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Abstract. In this paper, a-posteriori error estimators are proposed for the Legendre
spectral Galerkin method for two-point boundary value problems. The key idea is to
postprocess the Galerkin approximation, and the analysis shows that the postprocess
improves the order of convergence. Consequently, we obtain asymptotically exact a-
posteriori error estimators based on the postprocessing results. Numerical examples are
included to illustrate the theoretical analysis.
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1. Introduction

A-posteriori error estimation has now become an accepted and even expected tool in
modern scientific computing. Many a-posteriori error estimators have been developed for
low order finite element methods (FEM) (see, e.g., [1, 4, 27], and references therein),
which are mainly based on the residual method [2, 3, 5, 8] or on the recovery method
[35,36].

In contrast to the low order FEM (h-FEM), a-posteriori error estimation for high order
methods such as the spectral methods, the p-version FEM and the hp-version FEM is much
less developed and lacks of substantial progress in the past two decades. There are only
few papers on this topic in the current literature, see, e.g., [9,12-16,22-24].

In the present paper, we develop a-posteriori error estimation for the Legendre spectral
Galerkin method [10,13,25,29] for a certain class of two-point boundary value problems.
We first construct a semi-H! projection which plays an important role in the analysis of
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high order methods in one space dimension, and investigate it’s approximation property.
Following the classical superconvergence analysis of the h-FEM [4,11,21,28,32,34], some
superconvergence results are obtained. Then, we propose a postprocessing technique to
enhance the Legendre spectral Galerkin method. It is proved that the postprocess improves
the order of convergence of the Galerkin approximation. Actually, the postprocessing tech-
nique is essentially a correction for the Galerkin approximation, and the correction scheme
(4.5) in section 4 shows that the correction quantities to the numerical solution can be ex-
pressed by a sum of some higher order polynomials, and the overcost of the postprocessing
procedure is nearly negligible. Finally, it is possible to define recovery-based a-posteriori
error estimators that are asymptotically exact by using the postprocessing results.

This paper is organized as follows: in the next section we present the model prob-
lem and construct the Legendre spectral Galerkin approximation scheme. In Section 3,
we investigate the approximation properties of the semi-H! projection. In Section 4, we
propose a postprocessing technique for the Galerkin approximation and the asymptotically
exact a-posteriori error estimators are analyzed. The analytical results are illustrated by
numerical examples in Section 5. We summarize the work and also discuss some possible
future works in the last section.

Let I C R be an open and bounded interval. In this paper, we adopt the standard
notation W™4(I) for Sobolev spaces on I with the norm || - ||, ; and the seminorm | - [, 4.
In addition, We denote W™?2(I), Wom’Z(I ) by H™(I), H{'(I), respectively. Hereafter, we
denote by C a generic positive constant independent of any function and N, the order of
the Galerkin approximation.

2. Legendre spectral Galerkin method

We consider the following two-point boundary value problem

{ —u(x)+ b(x)u(x) = f(x), inI=(-1,1), 2.1

u(—-1)=u(1)=0,

with b(x) > 0, and we assume that b and f are sufficiently smooth for our analysis.
The weak form of (2.1) isto find u € Hé (I) such that

a(u,v)=(f,v), Vve Hé(I),
where
a(u,v) = J(u’vl + buv)dx, (f,v)= f fvdx.
I I

Let

n

Ln() = 2™l dx™

[(x*=1)"], n>0
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be the Legendre polynomials which form an orthogonal basis of L2[—1, 1]. For the proper-
ties of Legendre polynomials see [26]. We define

x _ L) = Ly(x)

2

]__
¢0(X)=12 . 2L
b= o) F 1 (x)

2 b
2k+1 (*
¢k+1(x)=\/ 5 JLk(g)dg, k>1.
-1

The following properties are valid

1
¢k+1(x)=\/m(LkH(X)—Lk—ﬂX)), k>1, (2.3)
=—yE L e, k21 @4
Prra(x) = 2 kk+1)o X, k=4 '

Let Vy = span{¢o, 1 - -- ¢ }. The Legendre spectral Galerkin method is to find uy € V) =
Viy NH(I), such that

(2.2)

a(uy,v)=(f,v), Vve VA(,).

