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ON ERROR ESTIMATES OF THE PRESSURE-CORRECTION
PROJECTION METHODS FOR THE TIME-DEPENDENT
NAVIER-STOKES EQUATIONS

HAIYAN SUN, YINNIAN HE, AND XINLONG FENG

Abstract. In this paper, we present a new pressure-correction projection
scheme for solving the time-dependent Navier-Stokes equations, which is based
on the Crank-Nicolson extrapolation method in the time discretization. Error
estimates for the velocity and the pressure of semidiscretized scheme are de-
rived by interpreting the projection scheme as second-order time discretization
of a perturbed system which approximates the incompressible Navier-Stokes

equations.
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1. Introduction

Let © be a bounded domain in R? assumed to have a sufficiently smooth bound-
ary 0f2. Now we consider the time-dependent Navier-Stokes problem

up —vAu~+ (u-Viu+Vp=f, (z,t) € Q x (0,T],
(1) divu =0, (z,t) € Q x (0,7T],
u(z,0) = up(x), = € Q,

where u = u(z,t) represents the velocity vector of a viscous incompressible fluid,
p = p(z,t) the pressure, f = f(x,t) the prescribed body force. The problem
(1) should be completed with an appropriate boundary condition for the velocity
u. For the sake of convenience, we consider the homogeneous Dirichlet boundary
condition, i.e. ulpno =0,V t € (0,T].

It is well known that the numerical solution of problem (1) involves several
major difficulties, and the crucial difficult is that the unknowns u and p are coupled
through the incompressibility condition div v = 0. Generally, in order to overcome
this difficulty, people often relax the incompressibility constraint in an appropriate
way, resulting in a class of pseudo-compressibility methods, among which are the
penalty method, the artificial compressibility method, the pressure stabilization
method and the projection method, see for instance [1, 2, 4, 7, 12, 17, 20, 22]. The
projection method is perhaps the most efficient and the easiest to implement for
solving the time-dependent Navier-Stokes equations.

The original projection method was introduced by Chorin [4] and Temam [26)
respectively in the late 60s. The original method is simple, but is not satisfactory
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since its convergence rate is irreducibly limited to O(dt). In order to solve these
problems, many literatures are put into the construction, analysis and implementa-
tion of projection-type schemes, (see for instance [6, 8, 10, 11, 16, 18, 20, 25, 27]).
An important class of projection methods is the so-called pressure correction meth-
ods introduced in [3, 8, 28]. These schemes consist of two substeps per time step:
the pressure is treated explicitly in the first substep and corrected in the second
substep by projecting the intermediate velocity onto the space of divergence-free
fields. These schemes are widely used in practice and have been rigorously analyzed
in [5, 9, 24].

The goal of this paper is to present a rigorous error analysis for the standard
incremental pressure-correction scheme, which is based on the Crank-Nicolson ex-
trapolation method in the time discretization. We prove the stability and second
order convergence in the L?-norm of the velocity, and first order convergence in
the L*-norm of the pressure. Our results are consistent with the reference [23], it
appear to be the best possible under the general context considered in this paper.

The remainder of this paper is organized as follows. In Section 2, we introduce
some notations and recall important results which are used repeatedly in the core of
this paper. In Section 3, we give the new pressure-correction projection scheme for
solving the incompressible time-dependent Navier-Stokes equations, and we prove
the stability of the scheme. In Section 4, we derive some additional a priori estimates
for (u™,p") and perform some error analysis.

2. Preliminaries
For the mathematical setting of problem (1), we introduce the following Hilbert
spaces:

X =Hj(Q)?2 Y =L*Q)? W=LQ) = {qeL2(Q);/ q(x)dsz}.
Q

The space Y is equipped with the usual L?-scalar product (-, -) and L?-norm || - [|o.
Denote by | - || the norm on Sobolev spaces H"(2)?, where r = 1,2. We recall
that if £ is bounded in some direction then the Poincaré inequality holds:

[ollo < c(@)[[Vollo, Vv e X.

The quotient space H!(Q)/R is defined as follows: the element of the quotient
space is equivalence classes. That is Vv € H'(Q), the equivalence class of v is often
denoted

o = {ulu € H'(Q),u —v € R}.
Next, let the closed subset V of X be given by
V={veX; divv=0in Q},
and we denote by H the closed subset of Y, one can show that
H={veY; dive=0in Q and v - 7i|gpq = 0}.

