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Abstract. In this paper, we propose a composite Laguerre-Legendre pseudospectral
method for exterior problems with a square obstacle. Some results on the compos-
ite Laguerre-Legendre interpolation, which is a set of piecewise mixed interpolations
coupled with domain decomposition, are established. As examples of applications,
the composite pseudospectral schemes are provided for two model problems. The
convergence of proposed schemes are proved. Efficient algorithms are implemented.
Numerical results demonstrate the spectral accuracy in space of this new approach.
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1 Introduction

Many practical problems require solving partial differential equations defined on exterior
domains. Considerable progress has been made in spectral and pseudospectral methods
for unbounded domains. A direct and commonly used approach is based on Hermite and
Laguerre orthogonal approximations, see, e.g., [4–7,9,17,18,20]. Some authors also devel-
oped the mixed Laguerre-Legendre spectral and pseudospectral methods for an infinite
strip, see [14, 19]. A challenging problem is how to design spectral and pseudospectral
schemes for exterior problems. However, so far, there have been only few literatures
concerning the spectral method for exterior problems, see [2, 10, 21].
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We now consider exterior problems with a square obstacle Ω0={ (x,y) | −1≤x,y≤1}.
Its boundary Γ=

⋃4
j=1Γj, where

Γ1 ={ (x,y) | x=1, |y|≤1}, Γ2 ={ (x,y) | |x|≤1, y=1 },
Γ3 ={ (x,y) | x=−1, |y|≤1}, Γ4 ={ (x,y) | |x|≤1, y=−1}.

In this case, we divide the unbounded domain Ω= R2/Ω0 into eight subdomains Ωj,1≤
j≤8. In other words, Ω=

⋃8
j=1 Ωj, 1≤ j≤8, where

Ω1 ={(x,y) | x>1, |y|≤1}, Ω2 ={(x,y) | x>1, y>1},
Ω3 ={(x,y) | |x|≤1, y>1}, Ω4 ={(x,y) | x<−1, y>1},
Ω5 ={(x,y) | x<−1, |y|≤1}, Ω6 ={(x,y) | x<−1, y<−1},
Ω7 ={(x,y) | |x|≤1, y<−1}, Ω8 ={(x,y) | x>1, y<−1}.

The common boundary of adjacent subdomains Ωj and Ωj+1 are denoted by Γj,j+1. In
particular, Γ8,9 =Γ8,1. Namely,

Γ12 ={(x,y)∈Ω, x>1, y=1}, Γ23 ={(x,y)∈Ω, x=1, y>1},
Γ34 ={(x,y)∈Ω, x=−1, y>1}, Γ45 ={(x,y)∈Ω, x<−1, y=1},
Γ56 ={(x,y)∈Ω, x<−1, y=−1}, Γ67 ={(x,y)∈Ω, x=−1, y<−1},
Γ78 ={(x,y)∈Ω, x=1, y<−1}, Γ81 ={(x,y)∈Ω, x>1, y=−1}.

Recently, the authors developed the composite Lagurre-Legendre approximation with
its applications to exterior problems with the obstacle Ω0, see [13]. But, the pseudospec-
tral method is more preferable in actual computation. In particular, it is convenient to
match numerical solutions on the common boundaries Γj,j+1,1≤ j≤8, of adjacent subdo-
mains, and is easy to deal with nonlinear terms. Moreover, we can use the pseudospectral
method coupled with finite element methods, for various exterior problems with more
complex geometry.

In this paper, we investigate the composite Laguerre-Legendre pseudospectral
method coupled with domain decomposition for exterior problems with the obsta-
cle Ω0. We shall use the mixed Laguerre-Legendre interpolations on the subdomains
Ωj, j = 1,3,5,7, and the two-dimensional Laguerre interpolations on the subdomains
Ωj, j = 2,4,6,8. We also introduce certain specific basis functions, induced by the scaled
Lagurre functions and the Legendre polynomials, so that the global numerical solutions
belong to the space H1(Ω) and possess high accuracy. In order to derive precise estimates
of numerical solutions, we develop the composite Laguerre-Legendre interpolations on
the whole domain Ω, which play important roles in the related pseudospectral meth-
ods for various exterior problems. As examples of applications, we consider two model
exterior problems. The convergence of proposed pseudospectral schemes are proved.
Efficient implementations are described. The corresponding linear discrete systems are
symmetric and sparse, which can be resolved easily. Especially, they are suitable for par-
allel computation. Numerical results demonstrate the spectral accuracy in space of this
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new approach and confirm well the theoretical analysis. The approximation results and
some techniques developed in this paper are also applicable to many other problems on
unbounded domains, as well as exterior problems.

This paper is organized as follows. In the next section, we establish the basic results
on the composite Laguerre-Legendre interpolation. In Section 3, we propose the compos-
ite pseudospectral schemes for model problems and derive sharp error estimates of nu-
merical solutions. In Section 4, we describe the numerical implementations and present
some numerical results. The final section is for concluding remarks.

2 Composite Laguerre-Legendre interpolation

In this section, we derive some basic results on the composite Laguerre-Legendre inter-
polation.

2.1 Laguerre-Gauss-Radau interpolation

Let Λ={ x | 0< x<∞} and χ(x) be a certain weight function. For integer r≥0,

Hr
χ(Λ)={ u | u is measurable on Λ and ||u||r,χ,Λ <∞},

equipped with the following inner product, semi-norm and norm,

(u,v)r,χ,Λ = ∑
0≤k≤r

∫

Λ0

∂k
xu(x)∂k

xv(x)χ(x)dx,

|u|r,χ,Λ =
∫

Λ
(∂r

xu(x))2χ(x)dx, ||u||r,χ,Λ =(u,u)
1
2
r,χ,Λ.

In particular, H0
χ(Λ)= L2

χ(Λ), with the inner product (u,v)χ,Λ and the norm ||u||χ,Λ. We
omit the subscript χ in the notations whenever χ(x)≡1.

Let ωα,β(x) = xαe−βx, α > −1,β > 0. Especially, ωβ(x) = ω0,β(x) = e−βx. The scaled
Laguerre polynomial of degree l is defined by

L(β)
l (x)=

1

l!
eβx∂l

x(xle−βx).

To design proper pseudospectral method for exterior problems, we shall use the orthog-
onal system of Laguerre functions, defined by

L̃(β)
l (x)= e−

1
2 βxL(β)

l (x), l =0,1,2,··· . (2.1)

The set of L̃(β)
l (x) is a complete L2(Λ)− orthogonal system, see [15].

Let Λ1={ x | 1<x<∞} and ω1
α,β(x)=ωα,β(x−1). In particular, ω1

β(x)=ωβ(x−1). For

any positive integer N, PN(Λ1) stands for the set of all polynomials of degree at most
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N. Let ξ
(β)
R,N,Λ1,j, 0 ≤ j ≤ N, be the zeros of polynomial (x−1)∂xL(β)

N+1(x−1), which are

arranged in ascending order. Denote by ω
(β)
R,N,Λ1,j, 0≤ j≤N, the corresponding Christoffel

numbers such that
∫

Λ1

φ(x)ω1
β(x)dx=

N

∑
j=0

φ
(

ξ
(β)
R,N,Λ1,j

)
ω

(β)
R,N,Λ1,j, ∀φ∈P2N(Λ1). (2.2)

Furthermore, let

ξ̃
(β)
R,N,Λ1,j = ξ

(β)
R,N,Λ1,j, ω̃

(β)
R,N,Λ1,j = e

β
(

ξ
(β)
R,N,Λ1,j−1

)

ω
(β)
R,N,Λ1,j.

We also introduce the following discrete inner product and norm,

(u,v)N,β,Λ1
=

N

∑
j=0

u
(

ξ̃
(β)
R,N,Λ1,j

)
v
(

ξ̃
(β)
R,N,Λ1,j

)
ω̃

(β)
R,N,Λ1,j, ||u||N,β,Λ1

=(u,u)
1
2
N,β,Λ1

.

Next, we set

QN,β(Λ1)=
{

e−
1
2 β(x−1)ψ | ψ∈PN(Λ1)

}
.

