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EXTRAPOLATION FOR THE SECOND ORDER ELLIPTIC
PROBLEMS BY MIXED FINITE ELEMENT METHODS IN
THREE DIMENSIONS

HEHU XIE AND SHANGHUI JIA

Abstract. In this paper we derive asymptotic error expansions for mixed fi-
nite element approximations of general second order elliptic problems in three
dimensions. And extrapolation method is applied to improve the accuracy
of the approximations with the help of the interpolation postprocessing tech-
nique. For the cubic domain and uniform partition, with the extrapolation, the

accuracy of the mixed finite element approximations can be improved.
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1. Introduction

We are concerned with the approximations of the following system:

u+AVp = 0 in Q,
(1.1) V-ut+ep = f in Q,
u-n = 0 on I,

where V and V- are the gradient and divergence operators, Q& C R? is an open
bounded cubic domain with boundary I', n indicates the outward unit normal
vector along I'; A™! = (a;j)3x3 is a full positive definite matrix uniformly in .

Mixed finite element methods [1] should be employed to discretize the system
(1.1).

The main content of this paper is to present an analysis for the extrapolation
of the mixed finite elements in three dimensions. The application of this approach
in finite element methods was first established by Q. Lin [12]. The extrapolation
method relies heavily on the existence of an asymptotic expansion for the error.
The extrapolation of mixed finite element approximation in two dimensions was
studied in [5]. In this paper, we study the three dimensional case.

This paper is organized in the following way. In Section 2, we establish the ap-
proximation subspace and the variational formulation for the problem (1.1) and the
Raviart-Thomas interpolation. The asymptotic expansion for the Raviart-Thomas
interpolation is derived in Section 3. Section 4 is devoted to investigating the
asymptotic expansion of the error between the mixed finite element solution and
the Raviart-Thomas interpolation of the exact solution to (1.1). Based on the
expansion, the asymptotic expansion of the mixed finite element approximation
is demonstrated by an interpolation postprocessing method in Section 5. Hence,
The extrapolation can be used to improve the accuracy of the mixed finite element
solution. Some concluding remarks are given in the finial section.
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2. The mixed finite element method and Raviart-Thomas interpolation

In this section, we formulate the mixed finite element method for the second
order elliptic differential equation (1.1).
Let

W:=L*Q), V:=H(div,Q)={ve([L*2)*: V-velL*Q)}

be the standard L? space on €2 with the norm || -||o and the Hilbert space equipped
with the norm

1
IViv = (VI + 1V - vII§)* .
respectively. In addition, set
Voi={veV:v.-n=0,2 €T}
So, the corresponding weak mixed formulation for (1.1) seeks (u,p) € Vo x W
such that
(2.1) a(u,v) —(V-v,p)=0 Vv € Vy,
(2.2) (V-u,w)+ (ep,w) = (f,w) YweW,

where a(+,-) is a bilinear form defined by
a(u,v) = / A uvdzdydz
Q

and (-,-) denotes the standard L2-inner product.

Let T, n,,n, be a finite element partition of € into uniform hexahedrons, V; x
Wi, € 'V x W denote a pair of finite element spaces satisfying the LBB condition,
h1, ho and hs denote the mesh sizes in x—,y— and z— axis and

Vi, = {vhp € Vivple € Qioo X Qoio X Qoo1, Ve € Thy hy bt
Wi, :={wy € W : Whle € Qooo, Ve € Thy by hs ts

where ;5 denotes the space of polynomials of degree no more than ¢,j and & in
x,y and z direction, respectively.

Let Vop :=={v € V;, : v.n = 0,2 € T'}. Hence, the corresponding discrete mixed
finite element version of (1.1) is defined to seek (up,pr) € Vor X W, such that

(2.3) a(up,v) — (V- -v,pp) =0 Vv € Vy,
(2.4) (V-up,w) + (epp,w) = (f,w) Yw € W
A
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Let IIy, hy,ny and Jp, ps h, be the corresponding Raviart-Thomas interpolation op-
erators which are defined by the following conditions:

(25) / (u — Hhhhz,h?,u) . nids = 0, 7= 1, 2, 3, 4, 57 6,

i

(2.6) /(P — Jhy by hp)drdydz = 0.

€

Then the interpolation has the following properties:

(27) ||u - Hh1,h27h3u||0 < Ch”u”l)
IV - (0 = Ty ho s W)l o < ch[|V -]y,
(2.9) 1P = Jhiha,naPllo < chllpl]1,

where h := max{hi, ho, h3}.

3. The asymptotic expansion

The aim of this section is to give an asymptotic expansion for the Raviart-
Thomas interpolation. For this aim, we first introduce some notations for the
future use.

For any element e € T, h, ny, let (Xe, Ye, ze) stand for the center of e and 2h;,
2hg and 2h3 be the side lengths of x—, y— and z— direction, respectively. We define
the following three error functions for x,y and z :

B(a) = 3 ((x—2)’ ~ ),
Fly) o= 5((— )~ 1),
G(e) = (=~ 20)” ~ 1),
Then, we have for r < m —1
(3.1) (E™T;, =0 (i =2,4),
(32) (F™ T, =0 (i=1,3),
(3.3) (G™™|; =0 (i=5,6).
In addition, it is easy to check
1 1
E = E(EQ)I:E - ghi
(=2l = ()t it
1
T -z = E(EQ):czz7
B = (B — o W(E) s+l

Similarly, F' and G have the same properties.

In the remainder of this section, we derive an asymptotic expansion for the
Raviart-Thomas interpolation.

