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Abstract

In this paper we study the higher accuracy methods − the extrapolation and
defect correction for the semidiscrete Galerkin approximations to the solutions
of Sobolev and viscoelasticity type equations. The global extrapolation and the
correction approximations of third order, rather than the pointwise extrapolation
results are presented.
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1. Introduction

Let Ω be a rectangular domain. We are concerned with the Richardson extrapola-
tion and defect correction of the finite element approximations to the solutions of the
following simple Sobolev type equation











−△ut −△u = f in Ω × (0, T ],

u = 0 on ∂Ω × (0, T ],

u(x, y, 0) = v(x, y) in Ω.

(1.1)

and viscoelasticity type equation











utt −△ut −△u = f in Ω × (0, T ],

u = 0 on ∂Ω × (0, T ],

u(x, y, 0) = v(x, y), ut(x, y, 0) = w(x, y) in Ω.

(1.2)

The extrapolation technique used for the finite element approximations to the solu-
tions of the elliptic differential equations has well been investigated in [1-6, 13-17, 21,
23]. And this method has also been considered for boundary element approximations
to boundary integral equations (e.g. see [25-26]). Some further investigations of the
extrapolation for Galerkin method for parabolic equations have been carried out in
[7-9]. Not long ago, multi-parameter parallel algorithms have been introduced into the
extrapolation in order to accelerate the computational speeds [27].
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Defect correction schemes of the finite element approximations for the elliptic prob-
lems have been investigated by some authors, too. For example, see [2,19,20,24].

The problems (1.1) and (1.2) can arise from many physical processes. Many au-
thors have studied both the finite difference and the finite element methods for these
problems. Especially, the error estimates of FEM for the problems (1.1) and (1.2) have
been deliberated in [11] via the Ritz-Volterra projection. Here, we will use a new anal-
ysis in [12], i.e. an analysis for the “short side” in the FE-right triangle together with
the sharp integral estimates of the “hypotenuse” to present an immediate analysis for
extrapolation and correction for (1.1) and (1.2). Moreover, we obtain global extrapo-
lation results by means of an interpolation postprocessing technique proposed in [18]
(or [22]), instead of the pointwise extrapolation results.

2. Sobolev Type Equations

Above all, we discuss the problem (1.1). Throughout the paper, we assume that T h

is a rectangular partition over Ω with mesh size h. The weak form of (1.1) consists in
finding u ∈ H1

0 (Ω) (the Sobolev space) such that

{

(∇ut,∇ϕ) + (∇u,∇ϕ) = (f, ϕ) ∀ϕ ∈ H1
0 ,

u(0) = v.
(2.1)

Let Sh
0 ⊂ H1

0 consist of piecewise bilinear functions. Thus, a continuous Galerkin
approximation uh : [0, T ] → Sh

0 is defined such that

{

(▽uh
t ,▽ϕ) + (▽uh,▽ϕ) = (f, ϕ) ∀ϕ ∈ Sh

0 ,

uh(0) = ihv,
(2.2)

where ihv ∈ Sh
0 is the bilinear interpolation function of v. And thus, from (2.1) and

(2.2) we get the error equation

(∇(uh
t − ut),∇ϕ) + (∇(uh − u),∇ϕ) = 0 ∀ϕ ∈ Sh

0 . (2.3)

Set E(x) =
1

2
[(x − xτ )

2 − h2
τ ], F (y) =

1

2
[(y − yτ )

2 − k2
τ ], associated with any element

τ = [xτ − hτ , xτ + hτ ] × [yτ − kτ , yτ + kτ ] of T h. Then, there holds by [22] for ϕ ∈ Sh
0 ,

∫

Ω

∇(u − ihu)∇ϕ =

∫

Ω

{[

Fϕx −
1

3
(F 2)yϕxy

]

uxyy +
[

Eϕy −
1

3
(E2)xϕxy

]

uyxx

}

. (2.4)

What is more, for ϕ ∈ Sh
0

∫

Ω

∇(u − ihu)∇ϕ = −

∫

Ω

[

Fϕ −
1

3
(F 2)yϕy + Eϕ −

1

3
(E2)xϕx

]

uxxyy. (2.5)

Lemma 2.1. For ϕ ∈ Sh
0 ,

(∇(u − ihu),∇ϕ) =
h2

3

∑

τ

h2
τ + k2

τ

h2

∫

τ
ϕuxxyy + O(h3)‖u‖5‖ϕ‖0.
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Proof. From (2.5) we have, according to F =
1

