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Abstract. In this paper, a generalized Laguerre-spherical harmonic spectral method is
proposed for the Cauchy problem of three-dimensional nonlinear Klein-Gordon equa-
tion. The goal is to make the numerical solutions to preserve the same conservation
as that for the exact solution. The stability and convergence of the proposed scheme
are proved. Numerical results demonstrate the efficiency of this approach. We also es-
tablish some basic results on the generalized Laguerre-spherical harmonic orthogonal
approximation, which play an important role in spectral methods for various problems
defined on the whole space and unbounded domains with spherical geometry.
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1. Introduction

In this paper, we consider the nonlinear Klein-Gordon equation:

A2U(x,t) — AU(x, t) + U(x, t) + U3(x, ) = f(x, 1),

which plays an important role in several fields, such as quantum mechanics, relativistic
scalar field with power interaction, soliton theory and nonlinear meson theory of nuclear
forces, see, e.g., [3,15,17,19,20]. The existence, uniqueness and regularity of its solution
were studied, see, e.g., [17,20]. On the other hand, many algorithms were proposed for
its numerical simulation. In the early work, we usually employed finite difference method
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for periodical problems and non-periodical problems defined on bounded domains, see,
e.g., [1,16,22] and the references therein. Some authors developed the Legendre spectral
method for (1.1) defined on a finite interval, see [8]. In practice, it is also important and
interesting to consider non-periodical problems in the whole multiple-dimensional space.
We might use finite difference method for such problems. However, in this case, we have to
confine our computation to certain bounded subdomain with artificial boundary condition.
This treatment induces additional numerical errors. Thereby, it seems reasonable to solve
(1.1) directly by using spectral method for the whole space. Whereas, so far, there is no
result on the numerical solution of non-periodical Cauchy problem of multiple-dimensional
nonlinear Klein-Gordon equation.

This work is concerned with numerical solution of the Cauchy problem of three dimen-
sional nonlinear Klein-Gordon equation. Because of several reasons, we preferable to an
alternative formulation in spherical coordinates. Let x = (x;, x5, x3)’ and

x;=pcosAcosB, xo=psinAcosf, x3=psinf.

Then (1.1) becomes

22U(p, 2,0 19 25 U(p, 7,0 ! 15/ 60,U(p, 7,0
U(p, 2, ,t)—g b (079,U(p, A, ,t))—m o (cos80,U(p, A, 0,1))

— ﬁ@fU(p,l, 0,t)+ U(t,p,l, 0)+ Ug(p,l, 0,t)= f(p,k, 0,t). (1.2)
p*%cos= 6

Since the longitude A and the latitude 6 vary on the finite intervals [0, 27t] and [—%7’[, %n],
respectively, there left only the variable p varying from 0 to co. This fact lowers the diffi-
culties of calculation essentially. Moreover, we could adopt the spherical harmonic approxi-
mation in the longitude and latitude directions. Thereby, benefiting from the orthogonality
of spherical harmonic functions, we simplify actual computation and numerical analysis.

The remaining problem is how to approximate (1.2) in the radial direction properly. It
is natural to use certain orthogonal approximation on the half line. As we know, there have
been already several kinds of Laguerre-type approximations. For instance, Funaro [5],
Iranzo and Falques [14], Maday, Pernaud-Thomas and Vandeven [18], Guo and Shen [10],
Guo and Xu [11], and Xu and Guo [23] developed the standard Laguerre approximation
with its applications to partial differential equations defined on the half line and an infinite
strip. Meanwhile, Guo, Shen and Xu [9], and Guo and Zhang [13] considered the gener-
alized Laguerre approximation with its applications to two-dimensional exterior problems
an so on.

In order to solve (1.2) efficiently, we need a specific orthogonal approximation, based
on the main feature of (1.2).

e The nonlinear Klein-Gordon equation possesses certain conservation, which plays an
important role in both theoretical analysis and numerical simulation. But the weight func-
tion e”” used in the standard Laguerre approximation destroys such property. Although
we may reformulate (1.2) to a well-posed problems in a certain weighted space and then
resolve the resulting problem by the standard Laguerre spectral method, it is much simpler
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to approximate (1.2) directly. As a result, the numerical solution keeps the same conserva-
tion as the exact solution.

e In the weak formulation of (1.2), the coefficients of terms
,U(p,2,0,t), GhU(p,A,0,t), 3,U(p,4,0,t), U(p,4,0), U3(p,A,0,t)

involve the factors p2,1,1, p? and p?, respectively. Thus, a specific orthogonal approxima-
tion with the most appropriate non-uniform weights for the derivatives of different orders,
could simulate underlying problem properly and leads to better error estimate of numerical
solution.

e To fit the asymptotic behaviors of exact solution well, it is better to modify the gener-
alized Laguerre functions, so that the numerical solution matches the exact solution more
closely.

According to the above discussions, we shall take the following functions as the basis
functions in actual computation (cf. [12]),

_ 1
2§a’ﬁ)(p)=l—'p_“e%ﬁpaé(pl+“e_ﬁp), a>-1, f>0, 1=0,1,2,---.  (1.3)

It is noted that Shen [21] applied the standard Laguerre functions ,%Nl(o’l)(p) to one-
dimensional problems. But that approach is only available for some problems, in which the
coefficients neither degenerate as p — 0, nor brow up as p — oo. Therefore, it is no longer
available for (1.2). Besides, Guo and Zhang [12] used the generalized Laguerre functions
.,‘il(z’ﬁ )(p) for differential equations of degenerate type on the half line, such as the Black-
Scholes type equations. But so far, there has been no work concerning its application to
multiple-dimensional problems.

