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Abstract. In this paper we use the simplex B-spline representation of polynomials or
piecewise polynomials in terms of their polar forms to construct several differential or
discrete bivariate quasi interpolants which have an optimal approximation order. This
method provides an efficient tool for describing many approximation schemes involving
values and (or) derivatives of a given function.
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1. Introduction

The construction of most classical approximants of a given data set or a function usu-
ally requires the solving of linear systems. Spline quasi-interpolants are local approxi-
mants avoiding this problem, so they are very convenient in practice. In general, a quasi-
interpolant of a given function f is obtained as a linear combination of some elements
of a suitable set of basis functions. In order to achieve local control, these functions are
required to be positive, to ensure the stability and to have small local supports. The coef-
ficients of the linear combination are the values of linear functionals depending on f and
(or) its derivatives or integrals.

Various methods for building univariate and bivariate quasi-interpolants have been de-
veloped in the literature see for examples [1,5,11,16,22], and references therein. Usually,
the appropriate basis functions are B-splines. In the univariate case, these B-splines are
well-known and satisfy the above required properties. So the study of the correspond-
ing quasi-interpolants is well developed and they are used for solving several problems
in different fields. However, in the bivariate setting, the construction of B-splines which
are positive and form a stable basis of spline space is difficult, even impossible except
on very special cases, such as the Powell-Sabin basis introduced by P Dierckx in [13]
and the simplex B-spline basis. Several authors have presented collections of simplex B-
splines which guarantee such properties. The first collection has been introduced by de
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Boor in [10], which proposes to consider the cylinder or "Slab" R® x Q, where Q C R" is
a suitable convex hull polytope of unit volume, and subdivide this Slab into non trivial
simplices. Since then, the above theory has been explored extensively by Dahmen and
Micchelli in [7,8] and by Hollig in [15]. From the point of view of blossoming (i.e., using
the polar form), two collections are proposed. The first one, called triangular B-splines
(or DMS B-splines), introduced by Dahmen, Micchelli and Seidel in [9]. The second one,
studied by Neamtu [20], is the natural generalization of univariate B-splines.

Simplex B-splines are a powerful and flexible class of geometric objects defined over
arbitrary, non-rectangular domains. Despite their great potential advantages and their
interesting theoretical properties, practical techniques and computational tools with sim-
plex B-splines are less-developed. The first works which use theoretical simplex B-splines
in approximation were introduced by W. Dahmen and C. A. Micchelli in [7,8]. They pro-
posed an approximation process to construct a differential simplex spline quasi-interpolant
which generalize the quasi-interpolant introduced by C. de Boor and G. J. Fix [12]. In this
paper, we propose a method for constructing discrete and differential simplex spline quasi-
interpolants which reproduce the space of polynomials of degree at most n or the whole
space of simplex splines associated with a given set of knots. This method (see [23], for
instance) is based on the polar form of a chosen local polynomial approximant like local
interpolants or other operators having the optimal approximation order. It also requires
a collection of simplex B-splines which allows to express any bivariate polynomial p or
simplex spline s as a combination of normalized simplex B-splines; and coefficients in the
combinations should be given in terms of the polar forms of p or s. This latter condition
is only satisfied by the DMS B-splines and Neamtu B-splines. In our work we use DMS
B-splines to describe different schemes for differential and discrete quasi-interpolants.

The paper is organized as follows. In Section 2 we give some definitions and properties
of bivariate simplex B-splines. In Section 3 we introduce the B-spline representation of all
bivariate polynomials or DMS splines over a triangulation A of a bounded domain D C R?,
in terms of their polar forms. In Section 4 we apply the approach introduced in [23]
to DMS B-splines. Then we describe some differential and discrete simplex spline quasi
interpolants which reproduce bivariate polynomials and provide the full approximation
order in the space of bivariate simplex splines. In Section 5 we give some upper bounds of
the infinity norms of some families of discrete quasi-interpolants. Finally, some numerical
examples are proposed in Section 6.

2. Bivariate simplex B-splines

For any ordered set of affinely independent points W = {w,,w;,w,} € R? and any
point x € R? we define

d(W)zdet( 111 )

Wo Wy Wy
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dO(W|x)=det( 111 ),

X W1 Wy

1 1 1
d,(W|x)=det ( we x W ),

1 1 1

wo wy x |’

where det denotes the determinant operator. The barycentric coordinates of x with respect
to the ordered set W are given as follows

dy(W|x) =det

R Pr— j=0,1,2.
d(W) > J >4

It is well-known that the scalars A;(x), j = 0,1, 2, satisfy the following properties

2 2
x = Z)Lj(x)wj, with Z)Lj(x) =1.

j=0 j=0
Let V = {vy,* -+, V,,} be an arbitrary set in R2. We denote by [V] = [vg,---,V,,] the convex
hull of the set V. The simplex B-splines M(x|V) = M(x|vy, - ,V,,) are defined recursively
as follows: for V = {vy, v, v} we set

‘%[vo,vl,vz) (X)

s 2.1
(V) @1

M(x|V)=

where 27y, y, v,)(x) is the characteristic function of the half-open convex hull [vy, vy, v5).
For V. ={vy, -+ ,v,,}, m > 2, we set

2 d:(W|x)
MxV)=Y L——Mx|V\{v ], (2.2)
; d(w) j

where W = {v; ,v;,
mation see [14]).

