKZQH Ty 2Z)ZIIW“)HZ

= 1—yTuv
2
)] . (4.13)

i ())
0}
([5 + }’T’VLK)(I — )/T,L,W) 0<1<m ( J
h w6
+ +yTvL HW.l
1-yuve e Ki;m /

An application of condition (4.11) yields (4.10).
Case 2. Inequality (4.7) holds. In this case, noting that

||
VV].

(YT.U/V) Z(YTM,V)I _ YTMV (414)

substitute (4.7) into (4.3) and use Cauchy inequality to give

h(B + ')/TVLK)

w2
1_

lonsall® <klloonl® +> d; [Z(ah— DIW I +
j=1

2
(Y.UVT)w ("_m_Z;U:O rq)

o ez
1—yuvrt J

m
+7hLi Y vl W
r=0

w—1 (_ _Zi ) 2
+h > (yuv) (/5 A

i=0

2
j )
. 2
j(n_r_zq:“q) ﬂ (4.15)

m
+rhLe Y v, ||

r=0
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Then an induction to (4.15) generates the following result
il < llewnll?,

where we have used the conditions 0 < k <1 and (4.11).
This means (4.10) holds for any n > m, which completes the proof of Theorem 4.1. O

Now we consider the asymptotic stability of CQRKMs and give the following theorem.

Theorem 4.2. Suppose the RKM (A, bT,c) is (k,1)-algebraically stable for a non-negative
diagonal matrix D = diag(d,,d,,- -+ ,d;) € R°***, where 0 < k < 1. Then the numerical
solution produced by the CQRKM for the class 9(a, f3,y, L, W) satisfies

nll)n(;lo lyn =2l =0, (4.16)
whenever 6 L
+yTVv
ryTuv <1, |:a+ #} h<l. 4.17)
1—yTuv

Note that the asymptotic stability equality (4.16) can be regarded as numerical analogues of
(2.16) for the true solution to the problem (1.1)—(1.2).

+ L
5= [Za—i-w}h—m
1—yTuv

Proof. Let us put

and define the quantity ¥ as

G +mLK)h} 0

= k
B [—5(1 ~ )

With 0 < k <1 and (4.17), it can be deduced that 0 < ¢ < 1. Then it follows from (4.12)
that

+yTvLg)h .
el <02+ >, {Zﬁ” N I[W W} Iw

j=1 i=m 1=
+yTvLg 2] :
BN e max IO
—_ YTMV g=m 0<i<m-1

m Z(yﬂw) gt Irzaxm (<I>(q)) } .

Noting that in this case @ — 400 as n — 400 and

+ Ly)h
som 4 PHrviodh o
1—yTuv
from dj > 0and 0 < ¥ < 1, we have (4.16). For the case that (4.15) holds, noting that
(4.14) holds for any @ > 0, similarly, we can obtain (4.16). This completes the proof. [
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Remark 4.1. The main difference between Theorems 4.1 and 4.2 lies in the strict inequal-
ities present in k < 1 and
+vTvL
|: a+ M—K} h<l.
1—yTuv

For algebraically stable RKMs, we have the following result.

Theorem 4.3. Suppose the RKM (A, bT, c) with detA # 0 is algebraically stable for a positive
diagonal matrix D > 0 and satisfies |1 — bTA~'e| < 1. Then the numerical solution produced
by the CQRKM for the class 2(a, 3,7, Lg, W) is asymptotically stable whenever

B+yrvLg

yTuv <1, at+——<0. (4.18)
1—yTuv

Proof. It follows from (4.13) or (4.15) that
lim (W™ =0, j=1,---,s. (4.19)
n—00 J

On the other hand, detA # 0 implies A is non-singular. Set G = [g;;] = A~!. Then it follows
from (4.1)-(4.2) that

S S
Wny1 = (]_ — bTA_le)CL)n + ZZ blgl]VVJ(n)

i=1j=1

Hence (4.16) is easily obtained from |1 — b’A™'e| < 1 and (4.19). The proof of Theorem
4.3 is complete. O

4.2. Stability analysis for ¥ (a, f3,7, Ly,L,, u)

For the class £(a, 8,7, Ly, L, u), we can obtain the same results that we have obtained
for the class 2(a, 3,7y, Lg, ), except for the fact that the constant L is to be replaced by
L, + uL,. However, since £(a,f,7,L,,L,,u) is a sub-class of 9(a, 8,7, L, u), we can
obtain some better results for £(a,3,7,L,,L,,u).