First, we study (A™'(u — Ip, py.nu), v), where A7 = (a;)3x3.
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Lemma 3.1. Assume u € VN (H*(Q))3 and ay; € W3°°(Q). Then we have

h2
/ a11(ur — Iy oy py hatin )v1dedydz = —31 011 (u1) prv1dxdydz
Q Q

h2
+§2/(011)y(u1)yvld:vdydz
Q

h2
Jr?g (a11)2(u1)v1dedydz
Q

(3.4) +O(RY)||ur 4] Jor[fo-

Proof. For any e € T}, py.hy, by the Taylor expansion of aqq and (2.7), we have

L = /a11(u1 — X1y oy hy s ur )v1dadydz

€

= [lann(ge ) + (0= 5 @12)y e 2) + (2 = 2@ 20, )
el 2 1 2

+§(y - ye) (all)yy(xvyea Ze) + 5(2 - Ze) (0411)zz($,ye, Ze)

+(y - ye)(z - ZE)(O‘H)ZJZ (xv Ye, Ze)](ul - Hl,hhhz,h3u1)v1dxdydz

+O(hY)[Jur||r.el[o1llo,e

Iy + Lo + Itz +14 +115 + 16 + O(h4)||ul||1,e||vl||o,e-

(3.5)

Then, we shall deal with Iy1, I12, I13, 14, I15 and Ig respectively.
For I;1, it follows from the Taylor expansion of v; that

In = /au(%ye,ze)(m —IIi hy hy htn )01 dadydz

€

= /Olu(%ye,ze)(m =TI 4y kg hs 1) [01(Ze, Y, 2) + (2 — 2) (V1) dadydz

€

(3.6) == I+ Lo

For 111, we have

Iinn = /a11($,ye,ze)Em(U1 —ILi by o b 1) 01 (T, Y, 2)dadydz

e

= /E[(ul)wwall(xa Ye, Ze) + 2('“1 - H17h17h27h3u1)$(a11)$(x7 Ye, Ze)]

Ul(xeayvz)dxdydz
+/E(u1 - H1,h1,h2,h3u1)(0411)m($7yeyZe)v1($e,y72)d93dydz

(3.7) = Iy + Iy + L
11 (%, Ye, ze) has the following Taylor expansion

Oé11(.13, Ye, Ze) = 0&11(3),?;, Z) - Fy(all)y(x7ya Z) - Gz(all)z(xa Y, Z) + O(h2)7
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It follows from integration by parts and the Taylor expansion of ai1(z,ye, 2¢)
that

1
B = g [ aans (oo, z)on (oo, 2)dndyds
&
_? (ul)mmallvl(xeayvz)dxdydz
Ry
[ )aay Flaar)y .y, 2)01 e,y 2)dadydz
w 4
_E (ul)wsz(all)z(x7ya Z)Ul(xa Y, z)daﬁdydz + O(h )HU1| 37€||U1||07€
w 4
- _? (ul)xmallvl((ﬂeayvz)dxdydz + O(h )HU‘1| 4’6||’U1||0’6
h2 ) h?
1 1
= -3 (u1)gz11v1dxdydz — ?/E[(ul)man]z(vl)rdxdydz

+O(h")[Juala,elv1

0,e

h2 h4
= —?1 (u1)gzor1vidadydz + 51/[(ul)mau]m(vl)mdmdydz
Ry ‘
18 (E2)m[(ul)mall]r(vl)mdwdyd?«’+O(h4)||u1||4ye||vl||0)e
hi / ht
= -3 (u1)moz11v1dxdydz+§(/ —/ (1) zzar1]zv1ds
e 3 .,

(3.8) FO(hY)[Jur[[a,el[01]lo,e-
Here, we used the standard inverse inequality for finite element functions
hl[v1]l1,e < Cllvallo,e-

Similarly, we have for 17, that

2
I, = —gh% /(Ul =TI by o s 1) 2 (Q11) 2 (%, Yoo Ze)V1 (Te, Y, 2)dadydz
1
+§ /(EQ)M(W —II4 1y kb 1)z (011) 2 (T, Ye, 2e)01 (e, v, 2)dadydz

2
= —ghf(/ —/)(u1—H1,h1,h2,h3u1)(a11)w($7ye7Ze)Ul(ﬂfe,yvz)dS

2
+2n / (11 =TTy oy s 00) (11 ) (2 Y 20 )01 (s s 2) iy

€

+O(h*)[ur|s,elv1l]o,e
2
= ghf/Em(ul —II4 1y ko b 1) (011) 22 (2, Yeo Ze ) U1 (Te, Y, 2)dxdydz
+O(h*)[urlls,ellv1]o,e
39) = OM®Y||urllzellvelloe-

Also, we obtain for I, that

(3.10) Iy = O Jual2.ellvrfo.e-
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Thus, from (3.7)-(3.10), we have

h2
Iinn = 3 a11(u1)gzv1dedydz + — / / (u1)gz011]zds
e 4 2
(3.11) +O(h})[|urla,ellv1]]o,e-

Then, we deal with I;12 in (3.6).

