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Abstract

In this paper, a nonoverlapping domain decomposition method, which is based on the
natural boundary reduction(cf. [4, 13, 15]), is developed to solve the boundary value
problem in exterior three-dimensional domain of general shape. Convergence analyses
both for the exterior spherical domain and the general exterior domain are made. Some
numerical examples are also provided to illustrate the method.
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1. Introduction

In recent years, the elliptic boundary value problems in unbounded domains have drawn
more and more attention. To solve an equation in an unbounded domain numerically, a basic
idea is to limit the computation to a bounded domain by introducing an artificial boundary.
Based on this idea, many numerical methods, such as the coupling of BEM and FEM, the FEM
with boundary conditions at artificial boundary, the coupled finite-infinite element method,
the DDM(domain decomposition method)(ct.,e.g., [7, 6, 12, 3, 5, 2, 16, 17] and so on), have
been put forward. All these methods have their own advantages as well as limitations. It is a
practicable way to combine the natural boundary element method with the traditional FEM and
DDM to solve problems in unbounded domains. However, the methods given in some published
papers are only for two-dimensional cases(cf. [16, 17]) and cannot be directly extended to three-
dimensional problems. In this paper, by taking Poisson equation as an example, we shall suggest
a nonoverlapping DDM for exterior three-dimensional problems. By choosing a sphere as an
interface, we turn the original problem into two subproblems, i.e., one in a bounded domain
and the other in a regular unbounded domain(exterior spherical domain). We then solve the
two subproblems alternately to acquire an approximate solution of the original problem. The
subproblem in bounded domain is treated by the traditional FEM. The unique aspect of our
method is to adopt the recent results of the natural boundary element method (cf. [10]) to
solve the subproblem in unbounded domain, which makes our method simple in analysing and
easy to be implemented.

The rest of this paper is organized as follows. Section 2 develops the D-N alternating
algorithm; Section 3 studies the convergence of the D-N method for exterior spherical domain;
Section 4 extends the result of Section 3 to general exterior domain; Section 5 discusses the
discrete form of the D-N alternating algorithm; Section 6 presents some numerical results.
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2. Dirichlet-Neumann(D-N) Alternating Algorithm

Consider the following exterior boundary value problem:
{ —Au=f, inQ°,

(2.1)
u =g, on X,

where @ C R® is a bounded domain and Q¢ denotes R*\Q. ¥, = 09 is a piecewise smooth

surface. g € H%(Eo) and f € L?(Q°) are given functions. To guarantee ensure the existence
and uniqueness of the solution of (2.1), we must assume that u vanishes at infinity(cf. [18]). In
the following discussion we shall also assume that function f has compact support.

Introduce a sphere ¥; = {(r,0,¢)|r = R;} for an appropriate R; to enclose boundary
Yo and the support of f. Make sure that dist(X;, Xo) > 0. Then Q¢ is decomposed into
two mutually disjoint subdomains, i.e., an interior subdomain denoted by {2; and an exterior
subdomain denoted by 5. 2; and Q are nonoverlapping domains. For exterior boundary
value problem (2.1), we suggest the following D-N(Dirichlet-Neumann) alternating algorithm:

—AU,S' = 0, in QQ,

’U’g = An; on E17 (220,)
lim uy =0,
r—0o0
—Aul = f, in 4,
r = 7 E ’
aul g ) on o (2.20)
uy uy
it S )
6711 87?,27 on &1,
AL = 0 ul 4 (1 —6,)A", (2.2¢)

where u}’ and ul are the n-th approximate solutions in €y and 3; n; and ny denote the unit
outward normals of ¥; with respect to the two neighboring subdomains; 6,, denotes the n-th
relaxation factor and A° is an arbitrary function in Hz ().

