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Abstract. In this paper we propose a uniformly convergent numerical method for dis-
cretizing singularly perturbed nonlinear eigenvalue problems under constraints with
applications in Bose-Einstein condensation and quantum chemistry. We begin with
the time-independent Gross-Pitaevskii equation and show how to reformulate it into
a singularly perturbed nonlinear eigenvalue problem under a constraint. Matched
asymptotic approximations for the problem are presented to locate the positions and
characterize the widths of boundary layers and/or interior layers in the solution. A
uniformly convergent numerical method is proposed by using the normalized gradi-
ent flow and piecewise uniform mesh techniques based on the asymptotic approxi-
mations for the problem. Extensive numerical results are reported to demonstrate the
effectiveness of our numerical method for the problems. Finally, the method is applied
to compute ground and excited states of Bose-Einstein condensation in the semiclassi-
cal regime and some conclusive findings are reported.
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1 Introduction

We consider the following nonlinear eigenvalue problem [2,5,10]

o) =—%Vch(x)+V(x>q>(x>+ﬁ|¢(x)!2¢(x>, x€QCRY, (11
$(x)=0, x€0Q), (1.2)
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where x= (x1,---,x;)7 is the spatial coordinate, () is a subdomain of R? (d=1,2,3), V(x)
is a real-valued potential whose shape is determined by the type of system under in-
vestigation, and f is a constant. Eq. (1.1) is also known as the time-independent Gross-
Pitaevskii equation (GPE) in Bose-Einstein condensation (BEC) [3, 7, 24], where ¢ is the
macroscopic wave function of the condensate and § positive/negative corresponds to re-
pulsive/attractive interaction between atoms. The wave function ¢ is required to satisfy
the normalization condition

I9l2:= [ [e00Pdx=1. (1.9

For the nonlinear eigenvalue problem (1.1)-(1.2) under the constraint (1.3), any eigen-
value u which is also called as chemical potential in quantum physics can be computed
from its corresponding eigenfunction ¢ by

i )= |31V P4Vl LR+ Bloo) | dx
= Ep(o)+E [ loeoltax 49

where Eg(¢) is the energy per particle in BEC and is defined as

Ex(0)= [ |51V 0P+ V(g0 P+ Sl ax 5

In fact, the nonlinear eigenvalue problem (1.1)-(1.2) can be viewed as the Euler-Lagrange
equation of the energy functional Eg4(¢) in (1.5) under the constraint (1.3). In physics
literatures [3,7,24], the ground state is defined as the minimizer of the energy functional
in (1.5) over the unit sphere

S={o1li¢ll=1, Eg(¢)<oo}.

Any other eigenfunctions of the nonlinear eigenvalue problem (1.1)-(1.2) under the con-
straint (1.3), whose energy are greater than that of the ground state, are usually known
as excited states.

Different numerical methods were proposed in the literatures for computing the eigen-
functions, i.e., ground and excited states, of the nonlinear eigenvalue problem (1.1)-(1.2)
under the constraint (1.3). For example, Edwards and Burnett [21] presented a Runge-
Kutta type method and used it to solve one dimensional (1D) and 3D ground states with
spherical symmetry. Adhikari [1] used this approach to get the ground state solution of
GPE in 2D with radial symmetry. Ruprecht et al. [26] used the Crank-Nicolson finite dif-
ference method for solving BEC ground state. Bao and Tang [10] proposed a method by
directly minimizing the energy functional via finite element approximation to obtain the
ground and excited states. Bao and Du [5] presented a continuous normalized gradient
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flow with diminishing energy and discretized it with a backward Euler finite difference
(BEFD) and time-splitting sine-pseudospectral method (TSSP) for computing the ground
and first excited states in BEC. This idea was extended to multi-component BEC [4, 6],
rotating BEC [12] and spin-1 BEC [8,11]. Chang et al. [16, 17] proposed Gauss-Seidel-
type methods for computing positive bound states of a multi-component BEC. Chang
et al. [15] presented the Liapunov-Schmidt reduction and continuation method for com-
puting ground states of single- and multi-component BEC. Zhou [33, 34] and Shen and
Zhou [28] provided error estimates for the finite element approximations for some non-
linear eigenvalue problems. Other approaches include an explicit imaginary-time algo-
rithm used by Cerimele et al. [13] and Chiofalo et al. [18], a direct inversion in the iterated
subspace (DIIS) used by Schneider et al. [27], and a simple analytical type method pro-
posed by Dodd [20]. As observed in [9], when > 1, boundary and/or interior layers
appear in the ground and excited states when V(x) is chosen as a box potential, and in-
terior layers appear in the excited states when V(x) is chosen as the harmonic potential.
In these cases, all the above numerical methods which in general use uniform meshes
do not converge uniformly with respect to f>>1. The aim of this paper is to propose a
uniformly convergent numerical method for the nonlinear eigenvalue problem (1.1)-(1.2)
under the constraint (1.3) based on the normalized gradient flow proposed for computing
ground state of BEC [4,5,12] and piecewise uniform mesh techniques used for singularly
perturbed two-point boundary value problems [22,23,25,29-32].

The paper is organized as follows. In Section 2, we reformulate the time-independent
GPE (1.1) into a singularly perturbed nonlinear eigenvalue problem when f>>1. In Sec-
tion 3, we present matched asymptotic approximations of the eigenfunctions and chemi-
cal potential as well as energy. In Section 4, we propose a uniformly convergent numer-
ical method by using the normalized gradient flow and piecewise uniform mesh tech-
niques for discretizing the singularly perturbed nonlinear eigenvalue problem under a
constraint. In Section 5, extensive numerical results are reported to demonstrate the effi-
ciency of our numerical method and to compare with other existing numerical methods.
Finally, some conclusions are drawn in Section 6.