The outline of this paper is as follows. In the next section, we introduce a new orthog-
onal approximation by using generalized Laguerre and spherical harmonic functions. In
Section 3, we propose the generalized Laguerre-spherical harmonic spectral method for the
Cauchy problem of three-dimensional nonlinear Klein-Gordon equation, and present the
main results on its stability and convergence. In Section 4, we describe the numerical im-
plementation and present some numerical results demonstrating the efficiency of this new
approach. The final section is for some concluding remarks. In Appendix of this paper,
we establish some results on the generalized Laguerre-spherical harmonic approximation,
with which we prove the stability and convergence of suggested scheme.

2. Generalized Laguerre-spherical harmonic orthogonal approximation

We first recall the orthogonal approximation by using the generalized Laguerre func-
tions. Let A ={p | 0 < p < oo} and y(p) be a certain weight function. For any integer
r > 0, we define the weighted Sobolev space H' (A) as usual, equipped with the inner
product (u, V), , A, the semi-norm |v|,, » and the norm ||v||,., 4, respectively. In particular,
Hg(/\) = L}ZC(A) with the inner product (u,v), 5 and the norm |[v||, ». For any r > 0, the
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space H; (A) with the norm |[|v]|,,, », is defined by space interpolation as in [2]. We omit
the subscript y in notation whenever y(p) = 1.
The generalized Laguerre functions fulfill the following recurrences (cf. [12]),

C+ DL )+ Bp - 21— a-DZ*P(p)+ 1+ )24 (p) =0, 2.1)
~ 1 . ~
0,2 “P(p) = =582V (0) - BZ P p), 2.2)

~ 1 ~ 1 ~ 1 ~
P8, 4P (p) = S+ DL () = S(a+ DL P p) - S+ L o). 23)

The generalized Laguerre functions form a complete Lf)a(/\)-orthogonal system, namely,

. . rl+a+1)
(a,8) , _ (ap) (a,) _
(gl , grgla ﬁ))pa,A = Yl 5l,m’ I = W, (2.4)
where 6, ,,, is the Kronecker symbol. Thus, for any v € leja(A),

o0 1 o0
v(p)=Y 5P L P ), FP=— | o)L P (p)dp. (2.5)

1=0 Y(a,ﬁ) 0

= !

For any positive integer N, &y (A) stands for the set of all algebraic polynomials of
degree at most N. Throughout this paper, we denote by ¢ a generic positive constant
independent of N,  and any function.

We set

_1
2y 5(A) =172 P4 [ € Py (M)},
The orthogonal projection Py 4 p 4 : L2.(A) = &y p(A) is defined by
By apaV =V, )pan =0, Vo€ 2yg(A). (2.6)

Let wq g(p) = p% PP 1t was shown in Theorem 3.1 of [12] that for any integers r > 0
andr <N +1,

~ _r 1
1By pav = Vllpen < (BN 0107 (3PP, a0 2.7)
provided that ||8;(e%ﬁpv)||wa+rﬁ’,\ is finite.
Remark 2.1. Obviously,

1
||3;(ez/5pv)||wa+,}ﬁ,/\ < cgllvllypetras

where cg is a positive constant depending on /3.
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We now turn to the spherical harmonic approximation. Denote by S the unit spherical
surface,

TT TT
S={(7L,9)|0§7L<27r, —559<§}.

The differentiations with respect to A and 6 are denoted by J;v(A, 8) and Jyv(A, 0), re-
spectively. Furthermore,

1
V(3 0) = (=5 0,v(2,0),24v(2,0) ).
1 1
Agv(A,0) = ——(F(cos09yv(A,H0)) + —28fv(7t, 0).
cos 6 cos= 6

We define the space L2(S) as usual, with the following inner product and norm,

i
2

27 1
(u,v)s = J u(A,0)v(A,0)ds = J J u(A,0)v(A,0)cos0dAdO, |v|s= (v,v)g.
s 0

-3
Next, let
1
HYS) = ——0,v,0yv e L%(S
( ) {vlv)cose 2V, OgV ( )})

equipped with the semi-norm and the norm as

1 2 9 % 1
2 2 2
vl = Hcosgc’av +aavlls ) o s = (IMIE+vEg)
S

For any integer r > 0, we define the space H' (S) inductively, namely,

H*(S) = {v |ve H*1(S), Akv € LZ(S)},
HZH(8) = {v| v e H(S), Vs(akv) e [L3(S)] 2},

with the following semi-norms and norms,

1
Vlk,s = l1AGVIls, Vlak,s = VG, 1 s+ VI %
1

Vlaks1,s = IVs(A§)Ils, Vlarsrs = U5 s + 1V 5p16)?
In particular, the norm ||v||, s is equivalent to (||v||§ + ||A5v||§)% (cf. [6,7]). Further, let
A'(S)={v|veH"(S) and Vv(A+2m,0)=23V(,0), 0<k<r—1}

For any r > 0, the spaces H"(S) and H'(S) are defined by space interpolation as in [2].
Let L;(x) be the Legendre polynomial of degree [. The normalized associated Legendre
functions are given by

2m+1D)(m-D!
Lim(x)= 2Am+1)!
Ly m(x) = Ly (), for 1<0,m>]|l|.

