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Abstract. We report possibility of generating entanglement between two atoms in free
space when their spatial separation is on the order of wavelength or less. We show that
these two atoms get coupled by photon exchange due to spontaneous decay, which in
turn generates the atomic entanglement. By introducing the incoherent pumping, one
can obtain the steady entanglement, and the incoherent pumping can overcome the
decay of the atoms. Moreover, one can obtain the larger value of steady entanglement
via proper tuning the incoherent pumping.
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1 Introduction

As is well known, due to the understanding of entanglement creation and possible ap-
plications in quantum computing, quantum entanglement has attracted more attentions
in the past few years. There have been many proposals for creating atomic entangle-
ment [1–3], meanwhile some notable experimental demonstrations have also been per-
formed. In practice, every quantum system is often constrained by unavoidable interac-
tion with its environment, this may lead to the dissipation and destruction of entangle-
ment [4, 5]. As a consequence, the entanglement will be zero even though the system is
initially in the maximal entanglement state. In fact, apart from its traditional role of de-
struction of entanglement, dissipation can also create entanglement in some system [6,7].
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Figure 1: The atomic V-scheme and the two-atom configuration under consideration. The distance between
the two atoms is considered to be small compared to the radiation wavelength.

Spontaneous emission in two-atom systems is an example of such noise which can
destroy the entanglement [8]. However, beyond the conventional role of destroying en-
tanglement, due to the possible photon exchange between atoms, the spontaneous emis-
sion also can create entanglement. In particular when the inter atomic distance is on
the order of wavelength or less. It is known that a system of particles which are closer
together than the relevant transition wave-length displays collective states which are im-
mune against spontaneous emission. In this case there is a substantial probability that
a photon emitted by one atom will be absorbed by the other and the photon exchange
process can induce entanglement between atoms which partially overcome decoherence
caused by spontaneous.

In our this paper, we extend this kind of studies to the case of pair of three-level atoms
in V configuration. This system are coupled to a common thermostat at zero temperature
and the reduced dynamics evolution is given by the semi-group {Tt} of completely pos-
itive linear mappings acting on density matrices [9], this kind of dynamics takes into ac-
count only spontaneous emission and possibly photon exchange between atoms [10, 11].

2 Theoretical treatment and results

We consider two identical three-level atoms in V configuration. The atoms (say A and
B) have two degenerate excited states |e〉m, |µ〉m (m= A,B) and the ground state |g〉m as
is shown in Fig. 1. The distance R is small compared to the radiation wavelength. At
such distances there is a substantial probability that the photons emitted by one atom
will be absorbed by the other. As we known, for V atomic configuration, usually the n-
degenerate magnetic sublevels work as excited states. So, the dipoles in |e〉m ↔|g〉m and
|µ〉m ↔|g〉m are orthogonal to each other and also the polarization of the photon emitted
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from transition |e〉m↔|g〉m is orthogonal to that emitted from |µ〉m↔|g〉m transition. Thus
we will consider the photon emitted from |e〉m↔|g〉m (|µ〉m↔|g〉m) can only be absorbed
by |e〉m↔|g〉m (|µ〉m↔|g〉m). Please note that an atom with V-scheme, having degenerate
or nearly degenerate excited states, can also radiatively couple the orthogonal transitions
when another identical atom is present within a distance of the radiation wavelength
[11, 12]. However, here we consider a different scheme where the two transitions |e〉m ↔
|g〉m and |g〉m ↔ |µ〉m are non-degenerate. So that we can ignore the cross coupling as
mentioned above. Thus the dynamics of the system is given by the master equation

ρ̇= LIρ+LI I ρ. (1)

Where the damping term LIρ and LI Iρ can be expressed as following

LIρ=γ1(2σA
geρσA

eg−σA
ee ρ−ρσA

ee )

+γ2(2σA
gµρσA

µg−σA
µµρ−ρσA

µµ)

+γ1(2σB
geρσB

eg−σB
eeρ−ρσB

ee)

+γ2(2σB
gµρσB

µg−σB
µµρ−ρσB

µµ), (2)

LI Iρ=Γ1(2σB
geρσA

eg−σA
egσB

geρ−ρσA
egσB

ge)

