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Abstract

In this study we will consider moving mesh methods for solving one-dimensional time
dependent PDEs. The solution and mesh are obtained simultaneously by solving a system
of differential-algebraic equations. The differential equations involve the solution and the
mesh, while the algebraic equations involve several geometrical variables such as 6 (the
tangent angle), U (the normal velocity of the solution curve) and T’ (tangent velocity). The
equal-arclength principle is employed to give a close form for 7. For viscous conservation
laws, we prove rigorously that the proposed system of moving mesh equations is well-posed,
in the sense that first order perturbations for the solution and mesh can be controlled by the
initial perturbation. Several test problems are considered and numerical experiments for
the moving mesh equations are performed. The numerical results suggest that the proposed
system of moving mesh equations is appropriate for solving (stiff) time dependent PDEs.

Key words: Moving mesh methods, Partial differential equations, Adaptive grids.

1. Introduction

Many methods have been proposed for adapting the mesh to achieve spatial resolution in the
solution of partial differential equations. In addition to the capability of concentrating sufficient
points about regions of rapid variation of the solution, a satisfactory mesh equation should be
simple, easy to program, and reasonably insensitive to the choice of its adjustable parameters.
The earliest work on adaptive techniques, based on moving finite element method (MFEM) was
done by Miller [14, 12]. The gradient-weighted moving finite element (GWMFE) method was
introduced recently by Miller as a geometrically motivated improvement over his earlier moving
finite element methods. In [4, 5], Carlson and Miller reported on the design of the GWMFE
codes and their extensive numerical trials on a variety of difficult PDEs and PDE systems. The
equidistribution principle, first introduced by de Boor [7] for solving boundary value problems
for ordinary differential equations, involves selecting mesh points such that some measure of the
solution error is equalized over each subinterval. It has turned out to be an excellent principle
for formulating moving mesh equations. In fact, a number of moving mesh methods have been
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developed, and almost all are based at some point on an equidistribution principle, see, e.g.,
[1, 2,9, 15, 17].

In this work, we present a new method for generating numerical grids. The main motivation
of this research is from the fundamental work of Hou, Lowengrub and Shelley [10] in which a
new formulation was proposed for computing the motion of fluid interfaces with surface tension.
One of the key ideas in their paper involves using a geometrical frame of reference so that the
tangent angle of the interface 6§ and its length L, rather than its x and y position are the
dynamical variables. With the #-L formulation, the corresponding numerical methods have
no high-order time step stability constraints that are usually associated with surface tension.
The equal-arclength principle of de Boor is also employed in [10]. This idea enables them to
express a geometrical variable T' (tangent velocity) entirely in terms of § and L. The problems
investigated in [10] are of periodic solutions and therefore the #-L formulation is an appropriate
setting. In fact, the §-L approach is useful not only for problems with periodic solutions but
also for problems with Neumann boundary conditions. However, for commonly used Dirichlet
boundary conditions the #-L formulation may not be well-posed due to the unspecified boundary
conditions for . In this case, we propose to solve a system of parametrized differential equations
for x = z(a,t) and @ = u(z(a,t),t). A system of differential-algebraic equations (DAEs) will
be obtained, which involve z, 4 and some geometrical variables. This system, together with the
given boundary conditions for z and @, will be solved numerically.

The paper is organized as follows. In §2, we introduce the differential-algebraic formulations
based on geometrical variables. The well-posedness of the numerical approach will be briefly
investigated in §3. Some detailed numerical procedures will be discussed in §4. Numerical
experiments will be carried out in the final section.

2. The Formulation
We consider again a single time evolving PDE in 1-D
ur = F(z,u,t) (2.1)

with appropriate boundary and initial conditions, where F is some nonlinear spatial differential
operator. As described in [13], we convert equation (2.1) into the normal form

Ut
VItuZ
Now u is allowed to be an evolving oriented 1-D manifold immersed in two dimensions. Implicit
in this geometrical treatment is the assumption that a choice of the ratio between the horizontal
and vertical scales has been made and fixed.