We refer reader to [7, 13-15] for details on these spaces. And Py is the orthogonal
projector in Y onto H, i.e.

(u— Pgu,v) =0, Yu€yY, veH.
The following inequalities (cf. [27])
(2) [Prolls < c(@)lvll;, Vve HYQ)?, i=0,1
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hold. In the following, we use ¢ or C' as a generic positive constant which depends

only on €, v, T and constants from various Sobolev inequalities. And we denote NV

as a generic positive constant which may additionally depends on uy and/or f.
We also introduce the trilinear forms b(-, -, -) and b(-, -, -)

b(u,v,w) = ((u-VIv,w), blu,v,w) = bu,v,w)+ =((V-u)v,w).

1
2
We note that

(3) blu,v,0) =0, Yue H(Q)%ve X.

Thus, we define B(u, v) such that (B(u,v), w) = b(u, v, w), Yw € X.
Moreover, we will use the inequality below

~ 1 1 1 1
b(u,v,w) < clullg [ullF [IVolig[[Avig l[wllo,

(4) Vu € H (Q)?NH,ve H*(Q)?*NX,weY.

In most cases, the following inequality is sufficient for our purposes. They can
be proved by using a combination of integration by parts, Holder’s inequality and
Sobolev inequalities.
()

cllullol|Av||o|[Vw|lo, Yv € H2(Q)?°N X, u € HY(Q)?, w € X,

b(u,v,w) <9 clAullol[Vullollwlo, Yu € H*(Q)?NX, ve X, weY,

| VullollAvloewlo Vv € HX(Q)?NX, ue X, weY.

The following Lemma of Gronwall type will be repeatedly used (see, for instance,
[15] for a proof).

Lemma 2.1.(Discrete Gronwall Lemma). Let B, k be nonnegative numbers and
Gn, bn, Cn, d, be nonnegative sequences satisfying

m m m T
< < <
U + kY bp<kD andyn+k» cn+B, V0<m< I
n=0 n=0 n=0
(T/k]
where k Y d, < M. Assume kd,, <1 and let 0 = maxT(l — kd,)~t. Then
n=0 0<n<
am—i—kZb < exp (o M) chn—i—B T
n=0 k

Now, we give some assumptions about the data and the solutions of problem (1),
which will be used throughout the rest of the paper.
We assume that ug and f are sufficiently smooth, more precisely

(6) up € H*(Q)? NV, feC(0,T];Y).
Under the above hypotheses, it is proved in [9] that
(7) [Au®)lo + [[ue@)llo + [[Vp(#)llo < N, ¥Vt €[0,T].

We note that higher regularity at ¢ = 0 requires that the data ug and f(0)
satisfy certain nonlocal compatibility conditions, but the smoothing property of
the Navier-Stokes equations makes the solution become as smooth as the data
allows for ¢ > 0.
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In particular, we have the following regularity result, which is sufficient for our
error analysis (see, for instance, Theorem 2.4 in [14]).
Lemma 2.2. In addition to (6), we assume that

(8) fes fu € C([0,T;Y).
Then for any to € (0,7'), the solution of problem (1) satisfies
e (0115 + | Aue (E)IIF + Ve ()5

9) +/ (lueee ()15 + [1Aue ()13 + I VPee(s)llg)ds < N, ¥ ¢ € [to, T).

to
3. The pressure correction scheme

In this section, there are two focuses. First, we consider the following version of
the pressure correction scheme. And then, we will give the stability of the scheme.

Let u® = u(tg) € H?(2)?2 N X, and p° = p(tg) € W (Which can be obtained by
solving [, Vp - Vadr = [,(f + vAu — (u- V)u) - Vgdz, Vg € H'(Q) at t = to) be
given, set (u™,p™) are the nth order approximation to (u(to + nk),p(to + nk)).

