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THE BOUNDARY INTEGRO-DIFFERENTIAL EQUATIONS OFA BIHARMONIC BOUNDARY VALUE PROBLEM�1)Hou-de Han(Departmentof Applied Mathematis, Tsinghua University, Beijing 100084, China)Wei-jun Tang(Laboratory of Computational Physis, Institute of Applied Physis and ComputationalMathematis, Beijing 100088, China)AbstratIn this paper, a new method of boundary redution is proposed, whih re-dues the biharmoni boundary value problem to a system of integro-di�erentialequations on the boundary and preserves the self-adjointness of the original prob-lem. Moreover, a boundary �nite element method based on this integro-di�erentialequations is presented and the error estimates of the numerial approximations aregiven. The numerial examples show that this new method is e�etive.Key words: Boundary Iintegro-di�erential equations, Bihamoni boundary valueproblem 1. IntrodutionWe onsider a homogeneous isotropi and linear elasti Kirhho� plate under lateralload distributed over the plate 
� [�h2 ; h2 ℄. The domain 
 2 R2 is bounded with thesmooth boundary �. In the stati equilibrium, we onsider the free type boundaryondition on �. Then the deetion u satis�es the following problem:8>><>>: �2u = qD ; in 
;M(x; nx)u = 0; on �;T (x; nx)u = 0; on �; (1.1)where D = E0h312(1 � �2) , is the bending sti�ness of the plate with h being the platethikness and E0 and �(0 < � < 12) being the modulus and Poisson's ratio respetively,q denotes the lateral loading; the boundary di�erential operators M(x; nx), T (x; nx)are given by:Mx �M(x; nx) = ��x+ (1� �)hn21(x) �2�x21 + n22(x) �2�x22 + 2n1(x)n2(x) �2�x1�x2 i; (1.2)� Reeived May 14, 1996.1)This work was supported by the Climbing Program of National Key Projet of Foundation ofChina partly and the omputation was supported by the State Key Lab. of Si. and Engry. Computing,Chinese Aademy of Siene.



60 H.D. HAN AND W.J. TANGTx �T (x; nx) = ���x�nx + (1� �) ��sx [n1(x)n2(x)� �2�x21 � �2�x22�� ((n1(x))2 � (n2(x))2) �2�x1�x2 i; (1.3)where nx = (n1(x); n2(x))T denotes the unit outer normal vetor at x 2 � and sx =(�n2(x); n1(x))T is the unit tangential vetor at x 2 �. For onveniene, from nowon we suppose that the bending sti�ness D has been normalized to D = 1. Beausethe lateral loading q(x) in (1.1) an always be eliminated by substrating a volumepotential, hene the problem (1.1) an be redued to the following problem:8><>: �2u = 0 in 
;Mxu = m on �;Txu = t on �; (1.4)for given funtionsm(x); t(x) on the boundary �. Let 
 = R2n
, then we also onsiderthe boundary value problem on the unbounded domain 
:8>>>>>>><>>>>>>>:
�2u = 0 in 
;Mxu = m on �;Txu = t on �;u(x) satis�es the linear - logarithmi growth ondition(see [11℄, p468. (8.165)), when jxj ! 1. (1.5)The operators Mx and Tx an be rewritten in the following form:Mx = �x � (1� �) �2�s2x � (1� �)!(x; nx) ��nx ; (1.6)Tx = ���x�nx � (1� �) �3�s2x�nx + (1� �) ��sx h!(x; nx) ��sx i; (1.7)where !(x; nx) = n1(x)dn2(x)dsx � n2(x)dn1(x)dsx .We will redue the problem (1.4) to a system of boundary integro-di�erential equa-tions by an indiret method.Letu(x) = Z�MyE(x; y)f1(y)dsy + Z� TyE(x; y)f2(y)dsy + p1(x); x 2 
; (1.8)be the solution of problem (1.4). Here p1(x) is an arbitrary polynomial of degree one,E(x; y) = 18� r2 log r, with r = jx�yj is a fundamental solution of biharmoni equation,f1; f2 are two unknown density funtions.For any x 62 �, and an arbitrary unit vetor nx, we haveMxu(x) = Z�MxMyE(x; y)f1(y)dsy + Z�MxTyE(x; y)f2(y)dsy; x 62 �; (1.9)Txu(x) = Z� TxMyE(x; y)f1(y)dsy + Z� TxTyE(x; y)f2(y)dsy; x 62 �: (1.10)