The motion of interface is reposed in terms of its tangent angle 6(«, t) and its local arclength
derivatives o(a,t) = y/x% + @2. Derivations have been given elsewhere (e.g. [10]), but for
completeness it is included here. The tangent angle to the curve I, 6, is the angle between s
and the z-axis. It satisfies

s(a.0) = (

U= (z4,us) n= (2.2)

To(x,t) Gala,t)
o(a,t)’ o(a,t)

) = (cosf(a,t), sinf(a,t)). (2.3)
The unit vector in the normal direction, n, is perpendicular to s and satisfies

n(a,t) = (—sinf(a,t), cosf(a,t)). (2.4)
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The standard formula for 6 is § = tan™! (o /7,). We can also construct 6 from the curvature
by using the formula 6, = ok, where

K =TsUgs — TgslYs = (xo/aaa - waaﬂa)/gg -

In the above, s is arclength, but it is @ and ¢ that are the independent variables, and not s and
t. Still, the « and s derivatives can be exchanged through the relation 9; = 071 9,.

We now turn to the derivations of the governing equations for ¢ and 6. Recall that the
curve ' evolves according to

X = (2¢,0:) =Un+Ts. (2.5)

It follows from (2.3)-(2.5) that
xy = —Usinf + T cosd, Gy = U cosf + T'siné. (2.6)
Using Frenet formulae 9;s = xkn and d;n = —ks, together with 8, = x and 8; = 07 10,, we

obtain the governing equations for ¢ and 6:
1 T
O¢ :Ta —0aU, 0t = _Uoz+_6a- (27)
g (2

We note that the shape of the curve is determined solely by its normal velocity U. A tangential
motion gives only a change in frame for the parametrization of the curve. Therefore, a tangential
velocity 7" may be introduced into the dynamics without altering the shape of the curve.

The equal-arclength principle. The general expression for 7' is now given based on the

equal-arclength principle. In other words, we make o = /22 + 42 depended only upon ¢, and
the PDE for ¢ in (2.7) reduces to an ODE. By requiring that o is equal to its mean, we obtain

a(a,t):/o oo tyda’ = L(1). (2.8)

Under this requirement we can obtain a closed formula for T in terms of U and 8, where U is
given by (2.2).
Equation for T'. Differentiating (2.8) with respect to ¢ and using the first equation in (2.7)

yield

1 1
o /Ut(a',t)da':/ (T — 0,U)de’
0

0
1
T(1,t)—T(0,t) — 0, Uda’ . (2.9)
0
This result, together with the first equation of (2.7), leads to
1
Ty =T(1,t) —T(0,t) — / 0,Uda' + 6,U.
0
Integrating the above equation from 0 to « gives

T(a,t) =T(0,t) + a(T(1,t) = T(0,t)) + /ﬂ 0,Uda' — /1 0,Uda’ . (2.10)
0 0



44 T. TANG, W.M. XUE AND P.W. ZHANG

It remains to determine the boundary values for T'. Since z(0,t) = a and z(1,t) = b, where a,b
are constants, we have x(0,t) = x¢(1,t) = 0. This, together with (2.6), lead to the boundary
values for T

T(0,t) = U(0,t) tan (6(0,1)), T(1,t) =U(1,t) tan (8(1,¢)) . (2.11)

It is seen from (2.10) and (2.11) that T is expressed entirely in terms of U and 6.
Equation for L. Combining (2.8) and (2.9) gives the governing equation for L:

L'(t) = T(1,8) — T(0,4) - /1 baUda’ (2.12)
0

This, together with (2.11), suggests that L is determined entirely in terms of U and 6.
Equation for U. By the definition (2.2), U = u;(1 4+ u2) /2, we can express U in terms of
i, x,0 and their derivatives. To see this, we use three examples to illustrate how to do this.
The following formulas will be used frequently:

Uy = ﬂa/wa ) Uge = (xo/aaa — maaﬂa)/ﬂfg
O
U/z:tano, U/xz:m
— ~ ~ 5 ~ ~ 5
Ugrr = (wauaaa - waaaua)/wa —3Zaa (xauaoz — xaaua)/aza
1 .
Upgpx = m (eaa cos @ +3 ei Sin 0) .