6
(F 2)yy −

1

3
kτ and integration by

parts, that

−

∫

τ

[

Fϕ −
1

3
(F 2)yϕy

]

uxxyy =
k2

τ

3

∫

τ
ϕuxxyy −

1

6

∫

τ
(F 2)yyϕuxxyy −

1

3

∫

τ
F 2ϕyuxxyyy

=
k2

τ

3

∫

τ
ϕuxxyy +

1

6

∫

τ
(F 2)y(ϕyuxxyy + ϕuxxyyy) −

1

3

∫

τ
F 2ϕyuxxyyy

=
k2

τ

3

∫

τ
ϕuxxyy −

1

6

∫

τ
F 2ϕyuxxyyy +

1

6

∫

τ
(F 2)yϕuxxyyy −

1

3

∫

τ
F 2ϕyuxxyyy,

and hence, for ϕ ∈ Sh
0

−

∫

Ω

[

Fϕ −
1

3
(F 2)yϕy

]

uxxyy =
1

3

∑

τ

k2
τ

∫

τ
ϕuxxyy + O(h3)‖u‖5‖ϕ‖0.

Similarly, for ϕ ∈ Sh
0

−

∫

Ω

[

Eϕ −
1

3
(E2)xϕx

]

uxxyy =
1

3

∑

τ

h2
τ

∫

τ
ϕuxxyy + O(h3)‖u‖5‖ϕ‖0. Q.E.D.

Remark. From (2.4) we derive by the same argument as that of Lemma 2.1

(∇(u − ihu),∇ϕ) = −
h2

3

∑

τ

(k2
τ

h2

∫

τ
ϕxuxyy +

h2
τ

h2

∫

τ
ϕyuyxx

)

+ O(h3)‖u‖4|ϕ|1. (2.6)

Theorem 2.1. There holds the asymptotic error expansion, in the sense of H1 −
norm, uh = ihu + h2ωh + O(h3), where ω ∈ Sh

0 .

Proof. Let θ = uh − ihu. Then, we have by (2.3) and (2.6), for ϕ ∈ Sh
0

(∇θt,∇ϕ) + (∇θ,∇ϕ) =(∇(ut − ihut),∇ϕ) + (∇(u − ihu),∇ϕ)

= −
h2

3

∑

τ

[k2
τ

h2

∫

τ
(utxyy + uxyy)ϕx +

h2
τ

h2

∫

τ
(utyxx + uyxx)ϕy

]

+ O(h3)(‖ut‖4 + ‖u‖4)|ϕ|1. (2.7)

Let ω ∈ H1
0 (Ω)

⋂

H2(Ω) and ωh ∈ Sh
0 be the exact solution and the finite element

solution of the auxiliary problem, respectively

{

(∇ωt,∇ϕ) + (∇ω,∇ϕ) = Lh(ϕ) ∀ϕ ∈ H1
0 (Ω),

ω(0) = 0,
(2.8)

where

Lh(ϕ) = −
1

3

∑

τ

[k2
τ

h2

∫

τ
(utxyy + uxyy)ϕx +

h2
τ

h2

∫

τ
(utyxx + uyxx)ϕy

]

.

Therefore, for ϕ ∈ Sh
0

(∇(θt − h2ωh
t ),∇ϕ) + (∇(θ − h2ωh),∇ϕ) = O(h3)(‖ut‖4 + ‖u‖4)|ϕ|1. (2.9)
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Taking Θ = θ − h2ωh and ϕ = Θt, we get

|Θt|
2
1 +

1

2

d

dt
|Θ|21 ≤ ch6(‖ut‖4 + ‖u‖4)

2 + |Θt|
2
1

or
d

dt
|Θ|21 ≤ ch6(‖ut‖4 + ‖u‖4)

2.

By integration with respect to t and Θ(0) = 0, we finally obtain ‖Θ‖1 ≤ ch3

[

∫ t

0

(‖ut‖4+

‖u‖4)
2ds

]1/2

. Q.E.D.

Lemma 2.2. If ω and ωh are the exact solution and the finite element solution of

(2.8), respectively, there holds

‖ωh − ihω‖1 ≤ ch
[

∫ t

0

(‖ωt‖2 + ‖ω‖2)
2ds

]1/2

.