Note that we will need the (u', %!, p') to start the scheme, so we solve (u', @', pt)
from the following pressure-correction projection scheme:

1 1

1 1 -
{ - (@t =) —vaat + Bt at) + o = f(t
(@' + u®)]oq = 0,

1)
3 )

(10)

and
ul —at + BV (p! —p°) =0,
(11) div u! =0,
ul - 7i|gq = 0.
For n > 1, using problem (1), the first substep accounting for viscous convection-
diffusion equations is

1 ~n n ~n41 ~ n U § n
(12) { A (@™ —u") —vAT T2 4+ B(p(uth), @) + Vp© = f(tnsn),
(,anJrl + un)'@ﬂ _ 0,
and the second substep accounting for incompressibility is
unJrl _ ﬁnJrl + ﬂkv(anrl _pn) _ O,

(13) div "t =0,
u™ 90 =0,

where @"*2 = L@t +u”), ¢(ut) = (3u” — Ju""1) and f is a constant to be
determined.

From (13), we infer that u"*! = Py 4" *!, which explains why we call (12)-(13) a
projection scheme. Actually, we observe that V(p"*! — p")-ii|sq = 0 which implies
that

Vp' - iilaq = Vp" - iilaq = -+ = Vp° - iilaq.

As a major deficiency of projection methods, they often suffer from reduced
accuracy for pressure iterations caused by nonphysical boundary data.

To simplify the notation, we denote t,, = to + nk and for any function w(t) and
any series a’ and a”, we denote

1 1 1
Bt y) = 3@ (tu) +wltn), @™ = 5@ 4 a"), @5 = 5@+ "),
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We also denote

=u(tpi1) —u™h T = u(tygr) — @, T = p(tag) — p"

It is noticed that u™™! can be eliminated from (12)-(13). Replacing u™ in (12)
by @™ — BkV (p" — p"~') (obtained from (13)), we have

en-i—l

(14)
1 ~n+1 ~n v ~n+1 ~n 5093 ~ 1 an 1 1 ~n+1 ~n

+(1+p)Vp" = pVp"t = f(tn+%),
(’ﬁnJrl + PH’&"”@Q =0.

We also derive from (13) that

o apn-i-l ap
15 div a" ! — BEA(p"T —p") =0, —
(15) v u BEA(p ") = |aQ Fr |aQ

From above we can find that the scheme (14)-(15) with a decoupled system

for (@™, p"*1) is a second-order time discretization, this is the advantage of the
scheme, to the perturbed system (see similar interpretations in [19] and [21]):

(16) uf—vAu + B (u,u®) + Vp- = f, ulga =0,
ops

17 divu® —eApS =0, =Llsgqa =0

(17) wvu E€EAQAP; ) 8ﬁ|69 )

with € ~ 2k2. On the other hand, when ¢ << 1, the perturbed system (16)-(17)
can be regarded as an approximation to the problem (1). In reference [23], the
following theorem has been proved.

Theorem 3.1. Let f, fi, fu € C([0,T);Y),up € H*(Q)?>N X and div ug = 0.
Then for ¢ty € (0,T) sufficiently small, let (u,p) be the unique strong solution of
problem (1) in [0,7] and (u€, p¢) be the solution of (16)-(17) with the initial data
(u(to), p(to)) = (u(to), p(t )) Then for all ¢ € [tg, T], we have

t

lu(s) —u(s)lgds  + Vellu(t) —u @)

+ e(llut) —u @) + llp(t) — p°)IF) < Ne?,

where N is a constant depending on the data ug, f and ¢o.

From Theorem 3.1, we can speculate that the convergence rate of the scheme
(14)-(15) is second-order in L?([tg, T]; Y') for the velocity and first order in L ([to, T);
L?(f2)) for the pressure. In view of Theorem 3.1, we expect to prove the following
error estimates for (12)-(13):

(18) &Y lultn) = w"lIg + k[ V (u(t) — w5 + K*|p(tm) =™ |I§ < N,

for all 1 <m < M, where M = [T;to]
We first establish a stability result for the scheme (12)-(13). The techniques used

here will be repeatedly used later in different circumstances.