+Γ2(2σB
gµρσA

µg−σA
µgσB

gµρ−ρσA
µgσB

gµ)

+Γ1(2σA
geρσB

eg−σB
egσA

geρ−ρσB
egσA

ge)

+Γ2(2σA
gµρσB

µg−σB
µgσA

gµρ−ρσB
µgσA

gµ). (3)

here LIρ corresponds to the atom-vacuum field couplings leading to spontaneous, and
LI Iρ represents the atom-atom coupling due to the possible photon exchange between
atoms caused by spontaneous. Where σm

jg = |j〉m〈g| (j = e,µ) denote the atomic raising

operators from |g〉m to |e〉m or µ〉m, γ1 (γ2) is the spontaneous emission rate of transition
|e〉m → |g〉m |µ〉m → |g〉m, and Γ1 and Γ2 represent the photon exchange rate, they are
the function of the distance R between the atoms, under this case we know γ1 ≥ Γ1 and
γ2≥Γ2.

Now, let us study the entanglement property of this system caused by spontaneous
emission. More precisely, we assume the atomic system are initially in the state |eµ〉, here
the two atom state |ij〉≡ |i〉A |j〉B (i, j= e,µ,g), the corresponding density operator would
be ρ(0)=|eµ〉〈eµ|. For simplicity, the nine basis state corresponding to this atomic system
are |ee〉, |eµ〉, |eg〉, |µe〉, |µµ〉, |µg〉, |ge〉, |gµ〉, |gg〉. Thus the time evolution state ρ=(ρjk)
has the following form with respect to these basis

ρ=

















ρ11(t) ··· ρ15(t) ··· ρ19(t)
...

...
...

ρ51(t) ··· ρ55(t) ··· ρ59(t)
...

...
...

ρ91(t) ··· ρ95(t) ··· ρ99(t).

















. (4)
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Recalling the initial condition, and combined with the master equation (1), we could
written out the differential equations of density matrix elements as following

ρ̇22 =−2(γ1+γ2)ρ22

ρ̇33 =−2γ1ρ33+2γ2ρ22−Γ1(ρ37+ρ73)

ρ̇37 =−2γ1ρ37−Γ1(ρ33+ρ77)

ρ̇66 =−2γ2ρ66−Γ2(ρ68+ρ86)

ρ̇68 =−2γ2ρ68−Γ2(ρ66+ρ88)

ρ̇77 =−2γ1ρ77−Γ1(ρ37+ρ73)

ρ̇88 =−2γ2ρ88+2γ1ρ22−Γ2(ρ68+ρ86)

ρ̇99 =2γ1(ρ33+ρ77)+2γ2(ρ66+ρ88)

+2Γ1(ρ37+ρ73)+2Γ2(ρ68+ρ86), (5)

and the remaining matrix elements one can obtained by using the hermiticity condition
of ρ(t). We can also compute the explicitly value of these matrix elements by using the
Laplace transform method, they are following

ρ22(t) = e−2(γ1+γ2)t

ρ33(t) =
e−2γ1t

2(γ2
2−Γ2

1)
[γ2

2 cosh(2Γ1t)−Γ1γ2sinh(2Γ1t)−

2γ2
2e−2γ2t+Γ2

1e−2γ2t+γ2
2−Γ2

1]

ρ37(t) =ρ73(t)=
γ2e−2γ1t

2(γ2
2−Γ2

1)
[Γ1cosh(2Γ1t)−γ2sinh(2Γ1t)

−Γ1e−2γ2t]

ρ77(t) =
e−2γ1t

2(γ2
2−Γ2

1)
[γ2

2 cosh(2Γ1t)−Γ1γ2sinh(2Γ1t)

−Γ2
1e−2γ2t+Γ2

1−γ2
2],

ρ88(t) =ρ33(t)(1↔2), ρ66(t)=ρ77(t)(1↔2),

ρ68(t) =ρ73(t)(1↔2), ρ86(t)=ρ37(t)(1↔2), (6)

where the explicit formula for the matrix element ρ99(t) is lengthy and tedious, we do
not write it here. 1↔2 means that subscript interchange.

