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ON RAYLEIGH QUOTIENT MATRICES: THEORY ANDAPPLICATIONS�Xin-guo Liu(Department of Applied Mathematis Oean University of Qingdao, Qingdao 266003, China)AbstratMany authors have studied the Rayleigh quotient and Rayleigh quotient ma-trix. This paper onsists of two parts. First, generalizations of some results on theRayleigh quotient are proved. Seond, we give some appliations of these theoret-ial results.Key words: Rayleigh quotient Matrix, Eigenvalue, Approximation.1. IntrodutionThroughout this paper we shall use the following notation. Rm�n and Cm�n denotethe sets of real and omplex m� n matries, respetively, Rn and Cn denote the setsof real and omplex n-dimentional olumn vetors, respetively. The supersript Hmeans the onjugate transpose of matrix. In is the n� n identity matrix, and 0 is thenull matrix. R(A) stands for the olumn spae of a matrix A; �(A) denotes the set ofthe eigenvalues of matrix A. �(A;B) denotes the set of the generalized eigenvalues of aregular matrix-pair fA;Bg. �(A) the set of the singular values of matrix A:�min(A) and�max(A) denote the smallest and largest eigenvalue of Hermitian matrix A, respetively.�min(A) is the smallest singular value of matrix A: k k refers to a uniformly generalized,unitarily invariant norm for matries. k k2 denotes the Eulidean norm for vetorsand spetral norm for matries, respetively. k kF is the Frobenius norm. For X1,Y1 2 Cm�p with XH1 X1 = Y H1 Y1 = Ip, the matrix �(R(X1); R(Y1)) is de�ned by�(R(X1); R(Y1)) = aros(XH1 Y1Y H1 X1)1=2 � 0Let A 2 Cn�n be a Hermitian matrix, and Y1 2 Cn�p satisfy Y H1 Y1 = Ip. Then thematrix H1 = Y H1 AY1 is alled the Rayleigh quotient matrix of A with respet to Y1. Ifp = 1, then yH1 Ay1 is alled the Rayleigh quotient of A respet to y1.First of all we ite some important results on the Rayleigh quotient. let A be n�nHermitian matrix, and �(A) = f�jgnj=1, moreover, let y1 2 Cn with ky1k2 = 1, and letAx1 = �1X1; kX1k2 = 1; X1 2 Cn�1 = yH1 Ay1; r = Ay1 � y1�1�Reeived July 5, 1996.



630 X.G. LIU� = arosjyH1 X1j; 0 � � � �=2Æ = min2�j�n j�j � �1j; � = max j�j � �1jd = min2�j�n j�j � �1j; D = max2�j�n j�j � �1j; 2 � j � n:Some elementary results are given in the following theorem, whih delineates themost important relations between sin �, krk2 and �1 � �1.Theorem[11℄. sin � � krk2=Æ (if Æ > 0) (1.1)krk2 � �sin �p1� sin2 � (if sin � < 1) (1.2)j�1 � �1j � krk22=Æ (ifÆ > 0; j�1 � �1j < j�j � �1j); (1.3)j�1 � �1j � D sin2 � (1.4)j�1 � �1j � krk2 sin �p1� sin2 � (if sin � < 1) (1.5)The inequalities (1:1){(1:5) have been extended to the ase p > 1 by Sun[10;11℄, Li[5℄,Liu & Xu[6℄, and Liu[7℄. In this paper, we shall give some further generalizations of theinequalities (1:1){(1:5) and appliations of these theoretial results.2. Generalizations of the Rayleigh Quotient Matrix TheoryIn this setion, some extentions of the inequalities (1.1){(1.5) are given. We shallstudy the eigenproblem, generalized eigenvalue problem and singular value problem.2.1. Eigenproblem: p = 1Let A 2 Cn�n, y1 2 Cn with ky1k2 = 1, and let�1 = yH1 Ay1; r = Ay1 � y1u1; r0 = AHy1 � y1��1Let the Shur deomposition of A beA = Q� �1 aH0 A1 �QH ; Q = [q1; Q1℄; QHQ = 1nDenote Æ = sep(�1; A1); � = aros jyH1 q1j; 0 � � � �=2�PS � = QHy1; � = kA1 � �1In�1k2; D = kA1 � �1In�1k2Theorem 1. (1) sin � � krk2=Æ; (if Æ > 0) (2.1)(2)krk2 � qD2 + kak22 sin �: (2.2)