Note that, on interface £, only the value of the normal derivative of the solution of (2.2a)
n

0
is needed in solving (2.2b). So it is unnecessary to solve (2.2a). Actually we can obtain ]

8n2
directly from A™ by making use of the following natural integral equation(cf. [10]):
ouy T ARG, @) sin g’
—= = — T df'dy. 2.3
8712 ].671'R1 / / S1H3 1 ¥ ( )

v in (2.3) satifies cosy = cos@ cos@’ + sinfsin @’ cos(¢ — ¢') and the hypersingular integral in
(2.3) must be understood as the normalization of divergent integral in the sense of generalized
function. The details about the computation of this kind of integrals can be found in [8, 13,
14, 10].
For \(6, ) € H%(El), make harmonic extensions of A\(f, ¢) to 1 and - respectively to
acquire functions Hy A and Hz\, namely, Hi A satifies
—AHl)\ = 0, in Ql,
-El-lA = A; on El; (24)

Hl)\ZO, on 20,

while Hy\ satifies
—AHzA = 0, in Qz,
HyA =), on Xy, (2.5)
lim HyA =0.

r—-+oo



A Nonoverlapping Domain Decomposition Method for Exterior 3-D Problem 79

Define
0

- 8n,-

S; (H;»), i=1, 2. (2.6)

S, is the natural integral operator of the exterior spherical domain Q, and S = S; + S, is
none other than the Poincaré-Steklov operator on ¥; which might be preconditioned by using
the method given in [11]. Follow [9], we can prove that the D-N alternating algorithm (2.2) is
equivalent to the following preconditioned Richardson iterative method:

Sy (AT — A" = 6,(b — SA™), (2.7)

where b is a function dependent on f and g. So, in order to analyse the convergence of this

D-N alternating method, what we need to do is just to estimate the the eigenvalues of operator

5;15, i.e., to estimate the upper bound and the lower bound of the following ratio:
(SA, A) (S2A, A)

7:1_'_

SA N SN A (2.8)

3. Convergence Analysis for Exterior Spherical Domain

In order to estimate (2.8) in general case, we first take into consideration a special case in
which X9 = {(r,6,9)|r = Ro} and the interface ¥1 = {(r,8,9)|r = R1, R1 > Ry}. We claim
that

Lemma 1. Suppose

n ntl oni

n = ) 7]-7 = 71727"" 1
@) =5 T o v€[0, 1], n=0 (3:1)
Set
U@ = swp @)} L) = il (0} (3:2)
Then we have
1
5 0<z< 3 fo(z), 0 <z < o,
U(z) = 1 L(z) = (3.3)
€T —<.’L'<]. fk+1(w)7 .’L’k<$§$k+1,
) 2 — )

where x, is the only root of equation fri1(x) — fr(x) = 0 in interval (0, 1) and xp < xp41 (k
is a mnonnegative integer).

Here we omit the proof of this lemma for it is primary and tedious. For convenience, we
write out the approximate values of the first eleven roots:

zo = 0.36602540378444, =z, = 0.50663226438840, x> = 0.58946986810183,
x3 = 0.64549392091075, x4 = 0.68642756803965, x5 = 0.71788512503709,
xe = 0.74294473351832, xz7 = 0.76345385249658, x5 = 0.78059641404708,
9 = 0.795170011037, z19 = 0.807733615911,

Now, for A(6, ¢) € H? (1), at least in the L?-sense there holds the following expansion(cf.
[1]):

00 l

A, 9) =D > AMY™(0, ), (3.4)

=0 m=—1
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with
(l-m)2i+1 ;
ym _ pm ime
"0, @) (rm)! ar 1 (cosB)e"™¥,
2w pm
A —/ A0 (6 ) sin@dfdp,

[} l
SO A+P)PIAP < 400,
=0 m=-I
where P/™(x) denotes the associated Legendre function of the first kind; ¥, (6, ¢) denotes the

complex conjugate of Y;"(#, ¢). By separation of variables, we obtain the harmonic extension
in annular domain Q,

l Rl+1Am . R(2)l+1
A= Z Z R2l+1 R (r = RN )Y, ™0, ¢), Ro<r <R (3.5)

=0 m=—1

and the harmonic extension in exterior spherical domain {2

LREAR
Hy\ = Z D Y, @), T > B (3.6)
=0 m=—1
Since o 1 20+1 20+1
SlA o 8767,1 (HlA) lz:;m;l [lRlR (Rzl(ij__l)‘églJrl)]Al Yi (0’ (’0)’
Soh = o (Ho) = i;l%ww o),

so there hold

! 20+1 20+1
IR + (1 +1)R; "2
(514, A) Z Z REHL _ R2HT Ry|AJ"T7,

= Om_fl
(S22, A) Z Z [+ 1Ry |AP 2.
=0 m=—1
Noting that
_ 20+1 21+1 I+ 1)(R2H! 2041
-t in {R2l+1 R2l+1} < . inf {( +21+)1(R R021+1)}
Ry + Ry 1>00€z R}"' + Ry 1>00ez" R + (1 + 1)Rg
(+ DR -’ I+ )R - Rgl“)}