L
(1-x%)208!Ly(x), for 1=0,m=>]ll,
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The spherical harmonic function are defined by
Y, 24, 0) = Lei%l (sinf), m>1|l|.
,m > m ,m ) jal

The set of Y} ,,(4, 0) is the complete normalized L?(S)-orthogonal system, i.e.,

J Yl,m(k’ Q)Y’,m’(k, 6)ds = 51,1’5m,m" (2.8)
S

Thus, for any v € L2(S),
o0
v(4,0)= D > Walim(0), V= J V(% 0)7; (2, 0)dS.
[=—ocom>|l| S
Let M be any positive integer, and
Vi (S) = span{Y;n(2,0) [l <M, [[| <m < M}.

Denote by V;,(S) the subset of V,,(S) containing all real-valued functions. The L2(S)-
orthogonal projection Py, g : L?(S) — Vy;(S) is defined by
(PM,SV_V) ¢)S :Oa Vd) E‘/M(S) (29)

According to a slight modification of Lemma 5 of [6], we have that (cf. (2.13) of [7]) for
anyveH (S)and0<u<r,

1Py ,sv — Vllps < cM* 7|yl (2.10)

We now introduce the new approximation by using generalized Laguerre and spherical
harmonic functions. To do this, let @ = A x S and y(p) be a certain weight function. The
weighted Sobolev spaces L2(2) and H;(Q) are defined in the usual way. Their norms are
denoted by ||v|[, o and [[v||,, q, respectively. The inner product and norm of the space
Li(ﬂ) are given by

1
”V” Q:(v)v)z )
X 2,52

and
(u,VJx,g=J u(p,A,0)v(p,A,0)x(p)dQ2
0

0o 27
:J J J u(p,A,0)v(p,A,0)x(p)cosO8dAdBdp.
o J-2Jo

We omit the subscript y in notation whenever y(p) = 1.
In actual computation, we take Vy y g(€2) = 2y g(A) ® V), (S) as the space of trial
functions. The orthogonal projection Py y o 4 le)a(ﬂ) — Vy m,p(2) is defined by

(PN,M,a,ﬁv -, ¢)Pa,ﬂ = O, Vd) (S VN,M,ﬁ(Q)' (211)
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In the forthcoming discussions, we shall use a specific orthogonal approximation. For
this purpose, we define the spaces

HL (@)= {v [ IVl p20 < 00},

AL,(@) = HL ()N {v [ v(p, A +27,0) = v(p, 2,0},

with the norm

1
1 2 2
_ 2 - 2 2
111y p20 = (napvnpz,ﬁ | =52, +12viiz + ||v||p2,ﬂ)

It is noted that

2 1 2 2
1Vsviih = | =g 0|+ leovi.

os O

The orthogonal projection Py PE I:I;Z(Q) — Viy a1,5(€2) is defined by

(ap (P;[’M’ﬁv - V), 7 ¢)p2,ﬂ + (vS(P;[’M’ﬁV - V), v5¢)ﬂ

+(PI:\l],M,ﬁv - V, ¢)P2,Q == 0, qu) S VN,M,ﬁ(Q)'

We shall estimate the approximation errors in the appendix of this paper.

3. Generalized Laguerre-spherical harmonic spectral method

In this section, we provide the generalized Laguerre-spherical harmonic spectral method
for the nonlinear Klein-Gordon equation. We consider the following problem

8[—2U(pyz') 91 t) - AU(pal) 91 t) + U(pyl) 91 t)

+U3(p,7,0,t) = f(p,2,6,t), in Qx(0,T],
U(p,A+2m,0,t)=U(p,A,0,t), in Qx[0,T],
p%U(p,A,Q,t)—>0 as p — 09, on Sx[0,T], a.e., G-
,.U(p,7,0,0)=U,(p, A, 0), in Q,
U(p,2,0,0)=Uy(p,A,0), in Q.

In addition, we have (cf. [4]):
1
3U(p,1,0,t)=0 for |6]= 57

Letp > 1and LZ ,(€) be the weighted space with the norm ||v|| L,()" Indeed, this norm
Ie]

is equivalent to the norm ||v||,»(43) in the Cartesian coordinates. A similar relation is valid
between the norms ||v||H12(Q) and [|v||g1(#3)- By the imbedding theory (see, e.g., [2]),
P

HY(#%) — LP(#®), p<6.
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Therefore,
H,(Q) = 17,(Q), p<6.

