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GENERAL DIFFERENCE SCHEMES WITH INTRINSICPARALLELISM FOR SEMILINEAR PARABOLIC SYSTEMS OFDIVERGENCE TYPE�1)Yu-lin Zhou Guang-wei Yuan(Laboratory of Computational Physis, Center of Nonlinear Studies, Institute of AppliedPhysis and Computational Mathematis, P.O. Box 8009, Beijing 100088, China)AbstratIn this paper the general �nite di�erene shemes with intrinsi parallelism forthe boundary value problem of the semilinear paraboli system of divergene typewith bounded oeÆients are onstruted, and the existene and uniqueness of thedi�erene solution for the general shemes are proved. And the onvergene ofthe solutions of the di�erene shemes to the generalized solution of the originalboundary value problem of the semilinear paraboli system is obtained. The multi-dimensional problems are also studied.Key words: Di�erene sheme, Intrinsi parallelism, Semilinear paraboli system,Convergene. 1. IntrodutionIn [1℄ and [2℄ the general �nite di�erene shemes having the intrinsi harater ofparallelism for the boundary value problems of the nonlinear paraboli system of gen-eral form (i.e., non-divergene type) are disussed under the assumption that there isan unique smooth solution for the original problem. In [3℄ and [4℄ the boundary valueproblems of the one-dimensional quasilinear paraboli system and multi-dimensionalsemilinear paraboli system of non-divergene type with bounded measurable oeÆ-ients are solved by the �nite di�erene methods of general shemes with intrinsiparallelism. In these papers the general di�erene shemes with intrinsi parallelismare onstruted by taking the di�erene approximations for the derivatives of seondorder to be in general the various linear ombinations of the four kinds of di�erenequotients: the sheme ahead, the bakward sheme, the sheme on the top over ofthe grid, and the downward sheme. Sine the parameters in the onstrution of thegeneral di�erene shemes have large degree of freedom, in [5℄ some pratial di�er-ene shemes are obtained by suitablely hoiing these parameters for the nonlinearparaboli systems of non-divergene type. The time steplength for these di�erene� Reeived August 4, 1997.1)The projet is supported by the National Natural Siene Foundation of China and the Fundationof CAEP No. 9506081 and 960686.



338 Y.L. ZHOU AND G.W. YUANshemes an be taken at least 8k times the time steplength for the fully expliit �nitedi�erene shemes (k an be any positive integer).In this paper we solve the boundary value problems of the semilinear parabolisystem of divergene type with bounded measurable oeÆients by the �nite di�er-ene methods of general shemes with intrinsi parallelism. The existene, uniquenessand onvergene of the disrete vetor solution for the general shemes with intrinsiparallelism are proved. Moreover, we an get some pratial shemes with intrinsiparallelism by suitablely hoiing the parameters in the general shemes. For these dif-ferene shemes, the time steplength an be taken at least 8k times the time steplengthfor the fully expliit �nite di�erene shemes (k an be any positive integer), providedthat the disontinuity of the oeÆient matrix of the paraboli system does not ourat the interfae of the domain deomposition. In the setions 2{6, we onsider thease of one-dimensional problems. In the setion 7 the multi-dimensional problems aredisussed. 2. Di�erene Shemes with Intrinsi ParallelismLet us now onsider the boundary value problems for the semilinear paraboli sys-tems of seond order of the formut = (A(x; t)ux)x +B(x; t; u)ux + f(x; t; u) (1)where u(x; t) = (u1(x; t); � � � ; um(x; t)) is the m-dimensional vetor unknown funtion(m � 1), ut = �u�t , ux = �u�x are the orresponding vetor derivatives. The matrixA(x; t) is an m � m positive de�nite oeÆient matrix, and B(x; t; u) is the m � mmatrix, and f(x; t; u) is the m-dimensional vetor funtion. Let us onsider in theretangular domain QT = f0 � x � l, 0 � t � Tg with l > 0 and T > 0, the problemfor the systems (1) with the boundary value onditionu(0; t) = u(l; t) = 0 (2)and the initial value ondition u(x; 0) = '(x) (3)where '(x) is a given m-dimensional vetor funtion of variable x 2 [0; l℄.Suppose that the following onditions are ful�lled.(I) For any �xed u 2 Rm, A(x; t), B(x; t; u) and f(x; t; u) are bounded measurablefuntions with respet to (x; t) 2 QT ; for any �xed (x; t) 2 QT , B(x; t; u) and f(x; t; u)are ontinuous with respet to u 2 Rm; for any �xed x 2 [0; l℄, A(x; t) is m � msymmetri matrix and is Lipshtiz ontinuous with respet to t 2 [0; T ℄; and jA(x; t)j �A0, where A0 is a onstant; and there are onstants A1 > 0, B0 > 0; C > 0 suh thatjAt(x; t)j � A1, jB(x; t; u)j � B0, jf(x; t; u)j � jf(x; t; 0)j + Cjuj.(II) There is a onstant �0 > 0, suh that, for any vetor � 2 Rm, and for (x; t) 2QT , (�;A(x; t)�) � �0j�j2