5 : su : ‘
IR 4 (1 + DRZFY = sotes IRFFL (11 1)REH

IN

max{% - 1,2},
0

we get
2R,y 1 (SA, A
< < <
Ry + Ry — U(Ro/R1) — (S1A, A) — L(Ro/R1)
Following the usual theory of D-N alternating algorithm(cf., e. g., [9]) we obtain the following

convergence result.
Theorem 1. If relaxzation factor 8, satifies

< max{%, 3}. (3.7)
0

0<6, < 2L(§°) (3.8)

1
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then the D-N alternating algorithm (2.2) converges. Particularly, the optimal relazation factor
18

2U(Ro/Ry)L(Ro/R1)

Oopt = , 3.9
Pt U(Ro/R1) + L(Ro/Ry) (3:9)
while the optimal compression ratio of the iteration is

P = U(Ro/Ry) + L(Ro/Ry)"

The values of 8,,; and d,,¢ can be obtained by using Lemma 1. Here we give some examples
in the following table.

Table 1.

Ro/Ri [ 1/5 [1/A 173 1/2 373
L(Ro/R) | 1/5 | 174 [ 1/3 | 5/12 | S1202/177147
URoJR:) | 12 [ 12 [ 1/2 | 1/2 273

B | 2/7 | 1/3 [ 2/5 | 5/11 | 162584/299085
Bopt 377 1/3 [ 1/5 | 1/11 | 13403/99695

4. Convergence Analysis for General Exterior Domain.

The convergence result about the exterior spherical domain given in Section 3 can be ex-
tended to a general exterior domain. We assume that Xy is a piecewise smooth closed surface
and sphere ¥ is the interface with radius R;. Let ¥, be a sphere with radius Ry, inside X,
and let X be a sphere with radius R{ between Xy and ¥;; see Fig. 1 below. Make sure that
dist{%o, X{} = dist{Zo, X{} = 0. By translation of axes to make the origin to be the common
center of the aforementioned three spheres and Rj to be maximal. Obviously, it holds that
0 < Ry < R < R;. We denote by Qf the annular domain between X{ and ¥;, and QY the
annular domain between ¥f and X;. It is easy to see that Q) C Q; C Q.

Figure 1.

Let uq, u} and u{ be the solutions of the following Dirichlet BVPs in €, Q] and QY respec-
tively:
—Aul = 0, in Ql,
up = A, on Xy, (4.1a)

uy =0, on X,
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—Auj =0, in Qf,

uy = A, on X, (4.1b)
uj =0, on X,
—Auf =0, in Qf,

uf = A, on X, (4.1¢)
uf =0, on Xf.

Thus u; = Hi A\, u} = H{A\,u] = H{'\, where H;, H| and Hj are harmonic extension operators
of functions defined on ¥; to Q4,] and Qf respectively. Now let us consider the following
bilinear forms:

Dgq,(u, v) = // Vu - Vudzdydz, i =1,2, (4.2)
Q;
Dq; (u, v) = // Vu - Vudzdydz, (4.3)
o
Dqy(u, v) = // Vu - Vudzdydz, (4.4)
Qy

Note that the PDEs in (4.1) are homogeneous and the boundary conditions on Xy, ¥j and Xf
are also homogeneous. Thus the solution u{ of BVPs (4.1c), extended by zero in ;\Q}, may
be considered as a function in the solution space of BVPs (4.1a). We also note that the solution
u; of BVPs (4.1a) is the minimizer of the energy functional associated with (4.1a). Therefore
we have

Do, (1, u1) < Da, (ufsu}) = Dy (u ).

Similarly, it holds that
Dgy (uy,uy) < D, (u1, u1).