Another interesting question is how to measure the amount of entanglement for a
given quantum state. Since the damping causes the pure states evolve into mixed states,
we need effective measure of mixed-state entanglement, one usually use the concurrence
[13, 14], but in practice for a pair of d-level system here d> 2, a computable measure of
entanglement was proposed in Ref [15], which is defined as

N(ρ)=
‖ρTA‖−1

2
(7)
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Figure 2: The negativity for our atomic system as a function of t with different values of Γ. We set γ1=γ2=γ=1
and Γ1=Γ2=Γ. For the plus sign line: Γ=0.3, the square line: Γ=0.6, the circle line: Γ=0.9.

it is named negativity, and ‖ρTA‖ [16] is the trace norm of the partial transposition ρTA of
the state ρ. The negativity is equivalent to the absolute value of the sum of the negative
eigenvalues of ρTA , i.e. N(ρ) = −∑i λi, where λi are the negative eigenvalues of ρTA .
From the definition of the negativity, we note that it may be greater than one. But for
different dimensions of density matrix the maximum value is different. To our system
the maximum value of N is 1. After some calculation, we obtain the exact values of the
eigenvalues of ρTA are

λ1=λ2=0,λ3=ρ22(t),λ4=ρ33(t)

λ5=ρ66(t),λ6=ρ77(t),λ7=ρ88(t)

λ8,9=
ρ99(t)

2
±

1

2

√

ρ2
99(t)+4[ρ37(t)2+ρ68(t)2]. (8)

Now let us discuss the entanglement property of our atomic system, firstly from Eq.
(8) we can check that only the eigenvalue λ9 could be negative, and it is closely connect to
the matrix element ρ37(t), ρ73(t), ρ68(t) and ρ86(t), we also know that if only one of these
four matrix element is not zero these two atoms are entangled. In figure. 2 we give the
plot of the time evolution of the entanglement with different value of Γ, we set γ=1. It is
shown that when t=0, there is no entanglement the reason is that the atomic system is in
the initially state |eµ〉. When t is increased, the evolution of entanglement of this system
is initially increased to a maximal value and then undergo a disentanglement procession.
This procession is corresponding to the the process of photon exchange, it is the jump of
atom A |e〉→ |g〉 (atom B |µ〉→ |g〉) that make the absorption atom B |g〉→ |e〉 (atom A
|g〉→ |µ〉) take place. We also observe that there exist a threshold time tc (for Γ= 0.6, it
is about 7.3), when t is above the threshold time, the entanglement of this atomic system
are always be zero, the reason is that when Tc is arrived, the radiation and absorption
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process is over, and the atomic system will be in the final unentangled state |gg〉. one
can note that the threshold temperature Tc is obviously improved when the value of Γ is
increased.

3 Steady state entanglement with incoherent pumping

From above section, one can see that with time evolution, entanglement finally disap-
peared due to the spontaneous emission. In order to obtain steady entanglement, now
we introduce a incoherent pumping to our system. From level |g〉 to |e〉 (µ〉), incoherent
pumping can be modeled as the inverse process to spontaneous emission [17, 18], which
means the master equation Eq.(6) should be added a third part LI I I ρ besides (LI+LI I)ρ,
with

LI I I ρ =Ω1[(2σA
egρσA

ge−σA
ggρ−ρσA

gg)+A→B] (9)

+Ω2[(2σA
µgρσA

gµ−σA
µµρ−ρσA

µµ)+A→B].

We can deduce differential equations as

ρ̇11 =−4γ1ρ11+2Ω1(ρ77+ρ33)

ρ̇22 =−2(γ1+γ2)ρ22+2Ω1ρ88+2Ω2ρ33,

ρ̇44 =−2(γ1+γ2)ρ44+2Ω1ρ66+2Ω2ρ77

ρ̇55 =−4γ2ρ55+2Ω2(ρ66+ρ88)

ρ̇33 =−Γ1(ρ73+ρ37)−2s1ρ33+2γ2ρ22

+2γ1ρ11+2Ω1ρ99,

ρ̇37 =−2γ1ρ37−Γ1(ρ77+ρ33)

−2s1ρ37+2Γ1ρ11,

ρ̇77 =−Γ1(ρ37+ρ73)−2s1ρ77

+2γ1ρ11+2γ2ρ44+2Ω1ρ99.