Lemma 3.2. Let 8> 1, if «"*! and 4" are the solutions of problems (12) and

(13), then for m =1,2,--- , M — 1, the following inequality holds:

1 m vk - n n
(1- ﬁ)Hu G+ T SOV @ + Pyam)|[3
n=1
< Oo(lat2 Bk? Vpll2 2
< C(la'[lg + 5 VP16 + L 1E 0,7, 1-1(0)2))-
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Proof. Taking the inner product of (14) with k(@"*! + Pya™) and of (15) with
E((1 + B)p"™ — Bp™~1!) and summing up the two relations, since div Pya"™ = 0 and
(3), we find that:

) o . vk - ~
(@t —a", @™t + Pya™) + 7||V(UHJrl + P

+ BE*((1+ B)Vp™ — BVp" 1, V(p" T —p™))
=k < ftypr), @' 4 Pya” >

(19) < OBl F (b I + 2N 4 Pyt
We derive from (13) and (15) that
Pyu" —a" = —BEV(p" —p" ),
(@ —a",vy) = BR(V(p"T —2p" +p""),V7), VryeH'(Q)/R,
therefore,

(@ —an, @t Pyt = a3 — a3 - pR@En - A, vt - )

= [[a" g = la g — B2 (V" = 2p™ +p" ), V(" —p" )

a2 = a2 = ZE ot -z - v e - h)2)
= 0 0 D) b p 0 D p 0
+ [V(p" Tt —2p™ +p" Y3

2
On the other hand,
BE*((14 B)Vp" — pVp" 1, V(" —p™))
= BEX(VP", V(" —p") + B (V" —p" ), V(" —p"))

ﬂkz n+12 n(2 n+1 ny |2
= UV llo = IVe"llo = IV ("™ = 2")ll5)
ﬂ2k2 n n n n— ﬂ2k2 n n n—
+ = (IVE™ = PG+ IVE" =" I — = IVE™ = 2p" +p" )6

We derive from (15) that
BRIV (™ = p™)§ < lam G

Summing up (19) for n = 1,--- ,m and collecting the above inequalities, since
8> %, we arrive at

1 -m vk — n o
(1- %)IIU g+ IZIIV(U 4 Pra™)|lg
n=1
~1112 ﬂk2 12 2
< |a ||o+7||vp 16 + ClAIE 0,79 1-1(0)2)-

From (6) and the below lemma, we obtain the scheme is stable.

4. Error estimate for the time discrete case

In this section, we consider error estimate of the time discrete scheme. Now we
begin with a preliminary lemma for the truncation error which is defined by

RY = L(ultas) - ultn)) — vAT(t, )

k

1
2



76 H.Y. SUN, Y.N. HE, AND X.L. FENG

Lemma 4.1. Under the assumptions of (6) and (8), there holds:

m T
(21) B IRYZ, < Nk4/t (weee () 121+ Ve ()15 + 2o (5)[15) s,

n=0

(22)  |R™[lo < Nk( max_[[uy(t)]o + max [|Au(t)]o+ max [[Vpi(t)o),
tG{to,T] te[to,T] tG{to,T]
Vo<m<M-—1,

which was proved in [20, 24].

Lemma 4.2. Let 8 > 1 and under the assumptions of (6) and (8), then there

holds the following inequality
k2
(23) |l —u(t)[§ + FvIIV (' = a@)s + =1V = pE)IE < Nk,

where (u',p!) is the solution of (10)-(11).
Proof. When n = 0, R? is the truncation error defined by

1 -
E )7u(t

Subtracting (10) from (24), we obtain the error equations

(24)  R°=—(u(t1) —ulto)) — vAu(ts) + B(a(t )+ Vp(ts) — f(t1).

1 1
2 2

[NES
N

1
2

1 0

(25) — VA& + V(p(ts) — p°) = Q° + R,

1
2

where

(26) =BV(p' —p").

Let § = 5 — % > 0, using the Lagrange mean value theorem, we have p(t;) —
p(to) = kpt(&o), which parameter & is from ty to t;. Taking the inner product of