The Boundary Integro-Di�erential Equations of a Biharmoni Boundary Value Problem 61For x 2 � and nx is the unit outward normal vetor at x 2 � for the domain, eahkernel in the integrals (1.10) has a singularity jx � yj�k when x and y are lose fork = 2 (or 3, or 4). Thus the integrals in the right-hand side of (1.10) are de�ned asa �nite part in sense of Hardmard. Before reduing the problem (1.4) to a system ofboundary integro-di�erential equations, we will study the following two limitslimz2
!x2�n Z�MzMyE(z; y)f1(y)dsy + Z�MzTyE(z; y)f2(y)dsyo;limz2
!x2�n Z� TzMyE(z; y)f1(y)dsy + Z� TzTyE(z; y)f2(y)dsyo:2. Two New Presentations of (1.9) and (1.10)Let E�(x; y) = �xE(x; y) = �yE(x; y) = 12� (log r + 1); (2.1)then E�(x; y) is a fundamental solution of harmoni equation. Suppose that nx =(n1(x); n2(x))T , ny = (n1(y); n2(y))T are arbitrary unit vetors and sx = (�n2(x); n1(x))T ,sy = (�n2(y); n1(y))T whih are perpendiular to nx; ny respetively. For the funda-mental solution E�(x; y) and E(x; y), we have the following lemmas.Lemma 2.1[2℄. For x 6= y, the following equality holds�2E�(x; y)�nx�ny = ��2E�(x; y)�sxsy :Lemma 2.2. For x 6= y, the following equality holds�2E�(x; y)�nx�sy = �2E�(x; y)�ny�sx :Proof. We notie�2E�(x; y)�x1�y1 = ��2E�(x; y)�x2�y2 ; �2E�(x; y)�x1�y2 = �2E�(x; y)�x2�y1 :Then we obtain�2E�(x; y)�nx�sy =(n1(x); n2(x))0BB� �2E�(x; y)�x1�y1 �2E�(x; y)�x1�y2�2E�(x; y)�x2�y1 �2E�(x; y)�x2�y2 1CCA��n2(y)n1(y) �=(�n2(x); n1(x))0BB� �2E�(x; y)�x1�y1 �2E�(x; y)�x1�y2�2E�(x; y)�x2�y1 �2E�(x; y)�x2�y2 1CCA�n1(y)n2(y)� = �2E�(x; y)�ny�sx :Lemma 2.3. For x 6= y, the following equality holds�2E(x; y)�nx�ny + �2E(x; y)�sx�sy = �E�(x; y) os(nx; ny):Proof. A omputation shows