The above discussion concludes that
Dg:l (H{ A\, H{)\) < Dgq,(Hi1\, Hi)\) < Dg:lz (H{'X, H)). (4.5)

Further we have

Dq,(Hx\, H2)\) < Dq,(Ha\, H2)\) < Dq,(Ha\, Ho)\)

. 4.
DQ!II(H{’)\, H{’)\) - DQl(Hl)\, H1>\) - DQII(H{)\, H{)\) ( 6)
Hj\ is defined by (2.5). Using Green’s formula we get
(SZAa )‘) < (SZAa )‘) < (52)‘7 A) (47)

(OH'N/Ony, N) = (SiA, A) — (OH|N/Ony, A)’
Following the practice of Section 3, by expansion in spherical harmonics we come to the result

that 2R 1 (SA, A) 1 R
1 7 .
: = < < max{—r, 3}. 1.
Ri+ Ry — U(Ry/R1) — (Si\, A) = L(Ry/R1) _max{Rg’ 3} (4.8)

Similar to Theorem 1, we claim
Theorem 2. If relaxation factor 6, satifies

!

0<6,< 2L(&), (4.9)
Ry

then for general exterior domain, the D-N alternating algorithm (2.2) converges.

Remark. As we use (4.7) to get (4.8), here we have been unable to obtain the expressions
of the optimal relaxation factor and the optimal compression ratio of the iteration. However,
it is definite that they depend on R; and the geometry of 2 in some way, which is confirmed
by our numerical results(see Section 6).
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5. The Weak Form and Discritization
The weak form of problem (2.2b) is: Find uf € H, (), such that

Dgq, (u}, v // fv dxdydz —/ Ug—:izds Yv € H1 (), (5.1)
Ql X:1

where 5
Hy () ={ve H' (M) | vls, =g}, H () ={veH (M) | v]s, =0}
Obviously, v|y, € H? (¥1), so it holds that, in the sense of mean convergence,
o l 2w pm
’U|21:ZZY2 ) / Rl; ,QD) (0790)Sln9d9d907
=0 m=—1

As (2.3) is equivalent to(cf. [10])

l 2w pmw
l+1 //)\” , @) Y0, ) sin'df'dy’,

we have
4 27 pmw
[ o5 =Y S R+ | ot o) Y@ o singdpray
SN P o Jo

2T o
x/ MO, o) T, ) sin0'dg'ds'.
0 0

Define
27 pm
De(X Z Z Ri(l+1) / / @) Y™, ') sin0'de’ dy'
=0 m=—1 (52)
2w pm
/ / , @) YO, ') sind'df'dy’,
then Jun
Us el \n
—=ds =D . .
//Elvamds (", v) (5.3)
Now the weak form (5.1) can be rewritten as : Find uf € H; (), such that
Dgq, (uf, v // fv dedydz — DE(A", v), Yve H' (), (5.4)
Q1

(5.4), together with (2.2c¢), is the weak form of D-N method (2.2). Now let us consider the
discritization of this weak form. Discretize ()7 into a finite number of element domains. Let

Sp (Q1) denote the linear subspace of H (Q;) corresponding to this partition. Define My, M;
and M; to be the sets of all nodes belong to Xy, ¥; and Q; respectively. Denote by Nx (z, y, z)
a basis function corresponding to each node X. Obviously

Sp (1) = span{N 4 (x, y, z), Na1(z, y, 2); A" € M;, A' € M,}.
The finite element approximation of u}' can be expressed as
up, = Z UiNai(z, y, 2) + Z UnhNa(z, y, z)
AteM; Ale M,

+ Z g(ona YAo, ZAO)NAO(;U; Y, Z)
A%e M,y
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By (5.4) and (2.2c¢), it is not difficult to acquire the following discrete form of the D-N alternating

algorithm:
Qii Qil Uni Fz’
( QU QU ) ( 21 ) = ( F' — KA, ) (5.5a)

App1 =60,U40 + (1 —0,)A,, (5.5b)
with
Ky = [D°(Ng1, Npi1)], Q% =[Dq,(Nai, Npi)], Q" =[Dgq,(Na1, Ng:)],

Qli = [Dgl(NAia NBl)]a Qll = [DQ1(NA17 NBI)]a

Fi :/// fNB’d:I"dde_ Z g(ona Yao, ZAO)Dgl(NAoa NBi)a
Q1

A€M,

Fl :// fNpidzdydz — Z g(x 40, yao, z40)Dq, (N 4o, Np1),
1971 AleM,

A°, B° € My, A, B' € My, A', B' € M;.