Example 2.1. Consider the Heat equation:
Ut = Ugy a<z<b 0<t<T. (2.13)

We then have the following formulas, one in terms of the physical variables x,u and another in
terms of the geometrical variables 6, o,

1 0o

U=— allaa — Laala), U=——. 2.14
2o (o Taalta) o cos? 6 (2.14)
Example 2.2. For the viscous conservation laws
ur + flu), = euyy , e =Const. >0 (2.15)
we have the following formulas:
1 €
U=-- (@ Noz 5 aNOza_ aaNOz ) 2.16
Uf(u)u +xia($u Taala) (2.16)
U= —f'(i)sinf + ba (2.17)
N ocos?f’ )
Example 2.3. Consider the one-dimensional KdV equation
U + Putiy + ptgz, =0, (2.18)
where 3 and p are given constants. The following formulas held for the KdV equation:
-8 ~ ~ 3 ~ ~
U= 75 Ulg — g(:caumm - xaaaua)/xi + ?'ux(m (:cauaa - xaaua) Jzh  (2.19)
_ ~ . 1% 2 .
U= —Basing — m(&m cosf + 362 sin6). (2.20)



Analysis of Moving Mesh Methods Based on Geometrical Variables 45

As demonstrated in [10], an -L formulation provides simple and uniform differential system
for problems with periodic solutions or Neumann boundary conditions. However, the 6-L
formulation is not suitable for problems with Dirichlet boundary conditions, due to the unkown
boundary values for #. In this work, we propose to use an z-@ formulation to deal with the
problems with Dirichlet boundary conditions. Let us consider Examples 2.1-2.3 to illustrate
how to formulate the z-i equations.
Heat equation. In this case, combining (2.6) and (2.14) gives

29 _
:zj _ % tan“ 6 tan 6 :f LT 0950 . (2.21)
w /), o —tand 1 w ) o sin @

The geometrical variables 6, ¢ and T' are determined by the following constraints:

0 =tan"" (ua/zq) o =+\uZ + a2 (2.22)

T = U(0,t)tan (0(0,1)) + a(U(l,t) tan (8(1,1)) — U(0,¢) tan (0(0,t)))

a 1
+/ 0, Uda’ —a/ 0, Udo/ (2.23)
0 0
b

= — . 2.24
o cos2 6 ( )

In other words, we have obtained a system of differential-algebraic equations (DAEs), where the
variables 8, U and T are constraints. This system, together with the given boundary conditions
for « and @, can be solved numerically.

Viscous conservation laws. In this case, combining (2.6) and (2.17) gives

x _ € tan?f —tanf x
i, 02\ —tané 1 a)
+f@sing [ B0 ) pp 80 (2.25)
—cosf sin @

The above equations, together with (2.17) and (2.22)-(2.23), form a system of DAEs which can
be solved numerically.
The KAV equation. In this case, combining (2.6) and (2.19) leads to

x I tan2f —tané z \ Bsing sin 6
= ——r @ sin
a ), o3cosf \ —tané 1 a) —cos¥d
3u 1 tan?f —tanf T cos 6
1 ao T . 226
+a4cos20$ < —tan6 1 ) < 11) * < sin ) ( )

The above equations, together with (2.20) and (2.22)-(2.23), again form a system of DAEs.

3. The Well-Posedness

In this section we consider the well-posedness of the adaptive grid method proposed in the
last section. For simplicity, we only consider the viscous conservation laws (2.15) with periodic
boundary conditions. The extension to more general cases can be done similarly. Note that the
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matrix associated with the second order derivatives in (2.25) has one positive eigenvalue and
one zero eigenvalue. This is not surprising since our moving mesh system is of parabolic type
in the normal direction (n) and of hyperbolic type in the tangential direction (s). In fact, with
these facts in mind, we can prove rigorously that the system (2.25) is well-posed.

We introduce the following Fourier transform for a periodic function g

27T
i) = 3= | glase o

whose inverse is given by
o) = [ e =ar.
We consider the nonlinear parabolic equation
ur + f(u)y = €ugy (3.1)

with periodic boundary condition. Similar to the derivations in the last section, the moving
mesh method is described by

Xt = (;I;t,ﬂ,t) =Un + TS, (32)
where
U=—f'(@)sinf + —2 T:Int(9 U-<8 U>). (3.3)
cos2 6’ “ *

Here Int is a pseudo-spectral integral operator defined in Fourier space by, for any 2m-periodic
function g with mean zero

mao={7 0o

For a given function p defined in [0, 27], the mean is defined by

27
<p>=— a)da.
P>=5z ple)
Let z(a,t),a(a,t) be a smooth, time dependent solution of the moving mesh equation (3.2).
Denote by dx and éa the perturbation in x and @ respectively. Similar assumptions are made
for U, T etc. We perform first order perturbation by replacing z,4 in (3.2) by = + oz, 4 + 0a.
To prove the well-posedness of linearized motion, we will show that the perturbed quantities
are bounded in some appropriate Sobolev norm.
It is useful to project X onto the normal and tangential directions. So we define

0X"™ = (0z,00) - n, 0X*® = (0x,da) - s.
The following results give the governing equations for the perturbations §X™ and §XS.