62 H.D. HAN AND W.J. TANG�2E(x; y)�nx�ny + �2E(x; y)�sx�sy = (n1(x)n1(y) + n2(x)n2(y))��2E(x; y)�x1�y1 + �2E(x; y)�x2�y2 �:Hene we have�2E(x; y)�nx�ny + �2E(x; y)�sx�sy = ��xE(x; y) os(nx; ny) = �E�(x; y) os(nx; ny):By the lemmas 2.1{2.3 and the formulas (1.6) and (1.7), the two integrals given by(1.8) an be rewritten in the following:u1(x) � Z�MyE(x; y)f1(y)dsy = Z�E�(x; y)f1(y)dsy + (1� �) Z� �E(x; y)�sy _f1(y)dsy� (1� �) Z� �E(x; y)�ny !(y; ny)f1(y)dsy�u11(x) + u12(x) + u13(x); x 2 
; (2.2)u2(x) � Z� TyE(x; y)f2(y)dsy = � Z� �E�(x; y)�ny f2(y)dsy � (1� �) Z� �E(x; y)�ny �f2(y)dsy� (1� �) Z� �E(x; y)�sy !(y; ny) _f2(y)dsy�u21(x) + u22(x) + u23(x); x 2 
; (2.3)where _fi(y) = dfi(y)dsy ; �fi(y) = d2fi(y)ds2y for i = 1; 2. Hene we obtainu(x) = 2Xi=1 3Xj=1uij(x): (2.4)For x 2 �; z 2 
, and nz = (n1(x); n2(x))T , sz = (�n2(x); n1(x))T , whih are the unitouter normal vetor at x 2 � and the unit tangential vetor at x 2 � respetively.Mzu(z); Tzu(z) an be redued to the following forms:Mzu(z) = 2Xi=1 3Xj=1Mzuij(z); z 2 
; (2.5)Tzu(z) = 2Xi=1 3Xj=1Tzuij(z); z 2 
; (2.6)whereMzu11(z) =� (1� �) d2ds2z Z�E�(z; y)f1(y)dsy � (1� �)!(z; nz) Z� �E�(z; y)�nz f1(y)dsy;(2.7)Mzu12(z) =� (1� �) Z�E�(z; y) �f1(y)dsy � (1� �)2 ddsz Z� �2E(z; y)�sz�sy _f1(y)dsy� (1� �)2!(z; nz) Z� �2E(z; y)�nz�sy _f1(y)dsy; (2.8)



The Boundary Integro-Di�erential Equations of a Biharmoni Boundary Value Problem 63Mzu13(z) =� (1� �) Z� �E�(z; y)�ny !(y; ny)f1(y)dsy+ (1� �)2 ddsz Z� �2E(z; y)�sz�ny !(y; ny)f1(y)dsy� (1� �)2!(z; nz) Z� �2E(z; y)�sz�sy !(y; ny)f1(y)dsy� (1� �)2!(z; nz) Z�E�(z; y) os(nz; ny)!(y; ny)f1(y)dsy; (2.9)Mzu21(z) =� (1� �) ddsz Z� �E�(z; y)�nz _f2(y)dsy+ (1� �)!(z; nz) ddsz Z�E�(z; y) _f2(y)dsy; (2.10)Mzu22(z) =� (1� �) Z� �E�(z; y)�ny �f2(y)dsy + (1� �)2 ddsz Z� �2E(z; y)�sz�ny �f2(y)dsy� (1� �)2!(z; nz) Z� �2E(z; y)�sz�sy �f2(y)dsy� (1� �)2!(z; nz) Z�E�(z; y) os(nz; ny) �f2(y)dsy; (2.11)Mzu23(z) =(1� �) Z�E�(z; y) ddsy (!(y; ny) _f2(y))dsy+ (1� �)2 ddsz Z� �2E(z; y)�sz�sy !(y; ny) _f2(y)dsy+ (1� �)2!(z; nz) Z� �2E(z; y)�nz�sy !(y; ny) _f2(y)dsy: (2.12)Similarly we haveTzu11(z) =� (1� �) d2ds2z Z� �E�(z; y)�nz f1(y)dsy+ (1� �) ddsz �!(z; nz) ddsz � Z�E�(z; y)f1(y)dsy; (2.13)Tzu12(z) =� (1� �) ddsz Z� �E�(z; y)�ny _f1(y)dsy� (1� �)2 d2ds2z Z� �2E(z; y)�nz�sy _f1(y)dsy+ (1� �)2 ddsz �!(z; nz) ddsz � Z� �E(z; y)�sy _f1(y)dsy; (2.14)Tzu13(z) =(1� �) ddsz Z�E�(z; y) ddsy (!(y; ny)f1(y))dsy� (1� �)2 d2ds2z Z� �2E(z; y)�sz�sy !(y; ny)f1(y)dsy� (1� �)2 d2ds2z Z�E�(z; y) os(nz; ny)!(y; ny)f1(y)dsy