It is easy to see that, K}, is none other than the matrix derived by the natural boundary
reduction on interface ¥, the stiffness matrix in the right-hand side of (5.5a), which is banded
and sparse, is derived by finite element method. Obviously, during the whole process of iteration,
we only need to form the stiffness matrix and K} only once. Moreover it can be checked
that the discrete D-N alternating algorithm (5.5) is equivalent to the following preconditioned
Richardson iteration: o

S (A1 — An) = 0, (FT — SpA,), (5.6)

where Sl(zl) =Q — C‘?li(c‘?ii)leil7 S, = Si(zl) + Ky, FL—Fl _ Qli(Qii)lez’_
Following the inference of [17], we can obtain the following results.
Theorem 3. The condition number of the iterative matriz of the discrete D-N alternating

algorithm (5.5), i.e., the condition number of (S,(Ll))*lSh, is independent of mesh parameter h

of domain Q.
!

R
Theorem 4. If 0 < minf,, < maxf, < 2L(R—0)(the meanings of R, and Ry are the same

1
as those in Section /), then the discrete D-N alternating algorithm (5.5) converges and the
convergence rate is independent of mesh parameter h of domain €.

6. Numerical Results

Example. Use the discrete D-N alternating algorithm (5.5) to solve BVPs (2.1). Suppose
that Q° = {(z,y,2)| || > 1 or |y] > 1 or |z| > 1} is the exterior domain of cube [-1,1] x
[-1,1] x [-1,1] . Choose f = 0. The exact solution is u = (z + z)/r® and consequently

g(z, y, z) is determined by u. Choose the interface as ¥; = {(r,6,¢)| r = Ri, Ri > V/3}.

2
Use a uniform square mesh with mesh size N to get a partition of the interior boundary X.

Draw a line from each node on ¥, in the radial direction to get the corresponding node on
the interface ¥; and subdivide each line segment between these two nodes into N equivalent
parts to get N — 1 nodes. Then by using all the above nodes we get an eight-node trilinear

M [e's]
isoparametric finite elements. We substitute Z for Z in the computing of the entries of Kj.
=0 =0

Denote by m the total number of nodes on Q;. By computing, the results are as follows:
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Table 2. Maximum node-error on O, for 8,, = 0.5, B = 2.0

Iterative times
N m M 0 1 2 3 4 10
2 78 4 0.34087 | 0.09297 | 0.05016 | 0.04715 | 0.04713 | 0.04713
4 490 12 | 0.32986 | 0.04694 | 0.01504 | 0.01367 | 0.01352 | 0.01352
8 3474 22 | 0.32047 | 0.04376 | 0.00631 | 0.00346 | 0.00336 | 0.00335
16 | 26146 | 36 | 0.31854 | 0.05121 | 0.00216 | 0.00079 | 0.00085 | 0.00084
Table 3. Maximum node-error on Q, for 8, = 0.4, R, =2.0
Iterative times
N m M 0 1 2 3 4 10
2 78 4 0.34087 | 0.14107 | 0.07438 | 0.05198 | 0.04806 | 0.04713
4 490 12 | 0.32986 | 0.09061 | 0.03376 | 0.01775 | 0.01449 | 0.01352
8 3474 22 | 0.32047 | 0.07966 | 0.02542 | 0.00888 | 0.00439 | 0.00335
16 | 26146 | 36 | 0.31854 | 0.08404 | 0.02361 | 0.00671 | 0.00216 | 0.00084

Table 2 and Table 3 show that 8, = 0.5 is a better choice than 6, = 0.4. But things might
be quite different if we change the value of Ry (see Table 4 and Table 5 below). These facts show
that the optimal relaxation factor is dependent on R;, which is in accord with our analyses.