Multiplying (3.1) by p2v and integrating the resulting equation by parts, we derive a
weak formulation. It is to find U € L*(0, T;H;Z(Q)) NwWbh®(0, T; Liz(ﬂ)) such that

J p2o2U(t)vdQ+ J p?3,U(t)3,vdQ + J (VsU(t) - Vgv)dQ
Q Q Q

+J pZU(t)de—l-f p2U3(t)de=f p2f(t)vde, VVEH})Z(Q), (3.2)
Q Q Q

coupled with the initial state as in (3.1).
The solution of (3.2) possesses certain conservation. To show this, we set

1
— 2 2 2 2 - 4
E(, 6) = [10v(OII7, o + 19 v(OI 2 ¢ +[Vsv(O)llg + V(O 2 o + ZIIV(t)IILzz(m

Taking ¢ = 20,U(t) in (3.2) and integrating the result with respect to t, we obtain

E(U, t)=E(U,0)+2f (f(8),8,U(&))p2 ndE. (3.3)
0

This fact leads to that if U, € H;Z(Q), U, € Liz(ﬂ) and f € L?(0, T; Liz(ﬂ)), then
”Ul|L°°(O,T;H:)2(Q))ﬁWL"O(O,T;LiZ(Q)) < d(Up, Uy, f), (3.4)

where the quantity d(Uy, Uy, f ) depends only on [|Ug||; 2,0, ||U1ll 52 o and ||| |Lz(0’T;L22(Q)).
P

The generalized Laguerre-spherical harmonic spectral scheme for (3.2) is to seek uy »,(t) €
Vi m,p(€2) such that

f PzatzuN,M(t)¢dQ + f
Q

pzapuN,M(t)ap¢dQ + f (Vsuy m(t), Vs)dQ
Q Q

A

- J puy (Db +J P2,y (Db =J PP (AR, Yo € Vi y p(), (3:5)
Q Q Q
atuN,M(O) =Py m,2,U1,

uy m(0) = P;,,M,/g Uo-

Taking ¢ = 2d,uy y(t) in (3.5) and integrating the result with respect to t, we obtain

E(uy p,t) = E(uy p,0) + ZJ (f (&), Brun m(€))p2,ndE. (3.6)
0

Clearly, (3.6) simulates (3.3) properly. Thus, the scheme (3.5) is expected to provide
reasonable numerical solution of (3.2). In opposite, if we use the standard generalized
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Laguerre approximation with the weight p2e™?, then we lose such conservation. In fact,
this is one of main motivations of this work.

It can be verified that
||uN,M||L°°(0,T;H;2(Q))ﬂWl’OO(O,T;Liz(Q)) = d(UO; Ulaf)- (3.7)

We now consider the stability of scheme (3.5). Assume that the data f, d,uy )(0) and
uy (0) are disturbed by f, (’;‘tuN’ m(0) and iy ),(0) respectively, which induce the error of
numerical solution, denoted by iy ,,. We measure the average error as

R(t) = E(iiy i, 0) +2f 1£ (ENIZ; odE.
0

We have the following result.
Theorem 3.1. If for a suitably small constant ¢, > 0, R(T) <c,, thenforall 0 <t < T,
E(iiy y, t) < d*e™'R(1),
where the positive constants d* and d,, depend only on c,.

We next deal with the convergence of (3.5). For description of the numerical errors,
we introduce the non-isotropic space 8™°(2), equipped with the norm

1
2

— 2 2 2
”v“%r’s(ﬂ) - (”V”HI(S,H;NA(A)) + ”V” S(S,LZ(A)) + ||V||HSI(S,H;2(A)))

For simplicity of statements, we shall use the following notations:

Wr41,8,A

() =B f I8, s, ds,
S

* _ 2
"Q{r’ﬁ(v) - ”v”Hs—l(S’LzZ(A))J

1 4p1-r re, B2 2 1 o Be 2
25 = 1+ 2 | (I, a+ | ogaaety,
S r+1,8>
Be
+ ||393I§(e 2 V)||(2’~’r+l,[3:A) ds,
* — 2 2
@s (V) - ”apV”HS’l(S,L’z)Z(A)) + ||V||HS(S,L2(A))'
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Moreover, we define

dg(U) = U (U ’

p(U) = max (2,5(U(E)+2;(U()

T

T
2,5(02U(E))AE +M>™ J 2 (02U(E))dE

Ryyp(U,0)=N""" J
0

0
1 T 1 T
+eNVT(dz(0)+1) J ,p(U(ENAE +cM> > (d3(U)+1) J T (U(E)E,
0 0
Ry 1y p(Uo, Up) =N (@rﬁ(ul) + ﬁr,ﬁ(Ul)) RYCI (@fﬁ(Ul) + ﬂrfﬁ(Ul)).

We have the following result.

Theorem 3.2. If U € H%(0,T; 8™°(2)) N L*(0, T;H;Z(Q) N BH1(Q)), s > 1 and integers
1<r<N+1, then

E(U —uy y,t) < cectpUH (RN,M,/S(U: t) + Ry 1,50, U1)) :
We shall prove Theorems 3.1 and 3.2 in the appendix of this paper.
According to the definition of Ry y g(U, t), the result presented in Theorem 3.2 does

not seem optimal. It is due to the property of the Laguerre approximation. We will get
back to this issue in the end of the appendix of this paper.

4. Numerical results

We first describe the implementation for scheme (3.5). We take
(9) — (9
¢ k(P 2, 0) =i (p)Z; (A, 0)

as the basis functions, where 1;(p) = .,%Nl(o’ﬁ )(p) and

523.(’}3(1, 0)= sin(jA)L; x(sin 6), ng;.(z)(x, 0) =

1
cos(jA)L; .(sin@).
k m (] ) ],k( )

1
V21T
Using (2.1) with a = 0 gives

Bpdpi(p) =L+ 1)Y(p) = (1 + Dy111(p) — Ih11(p). (4.1)

Accordingly,

1
62
+1(1 =18y, + (L + 1)U +2)51,n_2}. 4.2)

f PP (P a(p)dp = = { (612 + 61 +2)5,, — 4126,y , — 40 +1)26 51
A
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On the other hand, (2.3) with a = 0 implies

209 %1(p) = (L + 1) 111(p) = i (p) — [h 11 (p).