First, it should be noted that in Theorem 4.1 we give the bound of ||y, — z,|| only for
n > m. As mentioned in Section 2, conditions (2.5) and (2.6) allow us to give the bound
of ||y, — 2,|| for any n > 0. The following theorem states the fact.

Theorem 4.4. Suppose the RKM (A, bT,c) is (k,1)-algebraically stable for a non-negative
diagonal matrix D = diag(d;,d,, - ,d;) € R***, where 0 < k < 1. Then, the numerical
solution produced by the CQRKM for the class £(a, 8,7, Ly, Ly, u) satisfies

||wn||ZSCmax{ max_[l(8) — p(0)], max ||¢’(9)—w’(9)||}, 4.20)
6e[—7,0] (%] ,0]

el—-7

whenever

+ L,+ul
pryevl, tu y)}hsl, 4.21)

yTuv <1, [a—l—
1—yTuv



Runge-Kutta Methods for Neutral Volterra Delay-Integro-Differential Equations 551

where the constant C is defined by

[B +17v(Ly + uL,)](1 —yTuv) "

+vyTv L,+ulL 241 +}/’ZZ’VL +yryTuv 2
C \/1 [ﬁ ( u y)] (ﬁ u )
andd = Ej 1dj.

Proof. Note that for n —m < i < n, we have

m
(n—1) (n—i—m) (n—i-r) ~(n—i—r)
oY < pIw, ||+yh20|vr|(LM||wj I+uW 1) @4.22)
r=

Then as in the proof of Theorem 4.1, we can obtain

n .
w2

i=0

S
2 < 2+ d.{2ah+
ol < ool + 2, ]{ a e

[B+yTv(L,+uL,)]h . 21}
j=1

h S n—m . n .
+m2df {/5 DWW +yvL, +uL,) D WO
j=1 i=—m

i=—m _
(B +yTvL, +yTUv)?
m
(B+yev(l,+uly)](1—yTuv)

ax{ max ||[W?||2, max ||W@||2H, (4.23)
—-m<i<o J —-m<i<o J

and therefore the inequality (4.20) follows. This completes the proof of the theorem. [

Below, we will give another asymptotic stability results on CQRKM for the problem
class Z(a,,y,Ly, Ly, u). The similar stability results on CQRKM for the problem class
2(a, B,7, Lk, ) cannot be obtained at present.

Theorem 4.5. Suppose the RKM (A, bT,¢) is (k, 1)-algebraically stable for a positive diagonal
matrix D = diag(d;,ds, - ,d;) € R***, where 0 < k < 1. Then, the numerical solution
produced by the CQRKM for the class £(a,3,7,Ly,L,,u) satisfies (4.16) whenever

+ytv(L,+uL,)
rTuv <1, |:a+/5 r Ty }h<l. (4.24)
1—yTuv
Proof. Noting (4.24) and dj > 0, from (4.23), we have
lim (W™ =0, j=1,--,s. (4.25)
n—oo J

On the other hand, using arguments similar to those in Theorem 4.3, we have two sim-
ilar inequalities to (4.6) and (4.7), except for the fact that Ly is replaced by L, + uL,.
Considering m being a fixed integer and (4.25), we have

lim V=0, j=1,---,s. (4.26)

n—oo
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Recalling that
1QYI < R Ly W ™| + 2] (4.27)

and applying (4.25) and (4.27), we obtain

lim |Q™W=0, j=1,---,s. (4.28)
n—oo J
Therefore from (4.1) we can show that (4.16) holds. This completes the proof. O

5. Applications and extension

We illustrate the preceding theory by applying it to some concrete numerical methods
and to some concrete problems.

5.1. Applications to some classical RKMs

We begin with some general results on various common RKMs when the stability and
asymptotic stability results derived in above section are applied to them. Only need to note
that the s stage RKMs of type Gauss, Radau IA, Radau ITA and Lobatto IIIC are algebraically
stable and satisfy b; >0 (j =1,2,---,s), it is easy to obtain the following theorem.