General Di�erene Shemes with Intrinsi Parallelism for Semilinear Paraboli Systems... 339(III) The initial value m-dimensional vetor funtion '(x) 2 H10 (0; l).Let us divide the retangular domain QT into small grids by the parallel linesx = xj (j = 0; 1; � � � ; J) and t = tn (n = 0; 1; � � � ; N) with xj = jh and tn = n� ,where Jh = l and N� = T , J and N are integers, and h and � are steplengths ofthe grids. Denote Qnj = fxj < x � xj+1, tn < t � tn+1g, where j = 0; 1; � � � ; J � 1;n = 0; 1; � � � ; N � 1. Denote v� = v�h = fvnj jj = 0; 1; � � � ; J ; n = 0; 1; � � � ; Ng the m-dimensional disrete vetor funtion de�ned on the disrete retangular domain Q� =f(xj ; tn)j j = 0; 1; � � � ; J ;n = 0; 1; � � � ; Ng of the grid points.Let us now onstrut the �nite di�erene sheme with intrinsi parallelism for thementioned semilinear paraboli system (1){(3) as follows:vn+1j � vnj� = 1h (Anj Ævn+�njj �Anj�1Ævn+�njj�1 ) +Bn+�njj �Æ1vn+�njj + fn+�njj ; (4)(j = 1; 2; � � � ; J � 1;n = 0; 1; � � � ; N � 1);vn0 = vnJ = 0; (n = 0; 1; � � � ; N); (5)v0j = 'j ; (j = 0; 1; � � � ; J); (6)where 'j = '(xj), (j = 0; 1; � � � ; J), and there are '0 = 'J = 0; andAnj = 1h� Z ZQnj A(x; t)!�x� xj+12h ; t� tn+12� �dxdt;Bn+�njj = 1h� Z ZQnj B(x; t; Æ̂0vn+�njj )!�x� xj+12h ; t� tn+12� �dxdt;fn+�njj = 1h� Z ZQnj f(x; t; ~Æ0vn+�njj )!�x� xj+12h ; t� tn+12� �dxdt; (7)where !(x; t) 2 C10 (R2), !(x; t) � 0, supp! � B12 � njxj < 12 , jtj < 12o andZ ZR2 !(x; t) dxdt = 1, and xj+12 = �j + 12�h, tn+12 = �n+ 12�� . If !(x; t) = �B12 , theresults in this paper also hold. And�nj = �nj + �nj2 ; (j = 1; 2; � � � ; J � 1;n = 0; 1; � � � ; N � 1):De�ne the di�erene approximations Æ̂0vn+�njj and �Æ1vn+�njj in the following forms:Æ̂0vn+�njj = [�nj �̂n1jvn+1j+1 + �nj �̂n2jvn+1j + �nj �̂n3jvn+1j�1 ℄ + [�̂n4jvnj+1 + �̂n5jvnj + �̂n6jvnj�1℄;�Æ1vn+�njj = h�nj n1j�+vn+1jh + �nj n2j��vn+1jh i+ hn3j�+vnjh + n4j��vnjh i: (8)Similarly we an de�ne the di�erene approximations ~Æ0vn+�njj .



340 Y.L. ZHOU AND G.W. YUANDe�ne the pieewise onstant funtion��h(x; t) = �nj ; for (x; t) 2 Qnj ; (j = 0; 1; � � � ; J � 1;n = 0; 1; � � � ; N � 1):Similarly we an de�ne the pieewise onstant funtions ��h(x; t), �̂�kh(x; t), ~��kh(x; t),(1 � k � 6); �mh(x; t), (1 � m � 4), ��h(x; t). For these funtions, we assume thefollowing ondition holds.(IV) The pieewise onstant funtions de�ned above are bounded funtions uni-formly with repset to h and � . There are funtions �̂k(x; t); ~�k(x; t) 2 L1(QT ),(1 � k � 6), and m(x; t) 2 L1(QT ), (1 � m � 4), suh that, as h ! 0; � ! 0,there holdk��h(x; t)� �(x; t)kL2(QT ) + k��h(x; t)� �(x; t)kL2(QT ) ! 0;6Xk=1 k�̂�kh(x; t)� �̂k(x; t)kL2(QT ) ! 0; 6Xk=1 k~��kh(x; t)� ~�k(x; t)kL2(QT ) ! 0;4Xm=1 k�mh(x; t)� m(x; t)kL2(QT ) ! 0; ��h = ��h + ��h2 ;��h�̂�1h + ��h�̂�2h + ��h�̂�3h + �̂�4h + �̂�5h + �̂�6h � 1;j��h�̂�1hj+ j��h�̂�2hj+ j��h�̂�3hj+ j�̂�4hj+ j�̂�5hj+ j�̂�6hj � Æ̂0;��h ~��1h + ��h ~��2h + ��h ~��3h + ~��4h + ~��5h + ~��6h � 1;�����h ~��1h���+ �����h ~��2h���+ �����h ~��3h���+ ���~��4h���+ ���~��5h���+ ���~��6h��� � ~Æ0;��h�1h + ��h�2h + �3h + �4h � 1;j��h�1hj+ j��h�2hj+ j�3hj+ j�4hj � 0;where Æ̂0, ~Æ0 and 0 are given onstants.3. ExisteneIn this setion we prove the existene of the disrete vetor solutions for the �nitedi�erene system (4){(6). Let us now at �rst turn to the a priori estimates of thesesolutions.Making the salar produt of the vetor vn+1j � vnj� h with the vetor �nite di�ereneequation (4) and summing up the resulting produts for j = 1; 2; � � � ; J � 1, we haveJ�1Xj=1 ���vn+1j � vnj� ���2h = J�1Xj=1  vn+1j � vnj� ;Anj Ævn+�njj �Anj�1Ævn+�njj�1 !+ J�1Xj=1  vn+1j � vnj� ;Bn+�njj �Æ1vn+�njj + fn+�njj !h: (9)



