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Abstract
In this paper, we have constructed a high accurate difference scheme based on the ENN

scheme [1]. The new scheme has 5th-order accuracy in smooth regions and can keep the
essencially non-oscillatory property.
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1. Introduction

In the paper [1] , where Zhang Hanxin et al. presented the nonoscillatory 3rd-order ENN
difference scheme. The idea of ENN scheme is to compare the 1st-order difference and 2nd-order
difference to attain 3rd-order accurate scheme and to avoid spurious oscillations near shocks.
However the ENN scheme has certain drawbacks. One problem is only 3rd-order accuracy
even in the very smooth regions. Another is to use a lot of logical statements which affect the
convergence rate and the efficiency of parallel computing.

Recently, G.-S. Jiang and C.-W. Shu developed a 5th-order weighted ENO scheme [2] based
on the third-order accurate difference scheme in the flux form. We found that the third-order
accurate ENO scheme given in [2] with r=3 is the same as the ENN scheme without the limiters.
Naturally, the ENN scheme would be expanded to 5th-order accurate scheme by using the idea
of deriving the 5th-order WENO difference scheme.

In this paper, we have constructed the higher accuracy difference scheme based on the ENN
scheme. The new scheme has 5th-order accuracy in smooth regions and can keep the essencially
non-oscillatory property.

We tested the new scheme’s accuracy by using a linear initial problem and tested its non-
oscillatory property by using a nonlinear initial problem. At last, we applied the new scheme
to compute the problem of shock-boundary-layer interaction. Numerical results showed that
the new scheme is efficient.

2. ENN Scheme and Several High Order Accuracy Central Schemes
Consider a scalar conservative hyperbolic equation

Ou . Of(u)

ot or

=0 (1)
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where f is a flux function and can be splitted into two parts, i.e. f(u) = f*(u) + f~(u) and
dft(u)/du > 0 and df (u)/du < 0. In this paper we define f*(u) = £(f(u) £ au) and
a = maz|f'(u)| for one-dimensional equation. The semi-discrete conservative difference scheme
can be written as follows

du; n (hjry —hjg)

dt Az
where the numerical flux h; 1 = hj++l +ho.
2 2
(1) The ENN scheme]1]

=0 2)

o RNy~ sms(DF. DR T | AL ISTAST | (3)
i+3 f;r + %Af;i% + %ms(D;f,Djtl) if | Af;;% |>] Afjt% | (4)
b - fjiH - lAf7 + mS(D;.l:D;.g_Q) if | Af];% |<| Afj;% | (5)
J+3 fi - iIA ];1 - EMS(D ,Diy) if Af;r% |>] Afj;% | (6)
where Dj = Af; 1 — Af;_1 and the ms(a,b) is defined below
_Ja Jal<|0]
ms(a,b)—{ b lal>|b (7)
(2) 4th-order accurate central schemes [3]
1 1 1
+ + +
j+1 =f; + 5 fj_,_l - 2Dj - ED']'+1 (8)
1 1
+ et + + +
=i+ §Afj,% + ZDJ' + ﬁDf—l 9)
- _ 1 1 1
hj+%:fj+1—2Af 3+4Dj+1-l-12DJJrz (10)
_ _ 1, ., _ 1
hj+% =fim— §Afj+% Dﬁ_1 12Dj (11)

(3) 5-order accurate central scheme

3 1 1 1 2 1 1 1
-‘r - + oDt _ - nt “ - + -t — D+
Wy =I5+ x GASLy — D7 — i) 5 x GAST + DT + 5D (1)
B 2 1 1 3 1. 1.1
hﬂ_% = fj+1+5 X( Af j+3 +4Dj+1+ 12D]+2) 3 x (_§Afj+% - 12Dj+1 12Dj ) (13)

3. Numerical Method

For simplicity, we show only the positive part of the splitted flux, and the negative part of
the splitted flux are symmetric with respect to z; 41

From above equations, it can be seen that the combinal coefficients in (8) from (3) are
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and in (12) from (8) & (9),the coefficients are

2

3
Ch —3702— 5

(1) 4th-order weighted scheme
First, we weight (3) to obtain two 4th-order accurate numerical fluxes:

1

—_

hﬁ% =f+ iA ji% — é(waj +wyDf) (14)
h2+ —f++lAf+ +1( +D++ +pt ) (15)
iy T TR iy T W TR Y
where
a Q Q a
wf: ! ,wj: 2 ,w;r: 3 ,w4+: 4
a1 + Qaa a1 + Qo a3 + Qg a3 + Qy
ok Ci C? C?
ay] = L , Qg = 2 , (X3 = ! 7054:727 (16)
(5+W1) (5+W2) (8+W3) (8+W4)

Based on the idea of the ENN scheme, we can obtain the 4th-order non-oscillatory scheme:

fF+3Af5 - 2w D} +wiD},)

J+% 6 j+1
: + +
i+ =
i+3 i+ iAfjt% +5(wy D +wiDf )

if AL, PIALE, |

Through theoretical analysis and numerical result, the scheme (17) is 4th-order accurate in
smooth regions, but only 3th-order in critical points.

The variables Wi (k = 1, ...,4) will be discussed in section 4.

(2) 5th-order weighted scheme

We suppose that (14) and (15) are two 4th-order numerical fluxes, then we construct the
Sth-order accurate scheme as follows:

h+

— OQFplt +p2+
i+l =] hj+%+Q2 hj+% (18)

where 3 3
QF = 1 O = 2 ,
B+ B 2 B+ B2
Ci 4, = Cs
+wWhH'™? ™ Ee+w2)y

The variables WX (k = 1,2) will be discussed in section 4.

P =

4. The Relation between the Weighted Functions and the Accuracy
of Scheme

To achieve essentially non-oscillatory property, we require the scheme (18) approachs to the
scheme (17) near shocks, on the other hand, we requre the scheme (18) approachs to 5th-order
accurate scheme (12) in smooth regions. Therefore, the weights must assure that only one flux
is played into in discontinuous regions, and all fluxes go into effect in smooth regions.
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We suppose h ! i and h]’ , are two nth-order accurate flux functions, hn+ is a (n+1)th

order accurate ﬂux functlon which is expressed through the following relatlon

i Clh;.‘f% + Cyh™?

]+1 +1701702>0701+C2:17

where, we require wy,ws > 0,w; +ws =1, and
2
S ey =+ Z Cmy, — ) (20)
If w; satisfies
w; = C; + O(h) (21)

then the convex combination Z _ wzhrz’: , is the (n+1)th order accurate flux function. Of
2

course, if w; = C; + O(h'), 1 > 1,the scheme is more approximate to the (n+1)th order scheme.
In the paper [2], authors presented a smoothness measurement :

Isk_Z/’+2h2l1 N2dz k= 0,..,r — 1 (22)

j—31
2

where g () is the interpolation polynomial on the stencil (z;4r—r+1, ...,:UH,C),q,(cl) is the [t?
derivative of g (x).
For r=3, the (22) gives

ISy = %(f] 2_2fj 1+f]) %(f] 2—4f] 1+3f])
15 —%(fj 1= 2f;+ =1 ) %(f; 1 _.f]+1) (23)

1Sy = 3(f; — 2fj41 + fiz2)® + 1Bf5 — 4fjr1 + fi2)?

In smooth regions, Taylor expansions of (23) give, respectively

" "

ISy =8(f ' = f'h*)2 +22f h—2f 1) + O(h°)

"

ISlz—g(f h?)? + i(2f h+1f h%)?+O0(h8) (24)

" "

ISy = B(f W+ fh%)2 + 12 h = 5" h®)? + O(hY)
If f #0, then
IS, = (f h)* (1 +O(h%)),k =0,1,2. (25)
When f = 0, then
1S, = %f”fﬁ)%l +O0(h), k=0,1,2 (26)
Therefore, in (16), we take
Wy =181, Wy = ISy, Ws =18, Wy = IS, (27)

and in (19), we take
Wi =18, W2=1IS, (28)

these variables will satisfy condition (21).
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In other way, we can find new weight functions through the linear extrapolating by using
the 1st-order differences AfJ;% , AfJ;% , andAfjJr% , AfH% e in (19) take

1 . . 1 .
Wi = SGBAff, — AL R WE = SBALE, - AfF ) (29)

In smooth regions, Taylor expansions of (29) give
/ 1 .
Wi = (f b= o f° + O(h))?