The function M (x|V) is a positive piecewise polynomial of degree n = m—2, supported
on the convex hull [V], and is C"~! continuous everywhere. Simplex B-splines and their
univariate counterparts share many useful properties (see, e.g., [7,19]). For examples,
the simplex B-splines can be evaluated by the recurrence relation (2.2), which is similar
to the well-known recursion for univariate B-splines. Of course, while individual simplex
B-splines are mathematically appealing functions in their own right, it is the linear combi-
nations of such splines that are of main interest in modeling and data applications. Thus
it is very important to choose an appropriate collection of knots to construct meaningful
spaces spanned by bivariate B-splines.

v;,} is any subset of affinely independent points in V (for more infor-
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3. Polar form and bivariate simplex spline space

3.1. Polar form

Definition 3.1 ([2]). Given a bivariate polynomial p € P,(R?), the polar form p of p is
defined as the unique function of n vector variables uy,--- ,u, € R? satisfying the following
properties:

o multiaffine: for any index i =1,---,n and any real number A

DUy, -, ui_, Au+Av,ui g, ,Uy,)

= A'p(u]_)' o 1ui—1)u)ui+11' ot Jun) + A'p(u]_)' o 1ui—1)v1ui+11' o Jun))

where A=1— A.

e symmetry: for any permutation 7 of {1,2,---,n}
P(ug, -, un) = p(Un(rys 5 Unm))s
e diagonal: p reduces to p when evaluated on its diagonal, i.e.,
plu,---,u) =p(u).

The following result gives a method for computing the polar form of bivariate polyno-
mials in a special case.

Proposition 3.1. Let A, ,A, be n points of R> and Ry, - - ,R,, be n polynomials in P;(R?).

If
n
p(e, ) =] [RiCx, ),
i=1
then we have .
1
AL .A) = — Z@ l_llRi(An(i)), (3.1)
neS, i=

where &, is the symmetric group of all permutations of the set {1,--- ,n}.

Proof. Let us consider the function q defined by:
q: (RH)" - R

1 n
(A A0 = = 3 | Rl =a@n, A,

' nes, i=1

It is easy to see that the function q satisfies the properties given in Definition 3.1. Hence ¢
is the polar form of p. O
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Figure 1: A perspective plot of a bivariate quadratic simplex spline with knots X = {(0, 1), (0,0.5),(0.5,0),
(1,0.25),(0.75, 1)}.

3.2. Bivariate simplex spline space

It is well-known that univariate B-splines form a basis of a spline space, which has opti-
mal approximation properties in the sense that continuous functions can be approximated
by linear combinations of B-splines with the approximation order equal to the order of the
splines. This is a consequence of the two following facts:

(1) B-splines provide a local basis.

(2) The linear space spanned by B-splines contains all polynomials of degree less than
the order of the splines.

In order to use simplex B-splines in applications (for examples data fitting, computer-aided
design, image analysis), it is necessary to construct an appropriate simplex B-spline space
,, which has the optimal approximation properties like the univariate one. There exist
several constructions of the space ¥, (see, e.g., [8-10, 15,20]), but in practice the most
well-known are the ones introduced by W. Dahmen et al. in [9] and by M. Neamtu in [20].
These constructions are obtained by solving the following problem: for any integer n > 0,
and any generic set of knots (i.e., without multiplicities) K, find a spline space &, such
that the following properties hold:

(i) Each spline in &, is a piecewise polynomial of degree n, associated with a rectilinear
partition determined by K;

(ii) Each spline in ., has optimal smoothness, i.e., &, € C"}(R2);

(iii) The space of bivariate polynomials of degree less than or equal to n is a subset of &,
ie., P,(R?) Cc ;
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(iv) &, is locally finite dimensional, i.e., dim (#,/€) < oo, for any compact Q C R?;

(v) There exists a countable collection 93, of compactly-supported functions which forms
a basis for .7, in the sense that for every x € R?, all but a finite number of functions
in 98, vanish at x, and every spline in &, can be uniquely represented as a linear
combination of the form X5 cgB, where cg €R, B € A,

In our study we are interested in property (v), that illustrates how each spline s in
&, and each polynomial p in P,(R?) can be written as a linear combination of the form
Ygem,cpB. Since cg, B € 9%, are given in the DMS-construction and Neamtu’s construction
by the same expression (with the polar form of p or the polar form of the polynomial
restriction of s in the support of B), we will use in this work the DMS-space for constructing
different quasi-interpolating schemes.

t, tu

Figure 2: Triangulation of a bounded domain D c R?.