Proof. Let θ = ωh − ihω. Then

(∇θt,∇ϕ) + (∇θ,∇ϕ) = (∇(ωt − ihωt),∇ϕ) + (∇(ω − ihω),∇ϕ),

and hence, with ϕ = θt and (2.6)

|θt|
2
1 +

1

2

d

dt
|θ|21 ≤ ch2(‖ωt‖2 + ‖ω‖2)

2 + |θt|
2
1.

Then, we have, by integration about t and θ(0) = 0, that ‖θ‖1 ≤ ch
[

∫ t

0

(‖ωt‖2 +

‖ω‖2)
2ds

]1/2

. Q.E.D.

Now we use an interpolation postprocessing technique to get the global extrapola-
tion approximations of high accuracy. For this end, we assume that T h has been gained
from T 2h (or T 3h) with mesh size 2h (or 3h) by subdividing each element of T 2h (or T 3h)
into four (or nine) congruent elements. Thus, we can define a Lagrange biquadratic
interpolation operator I2

2h associated with T 2h and a Lagrange bicubic interpolation
operator I3

3h associated with T 3h. It is easy to check that I2
2hih = I2

2h, I3
3hih = I3

3h,
‖I2

2hϕ‖r,p ≤ c‖ϕ‖r,p, ‖I3
3hϕ‖r,p ≤ c‖ϕ‖r,p ∀ϕ ∈ Sh

0 , ‖I2
2hϕ − ϕ‖r,p ≤ ch3−r‖ϕ‖3,p,

‖I3
3hϕ − ϕ‖r,p ≤ ch4−r‖ϕ‖4,p, where r = 0 or 1 and p = 2 or ∞. And thus, we

have

Theorem 2.2. There holds
∥

∥

∥

1

3
(4I3

3h/2
uh/2 − I3

3huh) − u
∥

∥

∥

1
≤ c(u)h3, where uh/2

is the FE solution of (1.1) corresponding to the partition T h/2 which is derived by

subdividing each element of T h into four congruent elements and I3

3h/2
is a Lagrange

bicubic interpolation operator whose definition is similar to that of I3
3h.

Proof. Denote that rh = uh − ihu − h2ihω, where ω is the variational solution of
(2.8). Then, it follows from Theorem 2.1 and Lemma 2.2 that ‖rh‖1 ≤ c(u)h3. And

I3
3huh − u = I3

3h(uh − ihu) + (I3
3hu − u) = I3

3h(h2ihω + rh) + (I3
3hu − u)

= h2I3
3hω + I3

3hrh + (I3
3hu − u) = h2ω + h2(I3

3hω − ω) + I3
3hrh + (I3

3hu − u)
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= h2ω + qh, (2.10)

where
qh = h2(I3

3hω − ω) + I3
3hrh + (I3

3hu − u)
with ‖qh‖1 ≤ c(u)h3. Therefore, I3

3huh = u + h2ω + O(h3), which yields, in the sense

of H1 − norm that
4I3

3h/2
uh/2 − I3

3huh

3
= u + O(h3). Q.E.D.

Next we turn to the extrapolation in version of maximum norm . For this purpose
we introduce the discrete Green function Gh

z ∈ Sh
0 at any point z = (x, y) ∈ Ω̄ such

that, for ϕ ∈ Sh
0 , (∇Gh

z ,∇ϕ) = ϕ(z) and (∇DzG
h
z ,∇ϕ) = Dzϕ. We have the following

([28])

Lemma 2.3. ‖Gh
z‖0 ≤ c, ‖DzG

h
z‖0 ≤ c

(

log
1

h

)1/2

.

Theorem 2.3. The following asymptotic error expansions hold for all points in Ω,

uh = ihu + h2ωh + O(h3), uh
t = ihut + h2ωh

t + O(h3), where ωh ∈ Sh
0 .