Theorem 5.1. Suppose the RKM (A, bT, ¢) is of type Gauss, Radau IA, Radau IIA or Lobatto
IIIC. Then, the corresponding CQRKM is stable for the class 9(a,f3,y, Lk, W) with d]- = b]-
whenever condition

B+ryTvig <0

= (5.1
1—yTuv

yruv <1, a+
holds.

From [26], we can also see that all the s (s > 1) stage Radau IA, Radau IIA and

s (s > 2) stage Lobatto IIIC Runge-Kutta methods satisfy the assumptions of Theorem 4.5
with |1 — bTA !e| = 0. So, we have the following results.

Theorem 5.2. Suppose the s stage RKM (A, bT,c) is of type Radau IA (s > 1), Radau IIA
(s = 1) or Lobatto IIIC (s > 2). Then, the corresponding CQRKM is asymptotically stable for
the class 2(a, 3,7, Ly, u) with d; = b; whenever condition (4.18) holds.

Table 1: Value v for different compound quadrature rules.

CT rule CS rule CN rule CG rule
m is an integer | m is an even integer | m is a multiple of four | m is an integer
4 64 13
v=1 v =— V=— vV=—
3 45 12
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Comparison of conditions (2.14) and (4.18) suggests that the value v plays key role in
preserving the stability of analytical solution for numerical methods. In Table 1, we give
a value for v (compare Zhang and Vandewalle [45]) for the compound trapezoidal (CT)
rule, the compound Simpson (CS) rule, the compound Newton-Cotes (CN) rule and the
compound Gregory (CG) rule (cf. [6]).

From Table 1, we find that v approximate to 1 for some common quadrature formulas,
especially, v = 1 for the CT rule. This means that the Radau IA (s > 1), Radau ITIA (s > 1)
and Lobatto IIIC (s > 2) methods with the CT rule can completely preserve the asymptotic
stability of the underlying system.

Replacing Ly by L, + uL, in the conditions of the above theorems, we can obtain
the analogues of Theorems 5.1-5.2 for the class £(a,,7, Ly, L,,u). In addition, from
Theorem 4.5, we can know that the CQRKM extended by Gauss type RKM is asymptotically
stable for the class Z(a, 3,7, L ) whenever condition (4.18) where Ly is replaced
by L, +uL, holds.

v Ly

5.2. Application to VDIDEs

Applying our results obtained in Section 4 to VDIDEs (1.4) which can be viewed as a
particular case of NVDIDEs (1.1), we can obtain the corresponding results.

Slightly modifying the proof of Theorem 4.1 and noting u = 0, we easily obtain the
following corollary.

Corollary 5.1. The CQRKM (3.1)—(3.2) is stable, i.e.,

lyn —2pll <6 max |lp(t) —y(0)l, Yn>0
te[—1,0]

holds for class 2(a, ,7, Lg,0) with stability constant

€ = \/1+dT(1+T)(/5+}”L’LKV) (5.2)

under the assumptions:
the RKM (A, bT,¢) is (k,1)-algebraically stable with 0 < k < 1; (5.3a)
h(a+ B +vLgtv) <L (5.3b)

Theorem 4.2 leads directly to

Corollary 5.2. The CQRKM (3.1)—(3.2) is asymptotically stable, i.e., (4.16) holds, for class
2(a, B,7, Lg,0) under the assumptions:

the Runge-Kutta method (A, bT, ¢) is (k,1)-algebraically stable with 0 < k < 1; (5.4a)
h(a+ B +vLgtv) <L (5.4b)

Applying Theorem 4.3 we obtain the following corollary.
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Corollary 5.3. Suppose the RKM (A, bT, ¢) with detA # 0 is algebraically stable for a positive
diagonal matrix D > 0 and satisfies |1 — bTA™'e| < 1. Then the CQRKM (3.1)—(3.2) for the
class 9(a, 3,7, L, 0) is asymptotically stable whenever

a+pB+yrvLg <O. (5.5)

VDIDESs (1.4) as a special case of NVDIDEs, some authors have obtained some stability
results of numerical solutions to this class of equations. For comparison purpose, we simply
state these stability results.