64 H.D. HAN AND W.J. TANG� (1� �)2 ddsz �!(z; nz) ddsz � Z� �E(z; y)�ny !(y; ny)f1(y)dsy; (2.15)Tzu21(z) =(1� �) d3ds3z Z�E�(z; y) _f2(y)dsy� (1� �) ddsz �!(z; nz) ddsz � Z� �E�(z; y)�ny f2(y)dsy; (2.16)Tzu22(z) =(1� �) ddsz Z�E�(z; y) ���f2 (y)dsy� (1� �)2 d2ds2z Z� �2E(z; y)�sz�sy �f2(y)dsy� (1� �)2 d2ds2z Z�E�(z; y) os(nz; ny) �f2(y)dsy� (1� �)2 ddsz �!(z; nz) ddsz � Z� �E(z; y)�ny �f2(y)dsy; (2.17)Tzu23(z) =(1� �) ��nz Z� �E�(z; y)�sy (!(y; ny) _f2(y))dsy+ (1� �)2 d2ds2z Z� �2E(z; y)�nz�sy (!(y; ny) _f2(y))dsy� (1� �)2 ddsz �!(z; nz) ddsz � Z� �E(z; y)�sy !(y; ny) _f2(y)dsy: (2.18)By the properties of the potentials in (2.7){(2.12), we havelimz2
!x2�Mzu(z) = limz2
!x2�Mzn 2Xi=1 3Xj=1uij(z)o=Mx�u11 + (1� �)2 !(x; nx)f1(x)�+Mxu12(x)+Mx�u13 � (1� �)2 !(x; nx)f1(x)�+Mx�u21 + (1� �)2 �f2(x)�+Mx�u22 � (1� �)2 �f2(x)�+Mxu23(x) =Mxu(x):Similarly, we obtain limz2
!x2�Tzu(z) = Txu(x). Hene if u(x) given by (1.8) is a solutionof (1.4), then f1; f2 satisfying the following system of boundary integro-di�erentialequationsMx Z�MyE(x; y)f1(y)dsy +Mx Z� TyE(x; y)f2(y)dsy =m(x); x 2 �; (2.19)Tx Z�MyE(x; y)f1(y)dsy + Tx Z� TyE(x; y)f2(y)dsy = t(x); x 2 �: (2.20)Before we disuss system (2.19) and (2.20), we de�ne V �(�) = n(m; t) 2 H�12 (�) �H�32 (�) and Z� �m�p�n+ tp�ds = 0, 8p 2 P1(�)o, and reall some results of the originalproblems (1.4) and (1.5)[11;14℄



The Boundary Integro-Di�erential Equations of a Biharmoni Boundary Value Problem 65Theorem 2.1. Suppose that (m; t) 2 V �(�) then the problem (1:4) exists a weaksolution u(x) 2 H2(
), unique up to a linear funtion p 2 P1(�
).Theorem 2.2. Assume the given funtions (m; t) 2 V �(�) then the problem (1:5)has a weak solution u(x) 2 H2lo(
) satisfying the linear - logarithmi growth ondition,and u(x) is unique up to a polynomial of degree one.3. The Variational Formulation of the System of BoundaryIntegro-Di�erential Equations (2.19) and (2.20)We now disuss the system of boundary integro-di�erential equations (2.19) and(2.20) for given (m; t) 2 V �(�). For any (g1; g2) 2 H 12 (�)�H 32 (�), multiplying (2.19)and (2.20) by g1 and g2 respetively, then integrating by parts, we obtainA1(f1; g1) +B0(f2; g1) = hm; g1i; (3.1)BT0 (f1; g2) +A2(f2; g2) = ht; g2i; (3.2)whereA1(f1; g1) = Z� g1(x)� 3Xj=1Mxu1j(x)�dsx=� (1 � �) Z� Z�E�(x; y)fg1(x) �f1(y) + �g1(x)f1(y)gdsydsx� (1 � �) Z� Z� n�E�(x; y)�nx (!(x; nx)g1(x))f1(y)+ �E�(x; y)�ny g1(x)(!(y; ny)f1(y))odsydsx+ (1 � �)2 Z� Z� n�E(x; y)�nx (!(x; nx)g1(x)) �f1(y)+ �E(x; y)�ny �g1(x)(!(y; ny)f1(y))odsydsx+ (1 � �)2 Z� Z�E(x; y)�g1(x) �f1(y)dsydsx� (1 � �)2 Z� Z�E(x; y)(!(x; nx)g1(x)):(!(y; ny)f1(y)):dsydsx� (1 � �)2 Z� Z�E�(x; y) os(nx; ny)(!(x; nx)g1(x))(!(y; ny)f1(y))dsydsx;B0(f2; g1) = Z� g1(x)� 3Xj=1Mxu2j(x)�dsx=(1� �) Z� Z� �E�(x; y)�nx _g1(x) _f2(y)dsydsx� (1 � �) Z� Z�E�(x; y)(!(x; nx)g1(x)): _f2(y)dsydsx