This leads to

4p2324p1(p) = (L+ 1)+ 20 142(p) — 4L+ 111 (p) — 202 +1 = Dy (p)
+4lY-1(p) + 1L = 1)y 5(p). (4.3)

Now, we take ¢(p,A,0) = ‘Pl(qyzlp(p’}" 0) in (3.5). Since

AsZD(p,2,0) = —k(k+1)Z,2(p, 1,0),

we deduce that

f p*8lun (P, 20,00 (b, 2,60)d0
Q
- J i (p: 20,0 (208,05, (9, 2,0)+p?820\%) (p,2,6))d
Q

f p(p + Duy p(p, 2,0, t)tplq) (p, 2, 9)dﬂ+f p*uy u(p,2,0,t)
Q Q

Pl p(P: 2 0+ Lpzuz,M(p,x,e,r)«pl(?,;p(p,a,e)dn

=d(z,q)J P2f (P2, 0,000 (p,2,0)d, (4.4)
Q

where

)1, [=0,q=2,
d(l,q) = { 2, otherwise.

We expand the numerical solution as

N M M
uN,M(P;l,Q,t) :ZZ uil,])‘,k(t)‘ro,(:;,k(P,l,Q)
N M M
+ Z “g,k(t)wf},k(p,/\, 0). (4.5)
n=0 j=0 k=j
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For notational convenience, we shall use the following notations:

YD (uy () = 11— Du®, () =42, () +2(32+31+1)u® (1)

I,m,p [-2,m,p [-1,m,p I,m,p
— 40+ 1% O+ T+ DA+ 20D, (), (4.62)
1
A5 (e pa (0) = Z10 = DB = D, (O + 4P, ()

1
=5 (B +1+1)+4(32 +31+ 1)+ 26%(p + 1) uf?) (1)

1
+40+ 12?0+ 20+ 10 +2)(6% - aupb, (0,  (4.6b)

9D (uyu(0) =B Jﬂ P (P24, 0,00 D (p,1,0)dS, (4.6¢)

0 (uyu(t) =P J P f (P2, 0,00¢" (p,2,0)dQ, q=1,2. (4.6d)
Q

With the aid of (4.1)-(4.3), (4.5) and (4.6), we obtain from (4.4) that

02D (uy (1))

= M) (uy (D) + 4D (uy () + T wyn(®), =12, 47

. . o . @
In actual computation, we take the step size 7 in time. We approximate 8t2ulf1m’p(t) by

1
2

(@) )] (@) _
T( (t+0)-2u® (O+ul? (¢ r)).

ul,m,p I,m,

For stability of nonlinear calculation, we approximate the nonlinear term uiI,M(p, A,0,t)
by

1
Z(ui{’M(pJ)Q@Jt +T)+u]2\[’M(pJ)’393t +T)uN,M(p3AJ 93t - T)
+ uN,M(pa A') 01 t+ T)ujz\[’M(p)Aa 9) t— T) + u]:i[’M(p)Aa 9) t— T)) .
We also introduce the notation
G0 (11 (£ + 7))

L,m,p

= —ﬁSJ P2 (P 4, 0,6 + Ty (P, 2,0, — T (p,2,0)dQ, j=1,2.
Q
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Then we have from (4.7) that for t = k7,k > 2,

1 1
Y0 (i (¢ 7)) = 572D (it 7)) = 72 (49 p(t + 7))

,1 2
+ Gy gy (e + 7)) + G0y (e + 7))

1
=297} (un (D) = F0 (i (£ = D)+ 572y ) (i (= 7))

1 1
+ 770 (=) + 572 (210 (g (e + )+ FD (e = 7)), (4.8)

for ¢ = 1,2. The above algorithm is implicit. Thus, we use the Newton iteration to resolve
(,ol(qrzlp at each time step. Finally we obtain uy y(p,A,0,t) from (4.5). In general, it is
difficult to evaluate the quantities

(g(q)

1D (e +7) Gyt + 7)), G0 (e + 7)),

l,m,p l,m,p

and
GO (uyp(t =70, F (y u(0))

exactly. Therefore, we use the generalized Laguerre-spherical harmonic quadrature for
them.

Remark 4.1. The algorithm (4.8) is equivalent to

1
) PZ(UN,M(t + 1) = 2up y(t) + uy y(t — 7))pdQ2

Q
1 (
+£J pzap(uN,M(t-i-T)-i-uN,M(t—T))apd)dﬂ
Q
1 (
+£J (Vs(uy m(t + 1) +uy m(t — 7)), Vsp)dQ
Q
1(
+§J P (uy p(t+7) tuy y(t —7))pdQ
Q
1( 2(.3 2
+ZJ P (uN’M(t+T)+UN’M(t+’L')uN,M(t—T)
Q

+uy p(t+ T)UIZV’M(t -7)+ lli,’M(t - T))qbdﬂ

1
= EJ PP(Ft+ 1)+ f(t—1))pdQ, V¢ € Vy p p(K). 4.9
Q
By taking
1
¢ = E(UN,M(t +7) —uy m(t — 7)),

we could derive a discrete conservation similar to (3.6), which simulates the continuous
conservation (3.3). Furthermore, we may follow the same line as in [8] to derive the error
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estimate of numerical solution, as long as T = ¢(N ~2). For shortening the paper, we leave
the detail to the readers.