Let T = {A(I) = [t;,, ti, t;, 1,1 = (ip,i1,i3) € F C Zi} be a triangulation of a bounded
domain D C R2. This means that D = U;c,A(I), where for any pair (I,J) € ¢ x .,
A(I)N A(J) is empty or is a common point or edge of A(I) and A(J) (see Fig. 2). In
order to construct simplex B-splines of degree n over the triangulation T we first assign
a sequence of auxiliary knots t; 1, ,t; , to every vertex t; = t; , of the triangulation in
such a way that any set of three knots of {t; ¢, - ,t; ,} is affinely independent, i.e., forms
a proper triangle (see, e.g., [24]). Consider the regions

I _ I I_
Qp = Ny<pdy and Q= lnt(ﬁQ_n Qﬁ),

where int(A) denotes the interior of the set A,
B,y € Zi, Ty =1{B=(Bo,B1,B2) € Zi_ (Bl = Bo+ B1+ By =n},
and

I —_— I —_ . . .
AY - A(Yo,h,)’z) - [tlo’Yo’ Lis s tlz,Yz]'
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ti t;,

Figure 3: The region Q..

If int(Q) is not empty, then

H = {tio,O’ T tio,n’ ti0om s tipnstiy 00 s tiz,n}

is called a knot net associated with the triangle A(I) = [t; o,t; 0,ti,0]- The set C; =
{tio, "+, t;} is called the cloud of knots associated with the vertex t; = t; 5. This condi-
tion states that the clouds of knots associated with different vertices of a triangle are all
separated from each other. In particular, all triangles Ak = [ti, p,> ti,.py> ti,,p,) Dave the
same orientation [24] (see Fig. 3).

If we put

I
Vﬁ - {ti0,0> " Lig s i 005 i s Bin 000 tiz;ﬁz}’ BeTy,
then the functions
I I
Nﬁ(X) :| d(tio;ﬁo’ til;ﬁl’ tiz,ﬁz) | M(X | Vﬁ)’ Ieg, ﬁ er,,

called DMS-splines (or Triangular B-splines) over ., are linearly independent and locally
linearly independent over Qfl Furthermore, the space

Sy = span{N/é(x),I SRS Fn}

satisfies the properties (i), (ii), (iii), (iv) and (v) (see [9,14,24]). More precisely we have
the following results:
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Theorem 3.1. Let s be any piecewise polynomial of degree n over the triangulation T that is
C™ ! continuous everywhere, then for each x in D we have

- I
s(x)= Z Z ST(Eig,05 " 5 tig =15 Liy,00 """ » iy By—15 Lin,05 " " tiz,ﬁz—l)N/g(x), (3.2)
1€¥ ger,

where s; is the restriction of s to the triangle A(I).
A full proof of Theorem 3.1 is given in [25]. We note that S, 5;, B are strictly positive.

Corollary 3.1. For each polynomial p € P,(R?) and x € D we have

p(x) = Z Z p(tiO,O) Tt tio,ﬁo—ly ti1,03 Y til,ﬂl—]_; tiz,O) Tty tiz,ﬁz—l)Né(x)' (33)
I€f Bel,

For p = 1, we deduce that

i.e., the normalized simplex B-splines N é form a partition of unity. The following theorem
shows how each spline s in ., can be explicitly represented as a linear combination of the
normalized B-splines N1, B €T, I € .

Theorem 3.2. For each spline s € &, and x € D we have

— ¢ I
s(x) = Z Z Sl(tio,o’ o lig po-1oLi 005 Ly gy 15 Ty 000 tiz,ﬁz—l)Nﬁ(X)’ 3.4
¥ peT,

where s; is the restriction of s to the region Q,ﬂ

Proof. Let s € ,. Then we have

522 Z céN[Ij.

Ies Ber,

If we denote by s; the restriction of s to the region Q,ﬂ, then we have

si(x)= Z céNé(x), Vx e Qfl
BeT,

. . . I
Furthermore, s; is a polynomial of degree n. By using Corollary 3.1, we get for each x € Q

~ 1
SI(X) = E Sl(ti0,05 ) tio,ﬁ0—15 til,O: ) til,ﬁl—la ti2,05 ) tiz,ﬁz—l)N/g(x)'
pet,

Since N é, B €T, are linearly independent over Qi, it is easy to see that

I ~

_S(t~ ceo t: @1t oot @ 4.t cee tp 1),
0> > 5 > 5 5

Cﬁ I\ti,0 > Lig,Bo—15 tip,05 > i, Br—15%i,,05 > iy, By 1)

This completes the proof of the theorem. O
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4. Bivariate simplex spline quasi-interpolants

Since the quasi-interpolants are good approximation tools, we propose in this section
a method for constructing some quasi-interpolants using the bivariate simplex B-splines
in order to approximate given values or derivatives of a function f. We are interested in
quasi-interpolants of the form:

2f =Y ub(fIN}, (4.1)

Ief Bel,

where ,ulﬁ, I € .#, B €T, are linear functionals. We first propose a method for constructing
the linear functionals ,ulﬁ, I € 4, B €T,. In order to ensure the locality property of the
quasi-interpolant, the support of ,u% must be a subset of the support of N/g and contains
some data sites which are used for determining ,ufj (f). Assume that the scattered data
given at these data sites allow to construct a local linear polynomial operator j[g{ repro-
ducing the space of polynomials of degree n, i.e., jp{ (f)=f for all f € P,(R?). Then we
have the following results.