1

Ly = 6/(E2)zwzall(x;yeaze)(u1 —ILi by o g 1) (V1) pdadydz
e

1
= —6/E2[a11(x7ye7Ze)(U1 —II4 hy ho b )]s (V1) pdacdydz
e

_ 2. 2002
= 5 [T+ (B sans — Bl fon 3020
(ur =TIy py by b U1 )] waa (V1) drdydz
h4
= B [au(x, Ye, 2e) (U1)wzr + 3(11) 2 (T, Ve, 2ze) (U1) 32 (V1) wdzdydz

h4
T /[3(a11)m($7ye72e)(u1 —I1 by hohs U )

+(a11)$$$ (.13, Ye, Ze)(ul - Hl,h17h2,h3u1)}(Ul)ﬂfdl‘dyd'z
FO(h)|[uala.ello1llo.e

4
- _%(/4 _/2)[0411(1“)1% +3(a)e (u1)as]vrds
h4

+Zé [a11(U1)gze + 3(11)2 (U1) az]av1dedydz + O(h%)|\ul\|4,e||v1||o,e
hi 4

(3.12) = _E(/ —/ et (u1)zae + 3(a11)z (ur)zz]vids + O(RT)|[ua[4,elv1]]o,e-

4 2
Then, from (3.6), (3.11) and (3.12), we have

h2

In = 3 CV11(U1)m’U1dSCdde + — / / (11 (U1)ga|sv1ds
4 2
/ / a11(U1) gzz + 3(11)z(U1) zz]v1ds
4 2

(3.13) +0(h4)||u1||4,e\|Ul||o,e~

Now, we shall handle I 5 as follows.
It follows form the definition of error function F(y), integration by parts and the
fact v1|e € Q1o0(e) that

Iip = */F(all)y(z,yeaZe)(ul)yvldzdydz
h3 4
(3.14) = 3 (@11)y (2, Ye, 2¢) (u1)yv1drdydz + O(h7)[[ur 3 el[v1]o,e-

Therefore, with the Taylor expansion of aq1(z, e, 2e),

all(xayea Ze) = (all)y(‘ray7z) =+ (ye - y)(all)yy(w,y, Z)
+(ZE - Z)((Xu)yz(J?,y, Z) + O(h2)’
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we have
h3
(3.15) hy = = [ (en)y(w)yvidedydz + O(h")|[us]3.ellv1llo.e-
Similarly, we can obtain
h2
(3.16) Lz = 33 (11):(wr) 01 dwdydz + O(h?)|[ua||3.e[[o1]o,e-

€

For I 4, from the Taylor expansion of vy

Ul(xaya Z) = U(.’Ee,y, Z) + (CL‘ - xe)(vl>17
we can obtain

h2
Iy = 62 (all)yy(xayevze)(ul - Hl,hhhz,hsul)vl(mevy?'z)dzdydz

h2
+EZ /(au)yy(x,ye, Ze)(ur — IIy jy hy hs 1) (@ — X)) (V1) g dxdydz

1
5 [ FP )y @201 = T g )orddyd
+O(ha)|[urll,el[v1llo,e
(317) = Ly + Iy + O(hy)|luslla.ellv1]]o,e,
where
! h3
Ly, = z( — [ VEz(11)yy (T, Ye, ze) (U1 — I1 py g hy 1 )01 (T, Y, 2)ds
h% 4 2
_F /Em[(all)yy(m7ye7 ze)(ul - Hl,hl,hg,hgul)]zvl(xeay7 z)dxdydz
e
(3.18) = O(hY)||urll2,ellv1lo,e,
2 h% 2
-[14 = % (E )zzx(all)yy(x7yewze)(u1 - Hl,hl»hz,hsul)(vl)mdxdydz
h3 [ 2
= % (E )x[(all)yy(x, Ye, Ze)(ul - Hl,hl,hQ,hgul)}zx('Ul)xdxdydz
(319) = O(h")||[urllz,ellvrfo,e-

So, from (3.17)—(3.19), we have
(3.20) Ly = O(h)[[un [,

[v1fo,e-

Similarly, we have

(3.21) Iis = O(h")||ua|lz.ellv1 lo.e-
For I4, we have the similarly result

Le = /Fsz(all)yz(xvymze)(ul —1I04 4y by hs )1 dwdydz
(3.22) = O(h")|lur[z,el[or]o,e-
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So, from (3.5), (3.13), (3.14), (3.16), (3.20), (3.21) and (3.22), we have

h3 h3
Il = —?1 all(ul)mvldxdydz + ?2 /(all)y(ul)yvld‘rdydz

+Zé(/4 - /2)[40111(71,1)11,1, + 2(a11)z(u1)mz]vld8

h2
(329 452 (@) (un).vrdadydz + OBl
e

119

The face integrals in (3.23) can be cancelled when we sum up I; over all the elements

e € Th, hy hs- S0, Lemma 3.1 can be obtained with summarize.

Similarly with Lemma 3.1, we have the following Corollary.

Corollary 3.1. Assume u € VN (H*(Q))? and ay; € W3(Q)(i = 2,3). Then
also have

h2
/ aoa(ug — Mo ) py hatio)vodedydz = —32 22 (ug)yyvodadydz
Q Q

h2
+§1 / (22) 2 (u2)v2drdydz
Q

h2
+i/(@22)z(uQ)zv2dxdydz
3 Q
(3-24) +OU L[zl o,
and

h2
/a33(u3—HS,h1,h2,h3U3)U3dl‘dde = _§3 ass (us) s vsdadydz
@ Q
h2
Jr*l/(a:%?))z(ug)mvgdxdydz
3 Ja
h3
+§/(@33)y(u?,)yv3da:dydz
Q
(3.25) +O(h") uslales o

Lemma 3.2. Assume that the uy € H*(Q) and ayn € W3(Q). Then we have

h2
/Ck12(’LL2—Hg’hl,hz’h_gILQ)’Uldxdde = —gl/alg(ug)mvldxdydz
Q Q

h3
3 a12(u2)yyv1dadydz
Q

(3.26) +O(h)||uz|a]Jv1[[o-

Proof. For any e € T, p, n,, the Taylor expansions of v, leads to

L = /a12(u2 =Ty, hyhst2) (V1 (Te, Y, 2) + (2 — ) (V1) )ddydz

€

(3.27) = Iog + Igo.

