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Abstract

In this paper, we establish a quasi-Newton method for solving the KKT system
arising from variational inequalities. The subproblems of the proposed method
are lower-dimensional mixed linear complementarity problems. A suitable line
search is introduced. We show that under suitable conditions, the proposed method
converges globally and superlinearly.
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1. Introduction

We are concerned with the following variational inequality problem of finding an
z € X such that

(y—=z)"f(z) 20, VyeX, (1.1)

where f : R" — R" is assumed to be a continuously differentiable function, and X C R"
is specified by

X={reR":¢i(x) <0,i=1,2,...,m; hj(x)=0,7=1,2,...,1}, (2.2)

where g; : R" — R and h; : R" — R are twice continuously differentiable functions.
The variational inequality (1.1) is denoted by VI(X, f). An important special case of
VI(X, f) is the so-called nonlinear complementarity problem (NCP(f)) with X = R"! =
{z € R™ |z > 0}. Variational inequality and nonlinear complementarity problems have
attracted many people’s attention because of their wide practice background. We refer
to [5] for a review on it.

Originated by Josephy [7, 8], quasi-Newton methods are now an important class
of iterative methods for solving VI(X, f) and NCP(f), and have attracted of many
veseachers (see [2, 5, 6, 7, 8, 10, 13, 16, 18] etc.).

One kind of quasi-Newton methods is the linearized quasi-Newton methods where
the VI(X, f) and NCP(f) are approximated successively by a sequence of linear prob-
lems VI(X, f¥) and NCP(f¥) (e.g., see [8] and [13]), where

() = f(ax) + Bilz — mp),
* Received September 16, 1996.
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and By, is an n X n matrix. Another kind of quasi-Newton methods is established based
on equivalent nonsmooth equations of VI(X, f) and NCP(f) (e.g., see [2, 6, 16]). The
local convergence properties of these quasi-Newton methods are very similar to those
of quasi-Newton methods for smooth equations and optimizations. In particular, they
converge superlinearly. However, so far the studies for quasi-Newton methods focused
on their local behavior. This paper devotes to develop a globally convergent quasi-
Newton method. To do this, we simply review the related globally convergent Newton
methods for solving VI(X, f).

The globally convergent Newton methods have developed vary fast in the past two
decades. Using appropriate reformulations, there have been established various kinds of
damped Newton methods (e.g., see [11, 12, 15, 17]). The ideas of Newton methods for
solving smooth equations and mathematical programming were applied to solve varia-
tional inequalities successfully. Basically, in these methods, Armijo-type line search
was used. Under suitable conditions, these methods converge globally and super-
linearly /quadratically. For quasi-Newton methods, however, Armijo-type line search
seems inappropriate because its implementation relies on the calculation of V f(x).
Therefore, to establish globally convergent quasi-Newton methods, it seems necessary
to adopt new line search technique. In [18], on the basis of the derivative-free line search
given by Griewank [4] on quasi-Newton methods for smooth equations, a derivative-
free line search was proposed, and a quasi-Newton method for solving NCP(f) was
proposed. Under certain conditions, the method converges globally and superlinearly.
This line search was further studied in [10]. In this paper, we adopt the same line
search to establish a Broyden-like method for solving VI(X, f). Under suitable condi-
tions, we prove its global and superlinear convergence. The method in this paper is
quite different from the ones in [10] and [18]. The advantages of method in this paper
are: first, the method is suitable to solving general variational inequality problems.
Second, the subproblem is a lower-dimensional mixed linear complementarity problem.
Moreover, as we will show in section 4, the method converges superlinearly without
strict complementarity assumption.

The organization of the paper is as follows. In the next section, we do some prelim-
inaries, and describe the method. In section 3 and 4, we prove global and superlinear
convergence of the proposed method.