ρ̇66 =−Γ2(ρ86+ρ68)−2s2ρ66+2γ1ρ44

+2γ2ρ55+2Ω2ρ99,

ρ̇68 =−Γ2(ρ88+ρ66)−2s2ρ68+2Γ1ρ55,

ρ̇88 =−Γ2(ρ86+ρ68)−2s2ρ88+2γ1ρ22

+2γ2ρ55+2Ω2ρ99

ρ̇99 =2γ1(ρ33+ρ77)+2γ2(ρ66+ρ88) (10)

+2Γ1(ρ37+ρ73)+2Γ2(ρ68+ρ86)−4(Ω1+Ω2)ρ99.
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where sα =γα+Ω1+Ω2(α=1,2). We interest in getting the steady entanglement. Letting
left side equal to zero, we deduce the steady state solution as

ρ33=ρ77 =
bγ1γ2(γ1+γ2)

P
,

ρ66=ρ88 =
a

b
ρ33,

ρ22=ρ44 =
1

γ1+γ2
(Ω1ρ88+Ω2ρ77),

ρ37=ρ73 =
Γ1

s1
(ρ11−ρ33),

ρ68=ρ86 =
Γ2

s2
(ρ55−ρ66),

ρ11=
Ω1

γ1
ρ33,

ρ99=2R1ρ33+2R2ρ66

with

Rα=
sαγ2

α+Γ2
α(Ωα−γα)

2sαγα(Ω1+Ω2)
,α=1,2, (11)

a=
Γ2

1(Ω1−γ1)

s1γ1
+

Ω2γ1

γ1+γ2
+γ1−2R1Ω1,

b=
Ω1γ2

γ1+γ2
+2R2Ω1,

P=2γ1γ2(γ1+γ2)[(R1+1)b+(R2+1)a]

+(γ1+γ2)[(bγ2Ω1+aγ1Ω2)+γ1γ2(2bΩ2+2aΩ1)],

Now, the entanglement negativity still be used, and the negative eigenvalue meet the
equation

(ρ11−λ)(ρ55−λ)(ρ99−λ)−|ρ37|
2(ρ55−λ)−|ρ68|

2(ρ11−λ)=0. (12)

In Fig. 3, we give the plot of the steady state negativity as a function of incoherent pump-
ing Ω. The rate of incoherent pumping Ω affect the steady state entanglement directly. If
without the incoherent pumping, we can not obtain steady state entanglement which can
be understood by section I I. However, it is not mean that the larger rate of incoherent
pumping the larger entanglement. In stead of that, the Ω have a ideal value where the
entanglement is the largest. The conclusion is reasonable. The incoherent can overcome
the decay of the atoms (expressed in Eq.(8)), however the overlarge incoherent pump-
ing rate will also refrain the interchange absorption which is the true reason resulting in
entanglement. Fig. 3 also show that increasing the value of Γ, the steady state entangle-
ment is improved. So, appropriate rate of incoherent pumping help to produce steady
entanglement.
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Figure 3: With γ=1, the steady negativity for our atomic system as a function of the incoherent pumping Ω.
For the square line (left figure): Γ=0.5, and the circle line (right figure): Γ=0.9.

4 Conclusion

In conclusion, it is analyzed the entanglement property in a system of two three-level
atoms. We take into account the spontaneous emission and possible photon exchange
between these two atoms when the distance is on the order of radiation wavelength. We
find that this atomic system (initially in the existed states) could be entangled. There ex-
ist a threshold time tc, when t> tc the entanglement are always be zero, but with t< tc

it can be increased firstly and then decreased to zero. With increasing the value of Γ can
decrease the rate of disentanglement. Note that the time scale of evolution of entangle-
ment is t ∼ γ−1. Hence in any typical dense multi-atom system, such entanglement is
unavoidable. To obtain a steady state entanglement in such two- or multi-atom system,
one can incoherently pump the excited states. We have shown that an appropriate rates
of incoherent pump can help to produce entanglement.
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