We end this section by listing some properties of L; ad ¢; which will be used later:

Iz, j>o0, (2.5)

9 B 2
0 T 3T

2 —

/ [2j -1 .
¢;(£1)=0, ¢;(x)= TLj_1(X), jz2. 2.7)

The proof of the above results is straightforward and we only verify the second one. In
fact, by (2.3) and (2.5),

j=2, (2.6)

191, = e
e 225 —1)\2j4+1 0 2j-37  (2j+1)(2j-3)
In the following section, we shall investigate the approximation properties of a semi-H®

projection.

3. Semi-H' projection and super-approximation

Suppose that u € H'(I). Then v’ € L2(I), and consequently we have Legendre expan-
sion

()= Y oLy (x)
k=0
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with ag = (k +3)(W, L)y, k > 0. It follows that

u(x) = Zﬁj¢j(X), Vx €l,
=0

J

where ¢ jis defined by (2.2) and

Bo=u(=1), B;=u(l),

2j+1 (3.1

ﬁj+1 = T(u/5l")5 J Z 1.

Let Hg,u be the Legendre projection which satisfies
(u— Hg,u,v) =0, VvePry,
where Py stands for the set of all polynomials of degree at most N. We define the operator
N
My :H'(D) = Vy(), Tyu(x)=Y Pip;(x), Vxel (3.2)
j=0

Obviously, there always holds
(Myw) =15 _,u, (3.3)

which implies that ITy is a semi-H! projection operator.

Lemma 3.1. The operator Iy has the following properties:

1) MNyu=u, YuePy, Iyu(£l)=u(£l).
2) (u—Tyu,v); =0, Vv €Py_y, ((u—Tyu),v); =0, VvePy_;.

Proof. From the definition of ITy in (3.2), we can verify these properties directly. O

To derive approximation results, we introduce the Legendre-weighted Sobolev space
H*O(I) furnished with the norm

k
lull? oy = D | (1= PP
=01

Moreover, |+ |gro(yy is @ semi-norm involving the k-th derivative only. Actually, H k0(T)is a
special case of the Jacobi-weighted Sobolev space H#(I) with 8 = 0 (cf. [6,7,17-20]).
Note that it is always true that for k > 0

lull oy < lullgeery- (3.4
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Lemma 3.2. Let u € H**'(I) with k > 0. Then we have the following estimates
llu = Myull, < CN~EM oy < CNTEly)l, m=0,1. (3.5)

Proof. Let Iy, u' = ijj:_ol a; Li.(x) be the Legendre projection of u’(x) on Py_;. It can
be verified [17] that for [ < k

[’ =10yt grogry < CN™C D) oy (3.6)
Recalling the fact that for any integers n > 0 and k > 0 there holds [10]

1 1
J (1 —x*)L! (x)L;(x)dx =n(n+ l)J L,(x)Li(x)dx,
-1 -1

which, together with (2.4) and (3.1), gives

Jlu = Tyull§ = | Z Broills = Z \/ -1 9l

k=N+1 k=N+1

2 2 )
Z k- Dkk—D® -1l _];:Vk(k+1)(2k+1)|ak|

k=N+1

2
< E ——a 2< N2l —11° /12
= k2 (2k+ 1)| kl = ” N—-1 ”0

< CN 2(k-"_l)”u ||Hk0(l)

The above results, together with (3.3) and (3.6), implies (3.5). O

An important weak error estimate will be given as follows.
Theorem 3.1. Let N > 2. Then the following basic estimates hold for m = 1,2
la(u — Myu,v)| < CN~C ™yl ], Vve Ve, (3.7)
Proof. With the aid of Lemma 3.1, we have
a(u—Tyu,v) =(u—Tyu,bv), Vve VA(,)(I). (3.8)
Let w = bv. It follows from Lemmas 3.1 and 3.2 that for N > 2

|(u — Tyu,w)| = [(u— Tyu,w — My _,w)|
< [lu = yullpllw — Hy_owllo
< CN~E D] N W[ gmevogry
< CN_(k+1)N_m||u||k+1||W/||m—1,1