Proof. Setting θ = uh − ihu, we get according to Lemma 2.1, for ϕ ∈ Sh
0

(∇θt,∇ϕ) + (∇θ,∇ϕ) = (∇(ut − ihut),∇ϕ) + (∇(u − ihu),∇ϕ)

=
h2

3

∑

τ

h2
τ + k2

τ

h2

∫

τ
ϕ(utxxyy + uxxyy)

+ O(h3)(‖ut‖5 + ‖u‖5)‖ϕ‖0. (2.11)

Let ω ∈ H1
0 (Ω)

⋂

H2(Ω) and ωh ∈ Sh
0 be the variational solution and the finite element

solution of the auxiliary problem, respectively
{

(∇ωt,∇ϕ) + (∇ω,∇ϕ) = Mh(ϕ) ∀ϕ ∈ H1
0 (Ω),

ω(0) = 0,
(2.12)

where Mh(ϕ) =
1

3

∑

τ

h2
τ + k2

τ

h2

∫

τ
(utxxyy + uxxyy)ϕ. And thus, for ϕ ∈ Sh

0

(∇(θt − h2ωh
t ),∇ϕ) + (∇(θ − h2ωh),∇ϕ) = O(h3)(‖ut‖5 + ‖u‖5)‖ϕ‖0. (2.13)

Denoting θ − h2ωh by Θ and taking ϕ = Gh
z in (2.13), we obtain by Lemma 2.3

Θt(z, t) + Θ(z, t) ≤ ch3(‖ut‖5 + ‖u‖5). (2.14)

And hence, with integration about t, there holds due to Θ(z, 0) = 0

Θt(z, t) +

∫ t

0

Θ(z, s)ds ≤ ch3

∫ t

0

(‖ut‖5 + ‖u‖5)ds

or

|Θt(z, t)| ≤

∫ t

0

|Θ(z, s)|ds + ch3

∫ t

0

(‖ut‖5 + ‖u‖5)ds.

Then, it follows from Gronwall’s Lemma that

|Θt(z, t)| ≤ ch3

∫ t

0

(‖ut‖5 + ‖u‖5)ds. (2.15)
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From (2.14) and (2.15) we derive

|Θt(z, t)| ≤ |Θ(z, t)| + ch3(‖ut‖5 + ‖u‖5)

≤ ch3
[

‖ut‖5 + ‖u‖5 +

∫ t

0

(‖ut‖5 + ‖u‖5)ds
]

. Q.E.D.

Theorem 2.4. There hold, in W 1,∞−norm, uh = ihu + h2ωh + O
(

h3

(

log
1

h

)1/2)

and uh
t = ihut + h2ωh

t + O
(

h3

(

log
1

h

)1/2)

, where ωh is the FE solution of (2.12).

Proof. Taking ϕ = DzG
h
z and Θ = θ−h2ωh in (2.13), we have by means of Lemma

2.3

DzΘt + DzΘ ≤ ch3
(

log
1

h

)1/2

(‖ut‖5 + ‖u‖5) (2.16)

or

DzΘt +

∫ t

0

DzΘt(z, s)ds ≤ ch3
(

log
1

h

)1/2

(‖ut‖5 + ‖u‖5).

Hence, it follows from Gronwall’s Lemma that

|DzΘt| ≤ ch3
(

log
1

h

)1/2

(‖ut‖5 + ‖u‖5). (2.17)

and thus, by (2.16) and (2.17)

|DzΘ| ≤ ch3
(

log
1

h

)1/2

(‖ut‖5 + ‖u‖5). Q.E.D.

Let Eh
1 u =

1

3
(4I2

huh/2 − I2
2huh), Eh

2 u =
1

3
(4I3

3h/2
uh/2 − I3

3huh). Then, in terms of

Theorem 2.3 and 2.4, we get the following by the same argument as that in Theorem
2.2

Theorem 2.5. There hold ‖Eh
1 u−u‖0,∞ ≤ c(u)h3 and ‖(Eh

1 u)t −ut‖0,∞ ≤ c(u)h3.

Theorem 2.6. There hold ‖Eh
2 u − u‖1,∞ ≤ c(u)h3

(

log
1

h

)1/2

and ‖(Eh
2 u)t −

ut‖1,∞ ≤ c(u)h3

(

log
1

h

)1/2

.

Now we discuss a defect correction scheme proposed in [20] (or [22]) for the problem
(1.1). Let P1h be a projection operator P1h : H1

0 (Ω) → Sh
0 defined by, for ϕ ∈ Sh

0

{

(∇((P1hu)t − ut),∇ϕ) + (∇(P1hu − u),∇ϕ) = 0,

P1hu(0) = ihu(0).

Then P1hu is the solution of (2.2) if u is the solution of (1.1).
Set uh

1∗ = I2
2huh + uh − P1hI2

2huh and uh
2∗ = I3

3huh + uh − P1hI3
3huh. Then, we have

Theorem 2.7. There holds ‖uh
2∗ − u‖1 ≤ c(u)h3.