Table 4. Maximum node-error on Q; for 8,, = 0.5, Ry = 4.0

Iterative times
N m M 0 1 2 3 4 10
2 78 4 0.22764 | 0.06505 | 0.06902 | 0.03877 | 0.05165 | 0.04782
4 490 12 | 0.17336 | 0.06576 | 0.03249 | 0.00999 | 0.01159 | 0.01109
8 3474 22 | 0.16190 | 0.06306 | 0.02539 | 0.00864 | 0.00462 | 0.00303
16 | 26146 | 36 | 0.15760 | 0.04651 | 0.00767 | 0.00079 | 0.00080 | 0.00081
Table 5. Maximum node-error on Q, for 8, = 0.4, R, = 4.0
Iterative times
N m M 0 1 2 3 4 10
2 78 4 0.22764 | 0.03133 | 0.05011 | 0.04748 | 0.04785 | 0.04780
4 490 12 | 0.17336 | 0.01794 | 0.01140 | 0.01107 | 0.01110 | 0.01109
8 3474 22 | 0.16190 | 0.01808 | 0.00321 | 0.00303 | 0.00304 | 0.00303
16 | 26146 | 36 | 0.15760 | 0.00557 | 0.00648 | 0.00081 | 0.00084 | 0.00081

The above four tables show that the convergence rate of the discrete D-N alternating al-
gorithm is independent of mesh parameter h. From the last columns of the above four tables
we can also see that as we refine the mesh the maximum node-error on € is roughly of O(h?)
order, which shows that our method is very practicable.

References

[1] R. Courant, D. Hilbert, Methods of Mathematical Physics (in Chinese, translated by M. Qian and
D. R. Guo), Science Press, Beijing, 1981.

[2] L. Demkowicz, F. Ihlenburg, Analysis of a coupled finite-infinite element method for exterior
helmholtz problems, to appear.

[3] K. Feng, Asymptotic radiation conditions for reduced wave equation, J. Comput. Math., 2 (1984),
130-138.

[4] K. Feng, D.H. Yu, Canonical Integral Equations of Elliptic Boundary Value Problems and Their
Numerical Solutions, Proceedings of the China-France Symposium on FEM, Science Press, Beijing
1983, 211-252.

[5] H.D. Han, X.N. Wu, The approximation of the exact boundary conditions at an artificial boundary
for linear elastic equations and its application, Math. Comp., 59 (1992), 21-37.

[6] G.C. Hsiao, The coupling of BEM and FEM—a brief review, Boundary Elements X, Computational
Mechanics Publications, Southampton, 1988, 431-445.



86

[7]
[8]

D.H. YU AND J.M. WU

C. Johnson, J.C. Nédélec, On the coupling of boundary integral and finite element methods, Math.
Comgp., 35 (1980), 1063-1079.

P. Linz, On the approximate computation of certain strongly singular integrals, Computing, 35
(1985), 345-353.

T. Lu, J.M. Shi, Z.B. Lin, Domain Decomposition Method—A New Technique for Numereical
Solution of Partial Differential Equations, Science Press, Beijing, 1992.

J.M. Wu, D.H. Yu, The natural integral equations of 3-D harmonic problems and their numerical
solutions, Math. Numer. Sinica, 20 (1998), 419-430.

J.C. Xu, S. Zhang, Preconditioning the Poincaré-Steklov operator by using Green’s function, Math.
Comp., 66 (1997), 125-138.

D.H. Yu, A direct and natural coupling of BEM and FEM, Boundary Elements XIII, Computational
Mechanics Publications, Southampton, 1991, 995-1004.

D.H. Yu, Mathematical Theory of Natural Boundary Element Method, Science Press, Beijing, 1993.
D.H. Yu, The numerical computation of hypersingular integrals and its application in BEM, Ad-
vances in Engineering Software, 18 (1993), 103-109.

D.H. Yu, Natural boundary element method and adaptive boundary element method—some new
developments in boundary element methods in China, Contemp. Math., 163 (1994), 185-204.
D.H. Yu, A domain decomposition method based on the natural boundary reduction over un-
bounded domain, Math. Numer. Sinica, 16 (1994), 448-459; translation in Chinese J. Numer.
Math. & Appl., 17:1 (1995), 95-105.

D.H. Yu, A disretization of a nonoverlapping domain decomposition method for unbounded domains
and its convergence, Math. Numer. Sinica, 18 (1996), 328-336; translation in Chinese J. Numer.
Math. & Appl., 18:4 (1996), 93-102.

J.L. Zhu, Boundary Element Analysis for Elliptic Boundary Value Problems, Science Press, Beijing,
1991.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