By virtue of (2.2), it is easy to show that

(φ,ψ)Λ1
=(φ,ψ)N,β,Λ1

, ∀φ∈Qm,β(Λ1), ψ∈Q2N−m,β(Λ1), 0≤m≤2N, (2.3)

||φ||N,β,Λ1
= ||φ||Λ1

, ∀φ∈QN,β(Λ1). (2.4)

Let Λ̄1 = Λ1∪{x = 1}. For any u ∈ C(Λ̄1), the Laguerre-Gauss-Radau interpolation
ĨR,N,β,Λ1

u∈QN,β(Λ1) is determined uniquely by

ĨR,N,β,Λ1
u(ξ̃

(β)
R,N,Λ1,j)=u(ξ̃

(β)
R,N,Λ1,j), 0≤ j≤N. (2.5)

In the forthcoming discussions, we denote by c a generic positive constant which does
not depend on M,N,β and any function. We know from [12] that if u∈ L2(Λ1)∩C(Λ̄1),

∂r
x(e

1
2 β(x−1)u)∈L2

ω1
r,β

(Λ1)∩L2
ω1

r−1,β

(Λ1) with integer r≥1, then

||ĨR,N,β,Λ1
u−u||Λ1

≤ c(βN)
1−r

2 (β−1||∂r
x(e

1
2 β(x−1)u)||ω1

r−1,β ,Λ1

+(1+β− 1
2 )(lnN)

1
2 ||∂r

x(e
1
2 β(x−1)u)||ω1

r,β ,Λ1
). (2.6)

Moreover, we use (2.3) and (2.6) to derive that for any φ∈QN,β(Λ1) and integer r≥1,

|(u,φ)Λ1
−(u,φ)N,β,Λ1

|= |(ĨR,N,β,Λ1
u−u,φ)Λ1

|
≤ c(βN)

1−r
2 (β−1||∂r

x(e
1
2 β(x−1)u)||ω1

r−1,β ,Λ1

+(1+β− 1
2 )(lnN)

1
2 ||∂r

x(e
1
2 β(x−1)u)||ω1

r,β ,Λ1
)||φ||Λ1

. (2.7)

Remark 2.1. If u∈Hr
(x−1)r(Λ1), then the norm ||∂r

x(e
1
2 β(x−1)u)||ω1

r,β ,Λ1
is finite.
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2.2 Legendre-Gauss-Lobatto interpolation

We now consider the Legendre-Gauss-Lobatto interpolation on the interval I1={ y | |y|<
1}. For integer r≥ 0, we define the space Hr(I1) and its norm ||u||r,I1

in the usual way.
The inner product and norm of L2(I1) are denoted by (u,v)I1

and ||u||I1
, respectively.

We denote by Ll(y) the Legendre polynomial of degree l. The set of all Legendre
polynomials is a complete L2(I1)-orthogonal system.

For integer M≥ 0, PM(I1) stands for the set of all polynomials of degree at most M.
The orthogonal projection PM,I1

: L2(I1)→PM(I1) is defined by

(PM,I1
u−u,φ)I1

=0, ∀φ ∈PM(I1).

If
(
1−y2

) r
2 ∂r

yu∈L2(I1) with integer r≥0, then (cf. [8, 11])

||PM,I1
u−u||I1

≤ cM−r||
(
1−y2

) r
2 ∂r

yu||I1
. (2.8)

Next, let ζL,M,I1,k be the roots of polynomial (1−y2)∂yLM(y),0≤k≤M, which are arranged
in ascending order. The corresponding Christoffel numbers are denoted by ρL,M,I1,k,0≤
k≤M. We also introduce the discrete inner product and norm as

(u,v)M,I1
=

M

∑
k=0

u(ζL,M,I1,k)v(ζL,M,I1 ,k)ρL,M,I1,k, ||u||M,I1
=(u,u)

1
2
M,I1

.

We have that (cf. [3, 6])

(φ,ψ)M,I1
=(φ,ψ)I1

, ∀ φψ∈P2M−1(I1), (2.9)

||φ||I1
≤||φ||M,I1

≤
√

2+
1

M
||φ||I1

, ∀ φ∈PM(I1). (2.10)

Let Ī1 = I1∪{y =±1}. For any u∈ C( Ī1), the Legendre-Gauss-Lobatto interpolation
IL,M,I1

u∈PM(I1) is determined uniquely by

IL,M,I1
u(ζL,M,I1,k)=u(ζL,M,I1,k), 0≤ k≤M.

We have from (2.10) of [16] that if u∈C( Ī1), (1−y2)
r−1

2 ∂r
yu∈L2(I1) and integer r≥1, then

||IL,M,I1
u−u||I1

≤ cM−r||(1−y2)
r−1

2 ∂r
yu||I1

. (2.11)

Finally, we use (2.8)-(2.11) to deduce that for any φ∈PM(I1) and integer r≥1,

|(u,φ)I1
−(u,φ)M,I1

| ≤ c(||PM−1,I1
u−u||I1

+||PM−1,I1
u−IL,M,I1

u||M,I1
)||φ||I1

≤ c(||PM−1,I1
u−u||I1

+||u−IL,M,I1
u||I1

)||φ||I1

≤ cM−r||(1−y2)
r−1

2 ∂r
yu||I1

||φ||I1
. (2.12)
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2.3 Mixed Laguerre-Legendre interpolation on Ω1

We now consider the mixed Laguerre-Legendre interpolation on the subdomain Ω1 =
I1×Λ1. Let χ(x,y) be a certain weight function. We define the weighted space L2

χ(Ω1)
as usual, with the inner product (u,v)χ,Ω1

and the norm ||u||χ,Ω1
. We omit the subscript

χ(x,y) in the notations whenever χ(x,y)≡1.

Let VM,N,β(Ω1)=PM(I1)⊗QN,β(Λ1). The meanings of ξ̃
(β)
R,N,Λ1,j,ω̃

(β)
R,N,Λ1,j,ζL,M,I1,k and

ρL,M,I1,k are the same as before. The discrete inner product and norm are given by

(u,v)M,N,β,Ω1
=

M

∑
k=0

N

∑
j=0

u
(

ζL,M,I1,k, ξ̃
(β)
R,N,Λ1,j

)
v
(

ζL,M,I1,k, ξ̃
(β)
R,N,Λ1,j

)
ρL,M,I1,kω̃

(β)
R,N,Λ1,j,

||u||M,N,β,Ω1
=(u,u)

1
2
M,N,β,Ω1

.

With the aid of (2.3), (2.4), (2.9) and (2.10), we have that

(φ,ψ)M,N,β,Ω1
=(φ,ψ)Ω1

, ∀ φ,ψ∈VM−1,N,β(Ω1),

||φ||Ω1
≤||φ||M,N,β,Ω1

≤
√

2+
1

M
||φ||Ω1

, ∀ φ∈VM,N,β(Ω1).
(2.13)

Let
Ω1,M,N,β =

{(
ζL,M,I1,k, ξ̃

(β)
R,N,Λ1,j

)
,0≤ k≤M,0≤ j≤N

}
.

The mixed Laguerre-Legendre interpolation IM,N,β,Ω1
u∈VM,N,β(Ω1) is determined by

IM,N,β,Ω1
u(x,y)=u(x,y), (x,y)∈Ω1,M,N,β.

For describing approximation errors, we introduce the notation with integers r,q≥1,

C
q,r
M,β,Ω1

(u)=
∫

I1

(
β−2||∂r

x

(
gβ(x)u

)
||2

ω1
r−1,β ,Λ1

+(1+β−1)||∂r
x

(
gβ(x)u

)
||2

ω1
r,β ,Λ1

)
dy

+M−2
∫

I1

(
β−2||∂r

x

(
gβ(x)∂yu

)
||2

ω1
r−1,β ,Λ1

+(1+β−1)||∂r
x

(
gβ(x)∂yu

)
||2

ω1
r,β ,Λ1

)
dy

+
∫

Λ1

||
(
1−y2

) q−1
2 ∂

q
yu||2I1

dx.

where
gβ(x)= eβ(x−1)/2. (2.14)

Let ϑ be the identity operator. In fact, IM,N,β,Ω1
u=IL,M,I1

(ĨR,N,β,Λ1
u), and so

IM,N,β,Ω1
u−u= D1(u)+D2(u)+D3(u),

where

D1(u)= ĨR,N,β,Λ1
u−u, D2(u)=IL,M,I1

u−u, D3(u)=(IL,M,I1
−ϑ)(ĨR,N,β,Λ1,−ϑ)u.
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Thanks to (2.6), we deduce that

||D1(u)||2Ω1
≤ c(βN)1−r

∫

I1

(
β−2||∂r

x

(
gβ(x)u

)
||2

ω1
r−1,β ,Λ1

+(1+β−1)lnN||∂r
x

(
gβ(x)u

)
||2

ω1
r,β ,Λ1

)
dy,

where gβ(x) is defined by (2.14). Using (2.11) gives

||D2(u)||2Ω1
≤ cM−2q

∫

Λ1

||(1−y2)
q−1

2 ∂
q
yu||2I1

dx.

Moreover, we use (2.11) with r=1 to obtain

||D3(u)||2Ω1
≤ cM−2||D1(∂yu)||2Ω1

.

Finally, a combination of previous statements leads to that

||IM,N,β,Ω1
u−u||2Ω1

≤ c
(

M−2q+(βN)1−r lnN
)

C
q,r
M,β,Ω1

(u), (2.15)

provided that C
q,r
M,β,Ω1

(u) is finite. Moreover, by using (2.13) and (2.15), we derive that for

any φ∈VM,N,β(Ω1) and integers q,r≥1,

|(u,φ)Ω1
−(u,φ)M,N,β,Ω1

|
≤ |(u,φ)Ω1

−(IM−1,N,β,Ω1
u,φ)Ω1

|+|(IM,N,β,Ω1
u− IM−1,N,β,Ω1

u,φ)M,N,β,Ω1
|

≤ c
(
||IM−1,N,β,Ω1

u−u||Ω1
+||IM,N,β,Ω1

u− IM−1,N,β,Ω1
u||Ω1

)
||φ||Ω1

≤ c
(

M−q+(βN)
1−r

2 (lnN)
1
2

)(
C

q,r
M,β,Ω1

(u)
) 1

2 ||φ||Ω1
. (2.16)

2.4 Two-dimensional Laguerre interpolation on Ω2

We first consider the Laguerre interpolation on Λ2 ={ y | 1<y<∞}. Let

ω2
α,β(y)=ωα,β(y−1), ω2

β(y)=ωβ(y−1).