1

(25) with 2kéz, we derived from (3) and (5) that

~ ~1
(27) [1EM5 — 11e” 1§ + 2kv][Vez I3

=2k(Q° + R",&2) + 2k(V(p" — j(t,)), é?)
< —2Kkb(ii?, 6%, 6%) — 2kb(e%, (ty), €2) + 2k(R°, &) + 2k(V(p° — p(ty)), é7)
6 1 . 1
< T 18115 + clle®lIg + NE2(I RNl + IVez (1) + 2k(V (p° — B(ty)), &2).
On the other hand, we have
. 26—1 _ k .
(28) e = etlg + le* = &' = 5 (V' —p%),").
28 2
Adding (27) and (28), we arrive to
26 -1 _ _1
letls = 11e”l5 + Tlle1 — &g + 2kv| Vez I3
) _ L1 k -
< srg IR+ el IR + NERR + 963 R) - £ (V00" +4°), &),
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We infer from (26) that

k 1, 0y ~1 Bk’ 1,0 1_,0
—5 Ve +4¢).¢) = ==Vl +¢),Vp —p7))
k2 382 Bk
< g3+ 1w + 2 e
since ||| = |le!||2 + |le* — &3, e® = 0, ¢° = 0 and Lemma 4.1, that for k

sufficiently small,

0
20+1

By using (2), we have

k2
€413 + kvl Ve 15 + S 1V I < N

pk?

le™ 5 + kvl Ve |l§ + = [1Va'[[§ < NE*.

Lemma 4.3. Let 8 >
holds inequality

3, and under the assumptions of (6) and (8), then there
V™ UG + [IVam g + JA@E™ T +u™)I[g + [V § < N, VI<m < M -1,

Proof. Subtracting (12) from (20), we get the following error equations:

1 ~n n ~n+1 ~ n n n
(29) E(e e )_I/Ae +é+v(p(tn+%)_p ):Q + R",
&390 =0,

on the other hand, we derive from the equations (13) that

1

E (enJrl _ én+1) _ Bv(pn+1 _pn)7
(30) div ent! = 0,

€"+1 -ﬁ|aQ =0.

Rewrite the equations (30) as
(e, V) 4+ BE(V(¢"T' —q"), V)
(31) = Bk(V(p(tnt1) = p(tn)),V7), ¥~y e€H'(Q)/R,

since div 4(t,, ;1) = 0, we can rearrange the nonlinear term on the right-hand side
as

Q" = B(e(u"),a"t ) = (it, 1) V)ilt, 1)

= B(o™), 5" %) = Bty 1), iltny1))

= —B(¢(ultns1)) — o), ity 1)) + B((ultnir)) — pu™H),émt2)
(32) ~B(¢(ultn11)), € ) = Bliilt,s1) — (ultnin)), ity 1)),
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Let us denote

By = a(t,, 1) — é(u(tns))
- %(u(tnﬂ) — 2u(tn) + u(tn-1))
— % /tnnl (8 — tn—1)us(s)ds + % /tnnﬂ(tnﬂ — s)ug(s)ds,

so we can derive the following results by Schwarz inequality

tnt1
E2IE < k[ ) s,

tn—1

and

tn+1
IVED2 < ck? / Ve (s) 2.

tn—1

Now we consider the error estimates about the nonlinear terms.
Taking the inner product of (29) with 2ké"*2, we obtain

(33) &3 = lle™ 13 + 2k V"2 |3 = 26(Q™ + R™ + V(p" — plt, 1 1)), €"2).
The terms on the right-hand side of (33) can be handled as follows:
ok < B et > < Doyverth g+ 2,
By using (3), (5), (7) and Young inequality, we get

), & tE)

et

2k < Q" e > = —2kb(@(ultni1)) — S(u"HY), dlt,,
_2k6(a(tn+%) - (b(u(tﬂ-i'l))? a(thr

=

=

< ckll(ultnin)) — SN o Aty , )0l VE™H o
+ck||E3||0||Aa(tn+%)||0||Vén+§HO
vk i1 ~ :

< 7||V@ +3 ||(2J + Ck||AU(tn+%)||%||¢(u(tn+1)) _ ¢(u +1)||%

+ekl| Adt, )[5BS
Vk ~n41 3 n 1 n— n
< ZIverth3 4 NElDen — 23 + NRIELIR,
Taking the inner product of (30) with %ke"“, since

(Vp,v) =0, Vpe H(Q), veH,

we obtain
28 —1
28

Now, taking the inner product of (30) with %(e’“rl +éntl), we get

(34) {lle™HI5 — lIe™ 5 + llem+ — e+ |5} = 0.