Now, we denote by py, and wy, the zeros of .,‘flsﬁﬁ)(p) and the correspond-
ing Christoffel numbers, respectively. Meanwhile, let &), ; and ny,; be the zeros of
Ly+1(2) and the corresponding Christoffel numbers, respectively. Furthermore, let o), =

2n/(2M + 1), and

(PN,n, A i 91\/1,]') = (pN,m kO-M,arCSin(gM,j))’ WN M,nk,j = ONnOMTM,j-

The numerical errors are measured by
1

N 2M M
2
Eym(t) = (ZZZ UCON 0 Ant e Ot o £) = U s (s At s O o r)|2) :

n=0j=0 k=0

We take the test solution

b2t?

U(p,A,0,t)= (ebt -5~ bt — 1)6‘” sin2A cos? 6.
In actual computation, we take b = 1. In Fig. 1, we plot the values of Ey /(1) with § =1
and 7 = 0.01,0.001, vs. the mode N = 2M. They indicate the convergence of proposed
scheme as M increases and T decreases. Especially, it provides accurate numerical results
even for moderate mode N = 2M.

2 4 6 8 10 12
M

Figure 1: Convergence rates with N =2M and 8 =1.

In Table 1, we compare the accuracy of numerical results with § =1,2,3, M = 6 and
7 = 0.01,0.001. They indicate that suitable choice of parameter § might lead to better
numerical results. But, unfortunately, how to choose the best parameter f3 is still an open
problem. Roughly speaking, it seems better to take bigger 3, if the exact solutions decay
faster as p goes to infinity. In this case, the asymptotic behaviors of numerical solutions
simulate the asymptotic behaviors of exact solutions more properly. In our example, the
test function decays like e °, as p increases, while the numerical solutions with 8 = 2 also
do so. Therefore, we obtain better numerical results when § = 2, as is shown in Table 1.
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Table 1: Convergence rate with M =6.
B=1 | B=2 | =3
7=0.01 | 1.36E-5 | 9.91E-6 | 1.02E-5
7 =0.001 | 4.92E-6 | 1.50E-7 | 1.60E-7

5. Concluding remarks

In this paper, we proposed an efficient spectral method by using the generalized La-
guerre and spherical harmonic functions, with its application to the Cauchy problem of
three-dimensional nonlinear Klein-Gordon equation. The numerical results demonstrated
its efficiency. Although we only considered the Klein-Gordon equation in this paper, the
suggested method is also applicable to many other problems.

The new approach has several advantages. Firstly, we do not need any artificial bound-
ary, and so avoid additional errors. Next, there left only one variable p, varying on infinite
interval. Thus the calculation is much simpler than that with the Cartesian coordinates.
Thirdly, benefiting from the orthogonality of spherical harmonic functions, this method
saves a lot of work. Moreover, it is suitable for parallel computation, if we approximate
nonlinear terms appearing in revolutionary problems explicitly. Another important merit
is that the corresponding numerical solutions keep the same conservations as the exact
solutions. Consequently, it oftentimes simulates physical processes properly.

In this paper, we established some basic results on the generalized Laguerre-spherical
harmonic orthogonal approximation, which serve as the mathematical foundation of spec-
tral methods for various problems defined in the whole three-dimensional space or on
unbounded domains with spherical geometry. Besides, we may follow the same line as
in this paper, to design new spectral method for exterior problems. We shall report the
related results in the future.
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Appendix: Proof of Theorems 3.1 and 3.2

We first establish some results on the generalized Laguerre-spherical harmonic approx-
imation, which will be used in the proof of Theorems 3.1 and 3.2.

Lemma A.1. For any s > 0 and integers 1 <r <N +1,

2
”PN,M,a,ﬁV - V”pa,g

— 1 -
<c(BN) f 135 (e2PPWIEZ, dS+eM ZIVIE, o 2 s
S 5 > pa

provided that the norms appearing at the right side are finite.
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Proof. By the projection theorem,
1Py sapy = VIZeg SN —vIZag, Vo € V(). (A1)

Let ?N’a’ﬁ’,\v and Py gv be the same as in (2.6) and (2.9), respectively. We take ¢ =
PN’a’ﬁ,A(PM,Sv). Thanks to (2.7) and (2.10), we deduce that

2
Il —vI2ug,

< ZJ Pa(f’N,a,/s,A(PM,sV)—(PM,SV))ZdQ+2J (Pys(p2v)—p2v)*dQ
Q Q
1 Loy @
< C(ﬁN)_rJ ||3,§(92ﬁpPM,sV)||§Oa+rﬁ)/\d5+CM 23||PZV||,2_15(5’L2(A))
s

1
<c(BN)T | 1185(e2PPV)I12, dS+cMTEIVIZ o o 0y
S Y a+n,B,A H (S;Lpa(/\))