For integer N >0, PN(Λ2) denotes the set of all polynomials of degree at most N.

Let ξ
(β)
R,N,Λ2,j be the zeros of polynomial (y−1)∂yL(β)

N+1(y−1), and ω
(β)
R,N,Λ2,j be the cor-

responding Christoffel numbers such that

∫

Λ2

φ(y)ω2
β(y)dy=

N

∑
j=0

φ
(

ξ
(β)
R,N,Λ2,j

)
ω

(β)
R,N,Λ2,j, ∀φ∈P2N(Λ2).
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We set ξ̃
(β)
R,N,Λ2,j = ξ

(β)
R,N,Λ2,j and ω̃

(β)
R,N,Λ2,j = e

β(ξ
(β)
R,N,Λ2,j−1)

ω
(β)
R,N,Λ2,j. Furthermore,

(u,v)N,β,Λ2
=

N

∑
j=0

u
(

ξ̃
(β)
R,N,Λ2,j

)
v
(

ξ̃
(β)
R,N,Λ2,j

)
ω̃

(β)
R,N,Λ2,j, ||u||N,β,Λ2

=(u,u)
1
2
N,β,Λ2

.

Next, let QN,β(Λ2)=
{

e−
1
2 β(y−1)ψ | ψ∈PN(Λ2)

}
. We have that

(φ,ψ)Λ2
=(φ,ψ)N,β,Λ2

, ∀φ∈Qm,β(Λ2), ψ∈Q2N−m,β(Λ2), 0≤m≤2N, (2.17)

||φ||N,β,Λ2
= ||φ||Λ2

, ∀φ∈QN,β(Λ2). (2.18)

Let Λ̄2 = Λ2∪{y = 1}. For u ∈ C(Λ̄2), the Laguerre-Gauss-Radau interpolation
ĨR,N,β,Λ2

u∈QN,β(Λ2) is determined by

ĨR,N,β,Λ2
u
(

ξ̃
(β)
R,N,Λ2,j

)
=u

(
ξ̃
(β)
R,N,Λ2,j

)
, 0≤ j≤N.

If u∈L2(Λ2)∩C(Λ̄2), ∂r
y

(
e

1
2 β(y−1)u

)
∈L2

ω2
r,β

(Λ2)∩L2
ω2

r−1,β

(Λ2) and integer r≥1, then

||ĨR,N,β,Λ2
u−u||Λ2

≤ c(βN)
1−r

2

(
β−1||∂r

y

(
gβ(y)u

)
||ω2

r−1,β ,Λ2

+(1+β− 1
2 )(lnN)

1
2 ||∂r

y

(
gβ(y)u

)
||ω2

r,β ,Λ2

)
. (2.19)

where gβ(y) is defined by (2.14). Moreover, for any φ∈QN,β(Λ2) and integer r≥1,

|(u,φ)Λ2
−(u,φ)N,β,Λ2

| ≤ c(βN)
1−r

2

(
β−1||∂r

y

(
gβ(y)u

)
||ω2

r−1,β ,Λ2

+(1+β− 1
2 )(lnN)

1
2 ||∂r

y

(
gβ(y)u

)
||ω2

r,β ,Λ2

)
||φ||Λ2

. (2.20)

We now turn to the two-dimensional Laguerre interpolation on the subdomain Ω2 =
Λ1×Λ2. We define the weighted space L2

χ(Ω2) as usual, with the inner product (u,v)χ,Ω2

and the norm ||u||χ,Ω2
. We omit the subscript χ in the notations whenever χ(x,y)≡1.

Let VN,N,β(Ω2)=QN,β(Λ1)⊗QN,β(Λ2). The corresponding discrete inner product and
norm are given by

(u,v)N,N,β,Ω2
=

N

∑
j=0

N

∑
k=0

u
(

ξ̃
(β)
R,N,Λ1,j, ξ̃

(β)
R,N,Λ2,k

)
v
(

ξ̃
(β)
R,N,Λ1,j, ξ̃

(β)
R,N,Λ2,k

)
ω̃

(β)
R,N,Λ1,jω̃

(β)
R,N,Λ2,k,

||u||N,N,β,Ω2
=(u,u)

1
2
N,N,β,Ω2

.

By virtue of (2.3), (2.4), (2.17) and (2.18), we have that

(φ,ψ)N,N,β,Ω2
=(φ,ψ)Ω2

, ∀ φ,ψ∈VN,N,β(Ω2), (2.21)

||φ||N,N,β,Ω2
= ||φ||Ω2

, ∀ φ∈VN,N,β(Ω2). (2.22)
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Let
Ω2,N,N,β =

{(
ξ̃
(β)
R,N,Λ1,j, ξ̃

(β)
R,N,Λ2,k

)
,0≤ j≤N,0≤ k≤N

}
.

The two-dimensional Laguerre interpolation IN,N,β,Ω2
u∈VN,N,β(Ω2) is determined by

IN,N,β,Ω2
u(x,y)=u(x,y), (x,y)∈Ω2,N,N,β. (2.23)

For deriving the approximation errors, we introduce the notation with integer r≥1,

Cr
β,Ω2

(u)=
∫

Λ1

(
β−2||∂r

y

(
gβ(y)u

)
||2

ω2
r−1,β ,Λ2

+(1+β−1)||∂r
y

(
gβ(y)u

)
||2

ω2
r,β ,Λ2

)
dx

+
∫

Λ2

y

(
(1+β−2)||∂r

x

(
gβ(x)u

)
||2

ω1
r−1,β ,Λ1

+(β2+β−1)||∂r
x

(
gβ(x)u

)
||2

ω1
r,β ,Λ1

)
dy

+
∫

Λ2

y

(
(β−2+β−4)||∂r

x

(
gβ(x)∂yu

)
||2

ω1
r−1,β ,Λ1

+(1+β−3)||∂r
x

(
gβ(x)∂yu

)
||2

ω1
r,β ,Λ1

)
dy.

Let ϑ be the same as before. Then,

IN,N,β,Ω2
u−u= D1(u)+D2(u)+D3(u),

with

D1(u)= ĨR,N,β,Λ1
u−u, D2(u)= ĨR,N,β,Λ2

u−u,

D3(u)=(ĨR,N,β,Λ2,−ϑ)(ĨR,N,β,Λ1,−ϑ)u.

We use (2.6) and (2.19) to deduce that

||D1(u)||2Ω2
≤ c(βN)1−r

∫

Λ2

(
β−2||∂r

x

(
gβ(x)u

)
||2

ω1
r−1,β ,Λ1

+(1+β−1)lnN||∂r
x

(
gβ(x)u

)
||2

ω1
r,β ,Λ1

)
dy,

||D2(u)||2Ω2
≤ c(βN)1−r

∫

Λ1

(
β−2||∂r

y

(
gβ(y)u

)
||2

ω2
r−1,β ,Λ2

+(1+β−1)lnN||∂r
y

(
gβ(y)u

)
||2

ω2
r,β ,Λ2

)
dx.

Next, using (2.19) with r=1 gives that

||D3(u)||2Ω2
≤ c

∫

Λ1

(
||D1(u)||2Λ2

+β−2||D1(∂yu)||2Λ2

)
dx

+c(1+β−1)lnN
∫

Ω2

(y−1)
(

β2D2
1(u)+D2

1(∂yu)
)

dxdy

≤ c||D1(u)||2Ω2
+cβ−2||D1(∂yu)||2Ω2

+cβ2(1+β−1)lnN
∫

Λ2

(y−1)||D1(u)||2Λ1
dy

+c(1+β−1)lnN
∫

Λ2

(y−1)||D1(∂yu)||2Λ1
dy.
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We can also use (2.6) to estimate ||D1(u)||2Λ1
and ||D1(∂yu)||2Λ1

similarly. Finally, a combi-
nation of previous statements leads to that

||IN,N,β,Ω2
u−u||2Ω2

≤ c(βN)1−r(lnN)2
C

r
β,Ω2

(u), (2.24)

provided that Cr
β,Ω2

(u) is finite. Furthermore, we can use (2.17) and (2.24) to derive that

for any φ∈VN,N,β(Ω2) and integer r≥1,

|(u,φ)Ω2
−(u,φ)N,N,Ω2

|≤ c(βN)
1−r

2 lnN(C
r
β,Ω2

(u))
1
2 ||φ||Ω2

. (2.25)

2.5 Interpolations on other subdomains

We first consider the Laguerre interpolations on the infinite intervals Λ3 = { x | x <−1}
and Λ4={ y | y<−1}. Let ω3

α,β(x)=ωα,β(−x−1) and ω4
α,β(y)=ωα,β(−y−1). In particular,

ω3
β(x)=ωβ(−x−1) and ω4

β(y)=ωβ(−y−1). For any positive integer N, PN(Λk) stands

for the set of all polynomials of degree at most N. For simplicity, we denote x by z3, and
y by z4.

Let ξ
(β)
R,N,Λk,j be the zeros of polynomial (−zk−1)∂zk

L(β)
N+1(−zk−1), and ω

(β)
R,N,Λk,j be the

corresponding Christoffel numbers. We set

ξ̃
(β)
R,N,Λk,j = ξ

(β)
R,N,Λk,j and ω̃

(β)
R,N,Λk,j = e

−β(ξ
(β)
R,N,Λk,j+1)

ω
(β)
R,N,Λk,j.