Proof. Multiplying (2.6) by (I − P1h), which I is the identical operator, we get

(I − P1h)(I3
3huh − u) = (I − P1h)(h2ω + qh) = h2(ω − P1hω) + (qh − P1hqh),

hence

‖(I − P1h)(I3
3huh − u)‖1 ≤ h2(‖ω − ihω‖1 + ‖ihω − P1hω‖1) + c‖qh‖1 ≤ c(u)h3.
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Here, the left hand side is nothing but (I − P1h)(I3
3huh − u) = uh

2∗ − u. Q.E.D.
Similarly, we have by means of Theorem 2.3 and 2.4
Theorem 2.8. There hold ‖uh

1∗ − u‖0,∞ ≤ c(u)h3 and ‖(uh
1∗)t − ut‖0,∞ ≤ c(u)h3.

Theorem 2.9. There hold ‖uh
2∗−u‖1,∞ ≤ c(u)h3

(

log
1

h

)1/2

and |(uh
2∗)t−ut‖1,∞ ≤

c(u)h3

(

log
1

h

)1/2

.

3. Viscoelasticity Type Equations

In this section, we study the problem (1.2). The weak form of (1.2) reads as follows:
Find u ∈ H1

0 (Ω) such that
{

(utt, ϕ) + (∇ut,∇ϕ) + (∇u,∇ϕ) = (f, ϕ) ∀ϕ ∈ H1
0 ,

u(0) = v, ut(0) = w.
(3.1)

Thus, a semidiscrete Galerkin approximation uh : [0, T ] → Sh
0 is defined such that

{

(uh
tt, ϕ) + (∇uh

t ,∇ϕ) + (∇uh,∇ϕ) = (f, ϕ) ∀ϕ ∈ Sh
0 ,

uh(0) = ihv, uh
t (0) = ihw,

(3.2)

where ihv, ihw ∈ Sh
0 stand for the bilinear interpolation functions of v and w, respec-

tively. Then, we obtain the error equation from (3.1) and (3.2)

(utt − uh
tt, ϕ) + (∇(ut − uh

t ),∇ϕ) + (∇(u − uh),∇ϕ) = 0 ∀ϕ ∈ Sh
0 . (3.3)

Lemma 3.1. For ϕ ∈ Sh
0 ,

(utt − ihutt, ϕ) = −
h2

3

∑

τ

(h2
τ

h2

∫

τ
uttxxϕ +

k2
τ

h2

∫

τ
uttyyϕ

)

+ O(h3)‖utt‖3‖ϕ‖0.

Proof. Due to

ϕ(x, y) = ϕ(xτ , yτ ) + ϕx(x, yτ )(x − xτ ) + ϕy(xτ , y)(y − yτ ) + ϕxy(x − xτ )(y − yτ ),

therefore
∫

τ
(utt − ihutt)ϕ =

∫

τ
(utt − ihutt)ϕ(xτ , yτ ) +

∫

τ
(utt − ihutt)Exϕx(x, yτ )

+

∫

τ
(utt − ihutt)Fyϕy(xτ , y) +

∫

τ
(utt − ihutt)ExFyϕxy

≡A1 + A2 + A3 + A4. (3.4)

By [10], there is
∫

Ω

(u − ihu) =

∫

Ω

Euxx +

∫

Ω

Fuyy −

∫

Ω

ExFyuxy,

hence

A1 =

∫

τ
(utt − ihutt)ϕ(xτ , yτ )
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=ϕ(xτ , yτ )

∫

τ
Euttxx + ϕ(xτ , yτ )

∫

τ
Futtyy − ϕ(xτ , yτ )

∫

τ
ExFyuttxy

= −
h2

τ

3

∫

τ
uttxxϕ(xτ , yτ ) +

1

6

∫

τ
(E2)xxuttxxϕ(xτ , yτ ) −

k2
τ

3

∫

τ
uttyyϕ(xτ , yτ )

+
1

6

∫

τ
(F 2)yyuttyyϕ(xτ , yτ ) +

∫

τ
EFyuttxxyϕ(xτ , yτ )

≡B1 + B2 + B3 + B4 + B5,

where

B1 = −
h2

τ

3

∫

τ
uttxxϕ(xτ , yτ ) = −

h2
τ

3

∫

τ
uttxx[ϕ(x, y) − Exϕx − Fyϕy + ExFyϕxy]