Lemma 3.1. The linearized equations of the moving mesh system (3.2) for the nonlinear
parabolic equation (3.1) satisfy

n __ € n ~ n s __ 6004
5Xt = m(sxaa +g(9,0)5Xa + A0(5X), 5Xt = 702 0052 6

where Ag is some bounded operator, and

§XD + Ag(0X)  (3.4)

_ 1 - 2ek sin 6 T
9(0,0') = ; <—f (U,) cosf + W) + ;
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Proof. 1t follows from the moving mesh equations (3.2) and the definitions of 6X™,6X® that
n T n S U n
0XP =0U + ;5Xa + Ap(6X), X3 = —;5Xa + 0T + Ap(6X) (3.5)

where Ag is a bounded operator. Furthermore, it can be shown that the linear part of dx has
the following simple expression in terms of the normal component of §X, see [3]

o= G(sxg)a + 45(0X). (3.6)

o
Similarly, the following result for 46 can be established
1
00 = ;5X§ + Ap(6X). (3.7)

The above results, together with (3.3), lead to

5U = m(sx + g(0, U)(SXa + A0(6X) (38)
where
1 e 2ek sin 6
9(0,0') = ; <—f (U) cosf + W) .

Combining (3.7) and (3.8) gives

§T = Int (59QU +0,6U— < 60,U + 0,6U > )
U . 9
= ZOXI, 4~ 0XE + Ag(0X) (3.9)

The desired results then follow from (3.5) and (3.8)-(3.9).
Having Lemma 3.1, we are now ready to establish the linear well-posedness by using the
energy methods.

Theorem 3.1. ( Linear Wellposedness) Let X be the smooth solution of the moving
mesh equations (3.2)-(3.3). Then for 0 <t < T, there exists a constant M such that the first
order perturbation of X satisfies

10X )]l < MI[6X(-, 0)]|2 - (3.10)

Proof. We will derive energy estimates for the leading order terms for 6X™ and §X®. Mul-
tiplying 6X™ on both sides of (3.4) and integrating the resulting equation with respect to a
yield

—— X2
(0'2 cos2f ¥’

g
X" 6X") ( (9, 0)0X2 6X") ter, (3.11)

Q.|g_‘

(6X“ 6X“) 6X“) ( (6, 0)0X™, 5X") tel

N | =

(02 cos? 6

where the e; term is upper bounded by |e;| < ||6X]||3 and

91(0,0) = 30,0) = (=)

02¢c0s20/ o
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It follows from the integration by parts that
(91(6,0)9%2,6X") = = (9:(8,0)0X2,6X") ~ ((g1)a(6, 0)9X", 6X")

and so we have

(gl(e,a)(sxg,(sxn) < C|I6X]2. (3.12)
Multiplying §X*® to the §X*® equation and integrating the resulting equation with respect to «,
we obtain
1 d s s _ n s
5 (0X7,0X%) = (0 05 5x)+e2
1
< - ). G .
< 3 (02 = eaxa,axa) +es (3.13)

where the terms es and e3 are upper bounded by ||6X™||3 + ||6X5||3. Combining (3.11)-(3.13),
we obtain

%((5)@, 6X™) + (5X*,0X%)) < C((6X",6X") + (5X*,0X%)) . (3.14)

The estimate (3.10) now follows from the standard results of the Gronwall inequality.

Remark 1. The constant M in (3.10) depend not only on 7', but also on the viscosity
coefficient €. It will be interesting to see how to modify our adaptive grid method so that M is
independent (or weakly dependent) on .