2. Preliminaries

In this section, we do some preliminaries. We first introduce the Karush-Kuhn-
Tucker system for VI(X, f). It is well-known ( e.g., see [5] or [12]) that if  is a solution
of VI(X, f) and a suitable constraint qualification is satisfied at x, then there exist
multiplier vectors u € R™ and v € R’ such that the following mixed complementarity
conditions are satisfied:

f(z) + Vg(z)u+ Vh(z)v = 0,
u>0, g(z)<0 and ulg(z)=0, (2.1)
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where g(z) = (g91(x), g2(x), ..., gm(x))T and h(z) = (hi(z), ha(z),..., h(z))T. A triple
z = (r,u,v) € R"T™*H satisfying system (2.1) is called a Karush-Kuhn-Tucker vector
of VI(X, f). If f is the gradient mapping of some function F' : R"™ — R, then (2.1) is
just the KKT system of the constrained optimization problem

in F'(z).
)

Define function H : R*tm+l 5 Rrtm+ti by
f(x) 4+ Vg(z)u+ Vh(z)v
H(z) = min(u, —g(z)) , (2.2)
—h(z)

where z = (z,u,v) € R*™*!. Then the KKT system (2.1) can be represented com-
pactly as the following system of nonlinear equations

H(z) = 0. (2.3)

The function H is generally not differentiable in the sense of Frechét derivative but di-
rectionally differentiable. The directional derivative of H at z = (x, u,v) along direction
d = (y,p,v) is given by (see [11])

VL(z)'d
(=Vgi(@)"Y)ica(z)
H'(z,d) = (min(,ui,—Vgi(x)Ty))ieg(z) )
(Ki)iery (2)
—Vh(z)"y

where L : R**™+! 5 R™ is given by
L(z) = f(z) + Vg(z)u + Vh(z)v
and a(z), B(2) and ~(z) are index sets defined by
a(z) ={itu > —gi(z)}, Bz)={i:ui=—g2)}, ()={iw<-g)}

Based on the equivalent nonsmooth equation (2.3), there have developed many
globally convergent Newton methods. We will establish a quasi-Newton method on the
basis of the damped Newton methods in [11] and [12]. To do so, let us simply review
the related damped Newton method in [11] and [12].

In the method proposed in [11], the subproblem is the following equation

H(Z") + H'(zF,d") = 0. (2.4)

Though equation (2.4) is a nonlinear, it is equivalent to a lower-dimensional mixed
linear complementarity problem (see [11]). Moreover, the direction dj generated by
(2.4) is a descent directional of the norm function

0(z) = %H(z)TH(Z) = %(IIL(Z)II2 + [ min(u, —g(2))[I* + [|A(2)]*),
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here and throughout the paper, || - || denotes the Euclidean norm of vectors. With
Armijo-type line search, the damped Newton method converges globally if there is an
accumulation point z* of {z*} at which H is strongly F-differentiable (see [11]). In
[12], a modified method was proposed. The modified method retains global conver-
gence without the strong F-differentiability assumption. In the modified method, the
subproblem is still a lower-dimensional mixed linear complementarity problem but a
little different from the one in [11].

A natural idea to establish quasi-Newton methods is to use the following linear
equation as an approximation of (2.4)

H(Z*) + BpdF = 0.

The related work can be seen in [2, 6, 16] etc.. Local superlinear convergence of these
related methods was proved. Our consideration is different from above work. We es-
tablish a quasi-Newton method where the subproblem is an affine variational inequality
problem. The KKT system of the subproblem is still a lower-dimensional mixed linear
complementarity problem. To do so, define index sets
a_(z)={i:0>u; > —gi(z)}, ~v-(2) ={i:u; < —gi(z) <0},
a(z) = a(z)\a-(2), B(z) =PB(z)Ua_(2) Uy-(2), 7(2) =7(2)\7-(2).
Let
fF) = f(z") + By(z — o) (2.5)
and X* C R™ be the polyhedral set defined by the linear system
ga(2®) + Vga(zF) T (z — 2F) = 0,
95(a*) + Vgz(z")" (z - a*) <0,
h(z*) + Vh(aF)T (z — 2%) =0,
here @, and 5 denote a(z¥), B(z*) and 7(2*), respectively.
Let (a’:k,ﬁ’g,ﬁ%,ﬁk) be a KKT point for VI(X*, f*) and al_j = 0. We determine the
direction d* = (y*, u¥, %) by
yP =k -k pF=ak -k, =k ok (2.6)

It is not difficult to see that d* satisfies the following lower-dimensional mixed linear
complementarity problem

( L(z%) + Bry* + Vg(a*)uk + Vh(zF)k =0,
9a(2*) + Vga(z*)Ty* = 0,

min(uf + p§, —gz(z*) — Vgg(a*)"y*) =0, (2.7)
k k _
uy +py =0,

h(z*) + Vh(zF)Ty* = 0.