2 A singularly perturbed nonlinear eigenvalue problem

In this section, we reformulate the time-independent GPE (1.1) with either box potential
or harmonic potential into a singularly perturbed nonlinear eigenvalue problem under a
constraint when >>1, i.e., it is in strongly repulsive interaction regime.

2.1 For bounded () with the box potential

When Q) is bounded and V(x) is chosen as the box potential, i.e., V(x) =0 when x € Q
and V(x) = oo otherwise, let

azﬁ, wi=u=k, g 0=909. 1)
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Divided by B at both sides of (1.1), the time-independent GPE (1.1)-(1.2) under the con-
straint (1.3) is reformulated to the following singularly perturbed nonlinear eigenvalue
problem

yecﬂx):——vz () +p*(x)[¢°(x), x€Q, (2.2)
PF(x)=0, x€a0y; (2.3)

under the constraint
I9°[2:= [ 6% () Pax=1. @4

The eigenvalue (or chemical potential) u* can be computed from its corresponding eigen-
function ¢° by

€ € 82 € 2 € 4
W= lg) = | SITH R+ dx
‘ +% /Q!<P5<X)!4dx, (2.5)

where the re-scaled energy E.(¢°) is defined as

2
E)= [ |51V 00+l . 26

By assuming that ¢¢ is e-oscillatory (i.e., ¢%(x) = /o (x) e’ ¥/ with p?(x) = |¢*(x)|* and
S¢(x) =earg(¢$*(x)), the position density and phase of the wave function ¢, respectively)
and sulfficiently ‘integrable” such that all terms have O(1)-integral in (2.5) and (2.6) and
noting (2.4), we have [7,9]

uE=u:(¢%)=0(1), E:(¢")=0(1), 0<exl. (2.7)

Then the leading asymptotic approximations of the eigenvalue in (1.4) and energy in (1.5)
in this case can be given by

n=ns@)=B | 55100+ 12| dx=pi(¢)=O(), @8
1= [ |35V 0WP+ 31001 | ax=pE(p)=0p), p>1. (9

2.2 For the whole space QO =IR? with the harmonic potential

When Q=R is the whole space and V/(x) is chosen as the harmonic potential, i.e.,

V(x) =5 (vixt+---+75x))

NlP—‘
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with 1,--+,74 positive constants, under the normalization (1.3), we choose the semiclas-
sical re-scaling as

x=e'2%, ¢*(x)=e V4Pp(x), ut=e 'y, with e=p = +2) (2.10)

Substituting the above re-scaling parameters into (1.1), rearranging the parameters and
dropping the ~, we again obtain a singularly perturbed nonlinear eigenvalue problem

2
B9 () = =SV (0 + V()9 () +19" () Pgi(x),  xERY, (211)

under the constraint
I9°[2:= [ Jo" () Pax=1. 212)

Again, the eigenvalue (or chemical potential) u* can be computed from its corresponding
eigenfunction ¢ by

2
= )= [, | SITP R VOl P+ 0 d

= Eg)+ [ 600 ax .13

where the re-scaled energy E.(¢°) is defined as

82
E9)= [, | 5190 GVl Pt 310 ol e @14)

Again, by assuming that ¢ is e-oscillatory and sufficiently “integrable” such that all terms
have O(1)-integral in (2.13) and (2.14) and noting (2.12), we have

wE=u:(¢%)=0(1), E:(¢")=0(1), 0<exl (2.15)

Then the leading asymptotic approximations of the eigenvalue in (1.4) and energy in (1.5)
in this case can be given by

n=np(p)=¢ 'pe(¢)=0(e ) =0(pY112)), (2.16)
Eg(@)=e "E(¢°)=0(e )=0(p" 12, p>1. (2.17)

2.3 General formulation
Thus in this paper, we will consider the following singularly perturbed nonlinear eigen-
value problem
2
B9 (x) = =SV () + V()9 () +9F () P9f(x), x€QCR!,  (218)
¢°(x)=0,  x€0Q, (2.19)
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under the normalization or constraint
I¢°[12:= [ ¢ (0 Pax=1, 2.20)

where 0 < e <1 is constant, V(x) is a given real-valued potential.
The eigenvalue (or chemical potential) ;® can be computed from its corresponding
eigenfunction ¢ by

82
= (9= [ 510 RV g 0P+ g
= Eg)+ [ 1900, @21)

and the energy functional is defined as

2
E¢9)= [, | 5190 P+ V19 GOP + 5107001 | . 222)

Again, the ground state wave function ¢; := ¢¢(x) of a BEC is found by minimizing the
energy functional E.(¢°) over the unit sphere

S={¢*(x) | 9°|=1, Ec(¢®) <eo},
ie., find (pg, ;) such that

Eyi=Ee() =minEi(6), s =pp(05).

It can be easily shown that the ground state ¢;(x) is an eigenfunction of the nonlinear
eigenvalue problem (2.18) under the constraint (2.20). Any other eigenfunction ¢*(x) of
(2.18) under the constraint (2.20) whose energy E¢(¢°) > Ee(¢g) is usually known as an
excited state in physics literatures. In addition, suppose all different eigenfunctions of

the singularly perturbed nonlinear eigenvalue problem (2.18)-(2.19) under the constraint
(2.20) are

Pe(x), P1(x), P3(x), -, (2.23)
which are ranked according to their energies, i.e.,
Ee(¢g) <Ee(d7) <Ee(¢) <---, (2.24)

then ¢; (x) (j=1,2,---) is usually known as the j-th excited state in quantum physics.