O

we
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For I, from the Taylor expansion of a2, we have

Iy = /hd%@d+@—%hmhmwﬁﬂ

(w2 — o hy ko hsU2)U1 (Ze, ¥, 2)dxdydz

2
+O(h)[[uzl[2,e][01]lo,e
(3.28) := Io11 + Io1z + Io1z + O(h*)||uzll2.ellv1]o,e-

Then, we shall estimate I511, I212 and I13 respectively.
First, for I511, we have

1
+*/@—%F@mm@m%@WT4bmmmWMN%%@M@W

Iy = /F[Oélz(xe,%z)(w =Ty, hy hs2)]yy V1 (Te, y, 2)dadydz
h3
= -3 [a12(Te, y, 2)(U2)yy + 2(a12)y(Te, ¥, 2) (U2 — T2 4y 1y hyU2)y)

v1 (e, y, z)dxdydz
h3

3 (a12)yy(xe7yv z)(ug — H2,h1,h2,h3U2)U1 (Te,y, z)dxdydz

+O(h3)|uz|la.ellv1]]o,e

(329) = Ipyy + I3y, + I3, + O(h3)|uzllacllv1]oe-

From the Taylor expansion of aja(xe,y, 2)
alQ(xea Y, Z) = 0412(56, Y, Z) - Eﬂ?(a12)$('xa Y, Z) + O(h?%

together with the Taylor expansion of vy (z.,y, z) leads to

h2 h2
L, = —32 a12(u2)yyvi1dedydz + ?/alg(ug)nyz(vl)zdxdydz
h2
*32 E[(a12)2(%,y) (u2)yylav1 (we, y, 2)dadydz + O(h*)[Juz||2,e|[v1]]0,e
h3 h3
= -3 a12(ug)yyv1dedydz — 3 Elai2(u2)yyls(v1)pdzdydz

+O(h*)|[uzll3,¢|[v1l]o,e

i hohq)?
) 732 alQ(UQ)yyvldzddeJr%(/ 7/ )[a12(u2)yy]zvld5
hohy)?
7%/[a12(u2)yy]mvldxdydz
h3 ) 4
15 ) (B )elonz(z)yyloa(v1)edadydz + O luzlls.cllvnflo.e
i hohq)?
i _32 a12<u2>yyvld$dydz+ %(/ _/ )[0‘12(u2)yy]zv1ds

(3.30)  +O(hY)[[uzllaellvrlloe-

Analogously to I?,, via the interpolation condition and integration by parts, we
have

(3.31) Iy = O(hy)l[uzllz.el[va]lo,e,
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I3, = O(h3)|[uzl]2.el[v1]]o,e-

So, from (3.29)-(3.32), we have

(3.33)

h2 h h
1211 = 3 O[lg(UQ)yy’Ulde—F ( 2 1 / / 12 uQ)yy]xvlds
+O(h?) ellvrllo.e-

Then, for I512, we have

1212

(3.34)

- / E(an2)a(e,y, 2) (u) 01 (e, y, 2)dwdydz

- % [(a12)z + (e — ) (@12) 2] (U2) 201 (Te, Y, 2)dxdydz
+0(h1)
2

— hg e(oqz) o (u)gvrdzdydz — = / (a12)a ()4 (1) dadydz
FO()Iuzlls.elvrlo.e
2

= }; e(a12) o (U2)gv1dedydz — —/ (12) 2 (u2)z)z (V1) zdadydz

2

+% [ (B)zul(012)a(ua) e (vr)ode + O(h)

= };2 6(0412) 2(u2)z mdmdydz—— /4 /S (12)s (us)s]ovids
+O0(hy)

Finally, I513 has the following estimate

Isi3

(3.35)

h2
= Kl (alQ)Iw(xevyvz)(UQ - Hg,h17h2,h3’U,2)U1(Z‘e,y,Z)dl‘dde

1
+= /(EQ)xx(a12)xx(xev Y,z )(UQ - H2,h1,h2,hgu2)vl (xey Y, Z)dﬂfdydz

h2
- / yy Oé12 T xe7ya )(u2 - H27h1,h27h3u2)vl(xevy7Z)dxdydz

+O(h1)|[uall2.el[v1llo,e

h2
= Fl F[(a12)£$(x€7yvz)(u2 - H2,h1,h2,hsu2)]yyvl(3«”e7yvZ)dxdydz
+O(h})

= O(h")|Juz||2,el[v1]]oe-

So, from (3.28), (3.33), (3.34) and (3.35), we have

Iy

(3.36)

h2

a12)z(U2)gvrdedydz — = [ aq2(ug)yyvidedydz
3 yyV1ET4Y

h4 (h h
/ / (012)z(u2)g]sv1ds -I- 1h2) / / a12(u2)yylzv1ds
4 2 4 2

0(h4 Muzlla.e
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For I55, with the Taylor expansion of a2, we have

Iy = /[0412(%7 y,2) + (z — zc)(ar2)a (e, y, )]
e
(ug — Mo py by hyt2) (T — ) (V1) dadydz
1
+§ /(x — ze)z(au)m(ﬂ?ey% z)