\

If in (2.7), By is replaced by V,L(z*)T, then (2.7) reduces the subproblem of the
damped Newton method in [12].
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We have established the subproblem of the quasi-Newton method. An important
task is then to allocate a suitable line search. Since in quasi-Newton methods, the
calculation of V,L(z) should be avoided, it is necessary to adopt a derivative-free line
search. In this paper, we use the derivative-free line search proposed in [10], which is
motivated from [4]. Given a positive sequence {0y} satisfying

i op <o < 00. (2.8)
k=0
Define
H()T (H(2%) — H(z* + M%) + Sop | H (=)
max{ || H (zF) — H (2% + Xd#)||2, min([| |2, 3]|H (2%)]2)}

qr(\) =

Then it is clear that )\lim+ qr(\) = +oo, because as A — 0T, the numerator of g(\)
—0

goes to a positive constant o || H(2¥)|| but the denominator goes to 0. Consequently
for a constant € > 0, the following inequality is satisfied for all small positive Ag:

1
qk()\k) Z 5 + €. (2.10)
Now, we state the steps of our quasi-Newton method.

Algorithm 1

Choose p € (0,1),e € (0, %), initial vector 20 = (2°,u%,v%) € R*™*! and initial
matrix By € R™ ™. Set k := 0.

Step 1. If §(z*) = 0, stop. Otherwise, solve (2.7) and let d* = (y*, u¥, v%).

Step 2. Determine \; = p'*, where i, is the smallest nonnegative integer i such
that (2.10) holds for Ay = p’.

Step 3. Set zFtl = 2k 4 A\, dF.

Step 4. Update By to get Biy1 by Biy1 = Bx + ABy, where

0, if s¥ =0,
AB, — B Ey( k\T
k (T 31%7'2)(8 ) ifsk 2o,
where rj, = L(z**1, uk, o%) — L(2F, u¥, vF), sF = 2kl — gk,
Step 5. Replace k& by £+ 1 and go to Step 1.

s

3. Global Convergence

In this section, we prove global convergence of Algorithm 1. Similar to [12], through-
out this section and next section, we make the following blanket assumption:
Assumption AO. each subproblem VI(X*, f*) has at least one solution.

Lemma 3.1. For all k, we have either
(1 + Uk)ek — 9k+1 Z 6||Zk+1 — Zk“2 (3.1)

or
4
Or+1 < (14 0% — 56)919 (3.2)
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where O = 0(zF). Moreover, we have 0y < €8y and {0} converges.

Proof.  The inequalities (3.1) and (3.2) are straightforward from the definition
of gx(\) and the fact that 2gx(A\x) — 1 > 2e. Moreover, (3.1) and (3.2) imply that
(1+ 0k)0; — Ok41 > 0 holds for all k. Since oy, satisfies (2.8), we get the convergence of
f) from Lemma 3.3 of [3]. O

Define

Ny = {K|(1+ 0)0% — 81 > ellF+1 — 2)2)

and

4
Ny = {k|Ok+1 < (1 + 05 — ge)ek}-

Then, it is not difficult to show from Lemma 3.1 that

Lemma 3.2. Let {z¥} be generated by Algorithm 1.
(1) If Ny is finite, then

oo
Z |25 — 29|12 < 0. (3.3)
k=0

(2) If Ny is infinite, then {0y} converges to 0. Moreover, any accumulation point
of {zF} is a KKT point for VI(X, f).
Define index sets
at(z) ={i:u; > —gi(z) and u; > 0},
ag(z) = {i: u; > —gi(x) and u; = 0},
V+(2) = {i 1 u; < —gi(z) and gi(z) < 0},
Y0(2) = {i : u; < —gi(z) and g;(z) = 0},

and matrix A(z) and vector C(z)

VoL(2)" Ve, () Vh(z) V5 ()
A(2) = | =Vga,((x)" 0 0 |, Clo)= 0 ;
~Vh(z)T 0 0 0

where ((z) = (2) U ag(2) U (2)
The following regular definition comes from [12].

Definition 3.1. Let z = (x,u,v) be an arbitrary vector. We say that H defined by
(2.2) is regular at z if
(1) the matriz A(z) is nonsingular, and
(2) the matriz
B(z) = C(2)TA(z) 10(2)

1s a P-matriz.
If H is reqular at z, we say that z is a reqular point of H.
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We introduce two useful lemmas (see [12]).

Lemma 3.3. Suppoge that z* is a reqular point of H. Then there exists o unique
KKT point for VI(X*, f¥), where f*(z) = f(2F) + V L(zF)T (z — z¥).