] 1

WE = (f'h—5f"h® + O(h"))* (30)
If f* # 0, then
WE = (f)2h3(1 + O(h?)),k = 0,1, (31)
When f =0, then
W= 1R+ O), k= 0,1 (32)

So they can also satisfy the condition (21) and have the same accuracy.
Variable ¢ is a positive real number which is introduced to avoid the denominator to become
zero, in this paper, ¢ = 1076,

5. Numerical Examples
(1) the linear initial problem
ug+uy; =0,-1<x <1

u(z,0) = up(z) periodic. (33)

In Table 1, we show the errors of these schemes at t=1 for the initial condition wug(x) =
sin(mx).

In Table 2, we show the errors of these schemes at t=1 for the initial condition wug(z) =
sin(mz).

(2) the nonlinear initial problem

2

ou (%)
— = <zr<?2
i + 97 0, 0<ax<2m
u(z,0) = 0.3 + 0.7sinz, 0<z<2r (34)

The numerical results can be seen in fig. 1 with N=40 and fig. 2 with N=80 for ¢t = 2.

(3) the nonlinear Burgers equation

ou ou_ 1o
ot Ox  Re 0z (35)
u(=1,t) =1,u(1,t) = 1,u(z,0) =0, -1 <z < 1.

We computed the steady solution of (35) with Re = 1000, in Table 3, given the convergent
times and errors of several schemes, where convergent criterion is:

1
WEHIU"“ —u?|/At < 0.5%x 1073

i
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Table 1: Accuracy on u¢ + u, = 0, with ug(z) = sin(wx).

Method N Lo.error L order Lierror Liorder
ENN 10 6.048e-2 — 3.753e-2 —
20 8.606e-3 2.813 4.917e-3 2.932
40 1.076e-3 3.000 6.307e-4 2.963
80 1.353e-4 2.991 7.977e-5 2.983
160 1.690e-5 3.001 1.003e-5 2.992
320 2.094e-6 3.013 1.258e-6 2.995
WENN-5 10 1.763e-2 — 1.005e-2 —
20 8.908e-4 4.307 4.323e-4 4.539
40 2.711e-5 5.038 1.283e-5 5.074
80 8.733e-7 4.956 3.950e-7 5.022
160 2.549¢-8 5.099 1.238e-8 4.996
320 7.270e-10 5.132 3.872e-10 4.998
WENO-5 10 2.958e-2 — 1.591e-2 —
20 1.455e-3 4.345 7.388e-4 4.429
40 4.591e-5 4.986 2.221e-5 5.056
80 1.475e-6 4.960 6.904e-7 5.008
160 4.359e-8 5.081 2.166e-8 4.994
320 1.277e-9 5.093 6.774e-10 4.998
Table 2: Accuracy on u; + u, = 0, with ug(z) = sin'(rz).
Method N Lerror Lo,order Lierror Lyorder
ENN 10 3.511e-1 — 2.464e-1 —
20 7.458e-2 2.235 3.821e-2 2.689
40 3.429e-2 1.121 1.454e-2 1.394
80 7.545e-3 2.184 2.969¢-3 2.292
160 1.410e-3 2.420 4.424e-4 2.747
320 3.351e-4 2.073 8.270e-5 2.419
WENN-5 10 2.823e-1 — 1.801e-1 —
20 8.042¢-2 1.812 4.159e-2 2.115
40 5.836e-3 3.785 2.529¢-3 4.040
80 7.861e-4 2.892 2.627e-4 3.267
160 3.260e-5 4.592 7.756e-6 5.082
320 8.444e-7 5.271 2.055e-7 5.238
WENO-5 10 3.341e-1 — 2.100e-1 —
20 1.070e-1 1.643 4.896e-2 2.101
40 8.903e-3 3.587 3.635e-3 3.752
80 1.699¢e-3 2.390 4.777e-4 2.928
160 6.813e-5 4.640 1.482e-5 5.011
320 1.760e-6 5.274 3.863e-7 5.261
Table 3: Comparasion of convergence and error on u; + uu, = %%, with Re = 1000.
Method N Convergent Times Lerror Lerror
ENN 40 440 1.124e-2 5.673e-4
80 843 2.219e-2 5.671e-4
WENN-5 40 436 1.073e-2 5.405e-4
80 837 2.073e-2 5.302¢-4
WENO-5 40 440 1.112e-2 5.623e-4
80 842 2.211e-2 5.665e-4