We introduce the discrete inner product (u,v)N,β,Λk
and the discrete norm ||u||N,β,Λk

in
the usual way. Besides,

QN,β(Λk)=
{

e
1
2 (zk+1)ψ | ψ∈PN(Λk)

}
.

Now, let Λ̄3 =Λ3∪{x=−1} and Λ̄4 =Λ4∪{y=−1}. For any u∈C(Λ̄k), the Laguerre-
Gauss-Radau interpolations ĨR,N,β,Λk

u∈QN,β(Λk), are determined by

ĨR,N,β,Λk
u
(

ξ̃
(β)
R,N,Λk,j

)
=u

(
ξ̃
(β)
R,N,Λk,j

)
, 0≤ j≤N, k=3,4.

We can estimate ||ĨR,N,β,Λk
u−u||Λk

and |(u,φ)Λk
−(u,φ)N,β,Λk

| as in Subsection 2.1.
We next turn to Legendre-Gauss-Lobatto interpolation on the I2 = { x | |x|< 1}. For

integer M ≥ 0, PM(I2) stands for the set of all polynomials of degree at most M. Let
ζL,M,I2,k be the roots of polynomial (1−x2)∂xLM(x),0 ≤ k ≤ M, which are arranged in
ascending order. The corresponding Christoffel numbers are denoted by ρL,M,I2,k,0≤ k≤
M. We also introduce the discrete inner product (u,v)M,I2

and the discrete norm ||u||M,I2
=

(u,u)
1
2
M,I2

as usual.

For any u∈C( Ī2), the Legendre-Gauss-Lobatto interpolation IL,M,I2
u∈PM(I2) is de-

termined by
IL,M,I2

u(ζL,M,I2,k)=u(ζL,M,I2,k), 0≤ k≤M.
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We can estimate ||IL,M,I2
u−u||I2

and |(u,φ)I2
−(u,φ)M,I2

| as in Subsection 2.2.
We now turn to the interpolation on the subdomains Ωj, 3 ≤ j ≤ 8. Indeed, Ω3 =

I2×Λ2, Ω4=Λ3×Λ2, Ω5=Λ3×I1, Ω6=Λ3×Λ4, Ω7= I2×Λ4 and Ω8=Λ1×Λ4. Therefore,
we take the finite dimensional spaces as follows,

VM,N,β(Ω3)=PM(I2)⊗QN,β(Λ2), VN,N,β(Ω4)=QN,β(Λ3)⊗QN,β(Λ2),

VM,N,β(Ω5)=QN,β(Λ3)⊗PM(I1), VN,N,β(Ω6)=QN,β(Λ3)⊗QN,β(Λ4),

VM,N,β(Ω7)=PM(I2)⊗QN,β(Λ4), VN,N,β(Ω8)=QN,β(Λ1)⊗QN,β(Λ4).

We can define the discrete inner product (φ,ψ)M,N,β,Ωj
and the discrete norm ||φ||M,N,β,Ωj

in the usual way. Like (2.13) and (2.21), we have that

(φ,ψ)M,N,β,Ωj
=(φ,ψ)Ωj

, ∀ φ,ψ∈VM−1,N,β(Ωj), j=3,5,7, (2.26)

||φ||Ωj
≤||φ||M,N,β,Ωj

≤
√

2+M−1 ||φ||Ωj
, ∀ φ∈VM,N,β(Ωj), j=3,5,7, (2.27)

(φ,ψ)N,N,β,Ωj
=(φ,ψ)Ωj

, ∀ φ,ψ∈VN,N,β(Ωj), j=4,6,8. (2.28)

Next, we denote the sets of interpolation nodes on Ωj, by Ωj,M,N,β, j = 3,5,7 and
Ωj,N,N,β, j=2,4,6. For instance,

Ω3,M,N,β =
{(

ζL,M,I2,k, ξ̃
(β)
R,N,Λ2,j

)
,0≤ k≤M,0≤ j≤N

}
,

Ω4,N,N,β =
{(

ξ̃
(β)
R,N,Λ3,j, ξ̃

(β)
R,N,Λ2,k

)
,0≤ k≤N,0≤ j≤N

}
, etc.

The mixed Laguerre-Legendre interpolations IM,N,β,Ωj
u ∈ VM,N,β(Ωj), j = 3,5,7, and the

two-dimensional Laguerre interpolations IN,N,β,Ωj
u∈VN,N,β(Ωj), j=4,6,8, are determined

by
IM,N,β,Ωj

u(x,y)=u(x,y), (x,y)∈Ωj,M,N,β, j=3,5,7,

IN,N,β,Ωj
u(x,y)=u(x,y), (x,y)∈Ωj,N,N,β, j=4,6,8.

We introduce the following notations with integers q,r≥1,

C
q,r
M,β,Ω3

(u)=
∫

I2

(
β−2q

(1,1)
2,0 (x)+(1+β−1)q

(1,2)
2,0 (x)

)
dx

+M−2
∫

I2

(
β−2q

(1,1)
2,1 (x)+(1+β−1)q

(1,2)
2,1 (x)

)
dx+

∫

Λ2

||(1−x2)
q−1

2 ∂
q
xu||2I2

dy,

C
q,r
M,β,Ω5

(u)=
∫

I1

(
β−2q

(2,1)
3,0 (y)+(1+β−1)q

(2,2)
3,0 (y)

)
dy

+M−2
∫

I1

(
β−2q

(2,1)
3,1 (y)+(1+β−1)q

(2,2)
3,1 (y)

)
dy+

∫

Λ3

||(1−y2)
q−1

2 ∂
q
yu||2I1

dx,

C
q,r
M,β,Ω7

(u)=
∫

I2

(
β−2q

(3,1)
4,0 (x)+(1+β−1)q

(3,2)
4,0 (x)

)
dx

+M−2
∫

I2

(
β−2q

(3,1)
4,1 (x)+(1+β−1)q

(3,2)
4,1 (x)

)
dx+

∫

Λ4

||(1−x2)
q−1

2 ∂
q
xu||2I2

dy,
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C
r
β,Ω4

(u)=
∫

Λ2

(
β−2q

(2,1)
3,0 (y)+(1+β−1)q

(2,2)
3,0 (y)

)
dy

−
∫

Λ3

x
(
(1+β2)q

(1,1)
2,0 (x)+(β2+β−1)q

(1,2)
2,0 (x)

)
dx

−
∫

Λ3

x
(
(β−2+β−4)q

(1,1)
2,1 (x)+(1+β−3)q

(1,2)
2,1 (x)

)
dx,

C
r
β,Ω6

(u)=
∫

Λ3

(
β−2q

(3,1)
4,0 (x)+(1+β−1)q

(3,2)
4,0 (x)

)
dx

−
∫

Λ4

y
(
(1+β2)q

(2,1)
3,0 (y)+(β2+β−1)q

(2,2)
3,0 (y)

)
dy

−
∫

Λ4

y
(
(β−2+β−4)q

(2,1)
3,1 (y)+(1+β−3)q

(2,2)
3,1 (y)

)
dy,

C
r
β,Ω8

(u)=
∫

Λ4

(
β−2q

(4,1)
1,0 (y)+(1+β−1)q

(4,2)
1,0 (y)

)
dy

+
∫

Λ1

x
(
(1+β2)q

(3,1)
4,0 (x)+(β2+β−1)q

(3,2)
4,0 (x)

)
dx

+
∫

Λ1

x
(
(β−2+β−4)q

(3,1)
4,1 (x)+(1+β−3)q

(3,2)
4,1 (x)

)
dx,

where

q
(1,1)
j,k (x)= ||∂r

y

(
e

1
2 β(y−1)∂k

xu
)
||2

ω
j
r−1,β ,Λ j

, q
(1,2)
j,k (x)= ||∂r

y

(
e

1
2 β(y−1)∂k

xu
)
||2

ω
j
r,β ,Λ j

,

q
(2,1)
j,k (y)= ||∂r

x

(
e−

1
2 β(x+1)∂k

yu
)
||2

ω
j
r−1,β ,Λ j

, q
(2,2)
j,k (y)= ||∂r

x

(
e−

1
2 β(x+1)∂k

yu
)
||2

ω
j
r,β ,Λ j

,

q
(3,1)
j,k (x)= ||∂r

y

(
e−

1
2 β(y+1)∂k

xu
)
||2

ω
j
r−1,β ,Λ j

, q
(3,2)
j,k (x)= ||∂r

y

(
e−

1
2 β(y+1)∂k

xu
)
||2

ω
j
r,β ,Λ j

,

q
(4,1)
j,k (y)= ||∂r

x

(
e

1
2 β(x−1)∂k

yu
)
||2

ω
j
r−1,β ,Λ j

, q
(4,2)
j,k (y)= ||∂r

x

(
e

1
2 β(x−1)∂k

yu
)
||2

ω
j
r,β ,Λ j

.