(ug = Moy g hyu2) (7 — ) (v1)edzdydz + O(T)|Juz||1,e|[v1 ][0,
(3.37) = Iyp + Ioon + Inoz + O(hY)| ellvilloe-

Together with integration by parts and the Taylor expansion of a4, we have

Iy = —/Ealg(xe,y,z)(uz)m(vl)xdxdydz

= ];2 a12(u2)z (V1) dxdydz——/E (012) (2, y, 2)(u2) 2 (v1)zdzdydz

_6 E2a12($e7 Y, Z)(Uz)ma;(vl)xdxdydz + O(h%)||u2||2,e

€

h? h?
= 31(/ —/ Yaga(ug)zv1ds — 31 /[alg(ug)m]zvldmdydz
fa 2 e

+% /6 El(a12)z(2,y, 2)(u2)z]e (v1) s dzdydz

1 1 2
_6/[@<E4)wzzm - ﬁh%(E ) 5h4]a12($e,y7 )(u2)wwz(vl)zd$dydz
e

+O(h1)|[ul2.elv1l]o0,e
h2

= 3 [alg(ug)z]xvldmdydz 4+ —= / / a1z (ug)zv1ds

/ / 0412 u2 :c xvldS 45 / / 12 U2 mxvldS

(3.38) +O(n

Also, we have

h2
I = gl/Fyy(a12)m(xe7y,Z)(U2 *H2,h1,hQ,hsuz)(Ul)md$dde
1
+§/EQ(QIZ)x(xe»yvZ)(u2)mz(v1)xdxdydz
h3

— 7/ / y(12)e(Te, ¥, 2) (U2 — Mo py by by t2) (V1) ds
3 1

h2
—gl Fyl(an2)e(@e,y, 2) (u2 = Iho py hy by u2)y (V1) 2 dadydz
1 4 1 4 2 2 2
+3 [ h + @(E )’I"I"I"t - ﬁhl (E )mm](a12)x(xe7ya Z)(“Z)rz(vl)rdxdydz
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_ _(mha)? / (12)a (t2)yy (01 ) addydz

9
—“W”%S/Wmmm@wm—mmwwﬁmﬂs
+2 h4 / / on12)e (2)sav1ds + O(hY)]

— hlg?(/ 2/2)(a12)x(u2)yyvld5 - 45h§*(/54 - lz)(alz)m(uz)zmvlds

(3.39)  +O(h")|luzllscllvallo.c.

For I5s3, since

9
(.’E - xe)S 15 (Eg)mxz + 5h%Erv
together with integration by parts, we have
3h2 4
Iy = 0 E(a12)xx(xev Y, 2) (u2) s (v1)zdadydz + O(hy)||uzl|2,el|v1]o,e
hi 4
= 10 (12)za (u2)z (v1)zde + O(h7)||uzll2.el[v1]]o,e
hi "
(340) = 150/ = | MNarz)es(uz)ovids + O(h)|luzllz.ellva]lo.c.
4 2
So, from (3.37), (3.38), (3.39) and (3.40)7 we have
h2
Iy = 3 [0412(U2)x]m111d€ + = / / a12(u2)gv1ds
4 2

/ / 0412 u2 1 ﬂhdS - 0= / / 0112 U2 mgﬂ}lds
(h1hs2) 2h4
—7192 (/ —/ Ja12)z (uz)yyv1ds — / / 12) o (U2)zzv1ds

4
a1+ / - / )(@12)a(uz)0rds + O(hY)

Thus, from (3.27), (3.36) and (3.41), we can obtain

h2
I, = 3 alg(ug)mvldxdydz— —/alg (u2)yyvidadydz
h2
/ / Oélg UQ ’UldS
4 2
1
7—1( / - / Hl(@n2)aw)ele + or2(u2)uli + ons(u2)ea Yords

4 2

h h

pay Ul / / 12(112) 15 + Ozl el 1] o

Furthermore, summing up I over all the elements e € T}, p, 5, yield the desired
result (3.26). O

Similarly, we can get the following corollary.
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Corollary 3.2. Assume u € VN (H*Q))? and a;; € W3(Q)(1 < i,j < 3).
Then we have
h2
/Oélg(uS—H37h1}h27h3U3)U1dIdde = —?1 a13(u3) prv1dedydz
Q Q
h3
- [ a13(u3)..v1drdydz
3 Ja

(3.43) +O(h")|lus]lal[vrlo,

h2
/0423(“3—H3,h1,h2,hsus)vzdfﬂdydz = —32 23 (u3)yyvadrdydz
Q Q
h3
——= | ag3(u3)..vodzdydz
3 Ja

(3.44) +O(h")||us]|a][v2lo,

h2
/0413(“3—H3,h1,h2,hgu3)vld$dyd2 = —31 a13(us)zev1dedydz
Q Q
3
- ai13(u3)..v1drdydz
3 Jo

(3.45) +O(h*)|lus]lal[vrlo,

h2
/agl(ul—H17h1,h27h3u1)vgdmdydz = —31 a1 (U1)zpvadrdydz
Q Q
h3
-3 a1 (u1)yyvodadydz
Q

(3.46) +O(h*)[us]allo1 o,

h2
/agl(ul—H17h1,h27h3u1)vgdmdydz = —El a1 (u1)zpv3dadydz
Q Q
h3
—— [ azi(u1)..v3dedydz
3 Ja

(3.47) +O(h*)[[us]4llo1 o,
and

h2
/a32(“2_H2,h1,h2,h3u2)v3d$dydz = —?2 32 (u2)yyv3drdydz
Q Q
h3
——= | asa(ug).,v3drdydz
3 Ja

(3.48) +O(h*)[us|la[v1[]o-
Then, we can obtain the following theorem.