3 Matched asymptotic approximations

In this section we will present matched asymptotic approximations for the ground state
and excited states as well as their energy and chemical potential of the singularly per-
turbed nonlinear eigenvalue problems (2.18)-(2.19) under the constraint (2.20). We want
to mention that similar results for (1.1)-(1.2) with >>1 were presented in [9].
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3.1 For bounded () with box potential

For simplicity, here we only present results for d=1 and Q)= (0,1) with the box potential,
ie, V(x)=0 for 0<x <1 and V(x)=co otherwise. Extensions to d-dimensions with
Q= (0,1)d are straightforward. In this case, when 0 <e <1, we formally drop the first term
on the right hand side of (2.2) with QO=(0,1) and obtain the Thomas-Fermi approximation
of the ground state as

He g ()=l (x) P9 (x),  0<x<1, (3.1)
which implies
pg (x)=/pfF,  0<x<l. (3.2)

Plugging (3.2) into the constraint (2.4) with Q= (0,1), we get

1 1
1:/0 ’4’?(35)’25135:/0 yngx:;t;F. (3.3)
Here the leading order approximation for the ground state is given by
P (x)~¢g (x)=1, 0<x<l. (3.4)

However, the approximation for the ground state (3.4) does not satisfy the zero boundary
condition (2.3). This suggests the existence of two boundary layers in the region near x=0
and x =1 in the ground state of BEC with the box potential.

To get the matched asymptotic approximation, since the two boundary layers exist at
the two boundaries x=0and x=1 when 0<e< 1, we solve (2.2) with Q=(0,1) near x=0
and x=1, respectively. Let us assume that the boundary layer is of width § with 0</ <1
and do a rescaling in the region near x =0 with

x=0X,  ¢(x)=¢sP(X), X>0. (3.5)
Substituting (3.5) into (2.2) with Q= (0,1), we obtain
2
3
HOX)=—55 Oxx(X)+¢2P(X), X>0, (3.6)
©(0)=0,  lim &(X)=1, (3.7)

In order to balance all the terms in (2.2), we need to choose

€
6=—, 5= /15 3.8
g =V (3-8)

Solving the problem (3.6)-(3.7) with the choice of the parameters in (3.8), we get

®(X)=tanh(X), X>0. (3.9)
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Since uf~ ygF =1 for the ground state, we can conclude that the width of the boundary
layer near x=0is 6 = (e) =O(B~!/2) and the inner expansion for (2.2)-(2.3) near x=0 is

¢ x)z\/;gtanh(\/;gx/s), for x>0 near x=0. (3.10)

Similarly, we can get the inner expansion for (2.2)-(2.3) near x=1 as

\/7tanh<\/71 x)/e) for x<1 near x=1. (3.11)

Using the matched asymptotic technique, we get the asymptotic approximation for the
ground state as

95(x) gy (x) = \ /1A [tanh (| /uiAx /¢ ) +tanh (/udA (1-x) /¢
—tanh( yg’[A/e”, 0<x<1. (3.12)

Plugging (3.12) into the normalization constraint (2.4) with Q= (0,1), after some compu-

tations [9], we obtain
1= /\cp ?dx~ yMA e/ uA. (3.13)

Solving the above equation, we obtain the asymptotic approximation for the chemical
potential of the ground state as

pom gt =142eV/ 146242, 0<e<l. (3.14)

Moreover, plugging (3.12) into (2.6) with Q= (0,1), after some computations [9], we ob-
tain the asymptotic approximation for the energy of the ground state as

1 1
e ~ TMA _ -~ MA |, - MA MA
Eg m Eg "R oy "t 3k €\ Hg
1 4
—+§€\/1+82+2€2, 0<e<l. (3.15)

Similarly, for the kth (k € IN) excited state of (2.2)-(2.4) with Q= (0,1) when 0 <e <1,
there are two boundary layers near x =0 and x =1 and k interior layers located at x; =

k}ﬁ (j=1,2,---,k). By using the matched asymptotic technique, we get the asymptotic
approximation for the kth excited state as [9]

[(k+1) /2] [ uMA 2i
¢i<x>~¢£“*<x>«y2“*[ > tanh( (f <xk+]1)>

j=0

[k/2] /1 MA /1, MA
Ztanh( Zk <2]+1 ))thanh< ik )] (3.16)

k+1
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where [7] takes the integer part of the real number 7, the constant C;y =1 when k is odd
and Cx =0 when k is even, and pM* is the asymptotic approximation of eigenvalue (or
chemical potential) of the kth (k€ IN) excited state given as [9]

p = pe(@f) =™
= 142(k+1)e/ 1+ (k+1)22 4 2(k+1)%, (3.17)

In addition, the asymptotic approximation of the energy of the kth (k € IN) excited state
can be given as [9]

+§(k+1)s 1+ (k+1)2e2+2(k+1)%e2. (3.18)

Based on the above asymptotic results, we make the following observations for the
eigenfunctions of the singularly perturbed nonlinear eigenvalue problem (2.2)-(2.3) un-
der the constraint (2.4):

e Boundary layers are observed at x =0 and x =1 for ground and all excited states
when 0 < e < 1. The width of these layers is of O(e) = O(B~1/?) (see (2.1)).

e For the kth (k € IN) excited state, interior layers are also observed at x; = kJ]r—l (=
1,2,---,k) when 0<e<1. The widths of these layers are also of O(e) =O(B~1/?) (see
(2.1)) and they are twice the size of the widths of the boundary layers.

e When 0 <e<1, if we rank all different eigenfunctions monotonously according to
their energies, then the corresponding eigenvalues (or chemical potentials) are in
the same order (see (3.14), (3.15), (3.17) and (3.18)).

These information will be used in designing the uniformly convergent numerical method
for (2.2)-(2.4) in the next section.