< CN~EE g [V - (3.9)

Consequently, the desired result follows from (3.8). O
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Corollary 3.1. Let the assumptions of Theorem 3.1 hold. Then,

la(u —TIyu, Ty ¢)| < CN_(k+3)||u||k+1||¢||2, V¢ e H*(I)N Hé(I) (3.10)

Proof. By inspecting the proof of Theorem 3.1, it suffices to prove
I(bTLy Y llgio) < Cllpllz- (3.11)
It follows from (3.4)-(3.6) that
I(bT1y @) llgrrogry = 1Ty ¢ + BIIY_; @’ |lgr100ry

< ¢ (M lrog + 1T ¢ lloqs )

< C(”HN¢ = Pllgroqy @ llgrogy + Iy, ¢" — &' llgog) + ||¢/||H1’0(I))

< (I llog + 19 oy ) < Cligl,

which completes the proof of (3.11). O

Corollary 3.2. Let the assumptions of Theorem 3.1 hold. If b(x) = 0, then,
a(u—TIyu,v)=0, VveVy, N=>1.
Consequently, TIyu = uy, where uy is the corresponding Galerkin approximation.

The main result in this section is presented in the following theorem. It is shown that
the Galerkin approximation uy is a better approximation to the semi-H' projection than to
the solution u itself.

Theorem 3.2. Let uy be the Galerkin approximation to Eq. (2.1), and let N > 2. Then we
have the super-approximation estimates

lluy = Myully < CN~EB"lyy ), m=0,1, (3.12)
Proof. Using Theorem 3.1 gives

lluy — HNUH% < Ca(uy — Myu,uy — IMyu)
= Ca(u — yu,uy — Iyu)

< CN~® Dl |luy — Myully
which implies that (3.12) holds for m = 1. For m = 0, we consider the auxiliary problem:

—¢"(x)+ b(x)p(x) = p(x), inlI=(-1,1),
p(-1)=9¢(1)=0,

with ¢ € L%(I). Then the equation has a unique solution ¢ € H*(I) N H}(I), and

li¢ll2 < Cllello- (3.13)
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Note that ¢ satisfies the variational equation
a($,v)=(p,v), VYveHD. (3.14)

Let ¢y € VI\(,) be the Galerkin approximation to (3.14). Applying Theorem 3.1 and (3.12)
with m = 1, we obtain

a(¢ — Ty, uy —Myu)
=a(¢y —y¢,uy —Tyu)
=a(¢y — Ty, u—Tyu)
< CN™® D4 1Ty ¢ — P lly
< N Il llg - (3.15)

Let ¢ = |uy — Hyulsgn(uy — yu) € L2(I). Combining (3.13), (3.15) and Corollary 3.1,
we obtain

lluy — HNUHS = (p,uy —Tyu) = a(¢,uy — Myu)
=a(¢ —y¢,uy —Iyw) + a(llyp,uy — Myu)
=a(¢ —My¢,uy — Iyu) +a(u— Ty, y¢)
< CN"E Il llplla + CN~EDullgll ¢l
< N~ lulliys llollo, (3.16)

which is (3.12) for m = 0. This completes the proof of the theorem. O

4. The postprocessed method and a-posteriori error estimation

Under certain regularity assumptions on the exact solution, [30,31] considered spectral
collocation methods and the p-version FEM for two-point boundary value problems, and
obtained some natural superconvergent points. In this section, we shall propose a postpro-
cessed method to enhance the spectral Galerkin approximation. A similar postprocessing
technique was first developed for the h-version FEM in [33], where global superconver-
gence results are obtained. Based on the postprocessing results we can define a-posteriori
error estimators that are asymptotically exact.