Theorem 3.1. Assume u € (H*(Q))? and a;; € W3 (Q)(1 <4,j < 3). Then we
have

(3.49) a(u =TIy, hy hy 1, v) = h2Sy + O(h)|[ullallv]o,
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where
h? h3
S, = —3?/au(ul)mvldacdydz—k3h2/(a11)y(u1)yv1dxdydz
h3 h2
+3ﬁ/(a11)z(u1)zv1dxdydz— 3? a2 (u2)yyvodrdydz
h2
7/ 99)z(Uug)pvodrdydz + —= 2 (agg)z(uQ)zvgdxdydz
h3 h?
~gi | astus).coadadydz + / () () vadrdyd
h3 h?
+3ﬁ/(a33)y(u3)yvgdmdydz— 3?/ a12(ug)zev1dedydz
Q Q
h3 h3
_W/ alg(uQ)yyvldxdydz—ﬁ/ a13(u3)zrv1dadydz
Q Q
h2 h2
352 a13(us)v1dedydz — W a3 (u3)yyvodadydz
Q
h3 h?
~32 o3 (ug) . vadxdydz — 3? o1 (U1) prv2dadydz
Q
h3 h3
_W/ agl(ul)yyvgdmdydz—ﬁ/ g1 (U1)zpv3dadydz
Q Q
h3 h3
32 ag1(uy),v3dadydz — w/ a32(u2)yyvzdadydz
Q Q
hQ
(3.50) —3% asa(usg) . v3dzdydz.
Q

Theorem 3.2. Assume p € H>(Q) and ¢ € W3>(Q). Then there holds the
asymptotic expansion

350 [ o= Tnpanphudsdyds = 1Ry + O pllallullo
where
h? h3
Ry, 352 crpiwdxdydz—i— 32 cypywdmdydz
2
(3.52) 3h2 /czpzwdxdydz

Proof. For any e € Tp, p,.hy, it follows from the Taylor expansion of ¢(z,y, z) at
z. and (2.9) that

/ (@, s 2)(p — Ty o pop)wdadydz  — / (oo, 2) + (& — 20)n (20,1, 2)]
e

e

(p — Jhy b by D) wdzdydz

1
+§ /(.’,U — Ie)zcmx(xe7yvz)

(p - Jhl,hz,hsp)wdxdydz
+O(R)|[pl|1el[w]]o,e
(3.53) = II +1Iy+ I3+ O(h})
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For II;, with the same way, we have

II1 = /(C(fev Ye, Z) + (y - ye)cy(xea Ye, Z))(p — Jh17h2,h3p)wdxdydz
1
+§ /(y — o) Cyy(Tes Yo, 2) (D — Tny hohsP)wdadydz
+O(h3)|[p]]1,el ][0,

(3.54) = IIiy+Ihy+ Iz + O(h3)|pll.ellwlloe-
It follow from the Taylor expansion of ¢, integration by parts and (2.9) that

I, = /(C(x&ye’ Ze) + (2 = 2e) ¢ (Tes Yes %)) (P — Jhy ha,hsp)wdwdydz

e

1
+§ /(Z - Ze)zczz(wev Ye, Ze)(P - Jhl,hz,hgp)U}dmdydz
e

+O(h3)l[pllv.ellwllo.e

= _/Gcz(xeayevze)pzwdl'dydz

h2
+€3 Coz(Te,s Yes 2e) (P — Jhl,h%hg'p)wdxdydz
1
+6 /(G2)zzczz(13ea Yes Ze)(p — Jhl,h%hgp)wdxdydz

+O(h3)l[pll1.c

[wllo,e
n2 Ul

= ? Cz (‘/'E67 Ye, Ze)sz/dxdde - 6 (G )zzcz ("Eea Ye, Ze)szdedi‘/dZ
+O(h3)[pll2el[wl]o,e
h3 h3

= 3 c,p,wdrdydz — 3 E,ce.p.wdrdydz

h? h?
—?/chyzpzwdxdydz - ?/Gzczzpzwdmdydz
e e

OBl ol
2
(355 = 3 [ couwdrdydz + O ol

Similarly, we have

[wlfo,e-
e

I, = —/Fcy(me,ye,z)pywdxdydz
s 4
= 22 [(c) - Bueay ~ By pudodydz + Ot ol ol .
e

13 4
3360) = %2 [ epudsdyds + OM) ol
and

3
1113 = E ny (.’Ee, y€7 Z)(p - Jh1,h2,h3p)wdxdydz

1
+6 /(FQ)yy(p — Jhy ho hsP)wdzdydz
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h2
= % [ el 260 Tny s pop)widndyds
+O(h2)[pll2,ellwllo,e
(3.57) = O(N)|lpllz.ellwllo.e.
So, from (3.54)-(3.57), we obtain
h3 h3
1L, = 3 cypywdxdydz + 3 c.p.wdzrdydz
(3.58) +O(hY)[pll3.cllwllo.e-
Analogously, we have
1, = :f/Ecm(ze,y,z)pxwde
h? )
= 5 [ - Becanprwdedydz + O ol ol
h? 4
(3.59) = 3 cmpxwdxdydz + O(h))|Iplls.ellwllo.e
and
h2
I3 = El/cm Tey Yy 2)(P = Jhy ho,hsp)wdrdydz
1
"l‘g/cww Tey Y, 2 )a:a:(p - Jhl,h2,h3p>wdxdydz
hi
= [ el o = T pydadyds
h? 4
+E C;cacy(zea Ye; Z)Fy(p - Jhl,hz,h;;p)WdIdde + O(h )

cn‘;"