= −
h2

τ

3

∫

τ
uttxxϕ −

h2
τ

3

∫

τ
uttxxxEϕx −

h2
τ

3

∫

τ
uttxxyFϕy +

h2
τ

3

∫

τ
uttxxxEFyϕxy,

B3 = −
k2

τ

3

∫

τ
uttyyϕ(xτ , yτ ) = −

k2
τ

3

∫

τ
uttyyϕ −

k2
τ

3

∫

τ
uttyyyFϕy −

k2
τ

3

∫

τ
uttyyxEϕx

+
k2

τ

3

∫

τ
uttyyyExFϕxy,

B2 =
1

6

∫

τ
(E2)xxuttxxϕ(xτ , yτ ) = −

1

6

∫

τ
(E2)xuttxxx[ϕ(x, y) − Exϕx − Fyϕy + ExFyϕxy],

B4 =
1

6

∫

τ
(F 2)yyuttyyϕ(xτ , yτ ) = −

1

6

∫

τ
(F 2)yuttyyy [ϕ(x, y) − Exϕx − Fyϕy + ExFyϕxy],

B5 =

∫

τ
EFyuttxxyϕ(xτ , yτ ) =

∫

τ
EFyuttxxy[ϕ(x, y) − Exϕx − Fyϕy + ExFyϕxy],

and hence, there is according to the inverse estimates

A1 = −
h2

τ

3

∫

τ
uttxxϕ −

k2
τ

3

∫

τ
uttyyϕ + O(h3)‖utt‖3,τ‖ϕ‖0,τ . (3.5)

By the same way

A2 =

∫

τ
(utt − ihutt)Exϕx(x, yτ ) = −

∫

τ
E(utt − ihutt)xϕx(x, yτ )

=
h2

τ

3

∫

τ
(utt − ihutt)xϕx(x, yτ ) −

1

6

∫

τ
(E2)xx(utt − ihutt)x[ϕx(x, y) − Fyϕxy]

=
h2

τ

3

∫

τ
Futtxyyϕx(x, yτ ) −

1

6

∫

τ
E2uttxxx(ϕx − Fyϕxy) = O(h3)‖utt‖3,τ‖ϕ‖0,τ .

(3.6)

Analogously

A3 =

∫

τ
(utt − ihutt)Fyϕy(xτ , y) = O(h3)‖utt‖3,τ‖ϕ‖0,τ . (3.7)

Notice that

∫

τ
(utt − ihutt)xy = 0. Then, we have

A4 =

∫

τ
(utt − ihutt)ExFyϕxy =

∫

τ
(utt − ihutt)xyEFϕxy
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= −
1

36

∫

τ
(E2)x(F 2)yyuttxxyϕxy +

k2
τ

18

∫

τ
(E2)xuttxxyϕxy +

h2
τ

18

∫

τ
(F 2)yuttxyyϕxy

= O(h3)‖utt‖3,τ‖ϕ‖0,τ . (3.8)

(3.4)−(3.8) complete the argument of Lemma 3.2. Q.E.D.
Theorem 3.1. There holds the asymptotic error expansion, in H1 − norm, uh =

ihu + h2αh + O(h3), where αh ∈ Sh
0 .

Proof. Let θ = uh − ihu. Then, for ϕ ∈ Sh
0 , we have according to (3.3), Lemma 2.1

and 3.2

(θtt, ϕ) + (∇θt,∇ϕ) + (∇θ,∇ϕ) = (utt − ihutt, ϕ)

+ (∇(ut − ihut),∇ϕ) + (∇(u − ihu),∇ϕ)

= −
h2

3

∑

τ

(h2
τ

h2

∫

τ
uttxxϕ +

k2
τ

h2

∫

τ
uttyyϕ

)

+ O(h3)‖utt‖3‖ϕ‖0

+
h2

3

∑

τ

h2
τ + k2

τ

h2

∫

τ
(utxxyy + uxxyy)ϕ + O(h3)(‖ut‖5 + ‖u‖5)‖ϕ‖0.

(3.9)

Let α ∈ H1
0 (Ω)

⋃

H2(Ω) and αh ∈ Sh
0 be the variational solution and the finite element

solution of the auxiliary problem, respectively
{

(αtt, ϕ) + (∇αt,∇ϕ) + (∇α,∇ϕ) = Nh(ϕ) ∀ϕ ∈ H1
0 (Ω),

α(0) = 0, αt(0) = 0,
(3.10)

where

Nh(ϕ) = −
1

3

∑

τ

(h2
τ

h2

∫

τ
uttxxϕ +

k2
τ

h2

∫

τ
uttyyϕ

)

+
1

3

∑

τ

h2
τ + k2

τ

h2

∫

τ
(utxxyy + uxxyy)ϕ.