Lemma 3.4. Let z = (x,u,v) be a reqular point of H. Then, there ezists a neigh-
bourhood U(z) of z such that every vector in U(z) is also reqular. Moreover, when z*
runs over U(z), the solution set of Newton subproblem (i.e., (2.7) with By = V,L(z*)T)

15 bounded.

To analyze the global convergence of Algorithm 1, by Lemma 3.2, we only need to
give the global convergence when Ny is finite. To do so, we first take the following
assumption:

Assumption A. (1) The level set

Q={ze R"™|0(z) < e’}

is bounded.

(2) f is continuously differentiable, g;, ¢ = 1,2,...,m and hj, j = 1,2,...,1 are
twice continuously differentiable.

(3) V4L(z) is Lipschtiz continuous, i.e., there is a constant L > 0 such that

IVoL(z) = Vo L(2)|| < Lllz = #'lI,  Vz,2'.

In a similar way to the proof of Theorem 3.1 in [9], we get the following useful
lemma.

Lemma 3.5. Let Assumption A and (3.3) hold, then

' 1 -1
Jim > np=0 (3.4)
b k=0
where
0, if sk =0,
N = Ty — BkSk . k
B

In particular, there exists a subsequence {ny}rex converging to zero.

Since {zk}ke k C Q is bounded, there exists at least one accumulation point. We
now state the global convergence theorem of Algorithm 1 as follows.

Theorem 3.1. Let Assumption A hold and Ny be finite. Suppose that there exists
an accumulation point, z*, of {z*Yrek that is a regular point of H. Then z* is a
KKT point of VI(X, f). Moreover, any accumulation point of {z*} is a KKT point of
VIX,f).

Before proving Theorem 3.1, we first prove some lemmas.
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Lemma 3.6. Let the conditions of Theorem 3.1 hold. Then there exists o subse-
quence {z*}rer, of {Z¥}rer converging to z* such that the sequences {d*}rer, and
d
{m}kekl are bounded.

Proof. Assume that the subsequence {z*}rcr, of {#F}rerx converges to z*. Since
2* is a regular point, z* is also a regular point when k € K is sufficiently large, and
hence the KKT system of VI(X*, f’“) has a unique solution. Let d¥ = (y*, u¥, %) be a
solution of (2.7) and d*¥ = (3%, ji¥, 7%) be the related Newton direction, i.e., the solution
of (2.7) where By, is replaced by V,L(z*)T.

Since z* is a regular point, by Lemma 3.4, {Jk}ke k, is bounded. Moreover, in a
similar way to the proof of Lemma, 3 in [12], we can deduce that {d* /|| H (z*)||}rex, is

bounded.

Let 28 = 2F + dF = (2%, @, %) and 2% = 2% + d¥ = (3%, 4", 4%), where uf = 4t =0.
Denote
V.L(ZM)T  Vga(zk) Vh(zF) Vgﬂ-(xk)
Ay = | ~Veal@®" 0 0 |, C(F) = 0 :
~Vh(z*)T 0 0 0
(=) g y*
p(*) = | —galab) |, @ = | @k [, o* =|ak
(") o+ o+
and

Then by (2.7), (ﬂ%,wk) and (a%,u_)k) satisfy
p(2*) + A(ZF)w* + C (2 )uf = 0, pi(2*) + A(M)a* + C(2F)af =0,
_ d _
min{ﬂ%, —gB(xk) —CEMTary =0 min{a%, —gB(xk) —-CEMTa*} =0

®

So, by Proposition 2 in [11], there exists a constant L; > 0 such that Yk € K; sufficiently
large,
Id* —d"|l = |1z" = 2| = || @@, @*) - (af, @)
< Liflpa(z%) = p(z")|l = Lil(VoL(z")T = Be)y"|. (3.5)
Let K) = Ky U K3, where Ky = {k € K |s* = 0} and K3 = {k € K |s" # 0}.
Notice that s* = Ay, it follows from (3.5) that d* = d* for each k € K,. Consequently,

{dk}keK2 and {dk/HH(zk)H}keK2 are bounded.
Consider k£ € K3. Denote

A

1
Apiq = /0 Vo L(zF +ts*,ub v*) T dt.
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Then by the mean value theorem, r, = A;,1s*. Moreover, by Lipschitz continuity of
V.L(z), we have
[Ak+1 = Vo L(z5)" || < L)l = 2" (3.6)
It then follows that for any k € K3
(V2L ()" = B)y*(I/ 11" IVoL(z")" = Al + 1(Aks1 = Bo)y*(I/ 11"
LY|z**t — 2| + [y, — Bys™||/|1s" |
= L|a"t = a®| + (3.7)