Theorem 4.1. Let f be a function defined from R? to R such that the values and (or) the
derivatives of f are given at some discrete points in the support of N}, I € ., B € T',. Set

pé = jé(f). Then, the quasi-interpolant defined by (4.1) with
Au’Iﬁ(f) = pé(tiO,O) Tt tio,ﬁo—l) til,Oa T til;ﬁl_l’ tiz,O) Tt tiz,ﬁ2—1)1 (4-2)

satisfies
2p=p, VpeP,(R?).

Proof For f = p € P,(R?) we have pé = jé(f) =pforanyI € .4, and 8 € T,. Then
by using Corollary 3.1, it is easy, to see that

Qp=p, Vpe IPH(RZ),
which is the desired result. O

Theorem 4.2. If the data sites corresponding to pL, 8 € T, belong to the same region Q,ﬂ, for
all I € #, then the quasi-interpolant £ f defined by Theorem 4.1 satisfies

Qs=s, Vse,.

Proof. Lets € &, and let s; be its restriction to the region Qfl We know that Qi contains
the interpolation points which determine the polynomials pk, B €T,. Then we have

p;j =s;, forles.

By using Theorem 3.2, it is easy to see that s =s, Vs € . O

If s is a piecewise polynomial of degree n over the triangulation T that is of class C" !
everywhere, then by using Theorem 3.1 we can obtain the following result.
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Theorem 4.3. If the data sites corresponding to p%, B € T',, belong to the same triangle A(I),
for all I € #, then the quasi-interpolant £ f defined by Theorem 4.1 satisfies 2s = s for each
piecewise polynomial s of degree n over the triangulation T and of class C"~! everywhere.

4.1. Differential bivariate simplex spline quasi interpolants

For constructing a differential simplex spline quasi-interpolant of degree n, we choose

the local operator fé as the Hermite interpolant at some fixed points Z /13 = (Zfs 1,2;’5 ,) €

supp(N é). For this, it suffices to have the values and derivatives of f at these points which
give rise to a unisolvent scheme in P,(R"). In this subsection we describe how the ap-
proach given in the Theorems 4.1-4.3 can be used to construct some particular differential
bivariate simplex spline quasi-interpolants. Let f be a function of class C" on D. For I € .¢
and f8 € I',,, we denote by pé the Taylor expansion of order n of f at a point Z ;3 in the

support of N%, i.e., for V = (x, y) € R? we have

(x =2k V(y —2h,) g+
psV)= > = £2 L.

— 3
ilj! dx'oy’ 4-3)

0<i,j<n
Theorem 4.4. Let 2f be the quasi-interpolant defined by (4.1), (4.2) and (4.3). Then
2p=p, VpeP,(R?).

Moreover; if each Z é, p €T, belongs to the region Qfl (resp. the triangle A(I)), then s =s
for each simplex spline s (resp. piecewise polynomial of degree n over the triangulation T and
of class C"1 everywhere).

Proof. As
ai+jf ai+jf
—— (V)= ——
oxtdy/ Jyloxt

the polynomial pé is the unique interpolant of f which satisfies:

V), 1=<ij<n,

ai-i—j 1 aH_j
ps(Z5) = f(Zf) and b zly= / (Z), 1<i,j<n (4.4)
B =B B axiayj B 3xi8yj B -l )
Since jp{ (f)=f for all f € P,(R?), the claim follows from the Theorems 4.1-4.3. O

Now we give some differential quasi-interpolants constructed with specific values of n.
Consider

I _
W =1{tip,0, " tig po—15 1,00 > Liy -1 Liy,00 " * 5 Ly 13-

In the case n = 2, it is easy to see that for each 8 € TI', there exist two points Alﬁ =

I I I — ol pl I — Al Rl I — (] I
(aﬁ’l,aﬁ’z) and Bﬁ = (b/s,pb/s,z) such that ‘/ﬂﬁ = {A ,Bﬁ}. If we put Qﬁ = (xﬁ,yﬁ) the
midpoint of [ALBL], then by using the definition of the polar form and Corollary 3.1, we
get the following results:
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. Ifzfg :Afﬁ forI €.4, 3 €T, then

of of

pg(Af,Bg)=f(Ag)+a(A’ﬁ)(xg—a;m)+ —— (AR (g —ag ,).

. IfZé:Bé, for1 € .4, B €Ty, then

af af

Ph(AR BR) = £ (Bp) = 5 (B xh = a,) = 5 (B0 — ap).