And hence, with Θ = θ − h2αh, for ϕ ∈ Sh
0

(Θtt, ϕ) + (∇Θt,∇ϕ) + (∇Θ,∇ϕ) = O(h3)(‖utt‖3 + ‖ut‖5 + ‖u‖5)‖ϕ‖0. (3.11)

Taking ϕ = Θt in (3.11), we get

1

2

d

dt
‖Θt‖

2
0 + c‖Θt‖

2
1 +

1

2

d

dt
|Θ|21 ≤

1

2

d

dt
‖Θt‖

2
0 + |Θt|

2
1 +

1

2

d

dt
|Θ|21

≤ ch6(‖utt‖3 + ‖ut‖5 + ‖u‖5)
2 +

c

2
‖Θt‖

2
0

or
d

dt
(‖Θt‖

2
0 + |Θ|21) ≤ ch6(‖utt‖3 + ‖ut‖5 + ‖u‖5)

2.

By integration with respect to t and noticing that Θ(0) = 0, we have ‖Θt‖
2
0 + |Θ|21 ≤

ch6

∫ t

0

(‖utt‖3+‖ut‖5+‖u‖5)
2ds, or ‖Θt‖0+|Θ|1 ≤ ch3

[

∫ t

0

(‖utt‖3+‖ut‖5+‖u‖5)
2ds

]1/2

.

Q.E.D.
Theorem 3.2. There hold uh

t = ihut + h2αh
t + O(h3) in H1 − norm and uh

tt =
ihutt + h2αh

tt + O(h3) in L2 − norm, where αh is the FE solution of (3.10).
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Proof. Differentiating (3.9) about t, we obtain by Lemma 2.1, 3.2 and (3.10)

(θttt, ϕ) + (∇θtt,∇ϕ) + (∇θt,∇ϕ) = (uttt − ihuttt, ϕ)

+ (∇(utt − ihutt),∇ϕ) + (∇(ut − ihut),∇ϕ)

= −
h2

3

∑

τ

(h2
τ

h2

∫

τ
utttxxϕ +

k2
τ

h2

∫

τ
utttyyϕ

)

+ O(h3)‖uttt‖3‖ϕ‖0

+
h2

3

∑

τ

h2
τ + k2

τ

h2

∫

τ
(uttxxyy + utxxyy)ϕ + O(h3)(‖utt‖5 + ‖ut‖5)‖ϕ‖0

=(h2αh
ttt, ϕ) + (h2∇αh

tt,∇ϕ) + (h2∇αh
t ,∇ϕ)

+ O(h3)(‖uttt‖3 + ‖utt‖5 + ‖ut‖5)‖ϕ‖0,

and hence, with Θ = θ − h2αh, for ϕ ∈ Sh
0

(Θttt, ϕ) + (∇Θtt,∇ϕ) + (∇Θt,∇ϕ) = O(h3)(‖uttt‖3 + ‖utt‖5 + ‖ut‖5)‖ϕ‖0.

Taking ϕ = Θtt, we have

1

2

d

dt
‖Θtt‖

2
0 + c‖Θtt‖

2
1 +

1

2

d

dt
|Θt|

2
1 ≤

1

2

d

dt
‖Θtt‖

2
0 + |Θtt|

2
1 +

1

2

d

dt
|Θt|

2
1

≤ch6(‖uttt‖3 + ‖utt‖5 + ‖ut‖5)
2 +

c

2
‖Θtt‖

2
0,

or
d

dt
(‖Θtt‖

2
0 + |Θt|

2
1) ≤ ch6(‖uttt‖3 + ‖utt‖5 + ‖ut‖5)

2.

Therefore, there holds according to Θt(0) = 0

‖Θtt‖
2
0 + |Θt|

2
1 ≤ ‖Θtt(0)‖

2
0 + ch6

∫ t

0

(‖uttt‖3 + ‖utt‖5 + ‖ut‖5)
2ds. (3.12)

Let t = 0 and ϕ = Θtt(0) in (3.11). Then, ‖Θtt(0)‖0 ≤ ch3(‖utt(0)‖3 + ‖ut(0)‖5 +
‖u(0)‖5) which, together with (3.12), leads to Theorem 3.2. Q.E.D.