General Di�erene Shemes with Intrinsi Parallelism for Semilinear Paraboli Systems... 341Sine A(x; t) is m�m symmetri matrix,J�1Xj=1 �vn+1j � vnj� ;Anj Ævn+�njj �Anj�1Ævn+�njj�1 � = � 12� J�1Xj=0[(An+1j Ævn+1j ; Ævn+1j )� (Anj Ævnj ; Ævnj )℄h + 12� J�1Xj=0((An+1j �Anj )Ævn+1j ; Ævn+1j )h+ J�1Xj=0 �Anj (Ævn+1j � Ævnj ); 12� (Ævn+1j � Ævnj )h+ �nj vn+1j � vnj� � �nj+1 vn+1j+1 � vnj+1� �;where the last sum at the right hand of above equality is equal toI � �h2 J�1Xj=0 �Anj �vn+1j+1 � vnj+1� � vn+1j � vnj� �;�12 � �nj+1�vn+1j+1 � vnj+1�� �12 � �nj �vn+1j � vnj� �h = �2h2 J�1Xj=0 �(1� �nj+1 � �nj )� �Anj �vn+1j+1 � vnj+1� � vn+1j � vnj� �; vn+1j+1 � vnj+1� � vn+1j � vnj� �h+ �[(�nj�1 � �nj )Anj�1 � (�nj � �nj+1)Anj ℄vn+1j � vnj� ; vn+1j � vnj� �h�= �2h2 J�1Xj=0 n(1� �nj+1 � �nj )�Anj �vn+1j+1 � vnj+1� � vn+1j � vnj� �; vn+1j+1 � vnj+1�� vn+1j � vnj� �h+ 12�[(�nj�1 � �nj + �nj � �nj+1)(Anj�1 �Anj )+ (�nj�1 � �nj � �nj + �nj+1)(Anj +Anj�1)℄vn+1j � vnj� ; vn+1j � vnj� �ho: (10)By using the Cauhy inequality and the ondition (I) and the interpolation formula(see [6℄), we get12� J�1Xj=0((An+1j �Anj )Ævn+1j ; Ævn+1j )h+ J�1Xj=1 �vn+1j � vnj� ;Bn+�njj �Æ1vn+�njj + fn+�njj �h�A12 kÆvn+1h k22 + "1vn+1h � vnh� 22 + C"1 (kÆvn+1h k22 + kÆvnhk22 + 1): (11)Combining (9){(11) gives the following inequalityvn+1h � vnh� 22 + 12� J�1Xj=0[(An+1j Ævn+1j ; Ævn+1j )� (Anj Ævnj ; Ævnj )℄h�A12 kÆvn+1h k22 + "1vn+1h � vnh� 22 + C"1 (kÆvn+1h k22 + kÆvnhk22 + 1)



342 Y.L. ZHOU AND G.W. YUAN+ �2h2n J�1Xj=1[2(1� �nj � �nj�1)+jAnj�1j+ 2(1� �nj+1 � �nj )+jAnj j℄���vn+1j � vnj� ���2h+ 12 J�1Xj=1[j�nj�1 � �nj + �nj � �nj+1jjAnj�1 �Anj j+ (�nj�1 � �nj � �nj + �nj+1)+jAnj�1 +Anj ji���vn+1j � vnj� ���2ho; (12)where �n0 and �nJ an be taken any onstants, An0 = An1 and jAj is de�ned asjAj = supx2Rm jAxjjxj :Introdue the restrition ondition for the hoie of steplengths � and h.(V) Suppose that the steplengths � and h are so hosen that, there is the relationof restrition �h2 maxj=1;2;���;J�1�j � 1� ";where 0 < " � 1, and �j is given by�j =�nj = (1� �nj � �nj�1)+jAnj�1j+ (1� �nj+1 � �nj )+jAnj j+ 14 j�nj�1 � �nj + �nj � �nj+1jjAnj�1 �Anj j+ 14(�nj�1 � �nj � �nj + �nj+1)+jAnj�1 +Anj j:From (12) and the restrition (V) it follows that("� "1)vn+1h � vnh� 22 + 12� J�1Xj=0[(An+1j Ævn+1j ; Ævn+1j )� (Anj Ævnj ; Ævnj )℄h�A12 kÆvn+1h k22 + C"1 (kÆvn+1h k22 + kÆvnhk22 + 1):Taking "1 = "2 and summing up the inequalities for n = 0; 1; � � � ; N � 1, we get"N�1Xn=0 vn+1h � vnh� 22� + kÆvNh k22 � C� NXn=0 kÆvnhk22� + 1�;then the Gronwall inequality yields thatN�1Xn=0 vn+1h � vnh� 22� + maxn=0;1;���;N kÆvnhk22 � C: (13)Using the interpolation formula, we obtainmaxn=0;1;���;N(kvnhk2; kvnhk1) � C; (14)