For the problem class 2(a, 8,7, Lg,0), Zhang and Vandewalle [44] proved that the
CQRKM (3.1)-(3.2) is asymptotically stable under the assumptions (5.4a) and

h(2(a+B)+y(1+L2vH)] <21, (5.6)

where

m
V= h\/ (m+ 1)2 |vi|>+€, € >0 is a suffieciently small real number.
i=0

In [40], Yu and Li discussed the numerical stability of CQRKM for nonlinear NVDIDEs
where the kernel K(t,6,y) doesn’t depend on y’. It can be viewed as a particular case
of nonlinear NVDIDEs (1.6). As a corollary of the results obtained by them, it reports the
similar result to Corollary 5.3, except for the fact that the condition (5.5) is replaced by
the condition

a+f+2ytvlg <0, (5.7)

where ¥ = maxp<;<, V;-

In [28], Li investigated the contractivity and asymptotic stability of RKMs for more
general Volterra functional differential equations (VFDEs). Applying his results to VDIDE:s,
he can obtain a result that an algebraically stable RKM (3.1)—(3.2) with CQ formula for
the class 2(a, 8,7, Lk, 0) is asymptotically stable whenever

a+q(f +y)vmax{l,tig} <0, (5.8)

where g > 1 (see [28]).

Comparing our results with the results obtained by Zhang and Vandewalle [44], we find
that conditions (5.6) is, generally, stronger than condition (5.4b). Comparing our results
with the results obtained by Yu and Li [40] and Li [28], we find that conditions (5.7) and
(5.8) are stronger than condition (5.5). Alternatively, we obtain the asymptotic stability
results on RKMs with CQ formulae for nonlinear VDIDEs (1.4) under weaker conditions.
More importantly, from our results, we can assert that the s stage Runge-Kutta method
(A, b7, c) of type Radau IA (s > 1), Radau IIA (s > 1) or Lobatto IIIC (s > 2) with the CT
rule can preserve the asymptotic stability of the true solution to nonlinear VDIDEs (1.4).
This result can not be obtained from the existed results in the literature.
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5.3. Extension to NVDIDEs with weakly singular kernel

The sufficient conditions for the asymptotic stability of the true and numerical solutions
are derived only for NVDIDEs with smooth kernel in the previous section. On the other
hand, many researchers have investigated the numerical solution of VIDEs with weakly
singular kernel (see, e.g., [8,10,12,13,22,33]). The readers are referred to [10, 11]
and the references therein for the regularity of solution to this class of equations. When
the smooth kernel K(t,0,y(0),y’(0)) is replaced by the weakly singular kernel K, (t —
0)K(t,0,y(0),y’(0)), where

K,(t—0)=(t—-06)"7,0<0<1, (5.9)

we find that the results obtained for NVDIDEs (1.1)-(1.2) with smooth kernel are easily
extended to NVDIDEs (1.1)-(1.2) with weakly singular kernel. In fact, we still have Theo-
rems 2.1 and 2.2 with 7 replacing by 7179 /(1 — o). For the stability of numerical solution
to this class of equations, we can obtain the same results as those presented in previous
section. Of course, the weights v; now depend on o. For example, the weights v; of the
product trapezoidal quadrature (PT) formula are defined by (see, e.g., [15])

hy, i=0,
vi=1 ho ((+1)*7 =227 +(i—177), 0<i<m, (5.10)
ho (M "(A—0-m+1)—(m-17"°), i=m,

where h, =h™ 7 /[(1 —o)(2—0)].

6. Numerical experiments

In this section, we report results of numerical experiments which confirm the theoret-
ical analysis for RKM presented in this paper. We also give an example to illustrate the
convergence of the methods which has been studied in [35] by the authors.

6.1. Solving the nonlinear equations
For solving the nonlinear equations (3.1), we consider the following iteration scheme

where on iteration A4 we have

S
AN & (n, N .
v ):.)’n+h2aijyj(n ), i=1,---,s,
= 6.1)
SN _ (D) yla=m) poln A1)
70 = £ (00, v, kD)

Here, KJ(.n"/V_l) is defined by the following

m
K = ok (6t T R K (6 i LT,
i=1
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Table 2: The differences e, produced by PTRIIA2 and by PTGAUSS2 when applied to (6.2)-(6.3)-(6.4)

and (6.2)-(6.3)-(6.5) with G(u) = 0.2u, where h=0.1 and h=0.01.