3.2 For the whole space () =IR¥ with harmonic potential

Again for simplicity, here we only present results for =1 and (2 =R with the harmonic
potential, i.e., V(x) =x?/2. Extensions to d-dimensions are straightforward. In this case,
when 0 <e <1, we formally drop the first term on the right hand side of (2.11) with d=1
and obtain

2
x
pEPT () =S¢ () +e T (x)9T (x),  x€ER, (3.19)
which immediately implies that the Thomas-Fermi approximation for the ground state is

TF _ 22 2 TF
4>§F(X){ Vi~ ¥ <2y (3.20)

0, otherwise.
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Thus there is no boundary or interior layer in the ground state of BEC with harmonic
potential. Plugging (3.20) into the constraint (2.12) with d=1, we get

o0 NS x? 2 3/2
_ TF (1) (2 7y & (. TF_ _2(5, TF
1—[w]¢g (x)] dx—[ T (yg 5 ) dx 3 (Zyg ) : (3.21)

Solving the above equation, we can obtain the asymptotic approximation for the eigen-
value (or chemical potential) of the ground state as

_1(3)\*"
Mo =He(Pg) ~ g 25(5) : (3.22)

Furthermore, we can also obtain the asymptotic approximation for the energy of the
ground state as

1 (o]
B = B =pel9)— [ Ig(o)l*dn

1 [ TF, _\4 TFZTF332/3
g —5 _OOW’g (x)[Fdx=pg “sHs =10\3) - (3.23)

In addition, the Thomas-Fermi approximation for the first excited state is

V=%, 0<x<y/2u",
Pr=1 _ fiFr_2, . [uT<x<, (3.24)

0, otherwise.

Similarly, we can get the Thomas-Fermi approximation for the eigenvalue (or chemical
potential) and energy of the first excited state as

€ £ TF 1/3 23 € £ TF 3 3 2/3
‘ulzl’l8<¢l)%y1 :E E ’ 1:E5<¢1):E1 %E E . (3.25)

Since y1¥ >0 is independent of ¢, when 0 < e< 1, there is an interior layer located at x=0
in the first excited state of BEC with harmonic potential.

To get the matched asymptotic approximation for the first excited state, let us assume
that the interior layer is of width § with 0 <4 <1 and do a rescaling in the region near
x=0 with

x=0X, P (x) =¢s D(X), X>0. (3.26)
Substituting (3.26) into (2.11) with d =1, we obtain
&2 522
HEP(X) = =555 Pxx(X) +——P(0X) +p2P3(X),  X>0, (3.27)

®(0)=0,  lim &(X)=1. (3.28)
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Since ¢ is small and we want to find approximate solution of (3.27) for | X| not too large,
we drop the second term in the right hand side of (3.27) and choose § and ¢; as those in
(3.8), we can obtain that (3.9) is an approximate solution of (3.27) for | X| not too large.
Since puf ~ ult = O(1) for the first excited state, we can conclude that the width of the
interior at x=01is 6 = O(¢) and the inner expansion of (2.11) with d=1 near x=0is

H x):\/y?tanh<\/;7§x/s), for x—0. (3.29)

Again, by using the matched asymptotic technique, we get the asymptotic approximation
for the first excited state as

¢i(x) =4 (x)
i Atanh ((dAxse )+ -5 - [, 0<x< /T
- puAtanh ( /pAx/e \/V %2+\/V11\/IAI —/2ui" <x <0,

[ 0, otherwise;
;411\4Atanh<\/y11\“x/s> — |x|x , o xr<ouMA,
- 2 [\/yll\’[A—xz/}l- \/;411\“} (3.30)
L 0, otherwise,

where M4 =¥+ O(e) can be determined from the normalization constraint (2.12) with
d=1and ¢p=¢pMA.

Based on the above asymptotic results, we make the following observations for the
eigenfunctions of the singularly perturbed nonlinear eigenvalue problem (2.11) under
the constraint (2.12):

e For the ground state, there is no boundary and interior layer.

e For the first excited state, an interior layer is located at x =0 and its width is of

O(e)=0(B71/3) (see (2.10)).

Again, these information will be used in designing the uniformly convergent numerical
method for (2.11)-(2.12) in the next section.

4 A uniformly convergent numerical method
In this section, we will present a uniformly convergent numerical method for computing

the eigenfunctions, i.e. ground and excited states, of the singularly perturbed nonlinear
eigenvalue problem (2.18)-(2.20) under a constraint.
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4.1 The normalized gradient flow

Various algorithms for computing the eigenfunctions, such as the ground and first excited
states, of the nonlinear eigenvalue problem (2.18) under the constraint (2.20) have been
studied in the literature. For instance, a Gauss-Seidel iterative method was proposed
in [17] and a Lypuoniv functional method was presented in [15]. Perhaps one of the
more popular and efficient techniques for dealing the constraint (2.20) is through the
following construction: Choose a time step k= At >0 and denote a time sequence 0=ty <
<. <t,<--- with t, =nk=mnAt. To compute the ground and first excited states of
the singularly perturbed nonlinear eigenvalue problem (2.18)-(2.19) under the constraint
(2.20), it is natural to consider the following normalized gradient flow (NGF) which was
widely used in the literature for computing the ground state solution of BEC [2,4, 5]:

31 (x,b) = ;‘SE(;;;D L VR V(g IR xEO, Lt A
e ) P (%t 1)

(X tpg1) = (Xt ) = m xeQ, n>0, (4.2)
P*(x,t)=0, xeT'=9Q, P (x,0)=¢5(x), xe (4.3)

where

#° 0ot ) = im ¢ 0ct), - 1961°= [ 196007 dx=1.