. IfZ,’s:Qfs forI € .4, B €Ty, then

1
up(F) = Bp(Ap, By) = f(Q) — 5 (4 — Q) V f (Qp)(Ap — Q)"

In the case n = 3, we have for each 3 € I'; there exist three points
I 0 I I _ I _ 0 I
Aﬁ = (aﬁ’l: aﬁ’z): B (b/g 1 ,2), C/g = (C/j,p C/g,z)
such that ‘////é = {Al ,B;J,, C;J,}. If we put

AL +BL 4+ ¢!
eyl iy et Pt Cp
Qﬁ—(xﬁ:.)’ﬁ) 3 5

then we obtain
. Ifzé :Afﬁ forI € .4, 3 €5, then

Pp(Ag,Bg, Cp) = f(AR) + Vf(A 5)(Qp —Ap)"
+ 6(3;3 — ARV (AR)(Ch — AR
. Ifzfg =B}5 forI € .4, B €T3, then
(AL, Bg,Cp) = f(Bg) + Vf(B 5)(Qp —Bp)"
~ 2By~ ALV (BY)(Ch ~ B
° IfZé :C;J, forI € .4, B €5, then
1
Pp(Ap,Bp, Cg) = f(Cp) + 3 VF(Cp(Qq — Cp)'

~ 2By~ CIVF(CCh — A

107

(4.5)

(4.6)

4.7)

(4.8)

(4.9)

(4.10)

Remark 4.1. This method allows to construct several other differential simplex spline
quasi-interpolants. In particular the quasi-interpolants proposed in this subsection. To
construct other differential quasi-interpolants, it suffices to have local data values and

derivatives of f providing a unisolvent interpolation scheme in P, (R?).
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4.2. Discrete bivariate simplex spline quasi interpolants

To construct a discrete bivariate spline quasi-interpolant, it suffices to take data points
in the support of N!, for I € .# and 3 € T',,, which allow to interpolate f, in unique way, in

P,(R?). In order to successfully interpolate with a unique function in the space of bivariate
polynomials of degree less or equal to n at a set of points X C R? with cardinal

= 00D

Liang [17] proved that it is necessary and sufficient that X is not a subset of any algebraic
curve of degree n. To simplify the solution of the interpolation problem, Chung et al. [6]
showed that if a set of nodes X satisfies the geometric characterization (GC condition),
i.e., if for each x € X, there exist n lines Ry ,,--- ,R,, , such that

X\{x} c _Lr_lJlRi’x and x ¢ .Lr_lJlRi’x,
1= 1=
then the Lagrange interpolation problem in P, (R?) is uniquely solvable, and each element

L, of the Lagrange basis is given by the following expression

Rl,x X oeen XRn,x

L, = .
Ry, () X X Ry (x)

Let Z ;3 w» 1 < k < a, be distinct points in the support of N/g satisfying the GC condition.
Then there exists a Lagrange basis {Lg’k, k=1,---,a} such that Lé’r(Zé’s) =08, 18 =
1,--+,a and the polynomial

a
FHH) =ph = F(Z I,
k=1
interpolates f at the points ZL ,, k =1,---, a. Therefore we have the following theorem.

Bk’
Theorem 4.5. Let 2f be the quasi-interpolant defined by (4.1), (4.2), with

a
I _ I 1
Ph =D S (Zh L
k=1

Then
2p=p, VpeP,(R?).

Moreover, if the points Z é,k’ k=1,---,a, 8 €T, belong to the region Qi (resp. the triangle
A(I)), then s = s for each simplex spline s (resp. piecewise polynomial functions of degree
n over the triangulation T and of class C" ! everywhere).

In the case n = 2, the coefficients ,u;s( f) are in general expressed by six scattered
data at points in the support of N /é However we can construct ,u;g (f) by using only three
scattered data. More precisely, if we set W/g ={AL, B;J, }, then we have the following results.
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Figure 4: Position of auxiliary interpolation points for the simplex B-spline ng.

Theorem 4.6. Let I € %, B €T and Z% Bk k =1,2,3, be three distinct points in the support

of NI The points Z/g w k=1,2,3, are collinear with Alﬁ and B}S if and only if there exist

qﬁ k G R\{0}, k =1, 2, 3 such that the quasi-interpolant

2f =Y > up(FINg

1es Ber,

with

3

uh(f)=Y a5 f(Z},), 1€.9, BeT,

k=1

satisfies

2p=p, VpePy(R).
Proof. We first prove the necessary condition. Indeed, let
I _ I I | = I
Zg1 _(zﬁ,l,l’zﬁ,l,z)’ Zg, (zﬁ21’ ﬁzz) Zg, (zﬁ31’ ﬁ32)

be three points collinear with Alﬁ and B;J,. Assume that Z é , € [Z Z é 5] Let Zj and

Z /13 ¢ be three auxiliary points in the support of N /é (see Fig. 4) such that

B4 ﬁ5

zl,e(z]{,7]¢] and Z] € [Z],7](].
We note that Zﬁ o k=16 satisfy the GC condition. Let L{k, k =1,---,6 be the
Lagrange basis corresponding respectively to Z ;5 > k=1---,6. The GC condition implies

that
I Rl,k(x,.)’)Rz,k(X,.)’)