General Di�erene Shemes with Intrinsi Parallelism for Semilinear Paraboli Systems... 343where C is a onstant independent of the steplengths � and h.By means of Leray-Shauder's �xed point theorem in �nite dimensional spae andthe estimates (13){(14), there is the existene theorem for the disrete solution v� =v�h = fvnj jj = 0; 1; � � � ; J ;n = 0; 1; � � � ; Ng of the general �nite di�erne sheme (4){(6)with intrinsi parallelism orresponding to the boundary value problem (2) and (3) forthe semilinear paraboli system (1) as follows:Theorem 1. Suppose that the onditions (I), (II) and (III) are ful�lled. Andassume that the steplengths � and h satisfy the onditions of restrition (V). Then thegeneral �nite di�erene sheme (4){(6) with intrinsi parallelism orresponding to theoriginal problem (1), (2) and (3) has at least one disrete solution v� = v�h = fvnj jj =0; 1; � � � ; J ; n = 0; 1; � � � ; Ng. 4. UniquenessTo prove the uniqueness of the solution for the di�erene sheme (4){(6) we furtherassume the following ondition holds.(I)0 B(x; t; u); f(x; t; u) are loally Lipshtiz ontinuous with respet to u 2 Rm.Given the values fvnj jj = 0; 1; � � � ; Jg of the di�erene sheme (4){(6) on the n-thlayer. Let fvn+1j jj = 0; 1; � � � ; Jg and f�vn+1j jj = 0; 1; � � � ; Jg be the two solutions of thedi�erene sheme (4){(6) on the (n+ 1)-th layer, i.e.,vn+1j � vnj� = 1h (Anj Ævn+�njj �Anj�1Ævn+�njj�1 ) +Bn+�njj �Æ1vn+�njj + fn+�njj ;(j = 1; 2; � � � ; J � 1)vn+10 = vn+1J = 0;and vn+1j � vnj� = 1h (Anj Æ�vn+�njj �Anj�1Æ�vn+�njj�1 ) +Bn+�njj �Æ1vn+�njj + fn+�njj ;(j = 1; 2; � � � ; J � 1)vn+10 = vn+1J = 0;where Bn+�njj and fn+�j (j = 1; 2; � � � ; J � 1) are obtained from Bn+�njj and fn+�njj (j =1; 2; � � � ; J � 1) respetively by replaing vn+1j (j = 0; 1; � � � ; J) with the orrespondingvn+1j (j = 0; 1; � � � ; J). The di�erene wj = vn+1j � vn+1j satis�eswj = �h (Anj �nj Æwj �Anj�1�nj Æwn+1j�1 ) + �Rnj ; (j = 1; 2; � � � ; J � 1) (15)w0 = wJ = 0; (16)whereRnj = (Bn+�njj � �Bn+�njj )�Æ1�vn+�njj +Bn+�njj (�Æ1vn+�njj � �Æ1vn+�njj ) + (fn+�njj � �fn+�njj ):



344 Y.L. ZHOU AND G.W. YUANNow �rstly making the salar produt of the vetors wjh with the vetor equation(15) and summing up the resulting produts for j = 1; 2; � � � ; J � 1, and proeeding thesame alulation as that in setion 3, we havekwhk22 + �2 J�1Xj=0(�nj + �nj+1)(Anj Æwj ; Æwj)h� �2 J�1Xj=0(�nj � �nj+1)(Anj Æwj ; wj + wj+1)=� J�1Xj=1(Rnj ; wj)h:It follows thatkwhk22 + �2 J�1Xj=1(Anj Æwj ; Æwj)h = �2 J�1Xj=1(1� �nj � �nj+1)(Anj Æwj ; Æwj)h+ �2h2 J�1Xj=0(�nj � �nj+1)(Anj (wj+1 � wj); wj+1 + wj)h+ � J�1Xj=1(Rnj ; wj)h� �2h2n J�1Xj=1[2(1� �nj�1 � �nj )+jAnj�1j+ 2(1 � �nj � �nj+1)+jAnj j℄jwj j2h+ J�1Xj=1 h12 j�nj�1 � �nj + �nj � �nj+1jjAnj�1 �Anj j+ 12(�nj�1 � �nj � �nj + �nj+1)+(jAnj�1 +Anj j)ijwj j2ho+ � J�1Xj=1(Rnj ; wj)h:By the restrition ondition (V) we have"kwhk22 + �2�0kÆwhk22 � � J�1Xj=1(Rnj ; wj)h: (17)Sine jBn+�njj � �Bn+�njj j � C(jwj+1j+ jwj j+ jwj�1j);jfn+�njj � �fn+�njj j � C(jwj+1j+ jwj j+ jwj�1j);and �Æ1vn+�njj � �Æ1�vn+�njj = �nj n1jÆwj + �nj n2jÆwj�1;there holds� J�1Xj=1(Rnj ; wj)h �C� [(kÆ�vn+1h k2 + kÆvnhk2)kwhk24 + kÆwhk2kwhk2 + kwhk22℄�C�("1kÆwhk22 +C("1)kwhk22);