4.2 Discretization

Various spatial /temporal discretization schemes were studied and compared in the liter-
ature for discretizing the gradient flow (4.1)-(4.3) with uniform spatial meshes [2,4-6,11,
12]. Here we adapt the backward Euler finite difference discretization scheme for (4.1)-
(4.3) with a general spatial mesh. For simplicity of notation, we introduce the method for
the case of one spatial dimension, i.e., d=1 in (4.1)-(4.3) with Q= (a,b). Generalizations to
higher dimensions are straightforward for tensor product grids. Let a=xo<x1<---<xny=b
be a partition of the interval Q = (a,b), hj:= Ax; = xj,1—x; be the length of the j-th
(7j=0,1, —1) subinterval, and & = maxp<j<n-1/; be the mesh size of the partition.
Denote ¢ be the approximation of ¢¢(xj,t,) and ®" = (¢§,¢},---,¢3%)" to be the solution
vector at tlme t=t,. The gradient flow (4.1) is discretized in time by the backward Euler
scheme and in space by the finite difference method, for j=1,---,N—1and n>0, as

)1 2 20* 20F 20*
4)] ¢] _ 8_ 4)]—1 47] i ‘P]+1 —V(x]-)([)’-“— ’¢n|2¢* (4.4)
At 2 ]’lj_] (h]'_l —|—]’l]) h] 1h h; (h] 1—|—]’l ) J JET

The boundary and initial conditions (4.3) are discretized as

Po=9n=0,  ¢)=a5(x;), j=0,1---,N. (4.5)
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The normalized step (4.2) is discretized as

9

with

n+1_ - >
(P H@ HI ] 011/ INI 7’1_0, (46)
. Nflh'_l—l—h' i 2 N-1p

=

2 |
Z/X x) [ dx= / 19" (x) dx. (4.7)

In addition, the chemical potential (2.21) can be discretized as

22

d
e [0 d+/ |2+|q><>|]dx
2N-1 X1 d e
- %g/, 4’—x x +Z/ g (-+ 14 ()[4 dx
]
4) qb N-— h]+1
~ 5 Z(;h] ﬁ;} Z Z{ 0195 P+ LT
£
2
2N-1 — ¢t N-1p. 4 h.
= S Y Y I Vles P+l @8)

j=0 j j=1

Similarly, the energy functional (2.22) is discretized as

2
N1 =5 NZlhirhiy 1
~7 L Qﬂzl - [V(xj)ffl’ﬂzJFQ"l’fﬂ- (4.9)

4.3 Choice of the piecewise uniform mesh

Based on the asymptotic results in the previous section, since we know the locations
and width of the boundary and interior layers, the natural and simple way is to use the
piecewise uniform mesh or Shishkin mesh [22,23,25,29-32] in order to get a uniformly
converged numerical method for € > 0.

In the case of box potential, we take Y= (0,1), i.e., =0 and b=1. For computing the
ground state, since there are two boundary layers located at x =0 and x =1 with width
O(e), the piecewise uniform mesh can be chosen as

I, 0<j<N/4
x]-:x]-,l-i— hs, N/4<]§3N/4, (4.10)
hy, 3N/4<j<N,
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where

JC():O, XN/4:miI’1{1/4,811’1N}, X3N/4:1—XN/4,

Iy = 4XN/4’ iy — 2(X3N/4—XN/4)_
N N

In fact, here we use N+1 grid points in total for the interval [0,1] with N /4 points for the
boundary layer located at x =0, N /4 points for the boundary layer located at x =1, and
N/2 points for the remaining middle portion. Similarly, for computing the first excited
state, since there are two boundary layers located at x =0 and x =1 with width O(e) and
one interior layer located at x =1/2 with width O(2¢), the piecewise uniform mesh can
be chosen as

xn=1,

hy, 0<j<N/8,
ha, N/8<j<3N/8,
Xj=xj_1+1{ M, 3N/8<j<5N/8, (4.11)
ha, 5N/8<j<7N/8,
hy, 7N/8<j<N,

where
. [1 1 1
x0=0, xy/g=min 3 elnN ¢, X3N/87 5 ~XN/8/ x5N/8:§+xN/8/

8x 4(x —Xx
xon/s=1—xNns8,  XN=1, h1=—;\\’7/8, hy = (3N/§\] N/S).

In fact, here we use N+1 grid points in total for the interval [0,1] with N/8 points for
the boundary layer located at x =0, N/8 points for the boundary layer located at x =1,
N/4 points for the interior layer located at x=1/2, and N /2 points for the remaining two
portions. By extending the above idea, we can construct the piecewise uniform meshes
used for computing other excited states in the box potential in 1D. Extension to higher
dimensions can be done similarly.

In the case of harmonic potential or any other potential satisfying

V(—x)=V(x), V(0)=0, ‘l‘im V(x) =00,
X|—00

we take Q= (—¢,c), i.e., a=—c and b=c. For computing the ground state, since there is
no boundary and interior layer, we can use the classical uniform mesh

Xj:_c+jh/ jzolll"'/N/ I’l:ZC/N (412)

For computing the first excited state, since there is an interior layer located at x =0 with
width O(e), the piecewise uniform mesh can be chosen as

hZ/ O<]§N/4/
xi=xi1+{ h,  N/A<j<3N/4, (4.13)
h,  3N/4<j<N,
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where

xo=—c<0, xny=c¢>0, xn=min{c/2, eInN}, xN/4=—X3Nn/4,
X3N /4 2(c—x3n/4)
hy =—=", hy = ——————=.
"N ? N
In fact, here we use N+1 grid points in total for the interval [—c,c] with N /2 points for the

interior layer located at x=0, and N /2 points for the remaining two portions. Extension
to higher dimensions can be done similarly.

5 Numerical results

In this section, we first demonstrate that our discretization method with piecewise uni-
form mesh is uniformly convergent for e >0 and also compare the results from the piece-
wise uniform mesh and uniform mesh. Then we apply the new method based on piece-
wise uniform mesh to compute the ground and excited states of BEC with box/harmonic
/optical lattice potential in the semiclassical regime, i.e., 0 <e < 1. In our computation,
the stationary state is reached when

max |¢" T — ¢ <107°.
OSjSN\fl’] 97|

Table 1: Maximum errors, i.e., maxo<y<1|¢(x)—¢N(x)|, for the ground state of BEC with box potential by
using uniform mesh for different ¢ and grid points N.