<
<

where the last inequality follows from (3.6) and the fact that s* = A\py*. Taking limits
in both sides as k — oo with k& € K3, by means of (3.3) and Lemma 3.5, we get

. kNT _ k ki — : _
pei N(VaL()" = Boyll/lly*ll = lim o =0. (3-8)
Thus by (3.5) and (3.8), we get that {d*}rcx, and {d*/||H(2*)||}rex, are bounded.
The proof is then completed. |

Lemma 3.7. Let the conditions of Lemma 3.6 hold. Suppose that {0} is a posi-
tive sequence satisfying that {0k }rex, converge to zero, where K is the set defined by
Lemma 3.6. Denote 2F = 2% + 6,.d* = (&%, 4%, 6F). Then we have

l]icminf H(M)T(H (%) — H(3%)) /6, > 20(2%) (3.9)
k€ RS

Proof. The assumption {0y }xcr, — 0 implies that {2¥}rcx, — 2*. Tt is then easy
to see that for all k € K sufficiently large

a(z*) C a(z") Na(zh), 7(z*) C v(z%) Ny(2*)

a (z) Ca (ZF)na (2F), v () Cy () F"Yf(é:k)a (3.10)
ai(2%) Cap () Mag(2h), 71 (2") C v (%) Ny (2)
Let 5
H(zMT(H(Z) - H(zF) = > T,
r=1
where
T, = L(z"MT(L(Z") - L(2Y)),
T, = Y gi(#")(gi(=") — gi(@")),
i€a(z*)
Ty = ) min(uf,—gi(z"))(min(uf, —gi(z")) — min(af, —gi(&*))),
i€B(z%)
D SR
i€y(2*)
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By means of (2.7), (3.10) and Lemma 2 in [12], we estimate T;, i = 1,2,4,5 as follows.
Ty = —L(zF)'VLE) (R - 28) +o(||2* — =)
= GpL() " (L(F) = (VoL (z5)" = Br)y®) + o(|l2" — 2*|l)
= GL(z")"L(z ) o[|12* = 2*])),

T = Z gi(z xk)T(xk_xk)+0(’|§3k_xk||)
ica(z*)
Y e al T ol - o)
i€a(z*)
> 6 Y (0 + oll2* — ¥,
i€a(z*)
Ty = =0 Y, uipf 20 Y (uf)?
i€vy(z*) i€y (z*)
l
Ty = =3 hi(@h)Vhy() @ - o) + (3" — ¥
7j=1

l

= 0k y_(hi(a®)? +o(||2" — *|),
=1
To estimate T3, let T3 = T + 17 + Ty, where

To = Y min(uf, —gi(«"))(min(uf, —g;(«*)) — min(af, —g:(2%))),

i€f4(2%)
T; = ) min(uf, —gi(«"))(min(uf, —gi(«*)) — min(af, —g:(&"))),
1€Bo (%)
Ty = ) min(uf,—g;(z"))(min(uf, —g;(z")) — min(af, —g:(&"))),
i€B_(z*)
with
Br(z%) = {i:ui=—gi(z") >0},
Bo(z") = {i:uj = —gi(z") =0},
B-(z") = {i:uj = —gi(z") <0}
For i € B4 (z*), it is clear that i € a(z*)uUp ( BYU7(2*) for all k € K sufficiently large.
So, we get

Ts >0 Y (min(uf, —gi(e¥)))* + o([|&* — «¥)).
i€84(2%)
For i € B_(2*), we have i € a_(2%) U B_(2F) Ury_(2¥) for all k € K sufficiently large.
So, we get
Ty >0 Y uf(=gi(a")) +o(|2" — ).
i€ (2%)
Finally, consider the term 7%. Noting that the function min(u, —g(z)) is Lipschitzian,
and that min(u¥, —g;(z¥)) approaches zero for i € By(z*), it is not difficult to deduce
lim 7T7/6, =0

k— oo
ke K,
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Summarizing the above expressions for the various 7 terms, we deduce

liminf H (") (H(Z*) — H(2%)) /8, > 20(z")
FERS

This completes the proof. a

Lemma 3.8. Let the conditions of Lemma 3.7 hold. Then

i [H(F) — HE) /5 = 0.
ke K1
Proof.  Let
1H () = H(Z")|? = ZET,
where
By = (L(z") = L") (L(z") — L(2%)),
By = Y (gi(a¥) - g:(@")?,
i€a(z*)
B3 = Y (min(uf,—gi(«")) — min(af, —g;i(2")))?,
i€B(2*)
E, = Z (ui'c_a?)zv
i€y(2*)
!
By = Y (hj(*) = hi(&"))?