Lg(x,y)= ,
Pk Ry(Z} IR (Z5 )
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where R, j and R, are two lines containing the nodes Zé P j=1,---,6, j # k. Since the

points Zé’l, Z;a’,z and Z;a’,s are collinear with A% and B;J,, we deduce that for k =4,5,6, Ry ;

or Ry is the line (A%Bé,). Hence, by using Corollary 3.1, it is easy to see that
F1 oAl ply_— _
Lﬁ;k(A ,Bﬁ)—O, k=4,5,6.

We set
T Al ply_ I _
Lﬁ’k(A 3Bﬁ)_qﬁ’k3 k_ 1)233)
then the quasi-interpolant £ such that
2f =) > up(fIN}
Ief# Bely
with
3
ph()=> a5 f(Zh,), 1es, PeT, (4.11)
k=1
satisfies
2p=p, VpeP,(R?).

Now, let us prove the sufficient condition. Set A% = (0,0). If we write each monomial of

P,(R?) in terms of the simplex B-spline of %, firstly by using Corollary 3.1 and secondly
by using the relation (4.11), we obtain the following system

qfi,l + qfa,z + qfs,z =1, (4.12a)
ghogl gl gl gl gl =l (4.12b)
8,1%28,1,1 T 9p,2%6,21 T 9p,3%6,3,1 8 .
I I I I I I _

412612 T 9p,2%8,22 T4 326,32 = Vo (4.120)
ool 2 gl (2l Y2agl (2L 2 =0 12d
qﬁ,l(zﬁ,l,l) +Q/5,2(z/3’2,1) +q[3,3(2/5,3’1) =0, 4. )
q}j,l(z;g’l,z)z + Q}j,z(z;g’z,z)z + q;g’g(zfj,g’z)z =0, (4.12¢)

I I I I I I I I I _
46,128,1,1%2,1,2 T 98,228,2,1%6,2.2 T 98 3%6.31%p,3,2 = O- (4.120)

System (4.12) admits a solution only if the points Z é »Z é , and Z é , are collinear with Alﬁ

and Qlﬁ (for a complete proof see [18] Theorem 3, p. 8). O

We can also compute the coefficients q}s o k=1,2,3. Indeed, let us consider three

. . . I I I . I I .
distinct points Z[3,1’ Zﬁ’2 and Zﬁ,3 on the line (AﬁBﬁ). Then if we put

z,g,l = u}jA% +(1- M}S)Bl, zL = QéAIﬁ +(1- 9}5)31, Z1

_ Il I\pl
po= ﬁ’S—EﬁAﬁ-F(l—Sﬁ)B )

we obtain the following theorem.
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Theorem 4.7. The coefficients qé w k=1,2,3, defined in Theorem 4.6, are given by:

eg(1—op)+ep(1—2p)

I
dg, = (4.13a)
P 200p — pp)(up — €p)

Ieq1_ .1 Irq _ oI
! _eﬁ(l pg) +ug(l—eg) (4.13b)
dp2= N I _ Iy ° :

2(ug —ep)ep —€p)

1 1 I I

ug(1—g)+05(1 —uy)
qhy=— gttt (4.13¢)

2(eh — L)(eh — k)

Proof Assume that Z é,z ez [3’12 é’s]. We consider three auxiliary points Z [15 wZ é,s and

Zé,6 such that Zé’4 (resp. Zé,s) is the midpoint of [Zé,lzfo’ﬁ] (resp. [Zé,szé,()]) (see Fig. 4).

If we put A% =(0,0) and Z/g ¢ = (1,0), then we obtain

Zg,=((1—pg)bg 1, (1— pp)by ), (4.14a)
Zg o =((1—op)bg 1, (1 - 0p)bg,), (4.14b)
Z/IS,3 =((1- sé)b}j,l,(l - sé)bé’z), (4.14¢)
(1—pp) 1 (1—up)
I N N z BZo1
Zpa= ( 5 ety ,5,2), (4.14d)
(1—ep) 1 (1—¢b)
1 _ ﬁ I - ﬁ I
Zps = (—2 bgat5 bﬁ,z)- (4.14e)

Hence, the lines (Ziszl.j4), (Ziszijs), (Zilel.j()) and (Zl.jBZij()) have respectively the following
equations:

(1—uh) (1—pf)
Ry4(x,y)=— (Tﬁ -(1- Q}g)) b}s,zx + ((Tﬁ

1 (1-e5)
—(1- gg)) by, + 5) Yo —g P, =0, (4.152)

(1-¢b) (1-¢b)
R2,5(x,y)=—( 7 4 —(1—9}5)) b}s,zx"'(( 5 d

1 (1-gp)
—(1- 9;5)) by, + E) y- T”faz =0,
Ry6(x,y)==(1 = pg)bg ox + (1 —ppdby , = Dy +(1 - ppdbg, =0,  (4.150)

R3e(x,y)=—-(1- eg)b;ﬁ’zx +((1- sé)bé’l -Dy+(1- eg)bé’z =0. (4.15d)

(4.15b)