Following the same line as in the derivations of (2.15) and (2.24), we verify that

||IM,N,β,Ωj
u−u||2Ωj

≤ c(M−2q+(βN)1−r lnN)C
q,r
M,β,Ωj

(u), j=3,5,7, (2.29)

||IN,N,β,Ωj
u−u||2Ωj

≤ c(βN)1−r(lnN)2
C

r
β,Ωj

(u), j=4,6,8. (2.30)

Moreover, if φ∈VM,N,β(Ωj), j=3,5,7, φ∈VN,N,β(Ωj), j=4,6,8, and integers q,r≥1, then

|(u,φ)Ωj
−(u,φ)M,N,β,Ωj

|

≤c
(

M−q+(βN)
1−r

2 (lnN)
1
2

)(
C

q,r
M,β,Ωj

(u)
) 1

2 ||φ||Ωj
, j=3,5,7, (2.31)

|(u,φ)Ωj
−(u,φ)N,N,β,Ωj

|

≤c(βN)
1−r

2 lnN
(

C
r
β,Ωj

(u)
) 1

2 ||φ||Ωj
, j=4,6,8. (2.32)
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2.6 Composite interpolation on exterior domain Ω.

We are now in position to study the composite interpolation on the whole domain Ω,
which will be used in the next section. The weighted space L2

χ(Ω) is defined in the usual
way, with the inner product (u,w)χ,Ω and the norm ||u||χ,Ω. We omit the subscript χ in
the notations whenever χ(x,y)≡1. Further, let

VM,N,β(Ω)= H1
0(Ω)∩SM,

where

Sp ={φ : φ | φ|Ωj
∈Vp,N,β(Ωj), j=1,3,5,7, and φ|Ωj

∈VN,N,β(Ωj), j=2,4,6,8}.

We introduce the discrete inner product and norm as

(u,v)M,N,β,Ω = ∑
j=1,3,5,7

(u,v)M,N,β,Ωj
+ ∑

j=2,4,6,8

(u,v)N,N,β,Ωj
, ||u||M,N,β,Ω =(u,u)

1
2
M,N,β,Ω.

By virtue of (2.13), (2.21) and (2.26)-(2.28), we have that

(φ,ψ)M,N,β,Ω =(φ,ψ)Ω, ∀ φ,ψ∈SM−1, (2.33)

||φ||Ω ≤||φ||M,N,β,Ω≤
√

2+M−1 ||φ||Ω, ∀ φ∈SM. (2.34)

The composite interpolation IM,N,β,Ωu(x,y)∈SM is defined as

IM,N,β,Ωu(x,v)=

{
IM,N,β,Ωj

u(x,v), on Ωj, j=1,3,5,7,

IN,N,β,Ωj
u(x,v), on Ωj, j=2,4,6,8.

For description of approximation errors, we introduce the following notation,

C
q,r
M,β,Ω(u)= ∑

j=1,3,5,7

C
q,r
M,β,Ωj

(u)+ ∑
j=2,4,6,8

C
r
β,Ωj

(u).

By using Eqs. (2.15), (2.24), (2.29) and (2.30), we conclude that

Theorem 2.1. If u∈C(Ω) and C
q,r
M,β,Ω(u) is finite for integers r>1, q≥0, then

||IM,N,β,Ωu−u||2Ω ≤ c
(

M−2q+(βN)1−r(lnN)2
)

C
q,r
M,β,Ω(u). (2.35)

Moreover, with the aid of Eqs. (2.16), (2.25), (2.31) and (2.32), we deduce that

|(u,φ)Ω−(u,φ)M,N,β,Ω|≤ c
(

M−q+(βN)
1−r

2 lnN
)(

C
q,r
M,β,Ω(u)

) 1
2 ||φ||Ω. (2.36)

3 Composite pseudospectral method for exterior problems

In this section, we propose the composite pseudospectral method for exterior problems.
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3.1 A steady problem

We first consider the following problem




−∆W(x,y)+µW(x,y)= F(x,y), µ>0, (x,y)∈Ω,

W(x,y)= g(x,y), (x,y) on Γ,

W(x,y)→0, |x| or |y|→∞,

(3.1)

where g(1,y)= g1(y), g(x,1)= g2(x), g(−1,y)= g3(y) and g(x,−1)= g4(x). Suppose that
gj satisfy the consistent condition, namely, g1(−1)= g4(1), g1(1)= g2(1), g2(−1)= g3(1)
and g3(−1)= g4(−1). Then g(x,y) is continuous on boundary Γ. Let (cf. [13])

W̃(x,y) =
1

4
e(1−x2)(1−y2)

(
2(1−y)g4(x)+2(1+y)g2(x)+2(1−x)g3(y)+2(1+x)g1(y)

−(1−x)(1−y)g3(−1)−(1−x)(1+y)g2(−1)

−(1+x)(1−y)g4(1)−(1+x)(1+y)g1(1)
)

.

It can be checked that W̃(x,y)=W(x,y) on Γ, and W̃(x,y)→0 if |x| or |y|→∞. Further, let

W(x,y)=U(x,y)+W̃(x,y), f (x,y)= F(x,y)+∆W̃(x,y)−µW̃(x,y).

Then (3.1) can be rewritten as




−∆U(x,y)+µU(x,y)= f (x,y), µ>0, (x,y)∈Ω,

U(x,y)=0, (x,y) on Γ,

U(x,y)→0, |x| or |y|→∞.

(3.2)

Let µ≥0, we define the bilinear form as

aµ(u,v)=(∂xu,∂xv)Ω+(∂yu,∂yv)Ω+µ(u,v)Ω, ∀u,v∈H1
0(Ω).

A weak formulation of (3.2) is to seek solution U∈H1
0(Ω) such that

aµ(U,v)=( f ,v)Ω, ∀v∈H1
0(Ω). (3.3)

The composite pseudospectral scheme for (3.3) is to find uM,N ∈VM,N,β(Ω) such that

aM,N,β,µ(uM,N,φ)=( f ,φ)M,N,β,Ω, ∀φ∈VM,N,β(Ω), (3.4)

where

aM,N,β,µ(u,φ)=(∂xu,∂xw)M,N,β,Ω+(∂yu,∂yw)M,N,β,Ω+µ(u,w)M,N,β,Ω.

In order to estimate the error of numerical solution, we need some preparations. The
projection ∗P1

M,N,β,µ,Ω : H1
0(Ω)→VM,N,β(Ω) is defined by

aµ(∗P1
M,N,β,µ,Ωu−u,φ)Ω =0, ∀φ∈VM,N,β(Ω).
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We shall use the follow notations with integers q,r≥1,

B
q,r
β,Ω1

(u)=(β+β−2)
∫

I1

(
q
(4,1)
1,0 (y)+q

(4,1)
1,1 (y)+q

(5,1)
1 (y)

)
dy+

∫

Λ1

q(6,1)(x)dx,

B
q,r
β,Ω3

(u)=(β+β−2)
∫

I2

(
q
(1,1)
2,0 (x)+q

(1,1)
2,1 (x)+q

(5,2)
2 (x)

)
dx+

∫

Λ2

q(6,2)(y)dy,

B
q,r
β,Ω5

(u)=(β+β−2)
∫

I1

(
q
(2,1)
3,0 (y)+q

(2,1)
3,1 (y)+q(7,1)(y)

)
dy+

∫

Λ3

q(6,1)(x)dx,

B
q,r
β,Ω7

(u)=(β+β−2)
∫

I2

(
q
(3,1)
4,0 (x)+q

(3,1)
4,1 (x)+q(7,2)(x)

)
dx+

∫

Λ4

q(6,2)(y)dy,

B
r
β,Ω2

(u)=(β+β−2)
(∫

Λ2

(
q
(4,1)
1,0 (y)+q

(4,1)
1,1 (y)

)
dy+

∫

Λ1

(
q
(1,1)
2,0 (x)+q

(1,1)
2,1 (x)

)
dx

)

+(β+β−4)
∫

Λ1

e−β(x−1)||∂r
y(e

1
2 β(y−1)∂x

(
e

1
2 β(x−1)u

)
||2

ω2
r−1,β ,Λ2

dx,

B
r
β,Ω4

(u)=(β+β−2)
(∫

Λ3

(
q
(1,1)
2,0 (x)+q

(1,1)
2,1 (x)

)
dx+

∫

Λ2

(
q
(2,1)
3,0 (y)+q

(2,1)
3,1 (y)

)
dy

)

+(β+β−4)
∫

Λ2

e−β(y−1)||∂r
x(e−

1
2 β(x+1)∂x

(
e

1
2 β(y−1)u

)
||2

ω3
r−1,β ,Λ3

dy,

B
r
β,Ω6

(u)=(β+β−2)
(∫

Λ4

(
q
(2,1)
3,0 (y)+q

(2,1)
3,1 (y)

)
dy+

∫

Λ3

(
q
(3,1)
4,0 (x)+q

(3,1)
4,1 (x)

)
dx

)

+(β+β−4)
∫

Λ3

eβ(x+1)||∂r
y(e−

1
2 β(y+1)∂x

(
e−

1
2 β(x+1)u

)
||2

ω4
r−1,β ,Λ4

dx,

B
r
β,Ω8

(u)=(β+β−2)
(∫

Λ1

(
q
(3,1)
4,0 (x)+q

(3,1)
4,1 (x)

)
dx+

∫

Λ4

(
q
(4,1)
1,0 (y)+q

(4,1)
1,1 (y)

)
dy

)