66 H.D. HAN AND W.J. TANG� (1 � �) Z� Z� �E�(x; y)�ny g1(x) �f2(y)dsydsx+ (1 � �)2 Z� Z� �E(x; y)�ny �g1(x) �f2(y)dsydsx� (1 � �)2 Z� Z�E(x; y)(!(x; nx)g1(x)): ���f 2 (y)dsydsx� (1 � �)2 Z� Z�E�(x; y) os(nx; ny)(!(x; nx)g1(x)) �f2(y)dsydsx:+ (1 � �) Z� Z�E�(x; y)g1(x)(!(y; ny) _f2(y)):dsydsx� (1 � �)2 Z� Z�E(x; y)�g1(x)(!(y; ny) _f2(y)):dsydsx� (1 � �)2 Z� Z� �E(x; y)�nx (!(x; nx)g1(x))(!(y; ny) _f2(y)):dsydsx;BT0 (f1; g2) =B0(g2; f1);A2(f2; g2) = Z� g2(x)Tx� 3Xj=1u2j(x)�dsx=� (1 � �) Z� Z�E�(x; y)f���g 2 (x) _f2(y) + _g2(x) ���f 2 (y)gdsydsx� (1 � �) Z� Z� n�E�(x; y)�ny (!(x; nx) _g2(x)):f2(y)+ �E�(x; y)�nx g2(x)(!(y; ny) _f2(y)):odsydsx� (1 � �)2 Z� Z� n�E(x; y)�ny (!(x; nx) _g2(x)): �f2(y)+ �E(x; y)�nx �g2(x)(!(y; ny) _f2(y)):gdsydsx� (1 � �)2 Z� Z�E(x; y)f���g 2 (x) ���f 2 (y)+ (!(x; nx) _g2(x)):(!(y; ny) _f2(y)):odsydsx� (1 � �)2 Z� Z�E�(x; y) os(nx; ny)�g2(x) �f2(y)dsydsx:Let I(f1; f2; g1; g2) = A1(f1; g1) +B0(f2; g1) +BT0 (f1; g2) +A2(f2; g2):It is straightforward to know that I(f1; f2; g1; g2) is a bounded bilinear form on(H 12 (�)�H 32 (�))2 and I(f1; f2; g1; g2) is symmetri.Suppose u(x) given by (1.8) in domain 
 satis�es the regularity ondition then(f1; f2) also satis�es the system of boundary integro-di�erential equations (2.19) and(2.20).[Txu℄�; [Mxu℄�; h�u�ni�, [u℄� are designated for the jumps of the orresponding fun-tions on the boundary �.