1 n ~n k n ny sn
(35) agtle TG = EmIGY = S (VT =), e,
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Adding (33), (34) and (35), we arrive to

n n 26-1,, an o
le™ g — lle™ I3 + 5 || ] R Y NCard
n n 1 n— mn
< NE(|R™1%, + ||§6 — 3¢ Hig + IEL1IG)
k ~ ~n
+ (VO 4" = 25(t 1), €

n 3 n 1 n— n k n ~n

(36) = NE(IR"Z: +l5€¢" — 5" MG+ IIELE) — 5(V(g" T +¢"),&"th).
2 2 2
Using (31), we get
k n+1 ny =n+1
—5 (V@ +q"), e
_ Bkz n+1 n n+1 n
= T(v(p(tn-i-l) =p(tn) = V(@ =q"), V(" +4"))
(37) = (||Vq E = 1Ve™I5) + —I
where
L= (V" 4 ¢"), V(p(tntr) — p(tn)))
tnit
— (V(q"Jrl + q"),/ Vpi(s)ds)
tn
12 2 bt 2

(38) < E(IVe"THIE+ ||VQ"||0)+/ [Vpe(s)llods.

n

Hence, adding (36) to (37), because of (38), we arrive to

26-1 .
le™HI5 = lle™I5 + 25 et — e

k2
+ ky|verts |2+ B

—— (V" g = Ve [5)

IN

n n 171— mn
NH(IRIE, +||—e -3¢ 1||0+||E 12
B nt1 e 2
(39) b O e 19+ O [ s

Now, taking the sum of (39) for n from 1 to m, thanks to (9), we arrive to

m ﬂk2 m - ~n+1 2[3 -1 n ~n
le™ g+ —-1IVa TG+ D _{kvl[VeE = [lf + S fle™t — &5}

n=1 26
< Nk < n| 2 Bkz v n+12 Nk = Rn 2 En 2
< > (e llo+=-1Va"""l5) + DR 2+ 1E21E)
n=1 n=1
12 ﬂk2 T 2d 112
He o +==Cf 1IVpe(s)liads +1Vallo)
to
2 o ni2 ﬂk n+1
< NE+NEY ("5 + ==V [13)-

n=1

79
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pplying Lemma 2.1 with a,, = ||€"||g + BK V" 1|2 to the above inequality, we
Applying L 2.1 with 2+ Lk 2
obtain
m - ~n+i 26 -1 n ~n
le™ Mg+ Y {kv|ve +2”%+7”6 -3y

n=1

Bk? m+12 2
(40) + THV{] l§ < Nk*, V1i<m<M-1.

In view of (7), the above inequality implies in particular that
(41) V(@ + a3+ V" <N, YV1i<n<M-L
We now consider the term Vp™ in (12) as a source term and take the scalar

product of (12) with —2kA(a@" ™! + u™). Denoting g" = f(t,H_%) — Vp", and using
(4), (40) and (41), we obtain

20V G — 20V I + kv A |3

= —2k(g", A(@"! +u")) + 2kb(¢(u" ), @z AT +un))

~n+1 n n 1 n 1 JUPSIS B 1 pa 12

< kv[| AR |[§ + ckllg 1§ + ckllg(u™ I le(u™ I VT2 g | Aa" =]l

< 2kv|| A2 |3 + ckllg™[[§ + NE[Vo (™[5 + Nk o(u)][5.
Since |[u™|lo < [|@™]|o, V 1 <n < M, we can rewrite the above inequality as

~Nn ~n ~n 1 n n n
IVar g — Iva|[§ + kvl A= |[§ < ckllg"|[§ + NE(Veu" G + llou™)]5)-

Taking the sum of above inequality for n = 1 to m, we derive that

(42) Va2 + kv > |AGTEB <N, Y1<m<M-1.

n=1
Taking the inner product of (29) with —Aé"*2, thanks to (7), (40) and Lemma
4.1, we get
JAE™E |2 < N +¢(Q", —Ae"t3).
On the other hand, using (5) and (42), we derive from (32) that

1
(Q",—A&"t3) < 5||Aén+% 24N, Vi<n<M-—1.

Therefore, [|Aé"2|g <N, V1<n<M-—1.