+(β+β−4)
∫

Λ4

eβ(y+1)||∂r
x(e

1
2 β(x−1)∂x

(
e−

1
2 β(y+1)u

)
||2

ω1
r−1,β ,Λ1

dy,

where

q
(5,1)
j (y)=(1−y2)q−1||∂x

(
e

1
2 β(x−1)∂

q
yu

)
||2

ω
j
β ,Λ j

,

q
(5,2)
j (x)=(1−x2)q−1||∂y

(
e

1
2 β(y−1)∂

q
yu

)
||2

ω
j
β ,Λ j

,

q(6,1)(x)= ||(1−y2)
q−1

2 ∂x∂
q
yu||2I1

+||(1−y2)
q−1

2 ∂
q
yu||2I1

,

q(6,2)(y)= ||(1−x2)
q−1

2 ∂y∂
q
xu||2I2

+||(1−x2)
q−1

2 ∂
q
xu||2I2

,

q(7,1)(y)=(1−y2)q−1||∂x

(
e−

1
2 β(x+1)∂

q
yu

)
||2

ω3
β ,Λ3

,

q(7,2)(x)=(1−x2)q−1||∂y

(
e−

1
2 β(y+1)∂

q
xu

)
||2

ω4
β ,Λ4

;

and
B

q,r
β,Ω(u)= ∑

j=1,3,5,7

B
q,r
β,Ωj

(u)+ ∑
j=2,4,6,8

B
r
β,Ωj

(u).
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According to [13], we have that

||∂x

(
∗P1

M,N,β,µ,Ωu−u
)
||2Ω+||∂y

(
∗P1

M,N,β,µ,Ωu−u
)
||2Ω+µ||∗P1

M,N,β,µ,Ωu−u||2Ω
≤ c(1+µ)

(
M2−2q+(βN)1−r

)
B

q,r
β,Ω(u). (3.5)

Now, let UM,N =∗ P1
M,N,β,µ,ΩU. We derive from (3.3) that

aM,N,β,µ(UM,N,φ)+
2

∑
j=1

Gj(φ)=( f ,φ)M,N,β,Ω, ∀φ∈VM,N,β(Ω), (3.6)

where

G1(φ)= aµ(U,φ)−aM,N,β,µ(UM,N,φ), G2(φ)=( f ,φ)M,N,β,Ω−( f ,φ)Ω.

Let ŨM,N =uM,N−UM,N. Subtracting (3.6) from (3.4), we obtain that

aM,N,β,µ(ŨM,N,φ)=
2

∑
j=1

Gj(φ), ∀φ∈VM,N,β(Ω). (3.7)

Taking φ= ŨM,N in (3.7), we deduce that

||∂xŨM,N||2M,N,β,Ω+||∂yŨM,N||2M,N,β,Ω+µ||ŨM,N ||2M,N,β,Ω =
2

∑
j=1

Gj(ŨM,N). (3.8)

Therefore, it suffices to estimate the terms |Gj(ŨM,N)|.
We first use the Cauchy inequality, (2.33), (2.34) and (3.5) to verity that for integers

q,r≥1,

∣∣∣G1(ŨM,N)
∣∣∣=

∣∣∣aµ(U,ŨM,N)−aM,N,β,µ(UM,N,ŨM,N)
∣∣∣

≤
∣∣∣
(

∂xU−∂x∗P1
M−1,N,β,µ,ΩU,∂xŨM,N

)

Ω
+

(
∂x∗P1

M−1,N,β,µ,ΩU−∂xUM,N,∂xŨM,N

)

M,N,β,Ω

∣∣∣

+
∣∣∣
(

∂yU−∂y∗P1
M−1,N,β,µ,ΩU,∂yŨM,N

)

Ω
+

(
∂y∗P1

M−1,N,β,µ,ΩU−∂yUM,N,∂yŨM,N

)

M,N,β,Ω

∣∣∣

+µ
∣∣∣
(

U−∗P1
M−1,N,β,µ,ΩU,ŨM,N

)

Ω
+

(
∗P1

M−1,N,β,µ,ΩU−UM,N,ŨM,N

)

M,N,β,Ω

∣∣∣

≤ c(1+µ)
(

M2−2q+(βN)1−r
)

B
q,r
β,Ω(U)+

1

2
||∂xŨM,N)||2Ω

+
1

2
||∂yŨM,N)||2Ω+

1

4
µ||ŨM,N ||2Ω. (3.9)
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On the other hand, using (2.36) gives that

∣∣∣( f ,ŨM,N)M,N,β,Ω−( f ,ŨM,N)Ω

∣∣∣

≤ c

µ

(
M2−2q+(βN)1−r(lnN)2

)
C

q−1,r
M,β,Ω( f )+

1

4
µ||ŨM,N ||2Ω. (3.10)

Inserting (3.9)-(3.10) into (3.8), we use (2.34) to obtain

||∂xŨM,N||2Ω+||∂yŨM,N||2Ω+µ||ŨM,N ||2Ω
≤ c(µ+

1

µ
)
(

M2−2q+(βN)1−r(lnN)2
)(

B
q,r
β,Ω(U)+C

q−1,r
M,β,Ω( f )

)
.

Finally, a combination of the above estimate and (3.5) leads to the following result.

Theorem 3.1. If U ∈ H1
0(Ω), f ∈ C(Ω), and B

q,r
β,Ω(U) and C

q−1,r
M,β,Ω( f ) are finite for integers

r>1,q≥1, then

||∂x(U−uM,N)||2Ω +||∂y(U−uM,N)||2Ω +µ||U−uM,N||2Ω
≤ c(µ+

1

µ
)
(

M2−2q+(βN)1−r(lnN)2
)(

B
q,r
β,Ω(U)+C

q−1,r
M,β,Ω( f )

)
. (3.11)

3.2 A unsteady problem

Let d be a constant. We consider the unsteady problem





∂tW(x,y,t)=∆W(x,y,t)+dW(x,y,t)+F(x,y,t), (x,y)∈Ω, 0< t≤T,

W(x,y,t)= g(x,y,t), (x,y) on Γ, 0< t≤T,

W(x,y,t)→0, |x| or |y|→∞, 0< t≤T,

W(x,y,0)=W0, (x,v) on Ω∪Γ,

(3.12)

where g(1,y,t)=g1(y,t), g(x,1,t)=g2(x,t), g(−1,y,t)=g3(y,t) and g(x,−1,t)=g4(x,t). We
also assume that g1(−1,t) = g4(1,t), g1(1,t) = g2(1,t), g2(−1,t) = g3(1,t) and g3(−1,t) =
g4(−1,t). Thus, g(x,y,t) is continuous on the boundary Γ. Set

W̃(x,y,t)=
1

4
e(1−x2)(1−y2)

(
2(1−y)g4(x,t)+2(1+y)g2(x,t)+2(1−x)g3(y,t)

+2(1+x)g1(y,t)−(1−x)(1−y)g3(−1,t)−(1−x)(1+y)g2(−1,t)

−(1+x)(1−y)g4(1,t)−(1+x)(1+y)g1(1,t)
)

.

We make the variable transformation

W(x,y,t)=U(x,y,t)+W̃(x,y,t), f (x,y,t)= F(x,y,t)+∆W̃(x,y,t)−dW̃(x,y,t).
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Then, (3.12) is reformulated to





∂tU(x,y,t)=∆U(x,y,t)+dU(x,y,t)+ f (x,y,t), (x,y)∈Ω, 0< t≤T,

U(x,y,t)=0, (x,y) on Γ, 0< t≤T,

U(x,y,t)→0, |x| or |y|→∞, 0< t≤T,

U(x,y,0)=U0 =W0(x,y)−W̃(x,y,0), (x,y) on Ω∪Γ.

(3.13)

A weak formulation of (3.13) is to seek solution U∈L∞
(
0,T;L2(Ω)

)
∩L2

(
0,T;H1

0(Ω)
)

such
that





(∂tU(t),u)Ω+(∂xU(t),∂xu)Ω+(∂yU(t),∂yu)Ω

=d(U(t),u)Ω+( f (t),u)Ω, ∀ u∈H1
0(Ω), 0< t≤T,

U(0)=U0.
(3.14)

The composite pseudospectral scheme for (3.14) is to find uM,N ∈VM,N,β(Ω) such that





(∂tuM,N(t),φ)M,N,β,Ω+(∂xuM,N(t),∂xφ)M,N,β,Ω+(∂yuM,N(t),∂yφ)M,N,β,Ω

=d(uM,N(t),φ)M,N,β,Ω+( f (t),φ)M,N,β,Ω, ∀ φ∈VM,N,β(Ω), 0< t≤T,
uM,N(0)= IM,N,β,ΩU0.

(3.15)

We now deal with the convergence of scheme (3.15). We first consider the case with
d≥0. Let UM,N = ∗P1

M,N,β,η,ΩU and η >0. We derive from (3.14) that





(∂tUM,N(t),φ)M,N,β,Ω+(∂xUM,N(t),∂xφ)M,N,β,Ω+(∂yUM,N(t),∂yφ)M,N,β,Ω

+η(UM,N(t),φ)M,N,β,Ω+
5

∑
j=1

Gj(t,φ)

=(d+η)(UM,N(t),φ)M,N,β,Ω+( f (t),φ)M,N,β,Ω, ∀ φ∈VM,N,β(Ω), 0< t≤T,
UM,N(0)= ∗P1

M,N,β,η,ΩU0,

(3.16)

where
G1(t,φ)=(∂tU(t),φ)Ω−(∂tUM,N(t),φ)M,N,β,Ω,

G2(t,φ)=(∂xU(t),∂xφ)Ω−(∂xUM,N(t),∂xφ)M,N,β,Ω,

G3(t,φ)=(∂yU(t),∂yφ)Ω−(∂yUM,N(t),∂yφ)M,N,β,Ω,

G4(t,φ)=d((UM,N(t),φ)M,N,β,Ω−(U(t),φ)Ω),

G5(t,φ)=( f (t),φ)M,N,β,Ω−( f (t),φ)Ω.