General Di�erene Shemes with Intrinsi Parallelism for Semilinear Paraboli Systems... 345where the estmates (13) and the interplation inequality are used. It redue that("� �C("1))kwhk22 + ���02 � C"1�kÆwhk22 � 0;and then taking "1 and � small, we get wh � 0. The uniqueness theorem is proved.Theorem 2. Suppose that the onditions (I){(III), (V) and (I)0 are satis�ed. Asthe meshstep � is suÆiently small, the disrete solution v� = v�h = fvnj jj = 0; 1; � � � ; J ;n = 0; 1; � � � ; Ng of the di�erene sheme (4){(6) is unique.5. ConvergeneIn this setion we shall prove the onvergene of the solution for di�erene sheme(4){(6) with intrinsi parallelism to the genernalized solution of the problem (1){(3)on the basis of the obtained estimates and the onvergene properties of the disretesolutions v� = v�h = fvnj jj = 0; 1; � � � ; J ; n = 0; 1; � � � ; Ng.From (13) it is easy to obtained the following lemma.Lemma 1. For the disrete solution of the di�erene sheme (4){(6), there are theestimates � maxn=0;1;���;N�1 J�mXj=0 jvn+1j+m � vn+1j j2h��12 � Cmh; (18)�N�s�1Xn=0 JXj=0 jvn+s+1j � vn+1j j2h��12 � Cs�: (19)Let us de�ne the pieewise onstant funtionsv�h(x; t) = vnj ; v��h (x; t) = vn+�nj+1j ; v�xh(x; t) = Ævnj ;v��xh(x; t) = Ævn+�njj ; v�th(x; t) = vn+1j � vnj�for (x; t) 2 Qnj (j = 0; 1; � � � ; J � 1;n = 0; 1; � � � ; N � 1).Lemma 2. Assume that (I){(V) and (IV) hold. When h ! 0; � ! 0 (for somesubsequene), there is a funtion u(x; t) 2 L1(0; T ;H10 (0; l)) \ H1(0; T ;L2(0; l)) suhthat(i) v�h(x; t)! u(x; t) strongly in L2(QT ) and a.e. in QT ;(ii) v��h (x; t)! u(x; t) strongly in L2(QT ) and a.e. in QT ;(iii) v�xh(x; t)! ux(x; t) weakly in L2(QT );(iv) v��xh(x; t)! ux(x; t) weakly in L2(QT );(v) v�th(x; t)! ut(x; t) weakly in L2(QT ).Proof. Using Lemma 1 and the well{known method in [6℄, we an prove (i) and(iii).From the ondition (IV) and the onlusion (i), we see that (ii) and (iv) hold. (v)an be proved as the usual way. Now we note that u(x; t) 2 L1(0; T ;H10 (0; l)). De�ne



346 Y.L. ZHOU AND G.W. YUANthe bilinear funtion: for (x; t) 2 Qnj (j = 0; 1; � � � ; J � 1;n = 0; 1; � � � ; N � 1)�v �h(x; t) =(x� xj)(t� tn)h� vn+1j+1 + (xj+1 � x)(t� tn)h� vn+1j+ (x� xj)(tn+1 � t)h� vnj+1 + (xj+1 � x)(tn+1 � t)h� vnj :Obviously there holds �v �h(x; t) 2 L1(0; T ;H10 (0; l)) and as h!; � ! 0,max0�t�T k �v �h � v�hkL2(0;l) + max0�t�T k(�v �h)x � v�xhkL2(0;l) ! 0:Then the onlusion u(x; t) 2 L1(0; T ;H10 (0; l)) is true.De�ne the pieewise onstant funtions, for (x; t) 2 Qnj (j = 0; 1; � � � ; J � 1;n =0; 1; � � � ; N � 1),v̂�h(x; t) = Æ̂0vn+�njj ; ~v�h(x; t) = ~Æ0vn+�njj ; �v�xh(x; t) = �Æ1vn+�njj ;A�h(x; t) = Anj ; B�h(x; t) = Bn+�njj ; f �h (x; t) = fn+�njj :Lemma 3. Assume that the same onditions as those in Lemma 2 and (I)0 hold.When h! 0; � ! 0, there are(i) v̂�h(x; t)! u(x; t) and ~v�h(x; t)! u(x; t) strongly in L2(QT ) and a.e. in QT ;(ii) �v�xh(x; t)! ux(x; t) weakly in L2(QT );(iii) A�h(x; t) ! A(x; t), B�h(x; t) ! B(x; t; u(x; t)) and f �h (x; t) ! f(x; t; u(x; t))strongly in L2(QT ) and a.e. in QT .Proof. (i) and (ii) an be proved easily by using Lemma 2 (i) and (ii) and theondition (IV). Now we prove (iii). Note that B(x; t; u(x; t)) 2 L1(QT ). There arekB�h(x; t)�B(x; t; u(x; t))k2L2(QT )=N�1Xn=0 J�1Xj=0 Z ZQnj ��� 1h� Z ZQnj (B(y; s; Æ̂0vn+�njj )�B(x; t; u(x; t)))� !�y � xj+12h ; s� tn+12� �dyds���2dxdt�N�1Xn=0 J�1Xj=0 1h� Zjx0j�h Zjt0j�� dx0dt0� Z ZQnj jB(x+ x0; t+ t0; Æ̂0vn+�njj )�B(x; t; u(x; t))j2dxdt�2 maxjx0j�h;jt0j�� Z ZQT jB(x+ x0; t+ t0; v̂�h(x; t))�B(x+ x0; t+ t0; u(x+ x0; t+ t0))j2dxdt+ 2 maxjx0j�h;jt0j�� Z ZQT jB(x+ x0; t+ t0; u(x+ x0; t+ t0))�B(x; t; u(x; t))j2dxdt�I1 + I2:



General Di�erene Shemes with Intrinsi Parallelism for Semilinear Paraboli Systems... 347From (I)0 and the assertion (i), it follows that limh!0;�!0 I1 = 0; and sineB(x; t; u(x; t))2 L1(QT ) � L2(QT ), the ontinuity of translation of funtions in L2(QT ) yields thatlimh!0;�!0 I2 = 0. Then we have proved that B�h(x; t) ! B(x; t; u(x; t)) strongly inL2(QT ) and a.e. in QT . The other assertions in (iii) an be proved by the same way.Let �(x; t) 2 C1(QT ) and �(x; t) = 0 near x = 0 and x = l. Denote �nj = �(xj; tn).De�ne the pieewise onstant funtions ��h(x; t) = �nj ;��xh(x; t) = Æ�nj ; for (x; t) 2 Qnj .Assume that(V)0 for any given onstant M > 0, �h2 �M .There holdsZ ZQT [A�h(x; t)v��xh��xh + (v�th(x; t)�B�h(x; t)�v�xh � f �h (x; t))��h(x; t)℄dxdt=N�1Xn=0 J�1Xj=1 hAnj Ævn+�njj Æ�nj + �vn+1j � vnj� �Bn+�njj �Æ1vn+�njj � fn+�njj ��nj ih�=N�1Xn=0 J�1Xj=1 hvn+1j � vnj� � 1h(Anj Ævn+�njj �Anj�1Ævn+�njj�1 )�Bn+�njj �Æ1vn+�njj � fn+�njj i�nj h� + I;whereI =N�1Xn=0 J�1Xj=0 Anj�nj+1(�nj � �nj+1)(Ævn+1j � Ævnj )�= �h2 N�1Xn=0 J�1Xj=0[(�nj�1 � �nj )Anj�1�nj � (�nj � �nj+1)Anj�nj+1℄vn+1j � vnj� h�� �h2 �N�1Xn=0 J�1Xj=0[(�nj�1 � �nj )Anj�1�nj � (�nj � �nj+1)Anj�nj+1℄2h��12 vn+1h � vnh� ! 0;where we have used the assumption (V)0 and as h! 0; � ! 0,�N�1Xn=0 J�1Xj=1(�nj � �nj�1)2h��12 ! 0; �N�1Xn=0 J�1Xj=1(�nj+1 � �nj )2h��12 ! 0;�N�1Xn=0 J�1Xj=1(Anj �Anj�1)2h��12 ! 0; �N�1Xn=0 J�1Xj=1(�nj+1 � �nj )2h��12 ! 0;and�N�1Xn=0 J�1Xj=1 j�nj�1j2h��12 � C(1 + k�kL2(QT )); �N�1Xn=0 J�1Xj=1 j�nj j2h��12 � C(1 + k�kL2(QT )):When letting h ! 0; � ! 0 (for some subsequenes), we get, for any smooth testfuntion �(x; t),Z ZQT [A(x; t)ux(x; t)�x(x; t)+(ut(x; t)�B(x; t; u)ux(x; t)�f(x; t; u))�(x; t)℄dxdt = 0:



348 Y.L. ZHOU AND G.W. YUANThis means that the m-dimensional vetor funtion u(x; t) 2 L1(0; T ;H10 (0; l)) \H1(0; T ;L2(0; l)) satis�es the semilinear paraboli system (1) of partial di�erentialequations the homogeneous boundary onditions (2) and the initial ondition (3) in ageneralized sense.The uniqueness of the generalized solution for the problem (1){(3) an be justi�ed byusual way. By means of the uniqueness of the generalized solution of the homogeneousboundary problem (1){(3), we then an obtain the onvergene theorem for the �nitedi�erene shem (4){(6) with intrinsi parallelism as follows:Theorem 3. Under the onditions (I){(V), (I)0 and (V)0, as the meshsteps hand � tend to zero, the m-dimensional disrete vetor solution v� = v�h = fvnj jj =0; 1; � � � ; J ; n = 0; 1; � � � ; Ng of the �nite di�erene sheme (4){(6) with intrinsi par-allelism onverges to the unique generalized solution u(x; t) 2 L1(0; T ;H10 (0; l)) \H1(0; T ;L2(0; l)) of the boundary problem (3) and (4) for the semilinear paraboli sys-tem (1) of partial di�erential equations.6. Some Pratial Shemes with Intrinsi ParallelismHere analogous to the method in [5℄ we onstrut some the di�erene shemes withintrinsi parallelism satisfying (V) and (V)0. The time steplength for these di�ereneshemes an be taken at least 8k times the time steplength for the fully expliit �nitedi�erene shemes (k an be any positive integer), if the oeÆient matrix A(x; t) ispieewise smooth, and the interfae of the disrete subdomains for the suitable on-struted shemes with intrinsi parallelism is not at the disontinuity points of thematrix funtion A(x; t).The disrete domain of the di�erene sheme is deomposed into two types of dis-rete segments \AB" and \BA" alternatively. On \BA" we de�ne� �nj�nj � =� �j�j � = 0BBBBBB� 2kz }| {1 1 2k � 12k 2k � 12k � � � k + 12k k + 12k0 0 12k 12k � � � k � 12k k � 12k lz }| {12 � � � 1212 � � � 122kz }| {k � 12k k � 12k k � 22k k � 22k � � � 12k 12k 0 0k + 12k k + 12k k + 22k k + 22k � � � 2k � 12k 2k � 12k 1 11CCCCCCA :On \AB" we de�ne� �nj�nj � =� �j�j � = 0BBBBBB� 2kz }| {0 0 12k 12k � � � k � 12k k � 12k1 1 2k � 12k 2k � 12k � � � k + 12k k + 12k lz }| {12 � � � 1212 � � � 12