4. Numerical Methods

In this section, discrete methods for solving the DAEs derived in Section 2 will be discussed.
For simplicity, we consider the viscous conservation laws only. The ideas used in this section can
be extended to deal with the Heat equation and the KdV equation in a straightforward way. We
begin by considering how to obtain initial data for 6, L, @ etc. We assume that u(z,0) = v(z)
is given.

e Step 1: Compute the initial arclength by using the definition
b
= / V14 v2(z)dz.

e Step 2: Compute z(e,0) by using the following ODE and the 4th-order Runge-Kutta

method L0
o= é, z(0,0) =a
1+ v2(x)
For very stiff initial data, the following strategy should be employed to select the initial
grid:

z(ctj41,0) L(0)
1 2de = —=.
/ V1+uide N

Z(O‘j:O)
e Step 3: Compute @(a,0) via @(a,0) = v(z(a, 0)).

e Step 4: Compute (e, 0) via 0(,0) = tan™" (v, (2(e, 0))).
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e Step 5: Determine U(a,0) by using (2.17)
U(a,0) = —f'(a(c, 0)) sinf(c, 0) + evgy(z(a,0)) cosb(w,0) .

e Step 6: Evaluate T'(«,0) using the repeated Simpson’s rule.

Spatial discretization. We discretize the first and second derivatives in « by using the
three-point central finite-differences. For third derivatives, the standard five-point central dif-

ferences are employed.

Temporal discretization. Assume for now that space is continuous. We only discuss the
—@ formulation for the viscous conversation laws. Let U = [z(ay,t),4(q,t), -, z(an-1,t),
@(an_1,t)]*. Then the governing equations for x and i can be written in the following vector
form:

U; =F(U,,U,6,L,T) .
The discretization scheme for time is the following (implicit) Crank-Nicholson method:
un, e, L, T )

aax aq?

Un+1 — Un + % (F (U’rH-l Un+1,0n+1,Ln+1,Tn+l) + F(Un

This procedure requires 3 to 5 simple iterations at each time step.
Numerical Integration. To evaluate the tangential velocity T'(«,t), we need to use the re-
peated Simpson’s rule. However, this rule can be applied only when the number of the grid

point is even. For odd number some adjustment has to be made. One way is to apply the
so-called three-eight rule over four adjacent points and the Simpson’s rule over the rest of the
interval. In our computation, we use the three-eights rule at the upper end. This method is
called Simpson’s method II, see p. 99 of [11].

5. Numerical Experiments

Here we carry out some numerical experiments to examine the proposed moving mesh meth-
ods. We choose three examples, consisting of two parabolic equations and one KdV equation.
Particular attention will be given to Example 5.2, since this problem is often used as a test
(occasionally the only test) of mesh selection strategies.

L L L L L L L L L L
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
X axis X axis.

Figl. The solutions to the Heat equation with ¢ = 107, ¢ = 0.5,1.5,2 and 2.5. left: N = 240, At =
N~%: right: N =270, At = N~*.
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Example 5.1. The first example is a Heat conduction problem
U = €Uy, + S(z,t) —3<z<3,t>0

where the initial conditions, Dirichlet boundary conditions and source term S are chosen such
that the exact solution is

u(z,t) = tanh (r1($—1)+r2t), —-3<x<3,t>0.

Coyle, Flaherty and Ludwig studied this problem [6]. The above solution travels in the
negative = direction when the constants r; and 72 are positive. We solve this problem for
r. =1y =5 and € = 107*, and show the results at ¢ = 0.1,0.5,1 and 1.5 in Figure 1.

We first use 240 points in the computation (40 points in each unit interval). The left graph in
Figure 1 shows that computed solutions are satisfactory for ¢ < 1.5, but they become oscillating
when ¢t = 2.5, which is due to the (simple) second-order central difference methods used in the
computations. Theorem 3.1 ensures that the present moving mesh method is well-posed. It
suggests that for a fixed € larger V will produce more accurate numerical results and there will
have no numerical instability. To see this, we add 5 more points in each unit interval and as a
result the oscillations are eliminated, see Figure 1.

Example 5.2. The second example is the well-known Burgers’ equation

Ut + Uy = €Ugy , O<z<l, t>0
u(0,t) =u(1,t) =0, t>0
u(z,0) = sin(27z) + 0.5 * sin(nz) . 0<z<1

As time increases, the sinusoidal initial condition first steepens to a near-shock and then
propagates to the right boundary while simultaneously damping. Figure 2 shows numerical
solutions with V = 80. On the left, we plot the solution profile at ¢ = 0.1,0.5,0.8,1.3. They
are in good agreement with the existing results, see e.g. [16, 18]. On the right side of the
figure, we use circles to denote the location of the numerical solutions, (z(a;,t),@(a;,t)). It
seems surprising that the initial distribution does not satisfy the equal-arclength requirement.
However, by observing that the ratio of the scales in z and y-axis is 1 : 2.3 and also by checking
the values of the local arc-length derivative o, we conclude that the equal-arclength requirement
is indeed satisfied for the initial distribution.