/ e (@es Yor 20) G (D — Ty o map)wdadydz + O () Iplla..
(3.60) = O(h)Iplla.cllwlloc-

Thus, from (3.53), (3.58), (3.59) and (3.60)

h2 h2
/c(pf Ihi ho hgP)wdzdydz = é/czpzwda?dyder gz/cypywdxdydz
h3 4
(3.61) —&-? c.p.wdxdydz + O(h™)||p||s||wl|o-
Summing over all the elements e € T}, p, n,, lemma is obtained. [l

From Theorem 3.1 and 3.2, we can obtain the following corollary.

Corollary 3.3. Assume u € (H*(2))%,p € H'(Q) and a;; € W>*(Q)(1 <i,j <
3). Then we have the following estimates

(3.62) [lun = TIhy o peutllo < CR2([[ullz + |lplh),

(3.63) 1Ph = Thyhamapllo < CRA([[ull2 + [|pll).
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4. A certain error expansion
In order to obtain asymptotic error expansion, we need to construct the following
auxiliary equations
(4.1) a(u,v) — (V-v,p) = Si(v) Vv € Vg,
(4.2) (V-u,w) + (ep,w) = Rp(w) Yw e W,
where S;, and R}, are defined as (3.50) and (3.52).
Obviously, S;, and Ry have the important property
(4.3) Sh = Shy2, Ry = Ry 3.
We know, for equation (4.1)-(4.2), there exists a unique solution(u, p) € Vo x W.

The corresponding finite element equation is defined to seek (n,pr) € Vor x Wop,
such that

(4.4) a(up, v) = (V- v,pn) = Sp(v) Vv € Vop,
(4.5) (V- up,w) + (cpp,w) = Rp(w) Yw € Wy,
Then we have the following error expansions.
Theorem 4.1. Assume u € (H*(Q2))3, p € H3(Q), a;; € W3°(Q)(1 < i,5 < 3)
and ¢ € W3°°(Q), u and p be the exact solution of (2.1)-(2.2), uy, and py be the
finite element solution of (2.3)-(2.4) and 0y and Dy be the mized finite element
solution of (4.4)-(4.5). Then we have the following expansions in the sense of
(L2(Q))3-norm and L*(Q)-norm, respectively:
(46) u, — th,hz’hau = h2ﬁh + O(h4),
(4.7) Ph — Jhyho,hsP = h2ﬁh + O(h4)
Proof. Let © =y, — Iy, py nat — 20k, 1 = pp — Jhy by hsp — h2Dn and define
D((u,p), (V,UJ)) = a(uvv) - (v ' Vap) + (V " u, U]) + (Cpa ’LU)

Then the following two properties for D are also satisfied

(1) D((u,p), (u,p)) = a(u,u) + (cp, p),

(2) D((au—wup,p—pn) (v,w)) =0 V(v,w) € Vi x Wy,
Then with Theorem 3.1 and 3.2, we know there exists a constant C' independent of
mesh-size h such that

a(©,0) + (cn,n) = D((©,n),(0,n))

D((u =Ty, pyngt — h*0n, p — Jiy o neP — 12D1), (©,1))
Ch(||ulla]|®llo + lIpll3]Inl0)

Cr*(Ilulls + [Iplls) (11©llo + l|nllo)-

By the property of A, we know there exist a constant ¢ > 0 independent of h such
that

ININ

c(|®[[5 +11nll5) < D(®,1),(©,n))
< ChY(|[ulla + llplls)(1©Ilo + llnllo)-
So
4
(4.8) [1©1lo +[lnllo = —h*([[©]l4 +[lplls)-
Then, we obtain (4.6) and (4.7). O

From (3.62) and (3.63), we have the following corollary.
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Corollary 4.1. For u; and py, we have the following estimates in the sense of
(L2(Q))3-norm and L*(Q)-norm, respectively:

(4.9) Uy, — Iy o @ = O(R?)(|[8]]2 + [[P]]1),

(4.10) Ph = Jhy hahs D O(R?)([[all2 + [pll1)-

5. Interpolation postprocessing and extrapolation

In this section, we introduce the interpolation postprocessing operator and based
on the postprocessing, extrapolation is adopted to generate higher order approxi-
mations to the exact solution of (1.1).

64
Let 7 = |J e; with e; € T, p,.n, and II3, and J3, are defined as follows
i=1
I}, € Qu3s X Q343 X Qs34, J3, € Qss3,
(5-1) J;,(u—T1},) nds =0 i=1,---,240,
[, (H—J3H) =0 i=1,---,64.

The interpolation postprocessing (5.1) have the following properties

IL3,I0h, o hgu = T, 0,
I, vllo < ClIvllo Vv eV,
I3, u — ullo < ChY|ulls Yu e (HY())?,
thJhl,h2,h3P = thpa
1 75nwllo < Cllwllo  Yw € Wh,
173hp = pllo < CR*Iplls Vp € HY(Q).
Theorem 5.1. Under the condition of Theorem 4.1, we have the following expan-
sions in the sense of (L*(Q))3-norm and L?(Q)-norm, respectively:
(5.2) I3, u, — u=h*a+ O(h?),
(53) T —p = W25+ O(h).