Main result in this paper is the following theorem.
Theorem 4.4. Suppose that hypothesis (6) and (8) hold. Then for ¢y € (0,7, 8 >
%, let (u™,p™) be the solution of (12)-(13) for n = 2,--- ,m, and let (u(t), p(t)) be
the strong solution of problem (1) up to ¢, = T. There exists a positive constant
N depending on the data and ¢y, such that

B ultn) = ulls + K[V (u(tm) — ™[5 + K2 [lp(tn) — p™ 5 < NE,
n=1

(43) V1<m<M,

where (ul,p!) is the solution of (10)-(11). Theorem 4.4 is proved in the remainder
of this section, it will be carried out through a sequence of error estimates presented
below.
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Firstly, we consider the following auxiliary linear problem and denote the solu-
tions of this problem by (9"F1 v+l pntl),

1 ~n n ~n+4+L n R~ ~
(44) { k (0" = ") —vATE £ V" = [t 1) = Ba(t,y 1) ity 1)),
(,Dn-l-l + vn)'@ﬂ — 0’
and
ot —gntl 4 BEV (Pt — ) = 0,
(45) div "1 =0,
o™ 7ipq = 0,
with (v9,7%) = (u°, p°).
It is obvious that the results in Lemma 4.3 for (12)-(13) are also valid for this
auxiliary linear system.
Vo™ G + V™G + | AG™ +0™)[§ + V™G < N,
(46) Vi<m<M-—1.

Similar with the literature [24], we have the following result.
Lemma 4.5. Under the assumptions of Theorem 4.4, we obtain

B lultn) = 8"[1§ + K2V (u(tm) = 0™)[1§ + K l|p(tm) — ™ |15 < NE,
n=1

(47) V1<m<M.

(48) kz u(tn) — ™2 + 2|V (u(ty) —v™)||2 < Nk, V1 <m< M.
n=1

Denoting " = u(t,) — 0", € = u(t,) — 9" and ¢" = p(t,) — r™.
Subtracting (44)-(45) from (20), we obtain the error equations:

%N (gnJrl _ gn) _ VAénJr% + V(p(tn+1)2_ p(tn) + ¢n) _ Rn,
(€ +&)oq = 0.

Using the Lagrange mean value theorem, we have p(t,+1) — p(tn) = kpe(€y,), which
parameter &, is from t, to t,11. We derive from the above inequality that

én-i—l —n S
49) ===l = NI =l + 16" [lo + 1R"llo + Fllpe(&n)llo) < NE,

for all 1 <n < M — 1. Thanks to (45), we obtain
gn—i-l _ §n+1

Bk
We derive from the above inequality that
M —eM
15—
In the following, we give error estimates for the nonlinear problem.
Denoting 7" = v™ —u", 7" = 9" — @™ and ¥™ = ™ — p™. Since n° = 0 and
9 = 0, we can easily prove that

+ V() = 0.

|-y < el =M1 < NE.

B
IVls < NE.

12, PR
I3 +
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When n > 1, subtracting (12)-(13) from (44)-(45), we obtain
1 1
s+l on\ ~n+3 n_ nn
(50) {k(n1 n") = vATTE 4+ VYt = Q"
7" 2|90 =0,
and
77nJrl _ ﬁn+1 + ﬂkV(1/)n+1 _ 1/)n) =0

(51) div p"tt =0,
77”+1 . ﬁ|89 =0.

Lemma 4.6. Under the assumptions of Theorem 4.4, we obtain

m Bk? " 28-1, . il
™13 + 5 — VY +1||3+Z(7||77 "G+ k|| VTR G) < NE,

n=1
Vi<m<M-—1.
Proof. Taking the inner product of (50) with 2k7j"*2, we obtain
~n n ~n+i n ~n4i
(32) "G = "G + 2k VA2 G 4+ 2k(Ve", 77 2) = 2k(Q", 7 2).
Using the similar method in Lemma 4.3 for (51), we have

n ~n 26 -1 n ~n k n ny =n
(53) " G = 7" G + " =G = —5 (V¥ Ly,

2p
Summing up (52) and (53), we obtain
n mn 2ﬂ_1 n ~n ~n4+Li
™ MG = ™16 + == [l = "G + 2kw [ Vi 21§
n ~n+sz k n "1
= 2k(Q" ") — SV )7
n ~n+1 ﬂk n+1 ni2
(54) = 2k(Q", 7" 2) — == (V¢ 5 — Vo™ [5)-