N 24 26 28 210 212
e=0.1x2" 264E-2 1.70E-3 1.06E-4 6.58E-6 4.57E-7
e=0.1x2"2 392E-1 243E-2 141E-3 8.38E-5 5.08E-6
e=0.1x2"* 768E-1 3.82E-1 2.37E-2 1.36E-3 8.10E-5
e=0.1x2"6 924E-1 7.68E-1 3.79E-1 2.35E-2 1.35E-3
e=0.1x2"8 976E-1 924E-1 7.67E-1 3.79E-1 2.35E-2
e=0.1x2"1 993E-1 9.77E-1 9.24E-1 7.67E-1 3.78E-1
e=0.1x2"12 998E-1 9.93E-1 9.77E-1 9.24E-1 7.67E-1
e=0.1x2"1% 999E-1 998E-1 9.93E-1 9.77E-1 9.24E-1

e—0 9.99E-1 9.99E-1 999E-1 9.99E-1 9.99E-1

5.1 Comparison and convergence rate

Let ¢(x) be the numerical ‘exact’ solution obtained by using piecewise uniform mesh
with N =2 and ¢™(x) be the numerical solution with N+1 grid points. Tables 1 and
2 show the maximum errors, i.e., maxo<y<1|¢(x) —¢N(x)|, for the ground state of box
potential by using uniform mesh and piecewise uniform mesh (or Shishkin mesh), re-
spectively, for different ¢ and grid points N; Tables 3 and 4 show similar results for the
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Table 2: Maximum errors, i.e., maxg<y<1|¢(x) —¢N (x)|, for the ground state of BEC with box potential by
using piecewise uniform mesh for different € and grid points N.

N 24 26 28 210 212

e=0.1x2" 264E2 1.70E-3 1.06E-4 6.58E-6 4.57E-7
e=0.1x2"2 272E2 401E-3 4.42E-4 4.32E-5 3.62E-6
e=0.1x2"% 270E2 3.84E-3 4.27E-4 4.16E-5 3.68E-6
e=0.1x2"6 270E-2 3.81E-3 4.23E-4 4.12E-5 5.76E-6
e=0.1x2"8 269E-2 3.78E-3 4.22E-4 4.27E-5 b5.71E-6
e=0.1x2"10 269E-2 3.78E-3 4.22E-4 4.27E-5 b5.71E-6
e=0.1x2"12 270E-2 3.78E-3 4.22E-4 4.27E-5 5.71E-6
e=0.1x2"1% 270E-2 3.78E-3 4.22E-4 4.27E-5 b5.71E-6

e—0 2.70E-2 3.78E-3 4.22E-4 4.27E-5 b5.71E-6

Table 3: Maximum errors for the first excited state of BEC with box potential by using uniform mesh for
different € and grid points N.

N 24 26 28 210 212

e=0.1x2" 3.84E-2 251E-3 157E-4 9.87E-6 6.75E-7
e=0.1x2"2 4.05E-1 252E-2 1.52E-3 9.50E-5 5.61E-6
e=0.1x2"%* 769E-1 3.85E-1 2.39E-2 1.38E-3 7.96E-5
e=0.1x2"6% 923E-1 7.68E-1 3.80E-1 2.36E-2 1.35E-3
e=0.1x2"8 976E-1 924E-1 7.67E-1 3.79E-1 2.35E-2
e=0.1x2"1 993E-1 9.77E-1 9.24E-1 7.67E-1 3.78E-1
e=0.1x2"12 998E-1 993E-1 9.77E-1 9.24E-1 7.67E-1
e=0.1x2"1% 999E-1 998E-1 9.93E-1 9.77E-1 9.24E-1

e—0 9.99E-1 9.99E-1 999E-1 9.99E-1 9.99E-1

first excited state of box potential; and Tables 5 and 6 show the results for the first excited
state of harmonic potential with V(x) = x2/2. In addition, Tables 7, 8 and 9 compare the
results for the ground state of box potential, for the first excited state of box potential,
and for the first excited state of harmonic potential, respectively, by using uniform mesh
and piecewise uniform mesh.

From Tables 1-9, we can draw the following conclusion: (i) For fixed ¢ >0, when the
mesh size h <e and h— 0, second order convergence rate is observed in both the uniform
mesh and piecewise uniform mesh (c.f., Tables 1-6) ; (ii) for fixed mesh size h >0 with
small value, when £ — 0, the errors increase up to a fixed constant by using the uniform
mesh due to the appearance of boundary and/or interior layers (c.f., Tables 1, 3 and 5),
where the errors do not increase by using the piecewise uniform mesh (c.f., Tables 2,
4 and 6); (iii) when both ¢ — 0 and the mesh size h — 0 with keeping ¢/h as a constant,
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Table 4: Maximum errors for the first excited state of BEC with box potential by using piecewise uniform mesh
for different € and grid points N.

N 24 26 28 210 212

e=0.1x20 3.84E-2 251E-3 1.57E-4 9.87E-6 6.75E-7
e=0.1x2"2 1.84E-1 1.86E-2 1.52E-3 9.50E-5 5.61E-6
e=0.1x2"% 1.66E-1 1.69E-2 1.66E-3 1.52E-4 1.40E-5
e=0.1x2"% 161E-1 1.66E-2 1.62E-3 1.50E-4 1.46E-5
e=0.1x2"8 160E-1 1.65E-2 1.62E-3 1.50E-4 1.45E-5
e=0.1x2"1 160E-1 1.65E-2 1.60E-3 1.49E-4 1.45E-5
e=0.1x2"12 160E-1 1.64E-2 1.63E-3 1.49E-4 1.45E-5
e=0.1x2"1% 160E-1 1.64E-2 1.63E-3 1.49E-4 1.45E-5

e—0 1.60E-1 1.64E-2 1.63E-3 1.49E-4 145E-5

Table 5: Maximum errors for the first excited state of BEC with harmonic potential V(x) =x%/2 by using
uniform mesh for different ¢ and grid points N.