W. Wang and D. Li

t=1

t=10

t =50

t =100

3.395191-1073
3.347977-1073

8.633201-107°
8.525687-107°

2.666452 - 10717
2.626066 - 10717

1.091782-1073!
1.071583-1073!

h

PTRIIA2 .1
.01

PTGAUSS2 | .1
.01

3.396375-1073
3.347996 - 1073

8.638383-107°
8.525759-107°

2.670791 1071
2.626118-10717

1.094963 - 10731
1.071620-1073!

and Yj(”’o) and Yj("’o) are given initial values for iteration. Following the approach designed
by Enright and Hu [16] for continuous RKMs, we can easily prove that the iteration (6.1)
is convergent for sufficiently small h (see also [18]).

6.2. Example 1: Hammerstein-type NVDIDEs with weakly singular kernel

First, we apply CQRKMs to Hammerstein-type NVDIDEs with weakly singular kernel

t
y'()=f(t,y(1) +J K,(t—6)G(y'(6))d6, t>0 (6.2)
t—7T
subject to (1.2), where
flt,y(t)=-y(t), =1, o=0.5 G(u)=0.2u. (6.3)

On the basis of the discussion in Subsection 5.3, we can assert that the solution to problem
(6.2) with initial condition (1.2) is asymptotically stable.

Now we use 2-stage Radau ITA method with PT formula (5.10) (PTRIIA2) and 2-stage
Gauss method with PT formula (PTGAUSS2) to solve the above problem. Define the dif-
ferences of numerical solutions as e, = |y; , — Y5 ,|, where y; ,, and y, , are the numerical
solutions approximating to the solutions of problems (6.2)-(6.3) with two different initial
conditions

y(t)=sint, te[-1,0] (6.4)

and

y()=t, tel[-1,0], (6.5)
at t = t,, respectively. Table 2 shows the numerical results, where h = 0.1 and h = 0.01.
These numerical results confirm our theoretical analysis that 2-stage Radau IIA method
with PT rule (PTRIIA2) and 2-stage Gauss method with PT rule (PTGAUSS2) can preserve

the asymptotic stability of the underlying system.
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6.3. Example 2: A partial neutral functional differential equation

The next problem is defined for t >0 and x € [0,1]:

2

Eu(x, t) ZE%u(x, t)+au(x,t —1)

t
0
+ bf e Ssinu(x,s)cos au(x,s)ds + g(x, t), (6.6a)
t—1

with the initial and boundary conditions

u(x,t)=(x—x>+1)e7", x€[0,1], te[-1,0], (6.6b)
u(0,t)=u(1,t)=e", t>0. (6.6¢)

After application of the numerical method of lines, we obtain the following NVDIDEs of
the form:

1
ui(t) = W[ui—l(t) — 2u;(t) + upq ()] + au;(t — 1)

t
+ bf e”* sinu;(s) cosu;(s)ds + g;(t), t>0, (6.7a)
t-1
up(t) =uy (t)=e™", t>0, (6.7b)
u;(t) = (iAx —i2Ax? +1)e ™, i=1,---,N,—1, te[-1,0], (6.7¢)

where Ax is the spatial step, N, is a natural number such that N, Ax =1, x; = iAx, i =
1,---,N, —1, and y;(t) = u(x;, t), g;(t) = g(x;, t). Thus, we have

4N ., m
a=——=sin ,  B=lal, y =1bl,
s 2N,
4eN? 4N?
Ly=e+ 5 u=e, L, =—, L,=e.
T TT

Observe that L, u and L, will decrease with increasing values of t. As a result, the solution
to problem (6.7) is asymptotically stable. The purpose of this numerical experiment is to
illustrate the stability and convergence of CQRKMs.