On Rayleigh Quotient Matries: Theory and Appliations 631(3)j�1 � �1j � kak2 sin � +D sin2 �: (2.3)(4)j�1 � �1j � sin �kr0k2p1� sin2 � if sin � < 1); (2.4)Proof. (2.1) is a onsequene of Stewart's result[14℄. From yH1 r = 0, we have(�1 � �1)kpk2 + �paHs+ sH(A1 � �1In�1)s = 0: (2.5)krk22 = k(A1 � �1)Sk22 + jaHSj2 + aHS(�1 � �1)p+ (�1 � �1)[�paHs+ (�1 � u1)jpj2℄= (aHs; sH(A1 � �1In�1)H)� (�1 � �1)p+ aHS(A1 � �1In�1)S � �qkak22 +D2ksk2krk2Notiing that ksk2 = sin �, we obtain (2.2).As �1 � �1 = yH1 Ay1 � �1 = yH1 (A� �1)y1 = �paHS + SH(A1 � �1In�1)Swe have j�1 � �1j � kak2kSk2 +DkSk22:Finally, from (2.5) and yH1 r = 0, we have(�1 � �1)jpj2 = �paHS � SH(A1 � �1In�1)Stherefore j�1 � �1jjpj2 � k�paH + SH(A1 � �1In�1)k2kSk2Pay attention to kr0k22 = j�1 � �1j2jpj2 + kpa+ (A1 � �1In�1)HSk22kpk22 + ksk22 = 1we obtain (j�1 � �1jjpj2)2 � ksk22(kr0k22 � j�1 � �1j2jpj2)and from this we prove (2.4) diretly.Remark. If the normality departure of A with respet to norm k k is denoted by�(A)[12℄, then kak2 � �(A):If A is an normal matrix, then A1 = diag(�2; � � � ; �n), and kr0k = krk2, so we haveCorollary 1. Let A be a normal matrix, then(1): sin � � krk2=Æ; (if Æ > 0) (2.1')(2):krk2 � D sin �: (2.2')(3):j�1 � �1j � D sin2 �: (2.3')j�1 � �1j � sin �krk2p1� sin2 � (if sin � < 1) (2.4')



632 X.G. LIUWe note that (2:1)0{(2:4)0 are generalizations of the inequalities (1.1), (1.2), (1.4)and (1.5).2.2. Generalized Eigenvalue ProblemLet A;B 2 Cn�n be Hermitian matries. Suppose fA;Bg is a de�nite matrix-pair[12℄, i.e. (A;B) � minkxk2=1 jxH(A+ iB)xj > 0First of all we ite some lemmas.Lemma 2.1.[12℄ LetA' = A os'�B sin'; B' = A sin'+B os�Then there exists � 2 [0; 2�) suh that B� is positive de�nite, and(A;B) = �min(B'):Let �(A;B) = f(�i; �i)j�2i + �2i = 1; i = 1; � � � ; ng�(A�; B�) = f(�̂i; �̂i)j�̂2i + �̂2i = 1; i = 1; � � � ; ngLemma 2.2. � �̂i�̂i � = � os' � sin'sin' os' ���i�i � ; i = 1; 2; � � � ; nDe�nition 2.1. Let Q̂ 2 Cn�p satisfy Q̂HQ̂ = Ip. The matrix-pair fQ̂HAQ̂; Q̂HBQ̂gis alled the Rayleigh quotient matrix-pair of fA;Bg with respet to Q̂.Let M = (Q̂HB'Q̂)�1(Q̂HA'Q̂); R0 = A'Q̂�B'Q̂M_R = B�1=2' R0(Q̂HB'Q̂)�1=2; A0 = B�1=2' A'B�1=2'Q0 = B1=2' Q̂(Q̂HB'Q̂)�1=2M0 = (Q̂HB'Q̂)�1(Q̂HA'Q̂)(Q̂HB'Q̂)�1=2Then we an easily prove following fats(1) QH0 Q0 = Ip(2) M0 is the Rayleigh quotient matrix of A0 with respet to Q0.(3) For any unitarily invariant norm k kkB�1=2' R0k = minH2Cp�p kB�1=2' (A'Q̂�B'Q̂H)kLemma 2.3[12℄. There exists Q = [Q̂1; Q̂2℄ 2 Cn�n suh thatQHB'Q = In; QHA'Q = ��1 00 �2 �



On Rayleigh Quotient Matries: Theory and Appliations 633�1 = diag (�1; � � � ; �p); �2 = diag (�p+1; � � � ; �n)Let �(M0) = f�jgp1; �1 � � � � � �p�1 � � � � � �p; 
1 = diag (�1; � � � ; �p)Æ = min jyH1 X1j; � = max j�j � �ijD = max j�j � �ij; 1 + p � j � n; 1 � i � p:k = q�max(B')=�min(B');sin � = k sin �(R(Q̂); R(Q̂1))k2Following the approah desribed in [11℄, we an prove the next theorem.Theorem 2.(1) sin � � kkRkF =(A;B)Æ, (if Æ > 0)(2) kRk2 � �sin �=(A;B)p1� sin2 �(3) for any unitarily invariant norm k kk�1 � 
1k � sin �kR0k=(A;B)q1� sin2 �:Remark. Consider the hordal metri de�ned on Gauss plane G1;2[12℄_�((�; �); (; Æ)) = j�Æ � �jand pay attention to �((�̂; �̂); (̂; Æ̂)) = �((�; �); (; Æ)here � �̂̂� � = � os' � sin'sin' os' � ��� �� ̂̂Æ � = � os' � sin'sin' os' � � Æ �and �((�; �); (; Æ)) � j�=� � =Æj (if j�j; jÆj > 0)We an give results expressed by hordal metri, weaker than theorem 2, but withoutassuming B to be positive de�nite.2.3. Singular Value ProblemLet A 2 Cm�n have the singular value deompositionA = U�V Hwithout loss of generality, we suppose m � n so that� = 0��1 00 �20 0 1A ; �1 = diag (�1; � � � ; �p)



634 X.G. LIU�2 = diag (�p+1; � � � ; �n); �1 � � � � � �pU = [U1; U2℄; V = [V1; V2℄; U1 2 Cm�p; V1 2 Cn�pDe�nition 2.2. Let Û1 2 Cm�p and V̂1 2 Cn�p satisfyÛH1 Û1 = Ip; V̂ H1 V̂1 = IpThen the matrix S = ÛH1 AV̂1 is alled the singular quotient matrix of A with respet toÛ1 and V̂1.Let R1 = AV1 � U1S; R2 = AHU1 � V1SH�(S) = f�̂1; � � � ; �̂pg; �̂1 � � � � � �̂p
1 = diag (�̂1; � � � ; �̂p)�1 = aros(ÛH1 U1UH1 Û1)1=2�2 = aros(V̂ H1 V1V H1 V̂1)1=2� = max j�j � �̂ij; Æ = min j�j � �̂ijD = max j�j � �ij; 1 + p � j � n; 1 � i � pwe notie that�R1 00 R2 � = � 0 AAH 0 � � 0 Û1V̂1 0 �� � 0 Û1V̂1 0 � � 0 SHS 0 �� 0 V̂ H1ÛH1 0 �� 0 AAH 0 � � 0 Û1V̂1 0 � = � 0 SHS 0 � :Let Q = � 0 Û1V̂1 0 � ; H = � 0 SHS 0 � ;then H is the Rayleigh quotient matrix of � 0 AAH 0 � with respet to Q. From theresults in [11℄, we diretly obtain following theorem.Theorem 3.(1). For any unitarily invariant norm k k�R1 00 R2 � = minT;H02Cp�p � AV̂1 � Û1TAHÛ1 � V̂1H0 �(2) If Æ > 0 then for any unitarily invariant norm k k� sin �1 00 sin �2 � � �R1 00 R2 � =Æ(3). If sin � � maxfk sin �1k2; k sin �2k2g < 1, thenmaxfkR1k2; kR2k2g � �sin �=q1� sin2 �



On Rayleigh Quotient Matries: Theory and Appliations 635qkR1k2F + kR2k2F � �qk sin �1k2F + k sin �2k2Fp1� sin2 �for any unitarily invariant norm k k�R1 00 R2 � � � � sin �1 00 sin �2 �p1� sin �(4) If sin � < 1, then for any unitarily invariant norm k k��1 � 
1 00 �1 � 
1 � � sin �p1� sin2 � �R1 00 R2 �Corollary 2. If � � maxfkR1k2; kR2k2g=Æ < 1, then for any unitarily invariantnorm k k. ��1 � 
1 00 ��1 � 
1 � � �p1� �2 �R1 00 R2 �3. AppliationsIn this setion, we deal with some appliations of the theoetial results proved inthe last setion.3.1 Deation to Computing eigenvalueIn this subsetion, we desribe an approah to analyse the inuene of deation onthe auray of omputed eigenvalues.Let A 2 Rn�n be a symmetri matrix. The QL algorithm with suitable shifts (QL-sfor short) for omputing all eigenvalues of A states as followingStep 1. Construt an n � n orthogonal matrix Q suh that A0 � QTAQ is asymmetri tridiagonal matrix.Step 2. By QL-s alulations form tridiagonal matriesAk = 0BBBBB��(k)1 �(k)1�(k)1 . . .. . . . . . �(k)n�1�(k)n�1 �(k)n
1CCCCCA k = 0; 1; � � �Step 3. Deation. For suitable small positive number ", if j�(k)1 j < ", then weaept �(k)1 as an approximate eigenvalue of A, and the algorithm goes on with lowerorder matrix Ak = 0BBBBB��(k)2 �(k)2�(k)2 . . .. . . . . . �(k)n�1�(k)n�1 �(k)n

1CCCCCA



636 X.G. LIUand take the eigenvalues �2; � � � ; �n of A(1)k as approximate eigenvalues of A.About above-mentioned algorithm, a natural question is: how to estimate the a-uray of �(k)1 ; �2; � � � ; �n as approximate eigenvalues.Let In = [e1; � � � ; en℄; Qn � [e2; � � � ; en℄Obviously, �(k)1 and A(1)k are the Rayleigh quotient and Rayleigh quotient matrix of Akwith respet to e1 and Q1, respetively. Let�(A) = f�jgnj�1without loss of generality we suppose�2 � �3 � � � � � �n; �2 � �3 � � � � � �nÆ � min j�j � �1j > j�(k)1 jj�1 � �(k)1 j = min1�i�n j�i � �(k)1 jTheorem 4. If �1 � j�(k)1 j=(Æ � j�(k)1 j) < 1 thenj�(k)1 � �1j � �1j�(k)1 jj�j � �jj � �1j�(k)1 jq1� �21 ; j = 2; � � � ; nProof. From �(k)1 e2 = Ake1 � e1�(k)1 ;[�(k)1 e1; 0℄ = AkQ1 �Q1A(1)k ;we obtain kAke1 � e1�(k)1 k2 = j�(k)1 j;kAkQ1 �Q1A(1)k kF = j�(k)1 j:By Bauer-Fike theorem[12℄ and (1.3), we havej�1 � �(k)1 j � �1k�(k)1 jOn the other hand, as �1 < 1, for j � 2 we havej�j � �(k)1 j � j�j � �1j � j�j � �(k)1 j � Æ � p1j�(k)1 j > �1j�(k)1 jBy Davis-Kahan theory[12℄ and Sun's results[11℄ we knowj�j � �jj � �1j�(k)1 jq1� �21 ; j = 2; � � � ; n



On Rayleigh Quotient Matries: Theory and Appliations 637This result means that, generally speaking, the inuene of deation on the aurayof omputed approximate eigenvalues is very small.Remark. Above tehniques an also be used to Lanzos algorithm and Jaobialgorithm.3.2 Singular Value ProblemLet M = �A HG E � ; M̂ = �A 00 E ��(M) = f�jgnj=1; �(A) = f�i(A)gpi=1�(E) = f�i(E)gni=p+1�o = min1�j�pp+1�i�n j�j(A)� �i(E)j > 0Suppose � � maxfkGk2; kHk2g=�0(1=2)Aording to Weyl-Mirsky theorem ([12℄ p.134, th.3.10), there exists a permutation�(1); � � � �(n) of f1; 2; � � � ; ng suh thatj�j(A)� ��(j)j � �0�; j = 1; � � � ; p�k(E)� �n(k) � �0�; k = p+ 1; � � � ; nand therefore j�j(A)� ��(k)j � �0 � (1� �); j = 1; � � � ; pj�k(E)� ��(j)j � �0 � (1� �); k = p+ 1; � � � ; nLet �1 � maxfkGk2; kHk2g=[�0(1� �)℄then from orollary 2 we haveTheorme 5. If �1 < 1=2, thenj�j(A)� ��(j)j � �1maxfkGk2; kHk2gq1� �21j�k(A)� ��(k)j � �1maxfkGk2; kHk2gq1� �21 j = 1; � � � ; p; k = p+ 1; � � � ; nRemark. R. Mathias and G.W. Stewart[8℄ have onsidered following ase: G = 0.Under the assumption �min(A)� kEk2they proved results slightly better than ours in this ase.
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