Setting ŨM,N =uM,N−UM,N and subtracting (3.16) from (3.15), we obtain that




(∂tŨM,N(t),φ)M,N,β,Ω+(∂xŨM,N(t),∂xφ)M,N,β,Ω

+(∂yŨM,N(t),∂yφ)M,N,β,Ω+η(ŨM,N(t),φ)M,N,β,Ω

=(d+η)(ŨM,N(t),φ)M,N,β,Ω+
5

∑
j=1

Gj(t,φ), ∀ φ∈VM,N,β(Ω), 0< t≤T,

ŨM,N(0)= IM,N,β,ΩU0−∗P1
M,N,β,η,ΩU0.

(3.17)
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Take φ=2ŨM,N(t) in (3.17). Then, we obtain that

∂t||ŨM,N(t)||2M,N,β,Ω+2||∂xŨM,N(t)||2M,N,β,Ω+2||∂yŨM,N(t)||2M,N,β,Ω

=2d||ŨM,N(t)||2M,N,β,Ω+2
5

∑
j=1

Gj(t,ŨM,N(t)). (3.18)

We next estimate |Gj(t,ŨM,N)|. Firstly, we use (2.33), (2.34) and (3.5) to deduce that for
integers q,r≥1,

2
∣∣∣G1

(
t,ŨM,N(t)

)∣∣∣=2
∣∣∣
(

∂tU(t)−∗P1
M−1,N,β,Ω∂tU(t),ŨM,N(t)

)
Ω

+(∗P1
M−1,N,β,Ω∂tU(t)−∂tUM,N(t),ŨM,N(t))M,N,β,Ω

∣∣∣

≤ c
1

η
(1+

1

η
)
(

M2−2q+(βN)1−r
)

B
q,r
β,Ω(∂tU(t))+

1

2
η||ŨM,N(t)||2Ω. (3.19)

Similarly,

2
∣∣∣G2

(
t,ŨM,N(t)

)
+G3

(
t,ŨM,N(t)

)
+G4

(
t,ŨM,N(t)

)∣∣∣

≤ c(1+η)
(
1+d2η−2

)(
M2−2q+(βN)1−r

)
B

q,r
β,Ω(U(t))

+||∂xŨM,N(t))||2Ω +||∂yŨM,N(t))||2Ω +η||ŨM,N(t))||2Ω. (3.20)

Next, using (2.36) yields

2|G5

(
t,ŨM,N(t)

)
|

≤ c

η

(
M2−2q+(βN)1−r(lnN)2

)
C

q−1,r
M,β,Ω( f (t))+

1

2
η||ŨM,N(t)||2Ω. (3.21)

Furthermore, with the aid of (2.35) and (3.5), we derive that

||ŨM,N(0)||2Ω ≤2||IM,N,β,ΩU0−U0||Ω+2||U0−∗P1
M,N,β,η,ΩU0||

≤ c(1+
1

η
)
(

M2−2q+(βN)1−r(lnN)2
)(

B
q,r
β,Ω(U0)+C

q−1,r
M,β,Ω(U0)

)
. (3.22)

For simplicity of statements, we introduce the following notations,

EM,N,β(u(t))= ||u(t)||2M,N,β,Ω+
∫ t

0

(
||∂xu(ξ)||2M,N,β,Ω+||∂yu(ξ)||2M,N,β,Ω

)
dξ,

E(u(t))= ||u(t)||2Ω +
∫ t

0

[
||∂xu(ξ)||2Ω +||∂yu(ξ)||2Ω

]
dξ.

By substituting (3.19)-(3.21) into (3.18), we obtain

∂tEM,N,β

(
ŨM,N(t)

)

≤2(d+η)E
(

ŨM,N(t)
)
+c

(
(1+d2)η−2+η

)(
M2−2q+(βN)1−r(lnN)2

)

·
[
B

q,r
β,Ω(∂tU(t))+B

q,r
β,Ω(U(t))+C

q−1,r
β,Ω ( f (t))

]
. (3.23)



T.-J. Wang and B.-Y. Guo / Commun. Comput. Phys., 5 (2009), pp. 350-375 369

Due to (2.34), we have that E(ŨM,N(t))≤ cEM,N,β(ŨM,N(t)). Thereby, (3.23) reads

∂t

(
EM,N,β

(
ŨM,N(t)

)
e−2(d+η))t

)

≤ c
(
(1+d2)η−2+η

)
e−2(d+η))t

(
M2−2q+(βN)1−r(lnN)2

)

·
[
B

q,r
β,Ω(∂tU(t))+B

q,r
β,Ω(U(t))+C

q−1,r
β,Ω ( f (t))

]
. (3.24)

Integrating the above inequality with respect to t, and using (2.34) again, we obtain

E
(

ŨM,N(t)
)
≤EM,N,β

(
ŨM,N(t)

)
≤ c

(
M2−2q+(βN)1−r(lnN)2

)

·
(
GΩ(U,q,r,β,d,η,t)+MΩ(U0,q,r,β,d,η,t)+FΩ( f ,q,r,β,d,η,t)

)
, (3.25)

where

GΩ(U,q,r,β,d,η,t)=
(
(1+d2)η−2+η

)
e2(d+η)t

∫ t

0
e−2(d+η)ξ

(
B

q,r
β,Ω(∂tU(ξ))+B

q,r
β,Ω(U(ξ))

)
dξ,

MΩ(U0,q,r,β,d,η,t)=(1+
1

η
)e2(d+η)t

(
B

q,r
β,Ω(U0)+C

q−1,r
β,Ω (U0)

)
,

FΩ( f ,q,r,β,d,η,t)=
(
(1+d2)η−2+η

)
e2(d+η)t

∫ t

0
e−2(d+η)ξ

C
q−1,r
β,Ω

(
f (ξ)

)
dξ.

Further, let

RΩ(U,q,r,β,d,η,t)

=GΩ(U,q,r,β,d,η,t)+(1+η)
∫ t

0
B

q,r
β,η,Ω

(
U(ξ)

)
dξ+(1+

1

η
)B

q,r
β,η,Ω

(
U(t)

)
.

Then, a combination of (3.5) and (3.25) leads to the following conclusion.

Theorem 3.2. If U ∈ L∞(0,T;L2(Ω))∩L2(0,T;H1
0(Ω)), f ∈ L2(0,T;C(Ω)), and RΩ(U,q,r,

β,d,η,t), MΩ(U0,q,r,β,d,η,t) and FΩ( f ,q,r,β,d,η,t) are finite for integers r>1,q≥1, then

E(U(t)−uM,N(t))≤ c
(

M2−2q+(βN)1−r(lnN)2
)

·
(
RΩ(U,q,r,β,d,η,t)+MΩ(U0,q,r,β,d,η,t)+FΩ( f ,q,r,β,d,η,t)

)
.(3.26)

We next consider the case with d < 0. In this case, we put µ = −d and UM,N =

∗P1
M,N,β,µ,ΩU. Then, following the same line as in the derivation of (3.17), we obtain that





(
∂tŨM,N(t),φ

)
M,N,β,Ω

+
(

∂xŨM,N(t),∂xφ
)

M,N,β,Ω

+
(

∂yŨM,N(t),∂yφ
)

M,N,β,Ω
+µ

(
ŨM,N(t),φ

)
M,N,β,Ω

=G1(t,φ)+G5(t,φ)+G6(t,φ), ∀ φ∈VM,N,β(Ω), 0< t≤T,

ŨM,N(0)= IM,N,β,ΩU0−∗P1
M,N,β,1,ΩU0,

(3.27)
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where G1(t,φ) and G5(t,φ) are the same as those in (3.16), and

G6(t,φ)= aµ(U(t),φ)−aM,N,β,µ(UM,N(t),φ).

Let φ= ŨM,N(t) in (3.27). Like (3.19), (3.20), (3.21) and (3.22), we can verify that

2
∣∣∣G1

(
t,ŨM,N(t)

)∣∣∣≤ c
(
µ−1+µ−2

)(
M2−2q+(βN)1−r

)
B

q,r
β,Ω(∂tU(t)+

1

3
µ||ŨM,N(t)||2Ω,

2
∣∣∣G5

(
t,ŨM,N(t)

)∣∣∣≤ c

µ

(
M2−2q+(βN)1−r(lnN)2

)
C

q−1,r
M,β,Ω( f (t))+

1

3
µ||ŨM,N(t)||2Ω,

2
∣∣∣G6(t,ŨM,N(t))

∣∣∣≤ c
(
1+µ+µ−2

)(
M2−2q+(βN)1−r

)
B

q,r
β,Ω(U(t))+||∂xŨM,N(t))||2Ω

+||∂yŨM,N(t))||2Ω +
1

3
µ||ŨM,N(t))||2Ω.

Besides,

||ŨM,N(0)||2Ω ≤ c

(
1+

1

µ

)(
M2−2q+(βN)−r

)(
B

q,r
β,Ω(U0)+C

q−1,r
M,β,Ω(U0)

)
.

Let

Eµ(u(t))= ||u(t)||2Ω +
∫ t

0

(
||∂xu(ξ)||2Ω +||∂yu(ξ)||2Ω +µ||u(ξ)||2Ω

)
dξ.