N 24 26 28 210 212

e=0.1x20 737E-1 5.89E-1 244E-1 1.24E-1 1.24E-1
e=0.1%x2"2 7.87E-1 7.36E-1 5.88E-1 244E-1 1.57E-1
e=0.1x2"% 8.03E-1 7.87E-1 7.36E-1 5.89E-1 2.46E-1
e=0.1%x2"% 807E-1 8.03E-1 7.87E-1 7.36E-1 5.90E-1
e=0.1x2"8 809E-1 8.07E-1 8.03E-1 7.87E-1 7.37E-1
e=0.1x2"1 809E-1 8.09E-1 8.07E-1 8.03E-1 7.87E-1
e=0.1x2"12 809E-1 8.09E-1 8.09E-1 8.07E-1 8.03E-1
e=0.1x2"1 809E-1 8.09E-1 8.09E-1 8.09E-1 8.07E-1

e—0 8.09E-1 8.09E-1 8.09E-1 8.09E-1 8.09E-1

Table 6: Maximum errors for the first excited state of BEC with harmonic potential V(x)=x%/2 by using
piecewise uniform mesh for different ¢ and grid points N.

N 24 26 28 210 212

e=0.1x20 226E-1 5.73E-2 3.97E-3 2.67E-4 1.76E-5
e=0.1x2"2 251E-1 9.30E-2 1.00E-2 1.02E-3 6.37E-5
e=0.1x2"% 261E-1 1.08E-1 1.84E-2 249E-3 257E-4
e=0.1x2"% 263E-1 1.11E-1 2.17E-2 3.49E-3 3.80E-4
e=0.1x2"8 263E-1 1.11E-1 2.19E-2 3.67E-3 3.59E-4
e=0.1x2"1 263E-1 1.12E-1 2.18E-2 3.69E-3 3.44E-4
e=0.1x2"12 263E-1 1.12E-1 2.18E-2 3.69E-3 3.40E-4
e=0.1x2"1% 263E-1 1.12E-1 2.18E-2 3.69E-3 3.39E-4

e—0 2.63E-1 1.12E-1 218E-2 3.69E-3 3.39E-4
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no convergence is observed by using the uniform mesh, but uniformly convergent results
are observed by using the piecewise uniform mesh (c.f., Tables 7, 8 and 9). Based on these
results, we can claim that the backward Euler finite difference discretization by using the
piecewise uniform mesh is a uniformly convergent numerical method for computing the
singularly perturbed nonlinear eigenvalue problem (2.18)-(2.20) under a constraint.

Table 7: Comparison of the maximum errors for the ground state of BEC with box potential by using uniform
mesh and piecewise uniform mesh.

N 24 26 28 210 212
¢ 01x20 01x22 01x2% 01x26 01x2°8
uniform mesh  2.64E-2 2.43E-2  237E-2 235E-2  2.35E-2
plecewise 264E-2 4.01E-3 427E-4 412E-5 5.71E-6
uniform mesh

Table 8: Comparison of the maximum errors for the first state of BEC with box potential by using uniform mesh

and piecewise uniform mesh.

N 24 26 28 210 212
¢ 01x2° 01x22 01x24 01x26 01x2°8
uniform mesh  3.84E2 252E2 239E2 236E2  2.35E-2
precewise 384E2 186E-2 166E-3 150E-4 145E-5
uniform mesh

Table 9: Comparison of the maximum errors for the first excited state of BEC with harmonic potential V(x)=

x%/2 by using uniform mesh and piecewise uniform mesh.

N 24 26 28 210 212
¢ 01x2° 01x22 01x24 01x26 01x2°8
uniform mesh  7.37BE-1  7.36E-1  736E-1  7.36B-1  7.37E-1
precewise 226E-1 9.30E-2 184E-2 349E-3 3.59E-4
uniform mesh

5.2 Applications

In this subsection, we report the ground and excited states of BEC with box, harmonic
and optical lattice potential by using the backward Euler finite difference method based
on the piecewise uniform mesh.

Example 5.1. Ground and excited states of BEC with box potential in 1D. Fig. 1 shows
the ground and excited states of BEC with box potential in 1D for different ¢ and Table 10
lists their corresponding energy and chemical potential.
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Figure 1: Ground and excited states of BEC with box potential in 1D for different €. (a): Ground state with

N=2%; (b): first excited state with N=2%; (c): third excited state with N =2°; and (d): ninth excited state
with N =1280.

Table 10: Energy and chemical potential of the ground and excited states of BEC with box potential in 1D for
different e.

3 0.1x272 01x2* 01x2° 0.1x2°8
E,=E ((])g) 0.5345 0.5084 0.5021 0.5005
Ei= E(¢1) 0.5718 0.5169 0.5042 0.5010
E;=E(¢3) 0.6553 0.5345 0.5084 0.5021
E9=E (4)9) 0.9938 0.5909 0.5210 0.5052
fg= y(gbg) 1.0512 1.0126 1.0031 1.0008
i=pu(¢1) 11051 10253 10063  1.0016
Uz = ;4(q>3) 1.2208 1.0511 1.0126 1.0031
no=p(¢o) 16400 11322 10314  1.0078

From Fig. 1 and Table 10 and additional results not shown here for brevity [14], we
can draw the following conclusion for the ground and excited states of BEC with box po-
tential in 1D: (i) Boundary layers are observed in ground and excited states and interior
layers are observed in excited states when ¢ is small and the width of the boundary and
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@ ®
Figure 2: Ground and first excited states of BEC with harmonic potential in 1D for different e. (a): Ground

state with N=2° by using uniform mesh; (b): first excited state with N =25 by using piecewise uniform mesh.