General Di�erene Shemes with Intrinsi Parallelism for Semilinear Paraboli Systems... 3492kz }| {k + 12k k + 12k k + 22k k + 22k � � � 2k � 12k 2k � 12k 1 1k � 12k k � 12k k � 22k k � 22k � � � 12k 12k 0 01CCCCCCA :The disontinuous points of A(x; t) are assumed to be in the interior of the sub-domainswhere �j = �j = 12. 7. Multi-Dimensional ProblemsThe results obtained in setions 2{6 an be generalized to the boundary value prob-lems for the multi-dimensional paraboli systems. For simpliity, we briey desribeonly the results about the two dimensional problems.Consider the boundary value problems for the two dimensional semilinear parabolisystemsut = (A(x; y; t)ux)x + (A(x; y; t)uy)y +B(x; y; t)ux + C(x; y; t)uy + f(x; y; t; u)(20)u(x; y; t) = u(x; y; t) = 0; on �
� [0; T ℄ (21)u(x; y; 0) = '(x; y); on 
 (22)where u(x; y; t) = (u1(x; y; t); � � � ; um(x; y; t)) is the m-dimensional vetor unknownfuntion (m � 1), ut = �u�t , ux = �u�x , uy = �u�y are the orresponding vetor deriva-tives. The matrix A(x; y; t) is m�m positive de�nite oeÆient matrix, B(x; y; t) andC(x; y; t) are the m�m matries, and f(x; y; t; u) and '(x; y) are given m{dimensionalvetor funtions; 
 = f0 � x � l1; 0 � y � l2g, QT = 
� [0; T ℄.Suppose that the following onditions are ful�lled.(I2) A(x; y; t); B(x; y; t) and C(x; y; t) and f(x; y; t; u) (for any �xed u 2 Rm) arebounded measurable funtions with respet to (x; y; t) 2 QT ; for any �xed (x; y; t) 2QT , f(x; y; t; u) is Lipshtiz ontinuous with respet to u 2 Rm; A(x; y; t) is m �msymmetri matrix and is Lipshtiz ontinuous with respet to t 2 [0; T ℄ for any �xed(x; y) 2 
; and jA(x; y; t)j � A0, whereA0 is a onstant; and there are onstants A1 > 0,B0 > 0; C0 > 0; C > 0 suh that jAt(x; y; t)j � A1, jB(x; y; t)j � B0, jC(x; y; t)j � C0,jf(x; y; t; u)j � jf(x; y; t; 0)j +Cjuj.(II2) There is a onstant �0 > 0, suh that, for any vetor � 2 Rm, and for(x; y; t) 2 QT , (�;A(x; y; t)�) � �0j�j2:(III2) The initial value m-dimensional vetor funtion '(x; y) 2 H10 (
).Let us divide the retangular domain QT into small grids by the parallel lines x =xi; y = yj (i = 0; 1; � � � ; I; j = 0; 1; � � � ; J) and t = tn (n = 0; 1; � � � ; N) with xi = ih1,yj = jh2 and tn = n� , where Ih1 = l1, Jh2 = l2 and N� = T , I; J and N are integers,



350 Y.L. ZHOU AND G.W. YUANand h1; h2 and � are steplengths of the grids. Denote Qnij = fxi < x � xi+1; yj < y �yj+1, tn < t � tn+1g, where i = 0; 1; � � � ; I � 1; j = 0; 1; � � � ; J � 1; n = 0; 1; � � � ; N � 1.Denote v� = v�h1h2 = fvnij ji = 0; 1; � � � ; I; j = 0; 1; � � � ; J ;n = 0; 1; � � � ; Ng the m-dimensional disrete vetor funtion de�ned on the disrete retangular domain Q� =f(xi; yj; tn)ji = 0; 1; � � � ; I; j = 0; 1; � � � ; J ;n = 0; 1; � � � ; Ng of the grid points.Construt the �nite di�erene sheme with intrinsi parallelism for the problem(20){(22) as follows:vn+1ij � vnij� = 1h1 (AnijÆxvn+�nijij �Ani�1jÆxvn+�niji�1j ) + 1h2 (AnijÆyvn+ _�nijij �Anij�1Æyvn+ _�nijij�1 )+Bnij~Æ1xvn+��nijij + Cnij~Æ1yvn+��nijij + fn+��nijij ; (23)(i = 1; 2; � � � ; I � 1; j = 1; 2; � � � ; J � 1;n = 0; 1; � � � ; N � 1);vn0j = vnIj = vni0 = vniJ = 0; (i = 0; 1; � � � ; I; j = 0; 1; � � � ; J ;n = 0; 1; � � � ; N); (24)v0ij = 'ij ; (i = 0; 1; � � � ; I; j = 0; 1; � � � ; J); (25)where '0j = 'Ij = 'i0 = 'iJ = 0, (i = 0; 1; � � � ; I; j = 0; 1; � � � ; J),'ij = 1h1h2 Z
 '(x; y)�!�x� xi+12h1 ; y � yi+12h2 �dxdy;where �!(x; y) 2 C10 (R2); �!(x; y) � 0, supp �! � B12 � njxj < 12 , jyj < 12o, andZR2 �!(x; y)dxdy = 1. AndAnij = 1h1h2� ZQnij A(x; y; t)!�x� xi+12h1 ; y � yi+12h2 ; t� tn+12� �dxdydt;fn+��nijij = 1h1h2� ZQnij f(x; y; t; �Æ0vn+��nijij )!�x� xi+12h1 ; y � yi+12h2 ; t� tn+12� �dxdydt;where Bnij and Cnij are de�ned similarly; and !(x; y; t) 2 C10 (R3), !(x; y; t) � 0,supp! � B12 � njxj < 12 ; jyj < 12 ; jtj < 12o and ZR3 !(x; t)dxdydt = 1, and xi+12 =�i + 12)h1, yj+12 = �j + 12�h2, tn+12 = �n + 12�� . If !(x; y; t) = �B12 , also the resultsstated here hold.The expression �Æ0vn+��nijij an be taken as in the following ways:�Æ0vn+��nijij =�nij ��n1ijvn+1i+1j + �nij ��n2ijvn+1ij + �nij ��n3ijvn+1i�1j+ _�nij ��n4ijvn+1ij+1 + _�nij ��n5ijvn+1ij + _�nij ��n6ijvn+1ij�1 + X�i;�j=�1;0 ��nij;�i�jvni+�i;j+�j;where �nij = �nij + �nij2 ; _�nij = _�nij + _�nij2 :