Then, by an argument similar to the derivation of (3.26), we reach the error estimate.

Theorem 3.3. If U∈L∞
(
0,T;L2(Ω)

)
∩L2

(
0,T;H1

0(Ω)
)

, f ∈L2(0,T;C(Ω)), and the right side
of the following inequality is finite for integers r>1,q≥1, then

Eµ

(
U(t)−uM,N(t)

)

≤ c
(

M2−2q+(βN)1−r ln2 N
)[(

µ+µ−2
)

et
∫ t

0
e−ξ

(
B

q,r
β,Ω(∂tU(ξ))+B

q,r
β,Ω(U(ξ))

)
dξ

+(1+µ)
∫ t

0
B

q,r
β,η,Ω(U(ξ))dξ+(1+

1

µ
)B

q,r
β,η,Ω(U(t))

]

+(1+
1

µ
)
(

B
q,r
β,η,Ω(U0)+C

q−1,r
M,β,Ω(U0)

)
+(µ+µ−2)et

∫ t

0
e−ξ

C
q−1,r
β,Ω ( f (ξ)))dξ. (3.28)

4 Numerical results

We first consider scheme (3.4). In order to derive an efficient algorithm which leads to
a symmetrical and spare discrete system, we need two classes of basis functions. The
first class of basis functions correspond to the subdomains. For instance, the basis func-

tion φ
(j,β)
m,l (x,y), corresponding to the subdomain Ωj, vanishes on its boundary and other

subdomains. The second class of basis functions correspond to the common boundaries

of adjacent subdomains. For example, the basis function ψ
(j,β)
l (x,y), corresponding to



T.-J. Wang and B.-Y. Guo / Commun. Comput. Phys., 5 (2009), pp. 350-375 371

the common boundary Γj,j+1, does not vanish on this boundary. But it vanishes on the
boundaries Γj−1,j and Γj+1,j+2, and vanishes on the subdomains Ωk,k 6= j, j+1. In addi-
tion, all basis functions are polynomials on the related subdomains. Therefore, they are

in VM,N,β(Ω). The explicit expressions of φ
(j,β)
m,l (x,y) and ψ

(j,β)
l (x,y) were given in [13].

For examples,

φ
(1,β)
m,l (x,y)=

{ (
L̃(β)

l (x−1)−L̃(β)
l+1(x−1)

)
(Lm(y)−Lm+2(y)) , in Ω1,

0, otherwise,

φ
(2,β)
m,l (x,y)=

{ (
L̃(β)

l (x−1)−L̃(β)
l+1(x−1)

)(
L̃(β)

m (y−1)−L̃(β)
m+1(y−1)

)
, in Ω2,

0, otherwise,

ψ
(1,β)
l (x,y)=

{
1

2
(1+y)e

1
2 β(1−y)

(
L̃(β)

l (x−1)−L̃(β)
l+1(x−1)

)
, in Ω1∪Ω2,

0, otherwise.

In actual computation, we expand the numerical solution uM,N(x,y) as

uM,N(x,y)= ∑
j=1,5

N−2

∑
l=0

M−4

∑
m=0

a
(j)
m,lφ

(j,β)
m,l (x,y)+ ∑

j=3,7

M−4

∑
m=0

N−2

∑
l=0

a
(j)
l,mφ

(j,β)
l,m (x,y)

+ ∑
j=2,8

N−2

∑
l=0

N−2

∑
m=0

a
(j)
m,lφ

(j,β)
m,l (x,y)+ ∑

j=4,6

N−2

∑
m=0

N−2

∑
l=0

a
(j)
l,mφ

(j,β)
l,m (x,y)

+ ∑
j=1,4,5,8

N−2

∑
l=0

b
(j)
l ψ

(j,β)
l (x,y)+ ∑

j=2,3,6,7

N−2

∑
m=0

b
(j)
m ψ

(j,β)
m (x,y). (4.1)

Inserting (4.1) into (3.4), we obtain a symmetrical and spare discrete system with the

unknown coefficients a
(j)
m,l and b

(j)
l . For shortening the paper, we leave the detail to the

readers. The errors of numerical solutions will be measured by the discrete norm E∗
M,N =

||U−uM,N||M,N,β,Ω.
We now use scheme (3.4) to solve (3.3) with the test function:

U(x,y)=
(

x2|y2−1|(y2−1)γ+(y2−1)γ+1+y2|x2−1|(x2−1)γ

+(x2−1)γ+1
)

e−3
√

x2+1−3
√

y2+1−3γ+7.

It can be checked that if r−1<γ<r, then U∈Hr(Ω). But U is not in Hr+1(Ω). Therefore,
if γ >0, then U∈Hr(Ω) with r >1. In this case, Theorem 3.1 ensures the convergence of
scheme (3.4). In opposite, if γ=0, then U∈H1(Ω) at most, and scheme (3.4) might not be
convergent.

In Fig. 1, we plot the numerical errors log10 E∗
M,N with γ =1,2,3, with various modes

M= N and different parameter β. They demonstrate that the errors decay very fast as M
becomes large. This fact agrees with the analysis well. It seems that scheme (3.4) with
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Figure 1: Errors log10 E∗
M,N, (a): γ =1, (b): γ =2,

(c): γ=3.

reasonably larger β provides more accurate numerical results. However, how to choose
the best parameter β is still an open problem. Roughly speaking, if the exact solution de-
cays faster as |x| or |y| increases, then it is reasonable to take bigger β. Furthermore, Fig. 1
indicates that for the same modes M=N and the same parameter β, the numerical results
with bigger γ are more accurate than those with smaller γ. In other words, the more reg-
ular the exact solutions, the smaller the numerical errors. The previous statements show
that scheme (3.4) possesses the spectral accuracy.

We now turn to scheme (3.15). We use the Crank-Nicolson discretization in time t,
with the mesh step τ. The corresponding fully discrete scheme is as follows,





1

τ

(
uM,N,τ(t+τ)−uM,N,τ(t),φ

)

M,N,β,Ω
+

1

2

(
∂x(uM,N,τ(t+τ)

+uM,N,τ(t)),∂xφ
)

M,N,β,Ω
+

(
∂y(uM,N,τ(t+τ)+uM,N,τ(t)),∂yφ

)

M,N,β,Ω

=
1

2
d
(

uM,N,τ(t+τ)+uM,N,τ(t),φ
)

M,N,β,Ω
+

1

2

(
f (t+τ)+ f (t),φ

)

M,N,β,Ω
,

∀ φ∈VM,N,β(Ω), t=τ,2τ,···,T−τ,
uM,N,τ(0)= IM,N,β,ΩU0.

(4.2)

In actual computation, we expand the numerical solution uM,N,τ(x,y,t) as in (4.1). But
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Figure 2: Errors log10 E∗
M,N,τ(5).
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all coefficients depend on t. Substituting such expansion into (4.2), we derive an efficient
algorithm. At each time step, we need to solve a system with the unknown coefficients

a
(j)
m,l(t) and b

(j)
l (t). The numerical error at time t is measured by the quantity E∗

M,N,τ(t)=

||U(t)−uM,N,τ(t)||M,N,β,Ω.
We now use scheme (4.2) to solve (3.14) with the test function

U(x,y,t)=
(

x2|y2−1|(y2−1)γ+(y2−1)γ+1+y2|x2−1|(x2−1)γ+(x2−1)γ+1
)

·(x+y+
√

t+1)e−3
√

x2+1−3
√

y2+1−3γ+7.

In Fig. 2, we plot the numerical errors log10 E∗
M,N,τ(t) at t = 5, with γ = β = 3, d = −1

and various values of M = N and τ. It is observed that the errors decay very fast when
M=N increase and τ decreases, as predicted by the error estimate (3.28). This fact agrees
very well with the analysis. In Fig. 3, we plot the numerical errors log10 E∗

M,N,τ(t) with

γ = β =3,M = N =35,τ =0.002 and d=−1,− 1
8 ,0, 1

8 . They indicate the stability of scheme
(4.2). But for large positive d, the numerical errors might increase fast as t increases. In
fact, in this case, the continuous version (3.14) is also less stable.

5 Concluding remarks

In this paper, we investigated the composite Laguerre-Legendre pseudospectral method
for exterior problems with a square obstacle. To do this, we divided the unbounded
domain into eight unbounded subdomains. Then we used the mixed Laguerre-Legendre
interpolations and two-dimensional Laguerre interpolations for the underlying problems
on different subdomains. We also used two classes of specific basis functions so that the
numerical solutions match properly on the common boundaries of adjacent subdomains.
Moreover, they lead to symmetrical and sparse discrete systems which can be resolved
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efficiently. We provided the composite Laguerre-Legendre pseudospectral schemes for
two model problems. The numerical results demonstrated the spectral accuracy in space
of these schemes and confirm the theoretical analysis well. The main idea and techniques
used in this work are also applicable to other exterior problems.

In this paper, we developed the mixed Laguerre-Legendre interpolations and two-
dimensional Laguerre interpolations on unbounded domains. Some sharp results were
established. These results play important role in various pseudospectral methods for
unbounded domains, especially for exterior problems. We also developed a technique
for pseudospectral methods coupled with domain decompositions, which are useful for
spectral element method, p-version of finite element method and other high order meth-
ods with complex geometry.
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