Proof. By (4.11) and the properties of interpolation II3,, we have

Iu, —u—h*a = I, (wp — Iy, g pg 0t — B208) + (T3, T0, hy g0t — 1)
+h* (I3, 0, — )
= (IIf,u—u) + h* (I, (T, — I,0) + (T, 10,8 — 1))
(5.4) +O(h%).
Since ||y, — Ij, phy.n,10|| = O(h?), we can obtain
13, u;, — u — k%0 = O(h*).
Similarly, we can prove (5.3). O

In order to use extrapolation, we divide each element e; € Ty, 4, 5, into eight
small congruent elements e; ; € T, /2(j = 1,2,--- ,8) and the corresponding Raviart-
Thomas mixed finite element space is denoted by Vo x Wy 9. Let (w2, pr/2)
€ Vi 2 X Wye and (I13,,, J3,) be the mixed finite element approximation and
interpolation operator with respect to this new partition.

With the formula (5.2) and (5.3), we can improve the accuracy by applying
extrapolation:
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Compute (Uextras Pextra) by the following formula
4thuh/2 — HihUh
3 b
4T3 pns2 — Jinpn
3 .

Theorem 5.2. Under the condition of Theorem 5.1, we have the following esti-
mates in the sense of (L%(2))3-norm and L?(Q)-norm, respectively:

(55) Uextra

(56) Pextra =

(5.7) Uextra — U = O(h%),
(5-8) Pextra —p = O(hY).
Proof. First, we prove (5.7), by Theorem 5.1, we have
4thuh/2 - Hihuh —-3u = 4(thuh/2 —u) — (Hihuh —u)
= A (5)%8) — (W, —u - H0)
= O(h").
Then (5.7) is proved, and (5.8) can be proved similarly. O

Remark. We can also use the extrapolation in one direction and parallel
method. Hence we can save the computation and storage. It is more efficient
than the normal extrapolation method described in (5.7) and (5.8). For the details,
please read [5].

6. Concluding remarks

Practically the interpolation postprocessing and extrapolation method may give
“good” results even though the true solution does not satisfy regularity assumptions
guaranteeing superconvergence theoretically.

As a by-product, we can use the approximations of higher accuracy to form
a class of a posterior error estimators ([5] and [13]) for the mixed finite element
approximations.

Acknowledgement The authors would like to express their grateful thanks to
their supervisor Prof. Qun Lin for his guidance. They would also like to thank
the referees for their constructive comments and suggestions which improved the
version of the paper.

References

[1] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer-Verlag, New
York, 1991.

[2] P. G. Ciarlet, The Finite Element Method for Elliptic Problem, North-holland, Amsterdam,
1978.

[3] J. Douglas and J. E. Roberts, Global estimates for mixed methods for second order elliptic
equations, Math. Comp., 44(1985), 39-52.

[4] J. Douglas and J. E. Roberts, Mixed finite element methods for second order elliptic problems,
Mat. Appl. Comp., (1982), 91-103.

[5] G. Fairweather, Q. Lin, Y. Lin, J. Wang and S. Zhang, Asymptotic expansion and Richard-
son extrapolation of approximate solutions for second order elliptic problems by mixed finite
element methods, STAM. J. Numer. Anal. Vol. 44 No. 3(2006), 1122- 1149.



EXTRAPOLATION FOR ELLIPTIC PROBLEMS IN THREE DIMENSIONS 131

[6] R. S. Falk and J. E. Osborn, Error estimates for mixed methods, R. A. I. R. O Anal. Numer.,
14 (1980), 309-324.

[7] V. Girault and P. Raviart, Finite Element Methods for Navier-Stokes Equations, Springer-
Verlag, New Yorkm, 1980.

[8] J. Lin and Q. Lin, Extrapolation of the Hood-Taylor element for the Stokes problem, Adv.
Comp. Math. 22(2005), 115-123.

[9] J. Lin and Q. Lin , Global Superconvergence of the mixed finite element methods for 2-D
Maxwell equation, J. Comp. Math., vol 21, No5 (2003), 637-646.

[10] Q. Lin and J. Lin, High accuracy approximation of mixed finite element for 2-d Maxwell
equation, 23 A(4) (2003), 499-503.

[11] Q. Lin, S. Zhang and N. Yan, Extrapolation and defect correction for diffusion equation with
boundary integral conditions, Acta Mathematica Sci., 17(4) (1997), 405-412.

[12] Q. Lin and N. Yan, Gloabal superconvergence for Maxwell’s equation, Math. Comp. 69 (1999),
159-176.

[13] Q. Lin and N. Yan, The Construction and Analysis of High Efficiency Finite Element Meth-
ods, HeBei University Publishers, 1995.

[14] J. Wang, Mixed Finite Element Methods; A chapter in: Numerical Methods in Scientific and
Engineering Computing, Eds: W. Cai, Z. Shi, C. Shu, and J. Xu, Academic Press, 1996.

[15] S. Zhang, T. Lin, Y. Lin and M. Rao, Extrapolation and a-posteriori error estimators
of Petrov-Galerkin Methods for non-linear Volterra integro-differential equations, J. Comp.
Math., 19 (2001), 407-422.

LSEC, ICMSEC, Academy of Mathematics& System Science, Chinese Academy of Science,
Beijing 100080, China
E-mail: hhxie@lsec.cc.ac.cn and shjia@lsec.cc.ac.cn