General Di�erene Shemes with Intrinsi Parallelism for Semilinear Paraboli Systems... 351For the expressions ~Æ1xvn+��nijij and ~Æ1yvn+��nijij we an take~Æ1xvn+��nijij = �nijn1ijÆxvn+1ij + �nijn2ijÆxvn+1i�1j + n3ijÆxvnij + n4ijÆxvni�1j ;~Æ1yvn+��nijij = _�nij _n1ijÆyvn+1ij + _�nij _n2ijÆyvn+1ij�1 + _n3ijÆyvnij + _n4ijÆxvnij�1:De�ne the pieewise onstant funtion ��h1h2(x; y) = �ij for xi < x < xi+1, yj <y < yj+1, (i = 0; 1; � � � ; I � 1; j = 0; 1; � � � ; J � 1). By (III2) and simple omputation,we an obtain k'h1h2(x; y) � '(x; y)kL2(
) ! 0, as h1 ! 0; h2 ! 0, and kÆx'h1h2k2 �Ck'x(x; y)kL2(
), kÆy'h1h2k2 � Ck'y(x; y)kL2(
). Moreover, there are kÆx'h1h2(x; y)�'x(x; y)kL2(
) ! 0, kÆy'h1h2(x; y)� 'y(x; y)kL2(
) ! 0, as h1 ! 0; h2 ! 0.De�ne the pieewise onstant funtion ��h1h2(x; y; t) = �nij, for (x; y; t) 2 Qnij , (i =0; 1; � � � ; I�1; j = 0; 1; � � � ; J�1;n = 0; 1; � � � ; N�1). Similarly we an de�ne the piee-wise onstant funtions ��h1h2(x; y; t); ���kh1h2(x; y; t), (1 � k � 6), ���h1h2;�i�j(x; y; t), (�i; �j =�1; 0), �mh1h2(x; y; t); (1 � m � 4), ��h1h2(x; y; t) = ��h1h2+��h1h22 , _�mh1h2(x; y; t); (1 �m � 4), _��h1h2(x; y; t); _��h1h2 ; _��h1h2 .For these funtions above, we assume the following ondition holds.(IV2) The pieewise onstant funtions de�ned above are bounded funtions uni-formly with repset to h1; h2 and � . And as h1 ! 0; h2 ! 0; � ! 0, these pieewiseonstant funtions onverge strongly in L2(QT ).Remark. Note that in [1℄ and [2℄, no suh ondition (IV2) is imposed, wherethe known data are assumed to be smooth. Here they are weaken to be boundedmeasurable. The assumption (IV2) exludes those \morbid" funtions appearing in theonstrution of the di�erene shemes (23){(25). But, it is not a severe restrition, sinealmost all the well-known di�erene shemes with intrinsi parallelism, in partiular,those disussed in [5℄, satisfy the ondition.Introdue the restrition ondition of the steplengths:(V2) �� 1h21 + 1h22� max1�i�I�1;1�j�J�1�ij � 1� ";where 0 < " � 1, and�ij =(1� �nij � �ni�1j)+jAni�1j j+ (1� �ni+1j � �nij)+jAnij j+ 14 j�ni�1j � �nij + �nij � �ni+1j jjAni�1j �Anij j+ 14 j�ni�1j � �nij � �nij + �ni+1j jjAni�1j +Anij j+ (1� _�nij � _�nij�1)+jAnij�1j+ (1� _�nij+1 � _�nij)+jAnij j+ 14 j _�nij�1 � _�nij + _�nij � _�nij+1jjAnij�1 �Anij j+ 14 j _�nij�1 � _�nij � _�nij + _�nij+1jjAnij�1 +Anij j:Under the onditions (I2){(V2), the existene, uniqueness and onvergene theo-rems for the di�erene shemes (23){(25) an be proved. Moreover, when A(x; y; t) is



352 Y.L. ZHOU AND G.W. YUANpieewise smooth and the disontinuity surfae of A(x; y; t) satis�es ertain neessaryon�nement, by hoiing suitably the parameters (i.e., �'s and �'s) we an get somepratial di�erene shemes (see [4℄ and [5℄). The onstrution priniple of the shemesis similar to that in the setion 6. Referenes[1℄ Zhou Yu-lin, On the di�erene shemes with intrinsi parallelism for nonlinear parabolisystems, Chinese J. Num. Math. & Appl., 18:1(1996), 66{78.[2℄ Zhou Yu-lin, Yuan Guang-wei, General di�erene shemes with intrinsi parallelism fornonlinear paraboli system, Siene in China (ser. A), 40:4(1997), 357{365.[3℄ Zhou Yu-lin, Yuan Guang-wei, Di�erene Method of General Shemes with Intrinsi Paral-lelism for One-Dimenional Quasilinear Paraboli System with Bounded CoeÆients, Preprint.[4℄ Zhou Yu-lin, Yuan Guang-wei, Di�erene Method of General Shemes with Intrinsi Paral-lelism for Multi-Dimenional Semilinear Paraboli System with Bounded CoeÆients, Preprint.[5℄ Zhou Yu-lin, Shen Long-jun, Yuan Guang-wei, Some pratial di�erene shemes withintrinsi parallelism for nonlinear paraboli systems, Journal on Numerial Methods andComputer Appliations, 18:1(1997), 64{73.[6℄ Zhou Yu-lin, Appliations of Disrete Funtional Analysis to Finite Di�erene Method,International Aademi Publishers, Beijing, 1990.