Theorem 3.3. There hold, for all points in Ω, uh = ihu + h2αh + O(h3) and

uh
t = ihut + h2αh

t + O(h3), where αh is the FE solution of (3.10).
Proof. Setting ϕ = Gh

z in (3.11), we get according to Lemma 2.3 that (Θtt, G
h
z ) +

Θt(z, t) + Θ(z, t) ≤ ch3(‖utt‖3 + ‖ut‖5 + ‖u‖5), or Θt(z, t) +

∫ t

0

Θt(z, s)ds ≤ c‖Θtt‖0 +

ch3(‖utt‖3 + ‖ut‖5 + ‖u‖5). And thus, we complete the theorem by Theorem 3.2 and
Gronwall’ Lemma. Q.E.D.

Theorem 3.4. There hold, in W 1,∞ − norm, uh = ihu + h2αh + O(h3(log 1

h)1/2)

and uh
t = ihut + h2αh

t + O(h3(log 1

h)1/2), where αh is the FE solution of (3.10).
Proof. Taking ϕ = DzG

h
z in (3.11), we obtain by means of Lemma 2.3

(Θtt,DzG
h
z ) + DzΘt(z, t) + DzΘ(z, t) ≤ ch3

(

log
1

h

)1/2

(‖utt‖3 + ‖ut‖5 + ‖u‖5),

or

|DzΘt(z, t)| ≤

∫ t

0

|DzΘt(z, s)|ds + c
(

log
1

h

)1/2

‖Θtt‖0
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+ ch3
(

log
1

h

)1/2

(‖utt‖3 + ‖ut‖5 + ‖u‖5).

And hence, Theorem 3.4 follows Theorem 3.2 and Gronwall’ Lemma. Q.E.D.

Analogous with Section 2, we have the following main according to Theorem 3.1
−3.4

Theorem 3.5. There hold ‖Eh
2 u − u‖1 ≤ c(u)h3 and ‖(Eh

2 u)t − ut‖1 ≤ c(u)h3.

Theorem 3.6. There holds ‖(Eh
1 u)tt − utt‖0 ≤ c(u)h3.

Theorem 3.7. There hold ‖Eh
1 u−u‖0,∞ ≤ c(u)h3 and ‖(Eh

1 u)t −ut‖0,∞ ≤ c(u)h3.

Theorem 3.8. There hold ‖Eh
2 u − u‖1,∞ ≤ c(u)h3

(

log
1

h

)1/2

and ‖(Eh
2 u)t −

ut‖1,∞ ≤ c(u)h3

(

log
1

h

)1/2

.

Also we apply the correction techniques in Section 2 to the problem (1.2). For this
purpose we introduce a projection operator

P2h : H1
0 (Ω) → Sh

0

defined by

{

((P2hu)tt − utt, ϕ) + (∇((P2hu)t − ut),∇ϕ) + (∇(P2hu − u),∇ϕ) = 0 ∀ϕ ∈ Sh
0 ,

P2hu(0) = ihu(0), (P2hu)t(0) = ihut(0).

Denote that uh
1∗ = I2

2huh + uh −P2hI2
2huh, uh

2∗ = I3
3huh + uh −P2hI3

3huh. Then, we have
in terms of Theorem 3.1−3.4

Theorem 3.9. There hold ‖uh
2∗ − u‖1 ≤ c(u)h3 and |(uh

2∗)t − ut‖1 ≤ c(u)h3.

Theorem 3.10. There holds ‖(uh
1∗)tt − utt‖0 ≤ c(u)h3.

Theorem 3.11. There hold ‖uh
1∗ − u‖0,∞ ≤ c(u)h3 and ‖(uh

1∗)t − ut‖0,∞ ≤ c(u)h3.

Theorem 3.12. There hold ‖uh
2∗−u‖1,∞ ≤ c(u)h3(log 1

h)1/2 and ‖(uh
2∗)t−ut‖1,∞ ≤

c(u)h3(log 1

h)1/2.

Remark. When Ω is a convex quadrilateral domain, there are the corresponding
global extrapolation and correction results for (1.1) and (1.2) if the quadrilateral meshes
are almost uniform and are constructed by connecting the equi-proportional points of
two opposite boundaries (see [22]).
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