The Boundary Integro-Di�erential Equations of a Biharmoni Boundary Value Problem 67Let V�(�) = n(g1; g2) 2 H1=2(�)�H 32 (�) and Z� �g1 �p�n+g2p�ds = 0, 8p 2 P1(�)o.For any (g1; g2) 2 V�(�), letug(x) = Z�MyE(x; y)g1(y)dsy + Z� TyE(x; y)g2(y)dsy:By the properties of the triple layar and quadruple layar potentials[11℄, we know thatug satis�es the linear - logarithmi growth ondition when jxj ! 1, then we haveug =(a0 + a1x1 + a2x2) +A log jxj+ o(1)for some a0; a1; a2; A 2 <; whenxj ! 1:) (3.3)If ug satis�es the linear - logarithmi growth ondition with a0 = a1 = a2 = 0; then wesay ug satis�es the strongly regular ondition, when jxj ! 1.Let wg = ug � (a0 + a1x1 + a2x2), where a0; a1; a2 are given by (3.3).Then wg is the unique solution of the following problem:8>>>>>>>>>>><>>>>>>>>>>>:
�2wg = 0; in 
 [ 
;[wg℄� = g2; on �;h�wg�n i� = g1; on �;[Mxwg℄� = 0; on �;[Txwg℄� = 0; on �;wg satis�es the strongly regular ondition, when jxj ! 1. (3.4)

We now introdue the spae U = nuj uj
 2 H2(
), uj
 2 H2lo(
), �2u = 0, in
[
, [Mu℄� = 0, [Tu℄� = 0, u satis�es the strongly regular ondition when jxj ! 1,and Z� nh�u�ni� �p�n + [u℄�pods = 0, 8p 2 P1(�)o. Let a(u; v) = Z
[
 ��u�v � (1 ��)��2u�x21 �2v�x22 + �2u�x22 �2v�x21 � 2 �2u�x1�x2 �2v�x1�x2��dx.For any u;w 2 U; a(u;w) is bounded. It is straightforward to hek a(u;w) is aninner produt of U , pa(u; u) is a norm of U , and U is a Banah spae with kjukj =pa(u; u). Hene we obtain a linear operator K:V�(�) �!U;K(g1; g2) =wg;the operator K is one to one orrespondene.By an appliation of Green formula, we have I(f1; f2; g1; g2) = a(wf ; wg). Then weknow the operatorK is bounded. Furthermore from Banah Theorem, K�1 is bounded.Hene there is a onstant C, suh thatk(g1; g2)kV�(�) = kK�1wgkV�(�) � Ckjwgkj; 8(g1; g2) 2 V�(�);



68 H.D. HAN AND W.J. TANGnamely kjwgkj � 1C k(g1; g2)kV�(�):Furthermore, we haveI(g1; g2; g1; g2) = a(wg; wg) � kjwgkj2 � 1C2 k(g1; g2)k2V�(�):Then we have the following lemma.Lemma 3.1. I(f1; f2; g1; g2) is a bounded bilinear form on V�(�) � V�(�), namelythere is a onstant M > 0, suh thatjI(f1; f2; g1; g2)j �Mk(f1; f2)kV�(�)k(g1; g2)kV�(�); 8(f1; f2); (g1; g2) 2 V�(�): (3.5)Furthermore I(f1; f2; g1; g2) is a oerive in V�(�), there exists a onstant � > 0, suhthat I(g1; g2; g1; g2) � �k(g1; g2)k2V�(�); 8(g1; g2) 2 V�(�): (3.6)Finally the original boundary value problem (1.4) is redued to the following vari-ational problem:( Find (f1; f2) inV�(�); suh thatI(f1; f2; g1; g2) = h(m; t); (g1; g2)i; 8(g1; g2) 2 V�(�); (3.7)where h(m; t); (g1; g2)i = hm; g1i+ ht; g2i.By an appliation of Lax-Milgram theorem [10℄ [13℄, we haveTheorem 3.1. For given (m; t) 2 V �(�), the variational problem (3:7) has a uniquesolution (f1; f2) 2 V�(�).Suppose that Sh is a �nite dimensional subspae of V�(�), then we onsider theapproximation of (3.7).( Find (fh1 ; fh2 ) 2 Sh; suh thatI(fh1 ; fh2 ; g1; g2) = h(m; t); (g1; g2)i; 8(g1; g2) 2 Sh: (3.8)By an appliation of Lax-Milgram theorem and Cea's lemma, we obtain:Theorem 3.2. The problem (3:8) exists a unique solution (fh1 ; fh2 ) 2 Sh satisfyingthe following estimationk(f1; f2)� (fh1 ; fh2 )kV�(�) � M� inf(g1;g2)2Sh k(f1; f2)� (g1; g2)kV�(�): (3.9)4. Numerial ExamplesConsider the following problem8><>: �2u = in 
;Mxu = m on �;Txu = t on �; (4.1)