j=1
In a similar way to the proof of Lemma 3.7, we can deduce that for all £ € K sufficiently
large

By = SLEMTLER) + ol — o)),
By = & Y (Vaia®)Ty")? +o(||z" — o)),
ica(z*)
Ey = 6 Y (u)? < Glld|P,
i€y(z*)
l
Es = &) (hi(z")* +o(|z2" —2*|).
7j=1

For the term Ej3, noting that the function min(u, —g(x)) is Lipschitzian, thus there
exists a constant Ly > 0 such that for all £ € K sufficiently large

Ej < L3||d* |6
The above analysis and Assumption A show that

Li E; /6, =0 ,=1,2,...,5.
k—)oé,rilEKl ’L/k ) ? ) 4y )

Thus, this completes the proof. a
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Now, we prove the global convergence of Algorithm 1.
Proof of Theorem 3.1. Set
L(2F) + V L(*)Ty* + Vg(2*
—ga(a*) = Vga(z

G, d¥) = min(uf + pf, —g5(a*) — Vgz(a®)"y (3.11)

~h(a*) = Vh(a®)Ty*
Then by (2.7) we get

IG(*, ") = (Vo L(z¥)" = Bi)y"|- (3.12)

By Lemma 3.6, {d"}rck, is bounded, without loss of generality, we may assume

that d* — d*(k € Ky, k — 00). It follows from (3.12) and (3.8) that

lim  G(2*,dF) =o0. (3.13)
keK,k—oo

Let \* = liminfge g, Ag. Then A* > 0. If A* > 0, then by (3.3), d* = 0. Therefore, from
(3.11) and (3.13), we have H(z*) = 0. If \* = 0, then {A;}reck, has a subsequence
converging to zero. Without loss of generality, we assume that {A;}rex, — 0. Set
0k = Ai/p for k € K;. Then by Step 2 of Algorithm 1, when k£ € K is sufficiently
large, 0) does not satisfy (2.10), that is, we have g (dx) < % + €, or equivalently,

H(MT(H(2") - H(z" + 6pd")) /0
< (% +e) max{0, | H (") — H(z" + 6,d)|?, 6,1 d" |} (3.14)

Therefore, it follows from Lemma 3.7 and Lemma 3.8 that #(z*) = 0. In other words, z*

is a KKT point of VI(X, f). Since 0(z*) converges by Lemma, 3.1, we assert that every

accumulation point of z* is a zero point of #, and hence a KKT point of VI(X, f). O
As a corollary of Lemma 3.6 and Theorem 3.1, we have

Corollary 3.1. Let the conditions of Lemma 3.6 hold. Then {d*}rcr, converges
to zero.

4. Superlinear Convergence

In this section, we prove the superlinear convergence of Algorithm 1. To do so, we
need the following assumption:

Assumption B. (1) The sequence {z*} generated by Algorithm 1 converges to
z* and H(z*) = 0.

(2) H is regular at z*.

Lemma 4.9. Let Assumption A and B hold. Then there exists o neighborhood
U(z*) of z* and positive constants C, < Cy such that for any z € U(z*),

Cillz = 2*[| < [[H(2)|| < Cellz - 27 (4.1)
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Proof. Since z* is a regular point of the function H(z), by Lemma 3.4, there exists
a neighborhood U(z*) of z* such that for any z € U(z*), z is also a regular point
of function H(z) and «a(z*) C a(z),v(z*) C y(z). By the mean-value theorem, there
exists a point Z = z* +t(z — z*), 0 < ¢t < 1 such that
L(z) = L(z")
(_gi(x) + gi(x*))ian(z)
— _ *) —
H(z) = H(z) - H(z") (ui — uf)ics(z)u(2)