First, we consider the stability of numerical methods. For this purpose, we set g(x,t) =
0 and give the other initial condition

u(x,t) =(x —x?e ¢, x€[0,1], te[-1,0]. (6.8)
After discretization this initial condition becomes
u(t) = (iax —i?AxHe™, i=1,---,N,—1, te[-1,0]. (6.9)

We take Ax = 0.1 for the numerical method of lines and use 2-stage Radau IIA
method with compound trapezoidal (CT) rule (CTRIIA2) for the numerical integration
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of the problem (6.7). For solving the nonlinear algebraical equations, we consider the it-
eration scheme (6.1) with A4 = 3, Yj(n’o) = Yj("_l"/‘/) and ?j(n,O) = 17j(n_1"/v). Define the
differences of numerical solutions as
— n _ g
B = max U5~ U1
where U” and Uy ; are the numerical solutions approximating to the solutions of problems
(6.7), and (6. 7a) (6 7b) and (6.9), respectively. The numerical results of CTRIIA2 with

h = 0.1 and h = 0.01 when applied to problems (6.7), and (6.7a), (6.7b) and (6.9) with
a=—e"!and b =0.01 are listed in Table 3.

Table 3: The differences E, produced by CTRIIA2 when applied to (6.7), and (6.7a), (6.7b), and (6.9)
with a=—e™" and b =0.01, where h=0.1 and h=0.01.

h t=0.1 t=1 t=5 t=10

.1 | 9.275701-107" | 3.735039-107! | 6.314180-1073 | 4.254367-10~°
.01 | 9.800226-107! | 3.545434-107! | 6.627136-1073 | 4.465401-10~°

In summary, we can conclude that under these sufficient conditions given in this paper
CQRKMs are stable and asymptotically stable.

Now we consider the convergence of the numerical method. In the numerical experi-
ment, the function g(x, t) is selected in such a way that the true solution is

u(x,t)=(c—x%+1)e "

Let
e(T)=_ max [U{(T)~u(x;,T)|
1<i<N,—

denote the error of a method when applied to problem (6.7), where U;(T) denotes the
numerical solution which is produced by CTRIIA2 approximating u(x;, T). Table 4 shows
the errors at T = 10. These numerical results illustrate the convergence of CQRKMs for
NVDIDEs.

Table 4: The errors e(T) produced by CTRIIA2 when applied to (6.7) with a = —e™! and b = 0.01,
where h=1/m and T =10.

m=10 m=20 m =40 m =80
1.295734 x 1072 | 1.654411 x 107 1° | 2.090210 x 10~'T | 2.628293 x 10~ 12

7. Concluding remarks

We have given some sufficient conditions for the stability and asymptotic stability of
the true solution to nonlinear NVDIDEs (1.1)—(1.2). This analysis is based on a Halanay
inequality generalized by Liz and Trofimchuk [29] (see also [38]). The main purpose of
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this paper has been to obtain a comprehensive theory of the stability of RKM with the
compound quadrature formulae for nonlinear NVDIDEs (1.1)—(1.2). The main results of
the paper are given in Section 4. An extension of the stability results to NVDIDEs with
weakly singular kernel was also discussed in this paper.

We have noted that the sufficient conditions for the stability of the numerical solution
are slightly stronger than the sufficient conditions for the stability of the true solution.
The difference is that there is a factor v, which results from the compound quadrature
formulae, in the sufficient conditions for the numerical stability. We also noted that v
approximate to 1 for some common quadrature formulas, especially, v = 1 for the CT rule,
and that the Radau IA (s > 1), Radau IIA (s > 1) and Lobatto IIIC (s > 2) methods with
the CT rule can completely preserve the asymptotic stability of the underlying system.

We remark that we have only considered the stability of the true solution and the
numerical solution. The blowup properties of nonlinear Volterra equations have been in-
vestigated by many authors (see the recent survey papers by Bandle and Brunner [4] and
Roberts [32]). Recently, Ma et al. [30] and Ma and Jiang [31] examined numerically the
blowup solution of VIDEs and time fractional differential equations, which is equivalent to
the Volterra integral equation with weakly singular kernel, by moving mesh method, re-
spectively. To the best our knowledge, however, the blowup theory for nonlinear NVDIDEs
is completely unknown. The blowup solution of nonlinear NVDIDEs is an interesting topic
and will be our future work.
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