Now, it is easy to see that

Ro4(Zg 1) =(0p —Hp)bp ,/2,
Ry s(AL) = —(1— )b, /2,
R2’5(Z/15’1) = (Q;g - .u’}j)b;g’z/z;
Rys(4L) = —(1— 0} )bl /2,
R1,6(Z;3”2) = (Qg - nu’;j)bé’za
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Ro4(Zg 5) = (0 — £5)bg /2,
Ry 4(Bg) = opbp,/2,
Ras(Z) ) = (0} — 130l /2,
Rz,s(B;j) = 9;5 b;j’z/zy
R1,6(Z;5’3) = (8;5 - Mlﬁ)b;m,

Ry6(AR) = (1—ppbg ,,

I Y= (ol — oIYp!
R3,6(Z/3’2) - (Qﬁ - 8ﬁ)bﬁ’2;
Ry 6(A) = (1—ep)bg ,,

R1,6(B;5) = _MI[)’ b;j’zy
R3,6(Z/15,3) = (‘u’;g - gé)b}j,zy

R3’6(B}5) = —8}5 b;m.

Corollary 3.1 and the GC condition imply that

. R2,4(A;3)R3,6(B}5) +R3,6(AI/3)R2,4(Bé) _ 8;3(1 - 9}5) + Qé(l - 8;3)

T R, (2] R (2] ) 2(0f — Hp)uf — )
I I I I I I I I
. R1,6(Aﬁ)R3,6(BﬁI) +R3’6(AI/5)R1,6(B/5) _ 50 I—Mﬁ);r Mﬁl(l —Igﬁ),
’ 2R1,6(Zﬁ’2)R3,6(Zﬁ’2) 2(.“75 - Qﬁ)(@/g - gﬁ)
I I I I I I I I
qé = R1,6(A/3)R2,5(B/5[) +R2,5(Alﬁ)R1,6(B/3) _ ,u/g(l —I Qﬁ)l-i- Qfa(l _I‘uﬁ).
’ 2Ry 6(Zg 3)R25(Z5 5) 2(0p — ep)eg — 1g)
This completes the proof of the theorem. O

Remark 4.2. For a particular choice of the parameters ulﬁ, 9;3 and 9;5, the coefficients

,u% (f) can be expressed using only values of f on two data points which are collinear with

A;s and Bé. For example, if we set

I e I 1
bg = 7ol — where €p #0, > 1, (4.16)
B
then it is easy to see that
I (28;5 - I I 1
dp1= —m, 4, =0 and qg;= m (4.17)

5. Upper bounds of the infinity norm

In this section we provide upper bounds of the infinity norms of the discrete simplex
spline quasi-interpolants of degree n. We will study the case where the interpolation points
satisfy the GC condition in the support of Né. Denote by ||f||sr = sup,ey |f (x)I, and by
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[|2[|s, v the corresponding induced norm. It is well-known that if 2 reproduces bivariate
polynomials of degree less or equal than n, then we have

12 = Flloop < 1+ 121lu,0) inf IIf = Pllo.p (5.1

Thus, bounding ||£2||,, p implies that the quasi interpolant is (n + 1) order accurate, that
is it provides the optimal approximation order in #,. Let Z% Bk k=1,---,a, be distinct
points in the support of N! satisfying the GC condition. We consider the discrete simplex

spline quasi interpolant defined in Theorem 4.5. It is easy to see that

a

12]]00,p < maxmaxz L
-1

I
Bk (Lig,00 > Lig o151y, 00 7 5 Liy =1 Li 05+ 5 g py-1)|- (5:2)

€S Bely
We have ; !
I Rl,k(xay)x"'an,k(xay)
Lﬁ’k(xay): I I I I 5 k:]-)“')aa
Ry (Zg ) > xR (Zg 1)
where

Rﬁ’k(x,y) =a,x + b,y +c¢,, and Rﬁ’k(Zé’k) #£0, s=1,---,n.
According to [4], the GC condition implies that
{Zﬁ o M=1,- a, m#k}C ingRik
and the line Rﬁ,k contains at least two points of
{Zﬁl, =1,---,a}.
Then for eachs =1,---,n, there exists Z [IS,m in Rﬁ,k such that
IR] (AR < K[|Al —

I 1
Zy m|| VAﬁ €Wy,

=V (as)z + (bs)z-

where

Hence, if we put

max max||AI ZékH:)LI
k=1,,a Iﬁ Wﬁ ’

we obtain
IRIk(A W<KAL, s=1,---,n. (5.3)
Let
5;3 = min area(Zﬁ - /3 q,Zé )
{area(Zﬁlegq ﬂr)>0

p.g.r=1,-,a}
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Since
; area(ZI ,ZI 71 k) ; .
IRs 1 (Z5 )| = 2K ||Z/15 — ZI “ ,  Wwhere Zﬁ’p, 6.4 SR
we get
IR (Zg )| = KSp/ g (5.4

Using relations (5.3) and (5.4) we obtain
L (AR, BRI < (Ap)*"/(Sp)" Vk=1---,a. (5.5)

If we put
Hp = (2)*"/(Sp)", (5.6)

then we get the following theorem.