Table 11: Energy and chemical potential of the ground and first excited states of BEC with harmonic potential
in 1D for different e.

e 02 01 005 0025 00125
E,—E(py) 04164 04002 03952 03937 0.3933
Ey=E(¢1) 05787 04764 04320 04117 0.4022
He—p(dg) 0.6676 0.6587 0.6561 0.6554 0.6552
ui=pu(¢1) 0.8180 0.7314 0.6920 0.6732 0.6641

interior layers is of O(¢) (c.f. Fig. 1), these confirm the asymptotic results in Section 3.
(ii) For any fixed £ >0, if all different eigenfunctions of the nonlinear eigenvalue problem
(2.18)-(2.20) under a constraint are ranked according to their energy, then the correspond-
ing eigenvalues (or chemical potential) are in the same rank (c.f. Table 10), i.e.,

E(¢g) <E(¢1) <E(¢2) <-+ = pldg) <p(r) <p(¢p2) <---.
(iii) When £ — 0, we have (c.f. Table 10)

1 .
UmE(¢e) =UmE(¢;) =7,  limu(ge) =limu(g;) =1, j=12,,
E(pg) 1 . E(¢j) u(¢;)

1 —9 g,
sl—r>% y(cl)g) 2 sl—r>% E((Pg) Sli%l”(‘l’g)

Example 5.2. Ground and first excited states of BEC with harmonic potential in 1D. Fig. 2
shows the ground and first excited states of BEC with harmonic potential in 1D for dif-
ferent e and Table 11 lists their corresponding energy and chemical potential.

From Fig. 2 and Table 11, we can draw the following conclusion for the ground and
first excited states of BEC with harmonic potential in 1D: (i) Interior layer is observed

=1, j=1.2,.
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(b)

(d)
Figure 3: Surface plots for ground and excited states of BEC with box potential in 2D with e=1073. (a):

Ground state; (b): (1,1)-th excited state; (c): (9,9)-th excited state; and (d) (19,19)-th excited state.

in the first excited state when ¢ is small and the width of the interior layer is of O(e)
(c.f. Fig. 2), this confirms the asymptotic results in Section 3. (ii) For any fixed ¢ >0, we
have (c.f. Table 11)

E(¢g) <E(¢1) = p(g) <p(n).

(iii) When ¢ — 0, we have (c.f. Table 11)
3 (3\*? 1/3\*?
limE(¢g) =UmE(¢1) = 15 <§> o limp(gg) =limp(¢r) =5 <§) :
E

=0 i (Pg)

li =,
e0u(p) 5 em0E(¢g)
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Figure 4: Contour plots for ground and excited states of BEC with box potential in 2D with e=10"2. (a):
Ground state; (b): (1,1)-th excited state; (c): (9,9)-th excited state; and (d) (19,19)-th excited state.

Example 5.3. Ground and excited states of BEC with box potential in 2D. Figs. 3 and 4
show surface plots and contour plots, respectively, for ground and excited states of BEC
with box potential in 2D with e=10"3 over a 257 x 257 piecewise uniform mesh.

From Figs. 3 and 4, similar conclusions as those for BEC with box potential in 1D can
be drawn.

Example 5.4. Ground and first excited states of BEC with harmonic potential, i.e.,
V(xy)=(*+y*)/2,

in 2D. Figs. 5 and 6 show surface plots and contour plots, respectively, for ground and
first excited states of BEC with harmonic potential in 2D with e=1.56 x 10~3 over a 257 x
257 piecewise uniform mesh.
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Figure 5: Surface plots for ground and first excited states of BEC with harmonic potential in 2D with e =

1.56 x1073. (a): Ground state; (b): first excited state in x-direction; (c): first excited state in both x- and
y-directions.
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Figure 6: Contour plots for ground and first excited states of BEC with harmonic potential in 2D with e=

1.56x1073. (a): Ground state; (b): first excited state in x-direction; (c): first excited state in both x- and
y-directions.

From Figs. 5 and 6, similar conclusions as those for BEC with harmonic potential in
1D can be drawn.

Example 5.5. Ground and asymmetric excited states of BEC with optical lattice potential,
ie.,

V(x,y) = (x> +v?)/240.3sin?(471x) +0.3sin? (477x),

in 2D. Figs. 7 and 8 show surface plots and contour plots, respectively, for ground and
asymmetric excited states of BEC with optical lattice potential in 2D with e=0.025 over a
257 x 257 piecewise uniform mesh.

From Figs. 7 and 8, similar conclusions as those for BEC with harmonic potential in
2D can be drawn.

6 Conclusion

We have studied singularly perturbed nonlinear eigenvalue problems under constraints
analytically and numerically. We began with the time-independent Gross-Pitaevskii equa-
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Figure 7: Surface plots for ground and asymmetric excited states of BEC with optical lattice potential in 2D
with €¢=0.025. (a): Ground state; (b): asymmetric excited state in x-direction; (c): asymmetric excited state
in both x- and y-directions.
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Figure 8: Contour plots for ground and asymmetric excited states of BEC with harmonic potential in 2D with
€=0.025. (a): Ground state; (b): asymmetric excited state in x-direction; (c): asymmetric excited state in
both x- and y-directions.
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tion (GPE) for modelling Bose-Einstein condensates (BEC) and reformulated the GPE into
singularly perturbed nonlinear eigenvalue problems under constraints. In the analytical
side, we found matched asymptotic approximations for the ground and excited states
for the problem under the box potential and the harmonic potential in the semiclassi-
cal regime, i.e.,, 0 <e < 1. These matched asymptotic approximations clearly indicated
that boundary and interior layers appeared in the ground and excited states when ¢ is
small. In addition, energy and eigenvalues (or chemical potential) asymptotics of the
ground and excited states were also provided. In the numerical side, we proposed the
backward Euler finite difference (BEFD) method based on piecewise uniform mesh or
Shishkin mesh, which was demonstrated to be uniformly convergent for € >0, for com-
puting the eigenfunctions of the nonlinear eigenvalue problems under a constraint. Nu-
merical results showed that the new method gave much better results than those obtained
from the BEFD based on standard uniform mesh in the semiclassical regime, i.e., 0 <e<1.
Finally, our method was applied to compute the ground and excited states of BEC with
box, harmonic or optical lattice potential in one dimension (1D) and 2D. Some conclu-
sive findings were reported and some conjectures were proposed based on our extensive
numerical results.
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