This completes the proof of the lemma. O

We next estimate ||P13, —Vll1,p2,0- To do this, we need several preparations. Let

M,BY

2
n(p)=p%e PP, y(p)= (1 +Bp + (n — %)pz)e‘ﬁp, n > max(B%/4,1),

and the space
71 _ 2 2
Al ()= {v |9y L2 (A),ve LXZ(A)},

. 1 o
with the norm (||8pv||§hA + ||v||§2’A)2. The orthogonal projection

1 .l
PN’XI’XbA ’ th)(z(A) - (@N(A)
is defined by
@oPh V=Pl pn T (PL v =1,$),,, =0, Ve €Dy(A).
Further, we introduce the space

H;Z A= {v | v is measurable on A and ||[v[[; 21,4 < oo}

equipped with the norm

1
2
Wl o2, = (18,VI2,, + V12, +1VI2)

The projection P}

NBA H;z’l(A) — 2y p(A) is defined by

©[R

-1 _Bp 1 B )
= 2
Pypav=e (PN,xl,XZ,A(Ve ))-
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According to Theorem 3.3 of [12], we assert that for any v € H,1>2,1(A) n H;m(/\), n >
max(f32/4,1) and integers 1 <r <N +1,

f pz((’/‘p(ﬁ&ﬁ,/\v —v))2dp + f (1+ apz)(f’iﬁ’/\v —v)2dp
A A

c(1+ %)4(/3’N)1—f||ag(e%”v)| i (A.2)
Lemma A.2. Forany v € B°(Q),s > 1 and integers 1 <r <N +1,
||P]},’M’/5v - V”ipz,n < ch_r@r,ﬁ(v) +cM?>% 2;(v).
Proof. By the projection theorem,
1Py ¥ = VIE g S =VIZ Lo Ve € Vi (). (A3)

We take ¢ = Py, p.A(Pr,sv). With the aid of (2.10) and (A.2), we verify that
118, (¢ — V)||§,2’Q

Q Q

14 B bo 9 ~
<c(1+ E) (BN)! f 10, e Pusv[, ,, adS + M Z 08I s 12
S ,

1\4 Be 2
1— 2-2s 2
= C(l - E) (AN L 185 €= Vo, ndS +EMZZNGVIR 15 12 -
P

The norm [[¢ — v||,2 o has the same upper-bound as in the above. On the other hand,
using (2.10) and (A.2) again yields that

J (Vs(¢ —v))*dQ
Q
1 , . i
<2 q (COS 0 a}L(PN’ﬁ,A(PM,SV) - PM,SV)) dQ+2 N (EaA(PM,SV _ V)) dQ
- 2
+ ZJ (39(P131’ﬁ’A(PM,5V) - PM,SV)) dQ+ ZJ (8p(Py sV — v))?dQ
@ Q

1
<c(145) B0 | (g€l +10IE,, 0 )as

The previous statements with (A.3) leads to the desired result. O
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Proof of Theorem 3.1. We now turn to prove Theorem 3.1. By (3.5), the errors satisfy
the following equation,

f p202iy w(DPdD + f
Q

P8,y ()3, pdQ2 + f (Vsiin (D) - Vs $)dQ
Q Q

+J pZﬁN,M(t)¢dQ+J Pzﬁ?\;,M(f)¢dQ+3J PZﬁIZ\],M(f)UN,M(t)¢dQ

Q Q Q

+3J p iy m2(0uy ,()pdQ =J P2f(DpdQ, V¢ € Vy y 5(Q). (A.4)
Q Q

Taking ¢ = 20,1iy p in (A.4), we obtain

EE(’IN,M) t) + Fy(uy pp iy > t) + Fo(up aro Ty g t)

<IFOIP. g + 118 (D12 (A5)

where
Fi(unm»tn oy, t) = 6J P23, 4y (Duy w(£)0, iy 1 d9,
Q

Fy(uy pp, tin > t) = 6J pzﬂN,M(t)ujz\[’M(t)ataN,M(t)dQ~
Q

Using the Holder inequality, the imbedding inequality and (3.7) successively, we deduce
that

|Fy (un g iy s £ < Cl|uN,M(t)||L62(Q)||ﬁN,M(t)||i62(9)||atﬂN,M||p2,ﬂ
P P

2 ~ ~ 2
< ¢ (g (O 2 Ml s (O o +118ctiy el )

< d(Up, Uy, f)(E*(fiy > £) + E(liy p, 1))

Similarly;
|Fo(up pr> Ty s £ < d(Up, Uy, fE(Tiy a5 ).