Let u € H**1(I) be the exact solution of Eq. (2.1). Then

u” =bu-f. 4.1)

Note that for 1 > 2

1 /
B = Z_E(U;Ll—l)

=-W",¢)=(f —bu,¢;)
= (f = buy, ¢1) + (b(uy —u), ¢y). (4.2)
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Let

Bl =(f — buy, ¢). (4.3)
Thanks to the well-known estimate ||u — uy||g < CN_(k+1)||u||k+1, it follows that

18— B 1 = 1(b(uy —w), ¢ < CN~E D ull 4 [y - (4.4)

Let

M
ko k
uy=uy+ Y. Bié, M=N+1. (4.5)
I=N+1

Then u}, is a corrected value of uy which can be easily calculated, and it is a high accurate
approximation to u.

Theorem 4.1. Suppose that u and uy be the exact solution and the Galerkin approximation
to Problem (2.1), respectively. Let uy, be the correction value determined by (4.5), and let M be
the minimum integer not less than N+ with 0 < o < 1. Then we have the superconvergence
estimates

lu = iyl < CNFE A gy, m=0,1, (4.6)
where ag = min{o(k + 1),1} and @; = min{ok,1 — %}.

Proof. Note that

u—uy = (u—Tyu)+ TIyu—uy) + (HMU_HNU_ Z ﬁl*d’l)'

I=N+1
Using Lemma 3.2, we get
lu — Myull, < CM~EF=™)| |, .., m=0,1. (4.7)
It follows from (2.6) and (4.4) that
M M
’ Myu—Tyu— Y. B, H D (BB,
[=N+1 [=N+1 0

M
<N Dlullgy > gyl

I=N+1
< CN"E Dyl ;. (4.8)

Here we have used the fact that

Z llplI2 < Z 12_ Z

[=N+1 [=N+1 [=N+1

l(l - 1)
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Combine (4.7), (4.8) and (3.12) to conclude that

M
> (BB,

[=N+1

< cN~(+D) (N—O'(k+1) 4+ N2 +N‘1) el

llu—uyllo < llu—Tyully + ITyu — uyllo +

0

=< CN_(kH)_aO”u”kH,

with ay = min{o(k + 1), 1}, which is m = 0 for (4.6).
Analogously, by Cauchy-Schwarz inequality we have

M M
‘ Myu—thu— Y o =\ S B
I=N+1 1 I=N+1 1
M
<CN"E Dl D lullollyly
[=N+1
M 1
_ _1 2
<CN~KHINT ||u||k+1( > |I¢zllf)
[=N+1
< CN" DM = N)2 flullss
< CN"FFD . 4.9)
Combine (4.7), (4.9) and (3.12) to conclude that
M
e = w1y < Nl = Mpgully + My —uyll + || > (B — B
[=N+1 1

<CNKN"F + N2+ N2 ))lullpss

—k—
< N7 lulles

with a; = min{fok, 1 — Z}, which is m =1 for (4.6). O
Remark 4.1. Obviously, the best choice of o € (0,1) is 0 = k%l form=0,and o = %ﬂ
for m = 1 such that the equality ck = 1—% holds, and then ay =1, a; = % Accordingly;,
we have
llu—uyllo < CN~E |l (4.10)
2k
= lly < CN T iy (4.11)

We now introduce the error estimators 1,,,,m = 0, 1 for the two-point boundary value

problems (2.1)
M
> B

[=N+1

, (4.12)

m

N = Iy —unllm =
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where " are computed as in (4.3). Let E = u — uy. The following result shows that 7,
are asymptotically exact.

Theorem 4.2. Assume that the hypotheses of Theorem 4.1 are satisfied and that
IEllm = llu = ullm = CN~EH"™, m=0,1. (4.13)

Then the error estimators 1,, are asymptotically exact, i.e.,

lim =1, m=0,1. (4.14)

Proof. Employing the splitting
E = (uy —uy)+(u—uy)
and (4.6), we have
|IE|l,, — CN~Fmmtn <y < |||, + CN - FImm =G (4.15)

The desired result follows from (4.13) and (4.15). O

5. Numerical experiments

In this section, we present some computational examples to illustrate the preceding
discussions and we will focus on the robustness of the proposed error estimators.
The quality of the error estimators is expressed as usual in terms of the effectivity index

Nm ”u;kv _uN”m
Qm = = ,
lEl,  llu—uyllm

m=0,1.