A Fifth-Order Accurate Weighted ENN Difference Scheme and Its Applications 537

(4) Shock-boundary layer interaction
The time-dependent two-dimensional Navier-Stokes equations in Cartesian coordinates have

as follows:
ou oF 0G OF, 0G,

ot =+
ot  Ox 0Oy ox Jdy
where U is a vector of the conserved variables, F and G are the inviscid fluxes, Fv and Gv
are the viscous fluxes.

(35)

U= (pa puapvapet)T

F = (pu, pu® + p, puv, (pe; + p)u)”
G = (pv, puv, pv* + p, (per + p)v)”
F, = (OaTww7Tl‘y7UT1:.1: + Uy + qz)T
Gy = (0, Tuy, Tyy, UTuy + 0Ty + qy) 7

€t =e+ §(U2+U2)

The shear stresses have the form

2
Tye = L =(2uy —vy)
Rﬁoo 3
Ty = *(uy + vz)
REOO 2
m
= -2 (20, — uy
Tyy Row 3( Uy — Ug)
The heat fluxes are u

%= Reo(y — )MZLP,

=

= - T,
“ = Ry —1)MZLDP, Y

The equation of state is

M2 P
T =1
p
The coefficient of viscosity u is given by Sutherland$ formula:
s 1+C 110.4
= TE =
a T+0Y T T

where Pr is the Prandtl number, M, ,—the Mach number and R..,—the Reynolds number. In
this computation, we introduced a coordinate transformation as follows to satisfy a sufficient
number of points within the viscous layer.

E=x
S e & 4 TR (36)
8—1

In this paper, the explicit-implicit method [5] is adopted, i.e. the explicit method is applied
in &-direction and the implicit method is applied in n-direction.
Computational parameters are
My = 2.0, Rese = 2.96 x 10°, T, = 293K
B =1.002,h=0.1215,y = 1.4, Pr = 0.72

Following [4], computational domain is choosen to be 0 < z < 0.32,0 < y < 0.1215, the
reference length L = 0.16, the impinging shock angle is § = 32.585°.

Fig.3-fig.6 give the results by using ENN and WENN_5 schemes , fig.3 shows the distribu-
tions of pressure and fig.4 shows the distributions of the skin friction coefficient on the wall
with 33 x 33 gridpoints, fig.5 and fig.6 with 65 x 65 gridpoints.
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4 1.45
WENN_5 ——
3.5 —_—— g 1.4
axperiments =
3 1.35
4% 1.3
2 1.25
_g 15 1.2
G R
1 . 1.18
05 -I//—"‘ 5
o 1.05
ool w .
st

02 04 06 0.8 1

Fig.5 Skin friction distributions on plate Fig. 6 Pressure distributions on plate

Comparision of the ENN and WENN_5 schemes for shock-boundary layer interaction(65X65)

References

[1] Zhang Hanxin et al., Some important problems for high order accurate difference scheme solving
gas dynamic equations, ACTA Aerodynamica Sinica, 11:4 (1993), 347-356.

[2] Guang-Shan Jiang, Chi-Wang Shu, Efficient implementation of weighted ENO schemes, J. Comp.
phys., 126:1 (1996), 202-228.

[3] Wang Ruquan , Liu Weiguo, Shen Yiging, A hybrid high accuracy difference scheme and its
applications, Communications in Nonlinear Science € Numerical Simulation, 2:1 (1997), 36-39.

[4] Z. Wang, B.E. Richards, High resolution schemes for steady flow computation, J. Comp. Phys.,
97 (1991), 53-72.

[6] Yang Dinghui, Comparision study of numerical viscosities of different TVD scheme, M.S. Thesis,
The Computing Center, Academia Sinica, 1993.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