—h(x) + h(z*)
ViL(Z) (z — %) + Vg(Z)(u — u*) + Vh(Z) (v — v*)
_VQa(z)([Z‘ T(u - U'*)a(z)
- * +o(lls — 2*l)e
(u = u") p(e)ur(2)
~Vh(@)! (v —v*)
A *
= P(2)w(z) +o(llz — z*||)e,
where e € R"t™*t! stands for the vector whose components are 1 and

V:z:L(g)T an(z) (53) Vh("i) Vgﬁ(z)ufy(z) (53)

v i) 0 0 0
P(Z) _ ga(z)( ) 7
~Vh(z)T 0 0 0
0 0 0 I5(z)00(2)
z—z*
wiz) = | o U{g(z)

(= u"))0n(2)

It is not difficult to see from the regularity that P(z) is uniformly nonsingular as z is
close to z* and hence P(z) ! is bounded in a neighbourhood of z*. (4.1) then follows
from the last equality. a

Lemma 4.10. Let Assumption A and B hold. Then
(1) we have

o
Z |28 — 2F)? < .
k=0

(2) For all k sufficiently large, we have
125 4 d® = 25| < M(ll2" = 2* ||+ (15" ]| + ) 1)), (4.2)
where M is a suitable positive constant.

Proof. The conclusion (1) can be obtained by Lemma 4.9 and the fact qx(Ag) >
% + €. We only need to prove the conclusion (2).
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Denote S* = {i : g;(z%) + Vg;(¥)Ty* = 0,7 € B(z¥)} and S*¥ = B(2*)\S*. Then
from (2.7), we have

L(2%) + Bry* + Vg(a*)u¥ + Vh(zF)vk =0,

gz(xk) + Vgi(xk)Tylg =0, 1€ d(zk) U Sk. (43)
h(z*) + Vh(z¥)Ty* =0, .
uf + pk =0, i € y(2%) U Sk,

Define matrices
P, = /01 VL(z" + 728 — 2*))Vdr, Qp = /01 Vs(aryusk (2" + r(zF — %)) dr
and .
Ry = /0 Vh(z* + (" — %)) dr.
Then by the mean value theorem, we have
L() = LN =L(z") = Pu(F=2"), gaaiyos (o) = Qu(aF—a"), h(a*) = Ri(ab—a").
It then follows from (4.3) that
Py(z% — 2*) + VL(zF)TdF — V,L(z5)Ty* + Bpy® = 0
Qr(z" — %) + Vgaug (a)TyF = 0,
0
0

(4.4)
Ry(a® — 2*) + VR(a")Ty" = 0,
(w4 1 —u)yog = O,
where &* = a(2*) and ¥¥ = 5(z¥). (4.4) can be rewritten as
VL(Z’“)T(Z +d"—2") = (VoL(zF)" = Br)y* + (VL(M)" = Pp) (" — 2%),
Vgarusk (@) (@ +yF —2*) = (Vgarusr ()" - Qr)(@* —z7),
Vi) (@* +y* —2*) = (Vh(z") - Rp)(a" - 2%)
(uF + pF —u*) e = 0.
(4.5)
Denote
VaL(zM)" Vgarose(a®) VAEF) Vg e (a¥)
Vgaus (24)" 0 0 0
| VRENT 0 0 0
0 0 0 Iskigw
and
(VoL(z*)T = B)y* + (VL(F)" = Pp) (2% — 2%),
. (Vgarugs (#")T = Qp) (2" — z%),
k =

(VI(z*) = Ry)(a® — a¥)

O5kugh-



Broyden’s Method for Solving Variational Inequalities with Global and Superlinear Convergence 303

Then (4.5) is represented as a compact form
$k + yk — ¥
(u¥ + b — w) ghusk
oF vk — o
(u* + pb - U) kgH

Uy = t. (4.6)

Moreover, by means of the Lipschitz continuity of V,L(z), the twice differentiability of
g and h, it is not difficult to deduce that there is a positive constant M; such that

ltell < My(ll2* =21 + [Is" ]l + ) lla®]. (4.7)

By the regularity and the assumption that z¥ — 2*, we claim that when £ is sufficiently
large, U, ! exits and is bounded. Therefore, we get (4.2) from (4.6) and (4.7). O

Lemma 4.11. Let Assumption A and B hold. Then there exists a positive constant
71 < 1 such that when n, <17 and k is sufficiently large, A\, = 1.