Substituting the above two estimates into (A.5) and integrating the resulting inequality
with respect to t, we obtain

E(ﬂN,M1 t) < E(aN,M)O) + d(U01 Ul)f)

x J J (B2t 0 ) + Bl 11, ) +IF D20 0 )dE. (A6)
0 JQ

We shall use the nonlinear Gronwall inequality stated below.
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Lemma A.3. Let ¢, > 0, and F(t) and R(t) be non-negative functions of t. Moreover, R(t) is
non-decreasing for t. IFR(T) <e 2T and for 0 <t < T,

t
F() < c*f (F?(&)+F(E)dE +R(t),
0
thenfor0<t <T,
F(t) < e®*+R(t).
Applying Lemma A.3 to (A.6), we reach the conclusion as stated in Theorem 3.1. [

Proof of Theorem 3.2. We next prove Theorem 3.2. Let Uy yy = PI}[ Y ﬁU . By the defini-

tion of P;,’ wpUs we have from (3.2) that

f pzafuN,M(twdmf 028, Uy ()3, pdQ+ f (VsUy m(t) - Vsp)dQ
Q Q Q
+J pZUN,M(t)¢dQ+J PZUI?[,M(t)¢dQ+G1(U, Un > @,t) +Go(U, Uy, @, t)
0 Q

=J P*f(DdQ, Ve € Vy (), A7)
0
where

G1(U, Uy M, ¢, t) = J p?02(U(t) — Uy u(1))dQ,
Q

Go(U, Uy > $,6) = f p? (U(D) = Uy (0)U(0) + U0 (6) + U2 1,(1) ) pd2.
Q

Set UN’M =uy y — Uy - Subtracting (A.7) from (3.5), gives

J P07 Uy m()pdQ+ J p?0,Un ()3, $dQ+ J (VsOyu(t)- Vs¢) dO2
Q Q Q

+J pZUN,M(t)¢dQ+J P20y (D)¢pdQ

Q Q
2 4
:ZGj(U:UN,M:¢3t)+ZGj(UN,M,UN,M3¢:t); (A.8)

j=1 =3

where

GS(UN,Ma Uy m, ,t) = —3f U]%[’M(t)UN,M(t)d)dQ;
Q

G4(Un > Un i, @5 1) = =3 f Uy (0UR (D dQ.
Q
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Taking ¢ = 20, UN’M in (A.8), yields

d - - -
EE(UN,M; t) =2G1(U,Uy p1, 0 Uy 1> t) + 2G5 (U, Uy a1, 3 Up 1> £)
+2G3(Un pt, Un a8 Un s ©) + 2G4 (Oy ag, Uy i, 8. On o, ). (A9)

We now estimate the terms at the right side of (A.9). Firstly, by Lemma A.2,

|G1(U, Uy 5 atUN,M: t)|
<cN'79, 5(32U(1) + cM* > 9(32U(1)) + ||atUN,M(t)||f)2’Q. (A.10)
Next, by virtue of imbedding inequality and Lemma A.2 with r =s =1,
1
||UN,M(t)||L62(Q) < c||Uym(Oll1,p2.0 <c (91,[3’(U(t)) + @T(U(t))) 2. (A.11)
el

Therefore, we use the Holder inequality, (A.11) and Lemma A.2 to obtain that
|G (U, Uy 1> 0y f]N,Ma t)]
7 2 2
< 1000 = Uy u Ol @0l18: O u Ol (IO g + 10w O )

< cllU(®) = Uy m(Oll1,p2,0l10.0n i (O] p2,0 (IIU(t)IIiPZ,Q + IIUN,M(t)IIipz,Q)
<c (21U +2;U()) (N7 2,5 (UD) + M 297 (U(1)))

+ 11208 (DI o- (A.12)
Furthermore,
|G3(UN,M5 Un > O UN,M, )l
< ||UN,M(t)||L22(Q)||UN,M(t)||i22(9)||atUN,M(t)||p2,ﬂ
< ¢ (2160 + 7;0)) (10w MO . o + 180w (DI ) . (A13)
Similarly,

1G4(Tn at> Un > 8. Un > )
* 2 x -
=c (%,ﬁ(U(t)) + %(U(t))) (||Uz\r,M(t)||ipz’Q + ||atUN,M(t)||?)2’Q) . (A.14)

Substituting (A.10) and (A.12)-(A.14) in to (A.9) and integrating the result with respect
to t, we reach that

E(Oy . t) <c (dﬁ(u)+1)f (E>(On a1, &) + E(Oy 11, €)) dE + Ry ar p(U, 1), (A15)
0
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where
Rym,p(U,t) = E(Uy m,0) + cRy p (U, £).

Thus, it remains to estimate E (UN’M, 0). Since

8 Uy (0) =Py,

v pUn Unm(0) =Py

N,M.,f Uo,

we use Lemmas A.1 and A.2 to obtain

EOy1,0) < ¢ (11Pwag 2,01 = Utla o + 1P 3y g U1 = Ul )
< cRy 3 (U0, U1).

Due to r,s > 1, we have RN’M,ﬁ(t) — 0 as N,M — oo. Thereby, we can apply Lemma A.3
to (A.15). Finally, we obtain

E(U a5 £) < ce?@ O (R o(U,0) + Ry 4y (U, UD))

The above estimate, along with Lemma A.2, leads to the conclusion as stated in Theorem
3.2. O

As mentioned in Section 3, the result stated in Theorem 3.2 does not seem optimal. The
reason of this matter is that there is no optimal estimate in Liz(/\)-norm for the orthogonal

approximation 13]3[ BA" Consequently, we lack the optimal estimate in Li ,()-norm for the

orthogonal approximation Pﬁ,,M’ , see Lemma A.2. As a result, we could not derive a result
better than that as in Theorem 3.2. Indeed, so far, there is no optimal result on the error
estimate in the weighted L2—norm for any weighted H'—orthogonal approximation by
using the Laguerre polynomials or the Laguerre functions. It is still an open and difficult
problem, see, e.g., [10,12,13,21].
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