Again, to show that the numerical method is stable we double the number of points used in
the spatial direction. Namely, we use N = 160 to solve Example 5.2. The numerical results are
shown in Figure 3. It is seen that smoother numerical solutions are obtained with N = 160,
especially when ¢ = 0.5.

We now change the perturbation parameter € to 10~%. This implies that a very small
viscosity is involved in this problem. Indeed, at a finite time, a sharp layer with large gradient
(almost a shock) is developed with this small viscosity. Our numerical experiments with N = 80
and N = 160 indicate that sharp layer is developed at t ~ 0.17, see Figure 5. In this case, we
observe that many numerical points are clustered near z &~ 0.58 and near this value of z the
value of tangent angle € is approximately —m /2. Since |6| = 7/2, the evaluation of the normal
velocity U becomes extremely difficult due to last term in the formula (2.17). Therefore, one of
the limitations of our moving grid method is that numerical solutions cannot be obtained after
a shock is (almost) formed.
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Fig 2. Burgers’ equation with ¢ = 1072, N = 80,At = 0.1N . left: ¢t = 0.2,0.5,0.8,1.3; right:
t=20,0.5,1.
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(5.1)

Fig 3. Same as Figure , except N = 160.

We further look at the (moving) grid distribution against the variable «, which is the
x € [=p,p]

independent variable in the computational space. In Figure 6 we plot z(«,t) at ¢ = 0.17 as a

function of . It is seen that more points in the physical space cluster in the region where a
sharp layer is formed.
(5.2)

Kruskel in 1965. The soliton theory has been established based on the numerical study of the
\/E(:U —ct— :Uo)> ,

Example 5.3. The third example is a KdV equation
ug + fute + pugee = 0,
where 3 and p are given constants.
KdV equation. One of the exact solutions for the equation (2.18) is
h? (1
2V

Some linear properties for solutions of (2.18) were observed numerically by Zabusky and
3c

u(z,t) = —sec

where ¢ and x are some constants.
We choose 9 = 0,¢ = 2,4 = 2 and 8 = 6 as our test problem. The solution domain is
(—15,15). In Figure 7, we plot the exact solution and numerical solutions at t = 1 with N = 64,
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Fig 4. Burgers’ equation with e = 107* N = 80, At = 0.IN~! at ¢t = 0,0.05,0.1,0.17. left: N = 80;

right: N = 160.
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Fig 5. Burgers’ equation with ¢ = 107* At = 0.1N~" and ¢t = 0.17. left: IV = 80; right: N = 160.

respectively. To see the accuracy of the moving mesh solutions, we also compute the Equation
(5.1) using Fornberg and Whitham’s spectral code [8]. Below we will briefly describe Fornberg
and Whitham’s approach. A simple change of variable (zx — 7z /p + 7) changes the solution
interval [—p, p] to [0,27]. The equation (5.1) becomes
3
ur + ﬁuuw + %uwm =0, x € [0, 27]. (5.3)
p p

It is known that

%:f_l{(ik)n}—{u}} n=1,2,---

oz ’ Y
where F and F ! are the Fourier and the inverse Fourier transform operators, respectively. An
application of the above results (with n = 1 and 3) to (5.3) gives

du(z; ; i3
U(ji:t],t) - ‘WTW“(%”F_I(’“F(U» + “;Z FUEPF), 1<j<N-1  (54)

where the continuous Fourier transforms were replaced by the discrete transforms F and F~!.
Fornberg and Whitham used two-step time discretization and FFT algorithms to solve the
equation (5.4). Figure 7 also includes numerical solutions at ¢ = 1 computed by the spectral
methods with N = 64. Graphically the moving mesh solutions and the spectral solutions are
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Fig 6. z(a,t) at t = 0.17 as a function of a.
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Fig 7. KdV equation with p# = 2 and 8 = 6. The circle denote the numerical solution and the solid line

is the exact solution. left: moving grid solution; right: Fornberg and Whitman’s spectral solution.

comparable with each other, although the maximum error with the moving mesh methods is
slightly greater than that obtained by using the spectral methods.
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