Proof. From Lemma 3.6, Lemma 4.9 and Lemma 4.10, there exists a constant
C > 0 such that for all k sufficiently large
1H (* + d°)|| < Call2* + d* — 27| CoM (|12 = 2| + ||| + ) 1"
CM(|2" = 2| + lIs* [l +me) | (),

k

<
<

— z* and s¥ = 0as k — oo,
the last inequality shows that there exists a positive constant 77 < 1 such that when
e < 1 and k is sufficiently large

where the last inequality follows from Lemma 3.6. Since z

1
1 (2% +d)|| < S |1H ()]

It is not difficult to verify that for these k, gx(1) > % + €, This means A\; = 1. O
In a similar way to Theorem 4.4 in [10], we can prove the superlinear convergence
of Algorithm 1.

Theorem 4.2. Let Assumption A and B hold. Then we have

o0
Z |2FFE — 2¥)| < 0.
k=0

Moreover, {z*} converges superlinearly.

Acknowledgment. The authors would like to thank Professor Shu-zi Zhou for his
guidance about the paper. We also thank the two anonymous referees for their helpful
comments which improved the presentation of this paper.

References

[1] C.G. Broyden, A class of methods for solving nonlinear simultaneous equations, Mathe-
matics of Computation 19(1965) 577-593.



304 Y.F. YANG AND D.H. LI

[2] X. Chen and L. Qi, A parameterized Newton method and a quasi-Newton method for
solving nonsmooth equations, Computational Optimization and Applications, 3(1994), 157-
179.

[3] J.E. Dennis, Jr and J.J. Moré, A characterization of superlinear convergence and its ap-
plication to quasi-Newton methods, Mathematics of Computation 28(1974) 549-560.

[4] A. Griewank, The ‘global’ convergence of Broyden-like methods with a suitable line search,
Journal of Australia Mathematical Society, Ser. B 28(1986) 75-92.

[5] P. T. Harker and J. S. Pang, Finite-dimensional variational inequality and nonlinear com-
plementarity problems: a survey of theory, algorithms and applications, Mathematical
Programming 48(1990) 161-220.

[6] C.M. Ip and J. Kyparisis, Local convergence of quasi-Newton methods for B-differentiable
equations, Mathematical Programming 56(1992) 71-89.

[7] N.H. Josephy, Newton’s method for generalized equations, Technical Report 1965, Math-
ematical Research Center, University of Wisconsin, Madison, 1979.

[8] N.H. Josephy, Quasi-Newton methods for generalized equations, Technical Report 1966,
Mathematical Research Center, University of Wisconsin, Madison, 1979.

[9] D. H. Li, Global convergence of nonsingular Broyden’s methods for unconstrained opti-
mizations, Chinese Journal of Numerical Mathematics and Applications, 17, 1995 No.4,
85-94.

[10] D. H. Li, J. P. Zeng and S. Z. Zhou, A line search technique for nonlinear complementarity
problems, to appear in ”Proceeding of ISOR’96 Conference”. Guilin, China, 1996.

[11] J. S. Pang, Newton’s method for B-differentiable equations, Mathematics of Operations
Research, 15(1990), 311-341.

[12] J.S. Pang, A B-differentiable equation-based, globally and locally quadratically convergent
algorithm for nonlinear programs, complementarity and variational inequality problems,
Mathematical Programming, 51(1991), 101-131.

[13] J.S. Pang and D. Chan, Iterative methods for variational and complementarity problems,
Mathematical Programming 24 (1982), 284-313.

[14] L. Qi, Convergence analysis of some algorithms for solving nonsmooth equations, Mathe-
matics of Operations Research 18(1993) 217-224.

[15] L. Qi and X. Chen, A globally convergent successive approximation method for severely
nonsmooth equations, SIAM Journal on Control and Optimization 33(1995) 402-418.

[16] D. Sun and J. Han, Newton and quasi-Newton methods for a class of nonsmooth equations
and related problems, STAM Journal on Optimization, 7 (1997), 463-480.

[17] K. Taji, F. Fukushima and T. Ibaraki, A globally convergent Newton method for solving
strongly variational inequalities, Mathematical Programming 58(1993) 369-383.

[18] S. Z. Zhou, D. H. Li and J. P. Zeng, A successive approximation quasi-Newton process for
nonlinear complementarity problems, in D-Z Du, L. Qi and R. Womersley eds. “Recent
Advances in Nonsmooth Optimizations”, World Scientific Publishers, New York, 1995,
459-472.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