As the first example, we consider the problem

—u”+bu=f inI=(0,1),
u(0)=u(1)=0,

with the exact solution u(x) = x*/2—x and b(x) = ¢*+3. Then u € H>"¢(I)NH(I), e > 0.
Obviously, the proposed method can be applied here by a simple scaling. Let M = N°/5.
Then various norm errors, estimators and effectivity indices are computed with varying N
and results are summarized in Table 1, where ||E||, and ||E||; denote the L? and H' norm
errors, respectively. It is shown that the error estimators 7, are asymptotically sharp,
which coincide with the predicted theoretical results.

As the second example, we consider the problem

—u”"+bu=f inlI=(-1,1),
u(—-1)=u(1) =0,
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Table 1: Errors, estimators and effectivity indices for Example 1 with M = N®/5,

N lE1|o Mo 6o E||; N1 61

3 0.0133 0.0143 1.0790 0.2601 0.2722 1.0464
4  6.8284e-004 7.1763e-004 1.0510 0.0173 0.0178 1.0287
5 3.2420e-005 3.3784e-005 1.0421 0.0010 0.0010 1.0182
6  4.2590e-006 4.3461e-006 1.0204 1.6079e-004 1.6282e-004 1.0126
7  8.6355e-007 8.7175e-007 1.0095 3.8279e-005 3.8632e-005 1.0092
8 2.2800e-007 2.2806e-007 1.0043 1.1651e-005 1.1731e-005 1.0068
9 7.2287e-008 7.2410e-008 1.0017 4.1948e-006 4.2168e-006 1.0052
10 2.6263e-008 2.6271e-008 1.0003 1.7099e-006 1.7162e-006 1.0037

Table 2: Errors, estimators and effectivity indices for Example 2 with M =N + 2.

N lE1lo Mo 6o IEl; LB 01

3 0.0918 0.1097 1.1948 0.4714 0.5357 1.1363
4 0.0146 0.0165 1.1269 0.0962 0.1040 1.0805
5 0.0018 0.0019 1.0838 0.0143 0.0151 1.0538
6 1.7762e-004 1.8799e-004 1.0584 0.0017 0.0017 1.0386
7  1.4664e-005 1.5292e-005 1.0428 1.5704e-004 1.6159e-004 1.0290
8 1.0394e-006 1.0735e-006 1.0328 1.2582e-005 1.2866e-005 1.0226
9 6.4554e-008 6.6226e-008 1.0259 8.7183e-007 8.8757e-007 1.0181
10 3.5673e-009 3.6421e-009 1.0210 5.3187e-008 5.3974e-008 1.0148

with the exact solution u(x) = (1 — x?)e* and b(x) = x2 + 3. For this smooth solution,
we let M = N + 2, and the results are listed in Table 2. Note that the value of M slightly
larger than N is enough to improve the accuracy of the approximation, and the overcost
of the postprocessing procedure is nearly negligible. It can be also observed from Table 2
that the effectivity indices approach 1 as N increasing, and the excellent properties of the
proposed estimators are confirmed again.

6. Conclusion

In this paper, we develop a-posteriori error estimation for Legendre spectral Galerkin
method for two-point boundary value problems. Applying the postprocessed method, su-
perconvergence properties for the Galerkin approximation are obtained, which play essen-
tial role in the analysis of recovery-based a-posteriori error estimation.

In fact, those results obtained and techniques used can be extended to one dimensional
parabolic equations and the hp-version FEM. However, the generalization of the results to
the higher-dimensional tensor product case is not straightforward. It is hoped that we can
apply the proposed method to recovery the internal boundary flux in the p-version FEM,
this in turn can be used to develop residual-based a-posteriori estimation. The work pre-
sented in previous sections is just the beginning, and a comprehensive study on a-posteriori
error analysis for high order methods, such as the spectral method, the p-version FEM and
the hp-version FEM in two or higher dimensional problems is needed. Nevertheless, it cer-



A-Posteriori Error Estimation for Legendre Spectral Galerkin Method in 1D 51

tainly present a new way of thinking, a new approach, and a new direction, which seem
encouraging and promising.
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