We note that é"+2 = "2 4 72 and e” = £™ + 5. Therefore,

B(¢(utns1)) — o(u"Y), it 1)) + B((ultnrn)) — pu™h),&+3)

B(o(utn1)), & 7) = Bty 1) — d(ultni)), @lt, 1))

B(@(E" ™ 40", ity 1)) + B(o(E"T 4+, &7 2 4 inta)

3<¢< (tnr1)), €72 +07"08) = Blii(tg 1) = d(ultnir)), ity 1))-
By using (5), (7) and (46), we have
2kB(HE" T + ™) it 1), ) < ck||¢(§"+1+77”+1)||0||Aﬂ(tn+%)||o||vﬁ"+%||o
< ||V~"+2||3+Nk<||¢(f”“)||%+||¢<n"“>||3),

2kbo(€" ! 4" ), ER ) < ck||¢<s"+1+n”“)nonAé"*%||o||Vﬁ"+%||o

< ZEIOT IR+ NR(loE ) IE + 6t IR,
2kb((ultn+1)), €2, 7HE) < ck||A¢< (tart DI 2 o VT2 o
< ZEIVRE R + NRIE R + 1€71D)
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IN

2kb(iit, g 1) — G(ultni1)) ity 1), 7"F2) Ck||En||0||Aﬁ(tn+%)||0||V77n+%||o

IN

—|IVN"+2||3 + NE[|E 3.
Since n° =0, ¥° = 0 and
Bk
'l + = IV s < N&.

Collecting the above inequalities into (54), we have

m ﬂkz m - 2ﬂ_1 n ~n ~n+ i
I I + =1V UG+ D (=l = G + k|| Vit

= 2

n=1

ﬁk2 - n - n cn n
103+ 2R 134 S I3 + Nk DI+ 1R + 12 )

n=1 n=1

(55)

IN

NE RS .

n=1
We conclude the results by applying Lemma 2.1 to (55).
Lemma 4.7. Under the assumptions of Theorem 4.4, we obtain

v(IVA" TG+ IV THIS) < NE2, V1<n< M -1
Proof. Taking the inner product of (50) with 7"+! — " we get
=N 7 4 ~N n n =n n n =n n
|| =5+ S UVATHE = IV0"IIE) + (VAT =) = (@ =),

Thanks to the inequality (2), we derive from the last inequality that

(56) - n"||3+§<||w"+l||%—||Vn"||3>s@"—wn,ﬁ"“—n"),
(VU ) < S = o ek [V,
We derive from (5), (7) and ||Aé"* 2|, < N, that
Q7™ =) = = Bo(utsr)) = 6" ), lt, ), 7™ =)
B(g(ultns1)) = o(u1), &4, 50—y
B( O(u(tn+1), &2, 7 =)
= Biltysg) = (ultns1)), ilt,3) 77" ")

_2k||77"Jrl =" + NE([VeE™ G + Vo™ I3
+ NE(|VE =3 + | VELI).
Now, taking the sum of (56) for n from 1 to m, we arrive to

m 7 n =N 1 mn n
VIV I < vVt IE + Nk D (V0" 15+ I1V€° 8 + 1Ve™ 215 + IV IS + 174" [5)

n=1
< NE?+ NE > [[Vn"|3.
n=1
By applying the discrete Gronwall Lemma to the last inequality, we have
V||V S < NE2.



84

H.Y. SUN, Y.N. HE, AND X.L. FENG

Since [ Vi3 < [V |3 + [ V43, we also have ][V < NA2.
We derive from (50) that

(57)

I < N9+ 196" o + 1Q" o) < N,
Vi<n<M-1.
Thanks to (49) and (57), we obtain
én-i— n+1 n
||—1_|| ||_1+||T||_1§Nk,VlgngM—l.

Finally, we derive from (29), Lemma 4.1, Lemma 4.5, Lemma 4.6 and above
inequalities that

€
llg"llo < NVl

sn+1

k et + 1B o+ 1Q" o + VI VE™ o + Kllpe(&n)llo < Nk,

vVi<n<M-1.

When n = M, in view of (30), we have

M
IV < Klp€anllo + g o + | s
cM M = M
< k M1 g_ D1y, < Nk.
< kllptan)lo + 6"~ o+ 15—+ 1o <
The proof of Theorem 4.4 is completed.
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