Theorem 5.1. Let £ be the bivariate simplex spline quasi interpolant defined in Theorem 4.5.
Then we have
< HL. :
IIQlloo_alpeeg(ﬁmeeg 8 5.7

The upper bound of the infinity norm of the discrete quasi-interpolant, defined in The-
orem 4.7, satisfies the following relation:

2 <maxmax2 L
12l < i ﬁerzk_llqﬁ’kL

where q! o] =1,2,3are defined by (4.13). In particular, if we choose uﬁ given by (4.16)
(see Remark 4.2), then

1
2 <1+ maxmax ————
I2lln <1+ maxpa sy

6. Numerical examples

In this section, we show the results of some numerical tests on the method proposed in
this paper (n = 2, n = 3). To do this, we performed experiments with some differential and
discrete quasi-interpolants given in Section 4. Let A be a triangulation of the bounded
domain D = [0,1] x [0, 1] (see Fig. 5 left) and let A®), k > 1, be the refined triangulation
obtained by connecting the midpoints of the edges of each triangle in the triangulation
A®=D (see Fig. 5 for k = 1). In the case n = 2, we define the bivariate test function f as
follows

flx,y)=exp(xy(1—x)(1-y)(x—y)).

We consider three differential quasi-interpolants Dqil, Dqi2 and Dqi3, defined in Theo-

rem 4.4. The interpolation points Z [15 are given respectively by
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09 1 09

08 1 08

07 1 07

06 1 06

05 05

041 1 041

03 1 03

02 1 02

01F 1 [ARY

Figure 5: The triangulations A and A® of the domain D.

1) Z/g = ;3,, and at the boundary where Qlﬁ ¢ D we put Zé =A1ﬁ.

2) For j=1,2,3, if B;+Bj41 =2 with §; >0 and 8, = 5;, then z,g =t

I 1
3) Zﬁ €0,

We also consider three discrete quasi-interpolants dqil, dqi2 and dqi3, such that the
interpolation points are given respectively as follows

I Al I
1 A, L and B B
2) the vertices of the triangle A(I) and the midpoints of its edges.

3) the vertices the triangle (Z{ZéZé) and the midpoints of its edges, where Z{ , Zé

and Z! are three non collinear points in Q5.

If the point QL is outside the domain D, we can replace the interpolation points given
for constructing dqil by those given for constructing dqi2. We note that Dqi3 and dqi3
reproduce the whole space %, and for each piecewise polynomial s over the triangulation
T, that is C! everywhere, the quasi-interpolants Dqi2 and dqi2 satisfy s = s. We define
the error between f and each quasi-interpolant defined above by

r s
max |f(x,,ys) = 2f(x,y;)l, where x, = — and y, =

0<r,s<50 50 50°
Table 1 (respectively Table 2) gives the errors between f and the three differential quasi-
interpolants Dqil, Dqi2 and Dqi3, (respectively the three discrete quasi-interpolants dqil,
dqi2 and dqi3), for the triangulations AV 1=0,1,2,3.
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Table 1: Error behaviour of Dqil, Dqi2 and Dqi3 for the triangulations A®, 0 <1< 3.

I knots of AD Dqil Dqi2 Dqi3

0 9 6x1073 5.9x%x 1073 1x1072
1 25 9.19x107% 12x10° 1.9x107°
2 81 1.34x107*% 1.54x107* 2.06x107*
3 289 1.55x 107> 1.20x 107> 1.43x107°

Table 2: Error behaviour of dqil, dqi2 and dqi3 for the triangulations A®, 0 <1 <3.

1 knots of AW dqil dqi2 dqi3

0 9 6x107° 6.1x10° 7.7x1073
1 25 7.93x107* 7.68x107™* 1.1x1073
2 81 1.1x107* 1.08x10™* 1.46x107*
3 289 1.04x 107> 1.07x10™> 1.96x107°

Table 3: Error behaviour of Dqi4, Dqi5, dgi4 and dqi5 for the triangulations A®, 0 <1 < 3.

I knots of AW Dqi4 Dqi5 dqi4 dqi5

0 9 895x107% 9.87x10* 8.18x10% 1.25x107°
1 25 556 x 107> 6.35x10™° 3.19x107> 7.27x 107>
2 81 215x107® 256x107°% 1.18x107® 292x107°
3 289 1.37x1077 1.40x1077 1.38x1077 1.50x 107"

In the case n = 3, we know that Wﬁl = {AL ,B}j, C é}. Let us define the bivariate test
function g as follows

2 _
g(x,y)=cos (X 2 y)'

We consider two differential quasi-interpolants Dqi4 and Dqi5 defined in Theorem 4.4.
The interpolation points Z é are given respectively by 1) Z1 = Alﬁ; and 2) Z! e Qé

We also consider two discrete quasi-interpolants dqi4 and dqi5, such that the interpo-
lation points are given respectively as follows

1) the Bézier points associated to the Bézier polynomial of degree 3 over the triangle
I gl ol
AgBgCp.
2) the Bézier points associated to the Bézier polynomial of degree 3 over the triangle

A(D.

Table 3 gives the errors between g and the differential quasi-interpolants Dqi4, Dqi5,
dqi4 and dqi5 for the triangulations A(l), [=0,1,2,3.
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