The Boundary Integro-Di�erential Equations of a Biharmoni Boundary Value Problem 69where 
 = n(x1; x2) 2 R2���x21a2 + x22b2 < 1; a > 0; b > 0o:is an ellipse, the parametri equation of the boundary � is( x1 = a os t;x2 = b sin t; (0 < t � 2�): (4.2)We onsider the following two groups of boundary ondition (m1(t); t1(t)) and (m2(t); t2(t)),whih are given in (4.3) and (4.4) respetively.( m1(t) = 2(1 � �)(f21 (t)� f22 (t));t1(t) = 4(1 � �)f0(t)[f3(t)f2(t) + f1(t)f4(t)℄; (4.3)8>>>>>>><>>>>>>>:
m2(t) = 2� os(a os t)eb sin t+(1� �)[f21 (t)f5(t) + f22 (t)f6(t) + 2f1(t)f2(t)f7(t)℄;t2(t) = [2f1(t) sin(a os t)� 2f2(t) os(a os t)℄eb sin t+(1� �)ff1(t)f2(t)f8(t) + [f1(t)f4(t) + f2(t)f3(t)℄f9(t)�[f21 (t)� f22 (t)℄f10(t)� 2[f1(t)f3(t)� f2(t)f4(t)℄f7(t)gf0(t); (4.4)where f0(t) = 1pa2 sin2 t+ b2 os2 t ;f1(t) = b os tpa2 sin2 t+ b2 os2 t ;f2(t) = a sin tpa2 sin2 t+ b2 os2 t ;f3(t) =� a2b sin t(pa2 sin2 t+ b2 os2 t)3 ;f4(t) = ab2 os t(pa2 sin2 t+ b2 os2 t)3 ;f5(t) =(2 os(a os t)� a os t sin(a os t))eb sin t;f6(t) =a os t sin(a os t)eb sin t;f7(t) =(sin(a os t) + a os t os(a os t))eb sin t;f8(t) =(4a sin t sin(a os t) + a2 sin(2t) os(a os t)+ 2b os t os(a os t)� 2ab os2 t sin(a os t))eb sin t;f9(t) =2(os(a os t)� a os t sin(a os t))eb sin t;f10(t) =�� 2a sin t os(a os t) + a22 sin(2t) sin(a os t)+ b os t sin(a os t) + ab os2 t os(a os t)�eb sin t:Then u1(x) = x21 � x22 is a exat solution of problem (4.1) with boundary ondition(4.3) and u2(x) = x1 sin(x1)ex2 is a exat solution of problem (4.1) with boundaryondition (4.4).



70 H.D. HAN AND W.J. TANGFirst of all, the boundary � is divided into four segmental ars by four nodesa8; a16; a24; a32 as shown in Fig.1, the division is denoted by partition A. Then the par-tition is re�ned by dividing every segmental ars into two parts. We obtain the partitionB onsisting of 8 segmental ars orresponding to the nodes fai, i = 4; 8; 12; � � � ; 32g.Re�ne it again and again, then the partition C onsisting of 16 segmental ars and thepartition D onsisting of 32 segmental ars are obtained as shown in Fig.1. The oor-dinate omponents of the nodes faig, (i = 1; 2; � � � ; 32) are �a os � i2�32 �, b sin� i2�32 ��,(i = 1; 2; � � � ; 32).As the solution of the equation is unique exept a polynomial of degree one, we �xthree nodes so that the approximation values of the solution equal the values of thesolution at these three nodes. The three nodes hosen are a8; a16; a24. We hoose twokinds of parameters (a; b; �) = (2:0; 1:0; 0:3), and (a; b; �) = (1:5; 1:0; 0:3).

Fig. 1. Partition A�D.

(a=2.0, b=1.0, � = 0:3. Boundary ondition (4.3))Fig. 2. Relative errors.uA; uB ; uC , and uD denote the boundary �nite-element approximations of the prob-lem (4.1) orresponding to the partition A;B;C, and D and pieewise spline bound-



The Boundary Integro-Di�erential Equations of a Biharmoni Boundary Value Problem 71ary elements. u denotes the exat solution of the problem (4.1). We get the val-ues of uA; uB ; uC , uD and u on the nodes fai; i = 1; 2; � � � ; 32g. The relative errorsju� ukjmax1�i�32 ju(ai)j (k = B;C;D) are given in following Fig.2{Fig.3 orresponding the bound-ary ondition (4.3) and the relative errors ju� ukjmax1�i�32 ju(ai)j (k = A;B;C;D) are given infollowing Fig.4{Fig.5 orresponding the boundary ondition (4.4). These numerial ex-amples show the Integro-Di�erential boundary �nite-element method is very e�etive.

(a=1.5, b=1.0, � = 0:3. Boundary ondition (4.3))Fig. 3. Relative errors.

(a=2.0, b=1.0, � = 0:3. Boundary ondition (4.4))Fig. 4. Relative errors.
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(a=1.5, b=1.0, � = 0:3. Boundary ondition (4.4))Fig. 5. Relative errors.Referenes[1℄ R. Courant, D. Hilbert, Methods of Mathematial Physis, I, Intersiene Publishers In.,New York, 1953.[2℄ H. Han, Boundary integro-di�erential equations of ellipti boundary value problems andtheir numerial solutions, Sientia Sinia, Series A, 31 : 10 (1988), 1153{1165.[3℄ R. Admas, Sobolev Spaes, Aademi Press, New York, 1965.[4℄ J.L. Lions, E. Magenes, Non-Homogeneous Boundary Value Problems and Appliations,Vol. 1, Springer-Verlag (1972).[5℄ G.C. Hsiao, W.L. Wendland, J. Math. Anal. Appl., 58 (1977), 449{481.[6℄ Le Roux, M. N., R.A.I.R.O, Anal. Num�er., 11 (1977), 27{60.[7℄ G. Fihera, Proeedinds of Conferene on Partial Di�erential Equations and ContinumMehannis, University of Wisonsin Press, Madison, 1961, 55{80.[8℄ J.C. Nedele, Comput. Methods Appl. Meh. Engrg., 8 (1976), 61{80.[9℄ K. Feng, D. Yu, Proeedings of the China-Frane Symposium on Finite Elment Methods,Siene Press, Beijing, 1983, 211{252.[10℄ I. Babu�s'ka, A.K. Aziz, Survey Leture on the Mathematial Foundations of the FiniteElement Method With Appliations to Partial Di�erential Equations, Edited by Aziz, A.K., Aademi Press, New York, 1972, 3{359.[11℄ G. Ghen, J. Zhou, Boundary Element Methods, Aademi Press, New York, 1992.[12℄ J.C. Nedele, Integral equations with nonintegrable kernels, Integral. Equation Oper. The-ory, 5 (1982), 562{572.[13℄ P.G. Ciarlet, The Finite Element Method for Ellipti Problems, North-Horlland, Amster-dam, 1978.[14℄ D. Yu, The Mathematial Theory of Natural Boundary Element Method, Siene Pub.,1993 (in Chinese).[15℄ O.D. Kellogg, Foundation of Potential Theory, Springer, Berlin, 1929.


